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Abstract

Given p > 1 and f Lipschitz, under appropriate assumptions on the smoothness of the
bounded domain £2 c RV, N > 1, we give a precise description of the asymptotic behaviour
of the gradient of the unique solution of

—Au+uPlu=f ing,
u =400 on 052.

In particular, we show that there exists a corrector function S, finite sum of singular terms,
such that

z:=u—Sewh®®R).

Moreover, we prove that

Vxe€of2 z(x)=0 and gim 0,

—0

dE =)
— =
where v is the outward unit normal to 052.
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1 Introduction

This paper is devoted to the study of semilinear elliptic problems with explosive boundary
conditions; more precisely, we are interested in the qualitative behaviour of solutions of

{—Au +ew) =f ing,

(1.1
u = +00 on 0§2,
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1014 S. Buccheri

where £2 is a bounded smooth domain of RY, with N > 1, g€ CL(R) is such that
g(@) >0 forsome a€R and g'(s) >0 forevery scR, (1.2)

and f is a Lipschitz continuous function. Here, solutions are meant in the classical sense,
i.e. C2(£2) functions which satisfy the differential equation above pointwise and such that
lim u(x) = 4o0.
x—082

In the literature, solutions that blow up at the boundary of the domain are known as large
solutions. Looking naively at (1.1), one naturally wonders under which assumptions on g
the existence of a large solution is assured, if the monotonicity assumption on g implies
uniqueness of solution and how such a solution behaves near the boundary.

In the seminal works by Keller and Osserman (see [19,28]), it is proved that the necessary
and sufficient condition for the existence of a large solution for problem (1.1) is the following:

d
S <00 for t> to, where G’'(s) = g(s).

V2G(5)
(1.3)

This growth condition at infinity, known as Keller—Osserman condition, arises solving the
one-dimensional problem

d1y € [—o0, +00) : Y (t) :=/
t

—¢"+g@) =0, s>0 and lim ¢ (s) = +oo. (L.4)

We stress that, in fact, ¢ (s) = w_l (s) solves problem (1.4). We refer the interested reader
to [14] (see also the references cited therein) for existence issues with no monotonicity
assumptions on g.

Uniqueness is not a trivial task in the sense that it is not known if the monotonicity of g is
a sufficient condition for it; we refer to [26], where it is proved that if g is convex then (1.1)
admits a unique large solution, and to [15] (see also [5]), where it is shown that assumptions
of the type

g()

e increasing for ¢ > 1 and some g > 1

imply uniqueness of large solution. Itis worthy to mention that the special case g(s) = |s|?~ s
with p > 1 satisfies the latter condition.

Let us point out now that the function ¢ defined in (1.4) is strongly related to the boundary
behaviour of solutions of (1.1). In [4,5], it has been proved that the behaviour of u is, in some
sense, one dimensional near the boundary, i.e. it holds that

Y (u(x))

im =1 where d(x) = dist(x, 9§2).
d(x)—0 d(x)

Moreover, if g is such that

lim inf 4G >1, VBe(0,1), (1.5)
t—00 (1)
then
u(x) — ¢>(d(X))‘ =o(¢(d(x))) asd(x) — 0, (1.6)

namely the first-order term in the asymptotic of u near the boundary only depends on the
corresponding ODE (1.4) and in particular is not affected by the geometry of the domain. In
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[71, the authors improve (1.6); assuming in addition to (1.5) that

/
is strictly increasing for large s and  lim sup ¢ E'BS)
B—1,5—0 ¢ (S)

)

2
they prove that
lu(x) —¢(d(x))] < cp(d(x))d(x) asd(x) — 0,

where the positive constant ¢ depends on the mean curvature of the boundary of £2. After
this first clue, the influence of the geometry of d£2 in the expansion of u has been studied in
[21,29] under different assumptions on g. The most general result in this direction has been
proved in [8]; in order to state it, we need to define

s t
J(s) = u/ C(¢(t))dr, where T'(¢) := w
2 D 0]
and to assume that
B(p(5(1+0o(1))) .
500 B($(5)) =1 and ht“_l)igp B()I'(t) < oo, (1.7)

where

_d _ 8
B(s) := dt‘/ZG(S) = 75w

Assuming (1.7), together with (1.3) and (1.5), it follows that
u(x) — ¢p[d(x) — Hx)J (d(x)]| < ¢p(d(x)o(d(x)) as d(x) — 0, (1.3)

where H is a smooth function whose restriction to 952 coincides with the mean curvature of
the domain; moreover, it is worth stressing that (1.7) implies

J(d(x)) = O(d*(x)).

The relation above, together with (1.8), tells us that the second-order contribution to the
explosion of u is affected by the geometry of the domain through the mean curvature of 9£2.
More recently in [12] (see also [10]), by means of an interesting application of the contraction
theorem, all the singular terms of the asymptotic of u have been implicitly calculated in the
special case £2 = B.

For power-type nonlinearities, it is also possible to obtain the first asymptotic of the
gradient of the solution by means of scaling arguments. In particular, in [4,6] (see also [30])
it is proved that if

8(s)

lim —= =1 forsome p > 1,
s—oo §P

it holds true that

a ap(d a
ux) 9OWO)| D) o) as de) -0, (19)
ov av at
where v is the unit normal to 3£2 (recall that v(¥) = —Vd(%) for ¥ € 92)and 7 € SVl is

such that 7(x) - v(x) = 0 for every x € d§2. However, a general result for the second-order
term in the expansion of Vu in the same spirit of (1.8) is not available in the literature (see
anyway [3] for a partial result in convex domains).
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1016 S. Buccheri

Our aim is to complete the picture of the asymptotic behaviour of the gradient of solutions
of problem (1.10) in the case g(s) = Is|P~1s, with p > 1 and £2 smooth enough. Thus, the
problem we deal with is

—Au+uPlu=f ing, (L10)
u = —+00 on 452,
where f € W1(£). It is easy to verify that with such a choice of g, assumptions (1.3)—
(1.7) are satisfied. It is also worth to recall that in this case problem (1.10) has a unique large
solution and that the function ¢ defined in (1.4) has the following explicit form:

00 . 2 1
¢(s) = — with ¢« = —— and og = [a(x + 1)]7- 1. (1.11)

s p—1
The result that we present in this paper will describe not only the second-order behaviour
of the gradient of the large solution of (1.10), but also the complete asymptotic expansion
of all the singular terms of u and Vu, for every arbitrary sufficiently smooth domain and
every p > 1. As a by-product of this expansion, we will be able to provide the expected
second-order asymptotic for the normal and tangential components of Vu with respect to
0£2. Indeed, we will prove

lim |: “(x )L — ozaod(x):| =c(a, N)H(x)

X—>X
Jim d%(x) 2“5 _
0T

X—X

uniformly with respect to x € 952,

(1.12)
where c(a, N) is a precise constant that depends only on « and N (see Corollary 1.4 for
more details). More in general, we will be able to prove (see Theorem 1.3 for the precise
statement) that there exists a unique explicit function S, sum of [«] + 1 singular terms where
« is asin (1.11), such that

2i=u—Sewh®wR).

Let us say that the formula above expresses the leitmotiv of the paper, that is, try to find an
explicit simple corrector function that describes the explosive behaviour of u.

Moreover, using a scaling argument and the previously obtained information on z, in
Theorem 2.9 we prove that the function z satisfies the following boundary conditions:

(@ =0 and lim 5D o vican.
§—0 8

The latter condition is a weak form of expressing the fact that the normal derivative of z is
zero at the boundary of £2.

Finally, we consider a more general class of nonlinearities that will be easily treated with
an extension of our method.

Before stating precisely our main results, we need to give some notation.

1.1 Notation

We shall often work in tubular neighbourhoods of 32 of the type

Qs = {y € 2 : dist(u, 32) < 8}, § > 0.
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We recall that £2 is always at least of class C2. Hence, the function dist(-, 8£2) distance from
the boundary is well defined and twice differentiable near d£2. More precisely, the following
theorem, proved in [20], gives the relation between the regularity of the boundary and the
regularity of the distance function.

Theorem 1.1 (Theorem 3 in [20]) Let §2 be a domain of class CY with y > 2. Then,

35 > 0 such that dist(-, 32) € C” (£2;). (1.13)

Thanks to the previous theorem, we can define the following smooth versions of the
distance function.

Definition 1.2 Let £2 be a domain of class C¥ with y > 2, and let 8§ > 0be given by
(1.13). Then, we define the regularized distance as a function d € CY (£2) such that d(x) =
dist(x, d£2) for every x that belongs to £25. We moreover denote d, (x) := d(x) + %

It is worthy to stress that d,, (+) inherits from dist(-, 9£2) the following important properties
Vd,()>=1 x € 25, Vd,(x) =—-v(x) and Ad,(X) =—(N —1H(X) x € 082,
where v is the outward normal to 952 and H (x) is the mean curvature at x € 952.

Finally, unless otherwise specified, we indicate with C a constant that depends only on
the data of the problem and that can vary line to line also in the proof on the same theorem.

1.2 Main results
The ansatz that guides our approach is that it is possible to give an explicit description of the
explosive behaviour of the large solution # and of its gradient Vu by means of a finite sum
of singular terms. Inspired by (1.6), (1.8) and (1.9), we conjecture that

u(x) ~ood~% + o1d "t 4 opd=4t2 ... |
where o} with k = 0, 1, ... are smooth functions, and define the following regularized
function

2i=u—(o0d ™ +o1d T +opd T 4. (1.14)

Hence, the first question we want to answer is:
Can we find oy with k = 0, 1, ... such that z and |Vz| belong to L°°(£2)?

Of course, the functions o7, ..., oy shall take into account several characteristics of the
problem, among others the geometry of the domain. Notice moreover that the definition
(1.14) suggests that we need [«] 4 2 terms for having z € W1 (£2). Indeed, we have the
following result.

Theorem 1.3 Let us assume p > 1 and fix a := % Let §2 be a bounded domain of class
Cl5 with [o] the integer part of ., let f belong to W*°(82), and let u be the unique large
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1018 S. Buccheri

solution of (1.10). Let us define the following functions

o0 i=ler(er + 1)]7T

o100 =~ 3 0 ad() 200701(12\/(] j)zg)(x)
o (x) : . + 1 = b)log—1(x)Ad(x) + 2Vor_1 (x)Vd (x)] + Aog—2(x)
k—a)yk—a—1)—Q2+a)a+1)
U(f (1.15)
(k—a)(k—ot— D-Q+a)(a+1)
k
> (é)(f&j > o) o ()
Jj=2 J i1+-ij=k
fork =2---la]+ 1andiy, ..., i; positive integers.

Then, oy € C()H5K withk =0,...,[a] + 1, and the function S € Cc*(2), defined as

[a]+1
S(x) = Z o1 (x) d¥% (x), (1.16)

k=0
is such that
2(x) = u(x) — S(x) € Wh>*(Q).

Moreover, it also holds true

Vicd2 (@=0 and lim "X VW) (1.17)
5§—0 )
Remark 1.4 Let us stress that the higher the value of « (i.e. the closer p is to 1), the higher
the number of singular terms is and the higher the regularity of £2 has to be.
Moreover, if we split the above estimate along normal and tangential directions we get a very
precise estimate of all the singular terms in the expansion of the gradient. More specifically,
we have that

lim X 5 k dk—e-1 9 "(x) dk= 1.18
im = Z(a— ) (x) @)+ ——d" () = (1.18)
while ol

du N B0k() g .

5 Z - d*%(x)| € L®(2) (1.19)

vz € S¥ ! suchthatt - v =0.

From (1.18) and (1.19), we easily obtain the second-order asymptotic of the gradient (1.12)
mentioned in Introduction.

The core of Theorem 1.3 is a Bernstein-type estimate for |Vz|. This type of technique,
already used in the framework of large solutions for quasilinear problem in [22] (see also
[23]), has been originally developed in [24,25], and it allows to obtain L°°(£2)-estimates for
solutions of a vast class of boundary value problems. Of course, we do not know a priori the
boundary condition (if any) satisfied by u — S; thus, it is not possible to obtain Bernstein
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Gradient behaviour for large solutions to semilinear... 1019

estimates directly for z and |Vz|. We overcome this obstacle arguing by approximation and
considering the following regularized corrector function

[a]+1

1
Su(x) = Y ok (x),  dp =d(x) + —, (1.20)
n
k=0
where oy, ..., 0[q)+1 are the functions defined in (1.15), and the following approximated
problem
—A p=ly, = f, inf
o Up ‘;Sl“n| up = f m (121
T = 5, on d52.
Moreover, we define z,,(x) := u, (x) — S, (x) that solves
—Azy+ 1z + SalP T @ + S) = SuP7ISy = fu in Q2
Rl 1.22
S _p on 92, (122
av
where _
fo=F+ DSy —18,1P7' S, (1.23)

Let us stress that the choice of the Neumann boundary condition in (1.21) and in turn in
(1.22) is not the only possible, but it is the most convenient for our scope; indeed, Neumann
problems are particularly suited for the implementation of the previously mentioned Bernstein
estimates. Observe at this point that u,, converges, at least in CIOL(Q) (see Proposition 2.6) to
the unique large solution to (1.10), and this in turn implies that z,, — z ;== u — S'in CIZOC(SZ)
where S = 11m S,. Hence, once a uniform estimate (with respect to n) in Whoo(2) is
obtained for the solut10n z, of (1.22), it can be inherited by z as n diverges.

The proof of Theorem 1.3 is divided into the following main steps:

e we prove that there exists a constant C = C(oy, ..., Ola]+1, f) such that d,,lf;,l +
d,%lanl < Cd'tlel=* forevery n € N;

e we show that for every n € N problem (1.21) admits a solution u,, and we describe the
first-order behaviour of u, near the boundary;

e through a Bernstein-type estimate, we show that there exists a positive constant B =
B(00, - - ., 0[a}+1, f) such that ||z,[ly1.~p) < B for every n € N. This implies that
lzllwioo(2y < B.

Hence, Theorem 1.3 tells us that z € C2(£2) satisfies

A+ 2+ SP '+ S — SIS =F ing,
z€ Whoo(),

where _
Fx) = @)+ ASEx) — [S@)|P7IS(x) (1.24)

and f = lim f;l Note that so far we do not have any information on the boundary behaviour
n—oo

of z, apart from the fact that is globally Lipschitz continuous. Thus, it is natural to wonder if
z satisfies some boundary condition; and indeed using scaling arguments, in the same spirit
of [4,30], we prove (1.17).
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1020 S. Buccheri

Let us now consider a class of nonlinearities for which Theorem 2.9 can be generalized
with minor modifications. Let us thus focus on the following problem

[ wa
where p > 1, h € C*(£2) is such that for0 < A < B
A<h(x)<B Vxe £, (1.26)
and r € C1(£2 x R) satisfies
r(x,s)s >0 and ;—s (h@)IsIP~ s —r(x,5)) =0 V(x,5) € 2 xR (1.27)

In Theorem 2.7 of [5], it is proved that for any bounded domain £2 of class C 2 under the
assumptions (1.26) and (1.27), problem (1.25) admits a positive large solution; moreover,
every large solution u of (1.25) has the following asymptotic behaviour near 92
. u(x)
lim — =1
40=0 0 (VA (x)

Now, we make additional growth assumptions on the function r(x, s) in order to be able to
implement the Bernstein technique as in Theorem 1.3. We require that

(1.28)

sup |r(x, s %)|s € L™(£),
O<s<l
sup |re(x, s7)|s* € L™(R2),
O<s<l B 5 (129)
sup |rs(x, s79)]s” = o(1), asd(x) — 0,
O<s<l1
sup |rs(x, s~9)|s7 € L),
O<s<l1
wherer, := Vyrandr, := S—E.Asaﬁrstconsequence of (1.29), wededucethatfor1 < g < p

the function g(x, s) := h(x)|s|?~'s — r(x, s) satisfies

g(x,s)
54

is increasing for large values of s. (1.30)

Indeed,

d gx,s)  (p—q)sP —r(x,8) +rx,s)s”!
ds s1 54

Thus, using (1.28) and (1.30) we can take advantage of (the proof of) Theorem 2 of [15] to
infer that problem (1.25) admits a unique large solution.

We stress here that we obtain the asymptotic expansion of large solutions and their gradient
via an approximation procedure; thus, in the absence of a uniqueness result, our method gives
adescription only of the large solution obtained by the approximating scheme, i.e. the minimal
large solution.

We can state our last result.

> 0 for large value of s, Vx € £2.

Theorem 1.5 Let us assume p > 1, fixa := %, and let 2 be a bounded domain of class
Cle+5 | Assume moreover that (1.26), (1.27) and (1.29) hold true. Then, there exist functions
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Gradient behaviour for large solutions to semilinear... 1021

onk = oni(p, 82, h) (see (2.21) for the precise definition) with o), x € C(2)ledH3=k | =
0,...,[a] + 1, such that, defining Sy, as

[a]+1 k—a
i = Y ok (Vhdw) (1.31)
k=0

it resultsu — S, € W (82) and z(X) 1= u(x) — Sp(X) = 0 for every x € 052. If moreover
we assume
sup |r(x,s )| =o0() asd(x) >0 (1.32)
O<s<l1

we also have that

o
Viedn lim SE VO
§—0 )

0.

Letus stress that the functions oy, x do not depend on the function r, due to assumptions (1.29).
Indeed, these growth conditions imply that the contribution of the perturbation r(x, s) does
not affect the asymptotic behaviour prescribed by A (x)|s|?~Ls.

On the other hand, the presence of the weight / requires some modifications in the defi-
nition of the corrector function S;. This in turn yields to even more involved formulas for
Oh,0s - - -» On,[a]+1 than (1.15). Notice that

1
on,0 = [a(a + 1]r~1 = oy,

ah™ 3 (X)Vh(X)Vd,(x) + h? (x)(N — 1) H (x)
2(1 + 20) :

on1(x) = aooh ™! (x)

namely the first-order behaviour does not see the influence of the weight that comes into
play from the second one onward. As a last comment to Theorem 1.5, notice that, in order
to recover the Neumann boundary conditions for z, the additional growth assumption (1.32)
is needed (see Remark 2.2).

Unfortunately, we are not able to treat problem (1.1) with g that satisfies just (1.2) and
(1.3). The main obstacles in considering a general g(s) [that satisfies anyway (1.2) and (1.3)]
are, on the one side, that the simple structure of the corrector function S is lost and, on the
other, that it becomes much harder to manipulate terms as g(z + S) — g(5).

2 Gradient bound
2.1 The choice of S,

In this first section, we determine tEe regularity of the functions oy, k = 0, ..., [a] + 1,
defined in (1.15) and we show that f,;, defined in (1.23), is such that

AC =C(00, ... 0111, [) 2 dul ful +d2|V f] < Cadl Tl

We prove a slightly more general result that emphasizes the relationship between the number
of elements of S, and the required regularity of £2.

Proposition 2.1 Let us take a natural number M € [0, [a] + 1], 2 a bounded open domain
of class cM+4, oy asin (1.15) withk =0, ..., M and S, as in (1.20). Then, we have that
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1022 S. Buccheri

ox € C(2YMB3~k yithk =0, ..., M and that there exists ng = no(o, . .., oy) such that
for every n > ny

I(ASy — S0P S0 dn] + IV(AS, — [S,1P71S)d2 | < cal= in2,  (2.1)
where C = C(N, a, 052).

Proof Note at first that the positive root of (k —a)(k —a — 1) — (2 + a)(a + 1) = 0 (seen
as an equation in the variable k) is bigger then [«] + 1: indeed denoting by k; i = 1, 2 the
two roots, we have that

2a+14+V2a+ 12 +2(a +1
ki <0<k = 2 +‘/(°‘; H2@HD ks el el bl a0

Thus, the denominator in (1.15) is always different from zero. As far as the regularity of the
terms involved in (2.1) is concerned, Theorem 1.1 assures us that d, € CM¥4(£2) (see also
[16,20]); moreover, as it is clear from the formulas in (1.15), the evaluation of o} involves
derivatives of d,, of order k + 1. Hence, the regularity of oy, is M +4 — (k+1) = M +3 —k,
ie. op € CMH3K(Q)withk=1,..., M.

Let us show now that such a choice of o} implies that (2.1) holds true. Thanks to the
proved regularity property, we are allowed to compute both the gradient and the Laplacian
of S, (x). Recalling that by definition Vd, (x) = Vd(x) and Ad, (x) = Ad(x), we have that

M

ASi () = D [tk — )k = @ = Do) Vd ()
k=0

+ (k= @)op(x)dy "' (x) Ad (x)
+2(k — a)d* "1 (x)Vor (x) Vd (x) + Aoy (x)d (x)] .

Ordering the previous expression according to the power of the distance function and working
in £2;5, in order to use that |Vd|2 = 1, we obtain

ASy(x) = ale + Daod, * 2 (x) + [ala — Doy (x) — aogAd(x)]d, ' (x)
M

+Z {(k —a)k—a—Dor(x) + (k —a — 1)[ok,1(x)Ad(x)

k=2
+2Voi1(x)Vd ()] + Aok_z<x>}d,’:—“—2(x>
+rx)d’ " (x) in 25,
where r = r(oy—_1,0n) € C1(2).
Now, let us focus on the nonlinear term |S,,|?~!S,. Since any oy, is bounded, there exists

8o = So(o0, ..., on), with 89 < 8, ng = no(8p) and a function R = R(oy, ..., om) €
C1(£2) such that
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Gradient behaviour for large solutions to semilinear... 1023

M p
-1 —a—2 Ok sk —a—2 -1 _ -1
1S, P72 S, = O'(fdn ¢ (Z O’()dn) = Uéydn T pO’éj Uldn *
k=0

M
+ Z d,]f_“_z [paop*lak

k=2
k
+of Z <]?>aofj Z o0 | ¢t R(x)dM—o~!
j=2 J iy+eeki j=k
in £2s, and n > ny.
Now, it becomes clear that the choice of oy, ..., oy in (1.15) is the unique for which

|AS,(x) = 18, ()P 8, (1) |dy (x) = [r(x) — R(x)[dY ™ (x)
< CdM%(x) in 25, and n > ny,

and moreover

[V(AS, — 15,1771 S)d ()| < (@ + 1 = M)|V(r(x) — R(0))|d) ™ (x) < Cdy'~*(x)
in £25, and n > no,
with C = C(0y, ..., op). The estimate in §2\ £2;,, is straightforward thanks to the regularity
of oy. ]

Remark 2.2 For the proof of Theorem 1.3, we take M = [«] + 1, so that (2.1) becomes
[(ASy = [Su177 ' S)du| + [V(AS, = [S,1P7'S)d;| < Cdy T in 2.
Since f € Wh®(£2), recalling the definition (1.23) of f:,, it follows
3C = C(0y.....om, f) suchthat  dy|fy| +d2|V ]y < CdlTe— < T (22)

We anticipate that for the implementation of the Bernstein technique we only need that the
quantity on the left-hand side above is bounded and not infinitesimal near d£2. Despite this
fact, we need anyway to use [«] + 2 terms in the definition of S, because, unless & € N,
[@] — o < 0. Anyway the extra information that dnlfnl + d,%IV ﬁ| goes to zero has x
approaches the boundary is used in the second part of Theorem 2.9.

Remark 2.3 For the sake of completeness, we explicitly compute the expression for o5:

(o + 2)0(57_2012(x)d(x) + (¢ — D[o1(x) d(x)Ad(x) + Vo (x)Vd (x)]
Q-a)l—a)—Q2+a)a+1) '

Of course, op and o7 (x) coincide with the ones already known in the literature.

o (x) =

2.2 Existence and preliminary estimates for u,

In this section, we find suitable sub- and super-solutions for problem (1.21) in order to prove
both existence and some preliminary estimates on the solutions u, of (1.21).
We first observe that
35, u _ _
= aoon®! 4+ n® Z [((x —kon'* + Vo - vn k]
av a0 =1

= aoon®T + n%y, ifa #1,
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while
95,

W o

1
=00n2+V01-v+V02-v7—02=aon2+llfn ifa=1,
n

where v, € C(952) is uniformly bounded (with respect to n). More precisely,
AT =T(N,a,082) : |[YullLcepe) <T VneN. 2.3)

Such a bound is crucial in order to prove that problem (1.21) admits a pair of sub- and
super-solutions.

Proposition2.4 Letp > 1, f € WL (£2), S, as (1.20) and T as in (2.3). Hence, problem
(1.21) admits a pair of (classical) sub- and super-solutions.

Proof Case o« > 1, sub-solution. We prove that it is possible to chose M| and M, positive
constants such that w, := ood,, * — M d,}"" — M is a sub-solution for (1.21). Fix at first

(p — Daool|Adlro2y T }
(p+3) o —1

and observe that this choice of M implies that

M, zmax{

a—n —aoon®T! — Yun® = [— (@ — DM — Y ]n® <0 on 3S2. (2.4)
v

Moreover, using the monotonicity of the function s — Is|P~ Vs, let us fix 8o = 8o(M1) < &
and ng = ng(8g) so that

lwal? Y w, < lood, @ — Mid) P! (00d, @ — M1d} ™) = (00d,® — M1d}~%)"
M P
= 0—(57 n_Ol_2 (1 - ?(:dn>

M
= cré’dnf"‘*2 |:1 — p—ldn + O(d,f)] in 25,, n > ng.
00
On the other hand, an easy computation shows that
Aw, = a(a + Dood, * 2 —ad; ! [ooAd + (a — l)M1j|

+(a — I)Mld;aAd in 250, n > ng.
Recalling that

_ 3
poy 1—Of(ot—1)=ch£2ﬂwt—tszroz=2pi+1,
=

we deduce that
—Awy + [wa P wy — f < —Aw, + (00d, " — Mid, ") — f
< <—2i—t?M1 + aaoAd> a7 " o™
<0 in £2s,, n > nop,

where the last inequality holds true thanks to the choice of M. Now, taking
1
M > 098, " + (IIAwn e (2\025,) + ||f||L°°(.Q)) !
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and using once more the monotonicity of s — |57~ s, it follows that

— Awy + [wpP wy, — f < —Aw, — |Aw, lLo@\25) = 1f lLoec2y — f
<0 in£2\2s 2.5)

and we conclude that w,, is a sub-solution of problem (1.21).

Case o > 1, super-solution. Let us show now that it is possible to take N1 > M such that
v = o00d, “ + N 1d,{"" turns out to be a super-solution for (1.21). As far as the boundary
condition is concerned, we have

vy,

3 —oon®t — y,n® = [(@ — )N} — Ypn® > 0 on 92,
v

a2

where the last inequality follows from the previous choice of Nj.
Since v, is positive, thanks to the convexity of the function (1 + s)” with p > 1, we have
that

NN N
[al? vy = o d 2 (1 + —ldn) > ol d,*7? <1 + p—]dn> .
00 00

As in the previous case, it follows that

3
—Av, +vf — f = <2p7+lN] +0lc7()Adn> dnfail +0(d,®) in 25, n > nog,
p—

where we have used that |Vd |2 = 1 in £25. Thanks, once again, to the choice of N, we can
conclude that —Av, + v2 > fin £25.
Finally, we have
—Av, + ) — f = —Av, + (00d,* + N1d7*)P — f
—Av, + NPal'=® — ¢
CIN/ — CoN, — C3 in 2\2;,

%

v

where the last inequality comes from the fact that in £2\$25 d, > § and that in —Awv,
only linear powers of Nj appear. So by increasing, if necessary, the value of N, we have
—Av,+vf > fin £2\£2;5. It is then possible to conclude that v, is a super-solution of (1.21)
in £2 and that v,, > w,.

For the range 0 < o < 1, the proof is similar and we just stress the main differences.

Case a = 1. Note that, with this choice of «, we have p = 2, oy = /2. We claim that
wy, = \/Edn_l—i—M3 logd,—Mysandv, := ﬁdn_l —N3logd,+ N4, with M3, My, N3, Ny >
0, are a sub- and a super-solution for (1.21). Let us choose M3 > T in order to obtain

dwy,

el V2n? — Yun = [=Mz — Yln < 0.

082

Then, we fix 8g = 8o(M3) < min{8, 1} (so that log(8p) < 0) and ng = np(8p) such that

3 M 3
w? <2343 (1 4 7201” log(dn)> =23d7% + 6Msd; * log(dy)

+o(d*log(d,)) in £2s,, n > no.
Hence, it follows that

—Awy + |wa " w, — f < +6M3d; > logd,, + o(d? log(dy))

<0 in £25,, n > no.
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1026 S. Buccheri

Now, we fix

1
My > «5561 + (||Awn||L9°(S2\S250) + ||f||L°°(Q)) !

that implies —Aw,, + |w,,|P’1w,, — f < 0in £2\ 825, and, in turn, that w, is a sub-solution
of problem (1.21).

For the super-solution v,, we consider N3 > T'. Thus, exactly as in the previous case, we
get

v,

— oon* — Yun =[N3 — YuIn > 0.
dv

02

Noticing that v,, is positive and using the convexity of the function (1 + 5)3, we obtain

N 3
vi =234, (1 - 7%dn log(dy) + N4) > 23473 — 6N3d; 2 log(dy).

Moreover, we fix 8o < & and ng = ny(8p) so that
—Av, + vl — f > —6N3d, ? logd, + o(d>10g(dy)) = 0 in 25, n > no.

At this point, choosing

1
Ny 2 V25" + (I8vl @i + 1 /=) )"

it follows that —Av, + v} — f > 0in £2\ 825, and we conclude.
Case o < 1. Finally, we consider w, = ood,* — M5 + Méa’n_"“H and v, = ood,; * +
Ns — Ned;**! with Ms, Mg, N5, Ng > 0. Let us fix Mg > %, in order to have

owy,
ov

—aoon®T! — y,n® < 0.
e

Moreover, taking Ms > 0 it is possible to select §o < 5 and ng = no(8p) such that
lwal?~w, = ol d; 2 = pol ™ Msd? + o(d?)
and that
—Aw, + |lwa P w, — f < —pa(f_lM5a'n_2 +0(dn_2) <0 in £, n > no.

Finally, increasing the value of M5 so that

<=

Ms > 0080 + Medy“ ™ + (||Awn||L°°(!2\.(250) + ||f||L°°(.Q)> .
it follows
—Aw, + wa P w, — £ <0 in 2\ 25,
As far as v, is concerned, let us fix as before Ng > % in order to get

vy,
av

—aoon®T! — y,n® > 0.
982
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Take now N5 > 0 and fix 8y < & and ng = no(8p) such that
N. N P
va|?~ vy = ol d; @2 (1 + 24— —6dn>
(0] (0]

> aé’dn_“_z + pa(f_lN5dn_2 + o(dn_z) in 25, n > ng
and that
—Av, + v ? o — f = pol T Nsd 2+ 0(d;?) = 0 in 25, n > no.
As in the previous cases, by increasing if necessary the value of N5, we have —Av, +
v P v, — f = 0in £2\£25, and that v, is a super-solution of (1.21).

The ordered sub- and super-solutions obtained in the previous proposition allow us to
prove existence of a solution for problem (1.21) and, on the other hand, give us a control on
the behaviour of u,, (and in turn of z,,) near d§2, which is crucial in order to prove the results
of the next section.

Theorem 2.5 Let p > 1, f € WH®(2), S, as in (1.20). Then, problem (1.21) has a unique
classical solution u, for every n € N. Moreover,

Zp(x) y (x)
3C = C(a, N, 382, f) : 50|~ 500 1’ < Ce(d,(x)) (2.6)
where
K ifa>1
e(s) = ys(1+|logs)) ifa=1 (2.7)
s¢ if o < 1.

Proof The proof of the existence and uniqueness is standard, and we sketch it here for the
convenience of the reader. In Proposition 2.4, for every o > 0 we have constructed a pair of
ordered sub- and super-solutions for problem (1.21)

w, < v, Iin 2.

Let us set vg = v, C := max {||vall o0 @), lWallLoo )}, m > pCp_l,andletus define vfl
fori = 1,2, ... as the solutions of

n

v 9S,
v on ds2.

{—Avfl +mv =mui~!t — i Pi= 4 in 2,
dav ’

The choice of m allows us to say that the function s — ms — |s|?~ls is increasing in
[—C, C]sothat we can apply the standard procedure of the sub- and super-solution method for
existence of solutions (see for instance [17]). We claim that v;_l > v} foreveryi =1,2,....
Indeed, for i = 1 we have that the function w := v} — v satisfies

i—Aw—l—mwa, in £2,

%—f =0, on 052.

Hopf’s lemma and the strong maximum principle assure us that w < 0, which implies
vo > vi, and we can conclude the proof of the claim by induction. Similarly, we can prove
that w, < v} foreveryi = 1,2, ... Then, we have that v, \( u, a.e in £2 as i — oo and
that

Wy < Uy < Up;
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1028 S. Buccheri

moreover, by compactness and regularity arguments (see, respectively, [1,2]) it is possible to
prove that u, € C2(£2) N C1(£2) solves (1.21). The uniqueness follows by Theorem 3.6 of
[16].

In order to prove (2.7), we first consider the case & > 1. We have that

ood, * — Mld,i*a — M <u, <ood,* + Nldr{*“,
where M1, M, and N; are the constants given by Proposition 2.4. Subtracting S,,, we get

— (M —0)d} ™+ 0 (d>) <up — S, < (N1 —01)d} % +0(d) ™) + 0 (d>7%)

with b and B bounded functions. Thanks to the choice of M| and Ny, it follows that there
exists a positive constant C = C(«, N, 952, f) such that

up (x)
S (x)
The case o < 1 follows similarly using the respective sub- and super-solutions, and for
brevity we omit the proof.

— 1‘ < Cdy(x) in $2.

We close this section proving the following proposition.

Proposition 2.6 The sequence u, of solutions of problem (1.21) converges in ClzOC (£2) to the
solution of problem (1.10).

Proof Let us define ¥, := u,, — u,+1, which satisfies

—AYy, + |Mn|p71un — [un41 |pilun+l =0, in £2,
W < 0, on 982

The Neumann boundary condition assures us that the maximum of ,, cannot be reached on
d82. So let it be xg € £2 the maximum point for v,,. This implies that — A, (xg) > 0, and
then we obtain from the equation the following information:

lttn (x0) 17 st (x0) = U1 (X0) 1P~ i1 (x0) < 0.

But, since s — |s|p‘1s is increasing, it has to be V¥, (xg) = u,(x0) — uy+1(x0) < 0. Being
X0 the maximum point, it follows that u,, < u,1 in £2. So we know that the sequence u,,
is increasing and converges pointwise to some function u. Moreover, we know, thanks to
Theorem 2.5, that each u,, is between the relative sub- and super-solutions w, < u, < vy.
Thus, we have that for any @ compactly contained in §2 there exists ¢ = c(w, o, N) such
that

Up(x) S Upy1(x) <+ <ux) <vlx) <c Vx € o,

where v is the limit as n diverges of the super-solutions v,. On the other hand, we also have
that

w(x) <u(x) VxeSs,

where w is the limit of the sub-solutions. Thus, using standard compactness and interior
elliptic regularity arguments, we have that for every  CC £ u, — u in C?(w). Thus, we
can pass to the limit with respect to » in (1.21), and moreover we also obtain

Iim u(x) = oo.
x—0982
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2.3 Estimates of z, and | Vz,| in L°°(Q)

Now, we are ready to prove the uniform estimate in woo(Q) for z, := u, — S,, where u,,
are the solutions of problem (1.21) and S, has been defined in (1.20). Note that thanks to
Proposition 2.6 we already know that for every w compactly contained in §2 we have that

Yo CC 2 Ele : ||Zn||W1~00(w) < ||Mn ”WLOO(LU) + ”SI’LHWLOO((U) < Cp-

Thus, the main concern here is to obtain a Lipschitz control in §25, for some §y > 0 small
enough.
Let us start with the bound in L*°(£2s,).

Theorem 2.7 Let z,, be as above. Then, there exists 8o = 80(00, - . ., O[a]+1) and a constant
C=C(p,N,052, f, o) such that

l1znllLo (25 < C- (2.8)

Proof We build barriers in a neighbourhood of 92 through sub- and super-solutions method.

Bound from above. Let us fix 8o = 80(00, . .., O[«]+1) and ng = no(8p) such that S, > 0
in £2s, and n > ng. By deﬁnition of S, there exists K = K (8y) such that pSf_ld,% > K in
£25,. Choose now B > &’TC, where C is the constant given by (2.2). Taking advantage of the
convexity of s — (1 + s)?, we have

—AB + 18,1771, Ul—i—
Sn

B |P! B ~
(1+2)-] -5

B\’ ~ PR
=Sf[<1+?> —1]—fn2pBSr’f — 1 /al

n

BK ~ BK—Cd,
73_|fn|ZT

n

A%

>0 in £2s, and n > ny,

where we have used (2.2) and the choice of B. Then, if we define w = B +
Max(xeQ:d(x)=s) |12n| it €asily follows that z, < w in £2.

Bound from below. For any positive fixed constant B > 0, thanks to (2.7) there exist
80 = 8(00, ..., Ola)+1, B), no = np(8p) and a constant C = C(8p) such that

(l(0-5) ] =sel(-55) ]
1——)—1|=8w|(1- —1
Sy Sn(x)

Sn
_ QP _PB 2a p2
_sn(x)[ S,,(x)+0(d” B)]

15,1778, Ul -

KB ~2\ p2
<—+0(d“°)B
—K1B+ 0 (d*) B?
< ! 5 (43) in 25, and n > no.
d2(x)
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B
 —

p—1 B
1——=)-1
Sn Sn

~  —K|B+ K,B%d* + Cd, -

~A=B) +1S:177'S, [

— < 0
o b <
in 25, and n > ng.
At this point, reasoning exactly as in the first part, it follows that w = —B —
Max{xeQ:d(x)=50} |12n| controls z,, from below in £2 and the proof is concluded. ]

We can now state and prove our main result.
Theorem 2.8 Let z,, be the functions defined in (1.22). Then, there exists o = 8o(oy, - . .,
Ola)+1) and C = C(a, N, 082, f, So) such that
IVznllzoeo(as) < C.
Proof We divide the proof in two steps.

Step 1. Inequality satisfied by |Vz,|%.
Step 2. Application of maximum principle to w, := |Vz,|?¢*® in £2s,.

Step 1. Thanks to (2.6), there exist 8g < & and ng = ng(8g) such that

2\ 7!
0<clg(1+S—”> <G

n

Zn(x) P |2 (x)]
K”Sn(x)) _I‘SQ e

where the positive constants C1, C> and C3 depend only on «, N, d§2. Moreover, from the
definition of S,, and thanks to the boundary condition on z,, it follows that

Y lIVanl | Vel | _ o [6@) [Vl
AT R e

Vn > ng Vx € $25), 2.9)

IVSiVzul < C[ (2.10)

where €(s) is defined in (2.7). All the computations performed from now on are meant on
£2s, and with n > ng. At first, let us recover the equation satisfied by |Vz, |2 (see [24] and
reference therein). In order to do it, it is useful to recall that

V(IVzu)?) = 2D%2,Vz, andthat A(|Vz,|?) = 2V(Az,)Vzn + 2| D%z, |2
Hence, through Schwarz inequality, we get
~ 2
A(Vzn®) 2 29 [ + )P = S7] Van = 2V uV2n + (820,

Now, we consider separately each one of the terms on the right-hand side above.
First term. We rewrite it as

4
AR O

n

p—1 Zn -l 2 Zn r
:psn 1+ — |vzn| +p Sn 14+ — —1
Sn Sn

2\ ! 2
—Zn (] + Si> :| Srzlj_ V8. Vzy. (2.1

n
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Note that in the right-hand side above the first term is the coercive one, while the other has

to be absorbed. Thanks to (2.9), the coercive term of (2.11) becomes

|VZn|2
dy

p—1
Iy >0:ps! (1—#—%’) |Vzul* = 3y
n

Recalling (2.7), Theorem 2.7 and (2.9), the last term of (2.11) can be controlled as follows:

SPT2IV S,V

P r—1
Zn Zn
S, 1+ — —1]— 1+ —
"[(+Sn> } Z"<+Sn)

p
p—2 [ &(dn) | |Vzal
< Clzn|Sn [d,”f“ 2
e(dyp) [Vzal :|
= Clzal [ +
Lda 4
[Zn] |Vzn|2 2
<C C ,
=0 +v 2 +Cy d2
where we have used both (2.9) and (2.10). Then, we get
2 2
p |Vzul |Zn|
V[(Zn+sn)p_sn]v1n23)/ d,% _Cd,? —Cdz.
Second term. We apply Young’s inequality and use (2.2) to obtain
~ | |2 2.2 |VZn|2 Cy
—VfuVz, =~y ” - C |an| dy > —y d,% - 73

Third term. Using the easy inequality (a — b)? > % — b?, we obtain

2 2_ 2 p_gP_ 772
N(Azn) = N[(Zn+sn) Sn fn]

2p P 2 2
ST FPIEETA R 3
2N S, N

Moreover, using the fact that the function (1 + s5)? — 1 is convex for p > 1 and has strictly

positive derivative in zero and recalling (2.2) we have

2 Cz2 Cy
Z(Az) > i 2N
(B =Nd& T2

Hence, gathering together the inequalities above, we have that

Vil Csza o ol oz €
2 TN& T TS a2 &

A(Vza?) >y

Using Young’s inequality we get, for ¢ > 0, that

|Zn| < Zl n g
d3 d4 d?’
So up to a decrease in §p and an increase in ng, we finally obtain
2
2 [Vzul Cr .
A(|Vzu7) >y d’% — ?3 n 950, Vn > nog.

—C— —— Vn>ng Vx e 82s.

(2.12)
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Step 2. As in [22] let us consider now w, := |Vz,[>e* with A > 2||Ad| 1o0(0). Its

boundary behaviour is described in Lemma 2.4 of [22] (using in turn an idea of [25]). For the

convenience of the reader, we report here the computations. Notice at first that the boundary

condition %” = Vz, - v = 0 implies that there exists a function u € L*°(92) such that
V(Vz,Vdy)ls = uv.

To get convinced of this fact, just observe that the regular function Vz, - d, takes the value
0 on £2 (recall that v = —Vd,,). Then, its gradient evaluated on the boundary cannot have
any tangential component, otherwise the condition for Vv, - d, would be violated. Hence,
we have

wv - Vzu, = V(V2,Vdy)Vzy = D*2,V2,Vd, + D*d,Vz,Vz, ondf.
But the left-hand side above is zero, so that

3|Vz,|*

G =202, V2, v < 20| D%l Vanl®

and as a consequence

dwy 2 d Ad, 2
— =V(|V ") v = Aw,Vd, - "V(|V .
E (IVzule™™) - v wyVdp - v +e (IVzu]) - v (2.13)

< [-*+2lAd| @) ] wa onds2.
Hence, we can take A large enough to have

dwy,
av

<0 onaf2. (2.14)

Taking into account (2.12), it follows that w,, satisfies

C
Aw, = (A2 + AAdy) wy + 22V w, Vd, — 222w, + y% -
n n
that is,
2 21 Wn Cq
—Aw, + [y = (A + MAdy| Lo 2)) d; ] i +2AVw,Vd, < ViR
n n
Hence, up to a decrease in §p and an increase in ng, we get
— Awy + 20V, Vdy + 2P <2 in 20 and n > n (2.15)
n n n ) d,% = d’% 0 0- .

Coupling equation (2.15) together with the boundary condition (2.14), we take advantage of
the maximum principle to conclude that

supw, < C+ max w, <C+ C; max |Vz,,|2.

23 0820\082 9520\1%2

Being the last term above uniformly bounded thanks to Proposition 2.6, the theorem is proved.
]
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2.4 Boundary behaviour of z

Thanks to the results of the previous sections, we deduce that z solves

—A p-1 —ISIP-ls=F  inQ
z—l;lz—l—SI z+S)—|ISIP'S=f, inSf2, 2.16)
7€ WhX(R),
and that moreover
‘§'§O(l) as d(x) = 0 and |f]d + |V fld? < Ca'+lel— < &, 2.17)

where S = lim,,_, o S, and f =lim,— fn It is worth to stress that so far we do not know
if z satisfies some sort of boundary conditions: indeed, the only information we have is that
z solves an equation and that it is Lipschitz up to the boundary. Anyway, this is enough to
define the function z on 9£2 and to try to deduce its boundary value by means of a scaling
argument.

Indeed, we are going to prove that the fact that z solves (2.16) with (2.17) implies that z
satisfies both Dirichlet and Neumann boundary conditions. Here, we follow the approach of
[4] (see also [30]) in order to deduce the following result.

Theorem 2.9 Under the assumptions of Theorem 1.3, it follows that

(®=0 and lim L) g viego.

§—0 8
Proof Behaviour of z on 0§2.Let us consider a point xo € 92 and let us identify it as the
origin O, of a new system of coordinates (11, ..., ny) = (91, ') such thate,, = Vd(xg) =
—v(x0), where ¢, is the versor of the n-axis. The equation for z remains unchanged by
such a transformation being the Laplacian invariant under rotation and translation. In order
to perform a blow-up near the origin Oy, let us consider, for 9,8 > 0and 0 < o < %, the
set

Us = B (80en,, 80) N B(0,8'7)

that, through the change of variable £ = I, becomes

, 80\’ "2 80\ _
Ws = (5175):(51_§> + &7 <<§) JEI <6877 .

We take §p small enough in order to have Us C §2; this is always possible due to the
smoothness of £2. Moreover, notice that Us collapses to xg as § goes to zero; meanwhile,
thanks to the choice of o, Ws converges to the half space Rf . Now, we can define

vs(§) :=z(8§) in W;
that inherits the following properties from z
lvsllLoews) = llzllLewy)y and Vsl Loewy) = SIIVzllLoo(y)-

From this information and from the fact that Wy RY, we can infer that there exists a
sequence &, — 0 such that {vs,} — vin CIOO’C‘(R_’X) with ¢ € (0, 1) as n — o0. Moreover,
thanks to the second estimate above we have that v = const and hence the theorem is proved

if we show that v = 0.
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Choosing 8y small enough, the equation satisfied by vs, becomes

—Avs, + [(vs, + )P — §P] 82 = f82 in Ws,.
It is important to stress that in Ws, the lower-order term above and the datum are singular
only at the origin O, In order to pass to the limit in the equation above, note that

d(8,&) = 8,61 + O (821€1*)  uniformly in Ws, as n — oo.

Hence,

v p v
[ws, + 97 = 57]87 = 7 [ (T +1)" = 1] 7 = 87 [p= + 0@™) | 7

_ _ Vs, _
= [pSP~"us, + 0(d* )] 82 = [pao 5 +old 2)] 52

uniformly in Wy, as n — oo,

and for the datum

]’f?sZ:fdﬁ SR —
" d = & +06EP

Passing to the limit w.r.t n, we deduce that v satisfies

uniformly in W, asn — oo.

- Av—i—paoé% =0 in RY (2.18)
1

that admits v = 0 as the unique constant solution. Being the previous argument independent
of the considered sequence, we deduce that, if §, — 0 as n diverges and for any sequence
{nn} C £2 such that n, € Us,, it follows that

lim z(n,) = lim vs,(§,) = 0.
n—0o0 n—o00
Behaviour of g—f). In order to prove that z satisfies also the Neumann boundary condition,
we prove that there exist 1 < 1, B2 < 2 and Ay, Ay > 0 such that
— A1dP (x) < z(x) < A2dP(x) Vx € L. (2.19)
Indeed, thanks to the previous step, (2.19) implies that

o o .
fim Z& @)~z @ ZVE) o yo g0
5—0 1) 5—0 1)

Using (2.17) and by the definition of S, there exists §p < § such that
P
2+ S @+ ) —IsiPts = 57 [ (14 g) —1] in @2,
Moreover, for any small € > 0 fixed, decreasing the value of &y if needed, it holds true that

—1Z Z\7? -1 2 .
(1—e)pol ﬁgSp[(l—i—E) —1]5(1+e)pa§ 5 in @2y, (2.20)

This implies that, for every § < do, we have a comparison principle for sub- and super-
solutions in CZ(QS) N C(82;5) for the problem

—Az+SP[(1+ ) —1]=F, ing;,
z=g, on 0823,
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for any g € C(9525). Let us prove that there exist 81, A1 positive constant such that w :=
—A1dP is a sub-solution of the problem above. Noticing that —1 < [«¢] —a < 0, it is
possible to choose B, B> in such a way that 1 < 81, B2 < 2 + [e] — @ < 2 and that

1

y| = —ﬂ12+51+(1+e)pa(f_1>0 and ::—ﬂ%—l—ﬂz—i—(l—e)paé’_ > 0.

Let us take moreover & < §p such that

U= By adi oy = € 5 0 fori = 1.2 in 5.
Vi

where C is given by (2.17), and finally fix A; := max{§—# lzllLoo (), 1} fori =1, 2. With
this choice, let us consider w = —Ad?'. Simple computations show that

1

1w ~ ~
—Aw + (1 +€)pof ST = —yA1dP 2 4 BLAAdIdP T + A S

< —A1dP 2y — Br1Adld — | f1d* P <0 in 2.

Thanks to the inequality above, the choice of A1 and (2.20) we infer that w < zin £25 (actually
in all £2 thanks to the choice of A}). In the very same way we prove that 7 < v := A,d
and thus (2.19) is proved. ]

Let us now give the proof of Theorem 1.3.

Proof of Theorem 1.3 Thanks to Theorems 2.7 and 2.8, we have a uniform Lipschitz bound
for the sequence z, = u, — S, in §25,, while Proposition 2.6 assures the interior regularity.
Thus, we can deduce that there exists a constant C = C(«, N, 92, f) such that

lznllwioo@) < Nznllwroo(gs)) + Nznllwioeo@\es) < €
and passing to the limit with respect to n
lu — Sliwrco2y = llzllwreo(2y < C.
Moreover, (1.17) is deduced from Theorem 2.9. ]

2.5 Generalizations

In this last section, we give for brevity the sketch of the proof of Theorem 1.5, just stressing
the main differences with respect to Theorem 1.3.
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Sketch of the proof of Theorem 1.5 Let us give at first the compete expression of oy, . . .,
Oh,[a]+1

o0 = ol + 17T,

h=3VhVd, +h? (N — 1)H(x)
2(1 + 2a)

Li(on k-1, 0nk—2) + Pr(onk—1, 0nk—2) + Qk(0hk—2)
k-—a)k—o—1)—Q+ta)e+])

p
" 9,0
k—a)k—a—1)—Q2+a)a+1)

k
Z <p)6}:(; Z Jh,il(x)"'dh,ij(x)

=R it j=k

’

1«
on.1(x) 1= aoph

opk(x) ==
(2.21)

fork =2---[a] + 1andiy,...,i; positive integers,
where
1 1
Li@ni-1: 0nk-2) = (@ + 1= B [0t (A TVAVd, + 3 Ady + A2 )
+2h%vck,lwn] hl
Py(Op k1. 0nk—2) = (@ +2 — k) [(k —a — 1)oy_1VhVd,
s oo 1 1 _3
torz (— g3 IVAP + Sh 2 AR ) | A7

(k —a—=3)

Ok(opr—2) i=(ax+2—k) [VUszh + kazhfg |Vh|2] .

A tedious computation shows that with such a choice, there exists a positive constant Eh =
Cy(a, N, 082, h, r) such that

[(AShn — Skl Shn)dn| + IV (AShn — [Spal? ™ Spn)d2 ]
< Cpd! =" < ) in 2,

where S, ,(x) = Z,[{“:]gl on k(x) (./h(x)dn (x))kia. Hence, we can define the approximated
problems

(2.22)

up n _ IShn
o = on dx2.

i_Auh*n + h()up| P upn =r(x up,),  in 2
av

For the sake of clarity, we give some details of the construction of the sub-solution in the
case o > 1. Let us consider the function

o 11—«
Whn 1= 00h™ 2 (X)dy * (x) — My 1h 2 (x)d) ™ (x) — My 2,

with

3 1
aA72||VhlLe2) + AT2||Ad,|l

My > —1
n1 = aop(p —1) b t3
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Notice that thanks to (1.29)
Ir(x, wh,n)d,‘;‘+1| = |r(x,d;* +o(d,*)|d,dy

< sup {|r(x,s_°‘)|s}dn_0‘=0(l) asd — 0, n — oo.
O<s<l1

Then, there exist 6o = do(Mp,1, 1) and ng = no(8p) such that

—1
_Awh,n + |wh,n|p Wh,n — r(x, wh,n)

3 —a [*3 o
< (—2L+1h 7 My, 1 — a2ooh™ 2 IVhVd, + acoh™ % Ad,

—r(x, u)h,,,)al,‘f'”'l)dn_‘)‘_1
+0@d,;%) <0 Vn>ng Vx € 2.

Up to an increase in the value of M), | and taking the value of M}, 5 large enough, we deduce
[following the same arguments that have led to (2.4) and (2.5)] that wy, ,, is a sub-solution of
(2.22).

Once that sub- and super-solutions are obtained, we proceed as in Proposition 2.4, Theorem
2.5 and Proposition 2.6 in order to deduce that the solution uj , of (2.22) converges (as
n — 00)in CIZOC(Q) to uy, unique solution of (1.25). Moreover, the following estimate is
satisfied

3C = Ca. N, 92 h.r) : | “n ™) _ 1‘ < Celdy(x)), (2.23)
Sh,n(x)
where
S ifoa>1
e(s) ={s(1+|logs|) ifa=1
s ifa < 1.
Let us now define zj,, := up,, — Sh,n, that solves
—Aznn + |20 + k1P @hon + Shon) = 1Shnl? " Shn = 1@ 2hn = Shon) + Fins  in 82,
azh,n
= =0 on 052,

av

where fn = ASpn—|Shn |P_1Sh,,,. Concerning the L°°(£2) estimate for z;, ,, we adapt the
proof of Theorem 2.7 as follows. Let us fix a positive constant B > 0, and let 6o = 80(Sx.,)
and ng = no(ég) be such that

B\” ~
—AB + Sf;’n |:<1 + S—) — 1:| —r(x,00d, % +0(d;*)) — fun
n
— _ _ pd
. l;( B sup0<s<1{|‘;(x,s )|s} B ﬁl,n . BK C:;’;, Chd,
n n n

>0 in £2s, and n > ny,

where we have used the first condition of (1.29). Thus, we can continue as in the proof of
Theorem 2.7 to conclude that

3C =C(a,N,082,h,r) : lznnllLo(e;) < C.

Let us now have a closer glance to the perturbed version of Theorem 2.8, for which the
growth conditions (1.29) are especially designed. Exactly as in the previous section, we
obtain that there exist 8o and ng such that
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2
AQVzal?) 2 29 [hGha + Sha)” =S}, | Voo + 5 (Bznn)?
F2Vr (X, Zhn + Shn) Vi — 2V (fun)Vana in 25y, V1 > no.

The main concern of course is the third term on the right-hand side above; we have

ar 2 or .1
2Vr(x, Zhon t Sh,n)vzh,n =< ZVx"vzh,n + 2£|Vzh,n| - ngn vdnvzh,n

IVzhnl?

n

+ CylrePd2 + 21| V2 a4 C sl dy @1

Let us focus on the last three terms on the right-hand side above. Using assumption (1.29)
and estimate (2.23), we get that for d(x) — O and n — oo
4}

Zh,
I'x <x7 Sh,n <1 + Sh,’:,))
2

_ _ d
= |Vyr(x, 00d,* + o(d, “))Id%
n

d2
[ry (x, Zh,n+Sh,n)| = L

_ SUPo<s< {IVer(x, s7)]s%} c
2

< 9
dz dz
_ Vznnl? Vanal?
Iy Zhn + S IVzal? = sup (irge, s~ 1yl — oy Y2Rnl
O<s<l1 dn dn
a1 _ Supg_g i {Irs(x, 57Ty C
Irs (6, 2 + Spa)ld 7! = RS <5
n n

Thus, up to a decrease in the value of §g and an increase in ng, we obtain

IVzul>  C .
+ — in £2,.
dy  dy "

2Vr(x, zhn + Shn)Van = (v +o(1))

At this point, it is easy to deduce the counter of (2.12), i.e. there exist some §p and ng = n¢(8o)
such that

2
2 |VZh,n| Ci

n

From now on, the proof follows closely Theorem 2.8.

Hence, we infer that there exists z;, € C2(£2), such that Zhn = Zp 1N C120c (£2), that solves

—Azp A+ lzn + SplP " @ + Sp) — ISulP7 Sy = r(x, zn — Sp) + fr,  in 82,
7z, € Whoo(2),

and that moreover

Zh

<o(l) as d(x) > 0 and |fpld + |V fald*> <C.

As far as the boundary conditions of z;, are concerned, fixing x € 952 and following the
same notation of Theorem 2.9, let us set v, s(§) := z,(6§) in W; that inherits the following
properties from z;,

lvn,sllLoeows)y = llznllLews) and  [[Vug sllLeews) = 8IIVzpllLoowy)-
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Thus, the limit function vy, has to be a constant. Moreover, using the first assumption in (1.29)
we have that

d
r(x,zn + S8 =r <x, Sh (1 + %)) %82

<C—r——+— iformly in Ws as § — 0,
=T o0 uniformly in Ws as § —

and thus vy, solves

—Aup + paoh()f)g =0 inRT,
1

whose unique constant solution is zero. From this, we infer that z(x) := u(x) — S(x) =0
for every x € 952.

In order to recover the Neumann boundary condition, using the same notation of the second
part of Theorem 2.9, we can infer that there exist | < 8.1 < 2, yp.1 > 0, § and Ap1 >0
such that

—1wp -
—Awyp, + (1 + €)||h||Loo(Q)pO'(§) lﬁ — r(x, wy, + S) _ fh
= —Ap1dP 2 (1 — BralAd)d — sup |r(x, s™%)s|d! P

O<s<1

—fd*Pr1y <0 in 25,

where the last inequality is implied by assumption (1.29). The rest of the proof closely follows
Theorem 2.9. o
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