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Abstract

In this paper we consider the hyperelastic rod equation on the Sobolev spaces H* (R),s > 3/2.
Using a geometric approach we show that for any 7 > 0 the corresponding solution map,
u(0) +— u(T), is nowhere locally uniformly continuous. The method applies also to the
periodic case H*(T), s > 3/2.
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1 Introduction

We consider the following family of equations referred to as the hyperelastic rod equation
Uy — Upyx +3utty =y Quylixy +uliyyy), t€R,xeR n

where y # 0. The initial value problem for (1) is locally well-posed in the Sobolev spaces
H*,s > 3/2—see [6,7]. For the corresponding solution map it was shown in [5] in the
periodic case that it has not the property to be uniformly continuous on bounded sets, whereas
in [3] the same was shown for both cases (periodic and nonperiodic) with an improvement
for the s range. Our aim here is to prove that the solution map for the range s > 3/2 has even
less regularity. But before we state the main theorem we have to introduce some notation.
Note that (1) has the property that for a solution u the scaled quantity

uy ;= ru(rt,x), A>0 2)

is also a solution. Let s > 3/2 and T > 0. Denote by U7 the initial values ug € H*(R)
for which (1), starting from u(0) = ug, has a solution which exists longer than 7. By the
local well-posedness of (1) in H*(R) (see also Theorem 2.1) and scaling (2) we know that
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Ur € H*(R) is an open star-shaped neighborhood of 0 € H*(R) in H*(R). Again by the
local well-posedness we know that the time 7" solution map

&y :Ur C H'(R) —» H°(R), wugr> u(T)
is continuous. With this our main theorem reads as

Theorem 1.1 Lets > 3/2 and T > 0. Denote by @t the time T solution map of the initial
value problem for (1) defined on Ur € H*(R). Then

&7 :Ur — H'R), u(0)— u(T)
is nowhere locally uniformly continuous.

We will rewrite (1) by doing the transformation v (¢, x) = u(¢, yx). This gives
1 3 1
Vr — Tvtxx + —vvy = T(ZUXUXX + vvxxx)
14 14 14
or rewritten

-3 1
VUx — —5 UxUxx
14

1
(1= ha) =2

and equivalently

1 N\ ' /y-3 1
v+ VU = (1 — 78%) <y VU — —zvxvxx> =: B(v, v) 3)
Y Y Y

Note that B is a continuous quadratic form on H*(R) for s > 3/2. We will establish The-
orem 1.1 by showing the corresponding statement for the solution map of v. This is clearly
sufficient. The advantage of (3) is that it is convenient for the geometric framework introduced
in the next section.

2 The geometric framework

We will formulate (3) in a geometric way as was done in [2] for the b-family of equations.
Consider the flow map of v, i.e.,

@t(t, -x) = U(t5 (p(t5-x))s QD(O,X) =X
The functional space for the ¢ variable is for s > 3/2 the diffeomorphism group
DPR)={p:R—>R|p—id € H'(R), ¢.(x) > 0forall x € R}

where id is the identity map in R. It is a topological group under composition of maps and
consists of C!-diffeomorphisms. For details on this space, see [1]. We can write (3) in the ¢
variable as

pu=B(@op . pop!)oy @)
The computations in [2] show that right side is a real analytic map

D'(R) —» Py(H'(R); H'(R)), ¢ [vi> B(vop Lvop ') o]
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where we denote by P>»(H*(R); H*(R)) the space of continuous quadratic forms on H*(R)
with values in H* (R). We can write the second-order Eq. (4) as a first-order equation on the
tangent space 7D*(R) = D' (R) x HY(R)

v\ _ v
8t<v)_(3(voq)*l,vogﬂ*l)0(p> )

The quadratic nature of the second component makes it to a so-called Spray—see [4]. It has
in particular an exponential map. To define this map consider the ODE (5) with initial values
¢(0) = id and v(0) = vg. Denote by V € H*(R) those initial values vy for which we have
existence beyond time 1. With this we define

exp: V C H'R) - D'(R), vy ¢(1; vg)

where ¢(1; vg) is the time 1 value of the ¢-component. Because of analytic dependence on
initial values exp is real analytic. Furthermore for any vg € H*(R) the curve ¢ () = exp(tvp)
is the ¢-component of the solution to (5) with initial values ¢(0) = id and v(0) = vg. In
particular the solution exists as long as tvg € V.

With this we can construct solutions to (3). So consider (3) with initial condition v(0) =
vo € H*(R). For ¢(t) = exp(tvg) we define

V(1) = @) o (1)
It turns out that v is a solution to (3)—see [2], where this was established for the b-family
of equations—and with this that V. € H*(R) is the set of initial values for which (3) has a
solution beyond time 7" = 1. By the local well-posedness for ODEs we immediately recover
the local well-posedness result of [6,7].

Theorem 2.1 The initial value problem for (1) is locally well-posed in the Sobolev spaces
H*R),s > 3/2.

3 Nonuniform dependence

In this section we establish our main result Theorem 1.1. As mentioned already it will be
enough to prove this for the modified Eq. (3). We can further simplify this by considering
the theorem just for the time 7" = 1 situation, as we have for v a solution to (3) that

v(t, x) := Av(At, x)

is also a solution to (3).
We proceed as in [2]. In [2] we used a conserved quantity to establish the result. For
equation (3) we have something similar.

Lemma3.1 Lets > 3/2. For v a solution to (3) with initial value v(0) = vg € H*(R) we
have

t —
((1 - %3)3) v(t)) 0 p(t) - g (1) = (1 - %@?) v +/ 3 eS) )
Y Y oY Px(s)

where ¢(t) = exp(tvp).

The essential thing here is that the “remainder” term, the integral term which is in H*~ (R),
is more regular than the first term which is in H*® “2(R).
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Proof We differentiate the expression on the left in the lemma with respect to ¢ and use the
equation for v. We have by the chain rule

E I_Fax v)ogp) = 1_728)6 v o+ 1—723)( Uy Jo@ -
1., 1 .»
— 1_723)6 v+ 1—y28x VN IRR VR Y0
= 1— Pax vr + 1-— ﬁax (Ux . v) + yzvxvxx oy

y —3 2
= vuy + S UxUxx | OQ
14 14

where we used Eq. (3) in the last equality. Therefore we have

(9 )

where we used ¢ ¢ I = v, 0 9. As ¢(0) = id integrating gives the result in the case where
we work with regular solutions. But as long as ||vy ||z is controlled (similar to the Beale—
Majda—Kato criterium) one has continuation of the solution—see [7]. Thus by approximation
by regular solutions one has (6) for all s > 3/2. O

2 1
<va + ﬁvxvxx> oY - ‘p)zc + <U - ?%cx) 20 @1x

3y —3 3y =3 orprx
(vvy) o =
Px

In the following we will use the notation

t J—
() = (1 - Lz@%) v(t) and W (1) = / 3y =30 (s)
v (N O)

Hence from (6)
a0 L (v O
= <<ﬂx(1)2> v <90x(1)2> ee(D

In the following we will use also ¥,,, := ¥ (1) for the corresponding initial value vy. Theo-
rem 1.1 will follow from

Proposition 3.2 Ler V C H*(R) be the domain of definition of exp (which is also the domain
of definition for the time T = 1 solution map of (3)). We denote by v(t) solutions to (3). Then
the map

®:V CHR)— H'R), v(0)—~ v(l)
is nowhere locally uniformly continuous.

To prove Proposition 3.2 we will show that y(0) — y(1) is nowhere locally uniformly
continuous. This is clearly enough. Before doing this we state some facts—see [2] for the
proofs.

For ¢, € D*(R) there is C > 0 with

1 y 1 y 1
CH((;;)"‘P §||}’||s—2SCH<¢.% oQ

for all y € H*~2(R) and for all , ¢ in some neighborhood of ¢,.

s—2 s—2
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For ¢, € D°(R) there is C > 0 with

[roert=rous|  =cifir|or' = o3
s—2 s—2
forall f € H*~'(R) and for all ¢, ¢, in a neighborhood of ¢,.
Further we construct a dense subset S € V with S € H S‘H(R) and d, exp # 0 for
all v € S. Here d, exp is the differential of the exponential map at v. Take an arbitrary
veVNHT(R)and w € H*(R), x € R with w(x) # 0. Consider the analytic map

R— R, 1+ (dyexp(w)) (x)

which at + = 0 is w(x) (see [4] for the fact that dy exp is the identity map), in particular
nonzero. Thus there is a sequence #, 1 1 with (dz,,u exp(w)) (x) # 0. So putting 7,v to S
gives the construction we need.

With this preparation we can proceed to the proof of Proposition 3.2. It is essentially the
same proof as in [2] established for the b-family of equations.

Proof of Proposition 3.2 We take vy € S € H*H!(R) in the dense subset and show that @ is
not uniformly continuous on any ball Bg(vo) € V of radius R > 0 with center vy. By the
construction of S we can fix g € H*(R) and x¢ € R with

(dvo eXP(g)) (x0) > mliglls

for some m > 0. Denote by ¢, = exp(vp). We choose R; > 0 in such a way that we have

(3 ()
o3 o3

C
for some C; > Oforall y € HS"2(R) and ¢, ¢ € exp(Bg, (vo)) which is possible due to the
continuity properties of the composition—see [1]. Taking 0 < R, < R; we can guarantee
again by the continuity properties of the composition that

< lylls—2 = Cy
s—2

s—2

lyoe™ |, , < Callylls—

for some C5 and for all y € H"2(R) and ¢ € exp(Bg,(vp)). Choosing 0 < R3 < Ry we
can ensure (see [1])

[£oert=rour!| | =Gllfl o =o3!| | =Gl flsmt lon - all

for some C3 > 0 and for all f € H"'(R) and ¢1, 5 € exp(Bg;(vo)). Furthermore we
denote by C > 0 the constant in the Sobolev imbedding

I fllLee < Cllflls
Consider the Taylor expansion for the exponential map exp : V — H*(R)
1
exp(w + h) = exp(w) + du exp(h) + / (1 = )dusn exp(h, ) dr
0

We choose 0 < R4 < R3 in such a way that we have
|dz exphi, i) < Kllha [l
and

|dz, exp(hi. ho) — dy, exp(hy, ho) ||, < Kllwi — wallll [sllhz s
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for some K > 0 and for all w, wi, wa € exp(Bg,(vo)) and for all 21, ho € H*(R) which is
possible by the smoothness of the exponential map. By taking 0 < Rs < R4 small enough
we have

max {C - K -Rs,C-K - R} <m/2
By the final choice 0 < R, < Rs we can make
lp(x) — ()| < L|x — yland |Wylls < M and [lexp(v) — exp(¥)|l; < Lllv — vlls

to hold for all ¢ € exp(Bg,) and v, 0 € Bg,(vo) due to the Sobolev imbedding and the
smoothness of the exponential map. The goal is to prove that @ is not uniformly continuous
on Bgr(vg) forany 0 < R < R,. So we fix 0 < R < R,. We define the sequence of radii

m
m=—lgls, n=1

and take an arbitrary smooth w, with support in (xo — %, x9 + %) and constant mass
lw,lls = R/4. Further we define g, = g/n, which tends to zero in H*(R). With this we
introduce two sequences

Zn = Vo + w, and Zn=Zn+gn=U0+wn+gn

For N large enough we clearly have z,,z, € Bg(vg) forn > N and ||z, — Zulls — O as
n — oo. Further we introduce the corresponding diffeomorphisms

¢n =exp(z,) and @, = exp(Z,)
The result will follow from lim sup,,_, o, [|®(z,) — @ (Zn)lls > 0. Reexpressing @ with (6)
and using the notation y, = (1 - ﬁaﬁ) zp and y, = (1 - ﬁaf) and ¥, , ¥; for the
“remainder” terms this is equivalent to

lim sup "ol - Y og! Yz, (p’l Vo, 51 >0
n—00 (‘pn))zg " (%))2( (‘Pn)z (an))zc §—2
As the ¥ terms are more regular than H* -2, namely in H* —1 we have
H —1 _ lPZn ° a—l
mﬂ T @
4 v
Zn —1 Zn ~—1 N*] Zn ~—1
e IR e
” ((/)n),% " ((/711)% " ((/711)2 ¥n (§0n);2¢ " §—2
<c n I+ €| Lo P 0
3 %n — & 2 - g
((Pn)x s—1 " " (§0n)2 (ﬁ”n)x §—2

asn — oo since z > ¥, /(0 exp(z))2 is smooth. Thus it remains to establish

—1 Yn ° ~—]

ynzogon - =5 °¢, >0
(‘pn)x (%)x

s—=2

lim sup
n—o0

We split

1 5 1
mzo—pﬁywHMmmnzo—ﬁ%ym+w+m
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As vg € H*t! we can treat the vg terms in the same way as the ¥ terms and get

(=) (=)

lim o, @ 72
nJx

~1
°Q =0
n—o0 (9n)? !

s—2
For the g, term we have trivially

(l - %82> 8n
yer ~—1 1o
R e AY <C (1——8);;” -0
@3 ! )
s—=2
The only remaining thing is to consider
i (l B %a@ o (1 B %8’%) o
imsup || —————o0¢ —~—F—>"—0¢@
n—00 ((Pn))% " (§0n))zc " 5
s—

In order to estimate this from below we will establish that the two terms have disjoint support.
This we do by estimating the distance |¢,(x9) — @, (x0)|. By the Taylor expansion we have

1
on = exp(vo) + dvo exp(wy,) + / (I- t)d50+twn exp(wy, wy,) dt
0
resp.
1
(Zn = exp(vo) + dy, exp(wy, + gn) + / (I- t)dgoJr[(,,,nJrg,,) exp(wy + gn, Wy + &) dt
0

Taking the difference we can write

On — n = dyyexp(gn) + R1 +R2 + R;3

where
1
M / (1= D5 1,40 Wns W) = Dy, (W 0)) d
0
and
: 2
2= /0 (1= t)d00+l(wn+g,,)(gn, gn) dt
and

1
R2 - 2/ (1 B t)d50+[(wn+gn)(wn’ gn) dr
0
For these we have
1 1
IR1lloe < ClIR1Ils < CK llgnllsllwnll? < ;CKllglls(R/4)2 < ECKRzllglls

and

1 2
IR2lleo < ClIR2|ls < 2CK|Ignllsllwnlls < ;CK”g”s(R/“') =< ECKR”g”s
and

1 1
IR3lloc < ClIRslls < CKllgnll} < —CKligls(R/4) = —CKRliglls
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Therefore

|¢n (x0) — @n(x0)| = Iduy exp(gn)| = IR 1lloc — IR2lloc — R3]0

%

: llgll Lm gl 2 lgll
—m R = :
n 8lls 02 8lls m 8lls

1 a2
(17}/—2(%)1,0,,

(‘Pn),%
account the Lipschitz property of ¢, with Lipschitz constant L and the definition of w;,.

The support of o @, !'is contained in (¢n(x0) — rn, @n(x0) + ry) taking into

17%233 we

Analogously the support of —Gr° @, " is contained in (@, (x0) — 7, P (X0) + 7). As

we have

rn = @n(x0) — @n(x0)|/4

we can “separate” the disjointly supported terms (see also [2]). Thus we have

2
i (1 B %83) Yo (1 B ﬁaf) o
imsup | ————%—o0¢, ' ——-T—"— 00
n—00 (%1);2( ! (Qon))% " )
—
2 2
i ¢ (1 B #83) o n (1 B %af) Yo
> limsu —— 2 og -~ =0
n—>oop (QD,,)JZC " ((Pn))zc "
s—2 s=2
. 5 2 1o ? ~ ; 2_ pp2
thsupca 1 — =07 ) wn > limsup K |lw, |l = KR*/4
n—00 Y §—2 n—00

So for any R < R, we have constructed (z,,)n>nN, (Zn)n>n S Br(uo) with lim,—, ||z, —
Zulls = 0and lim sup,_, o, | @ (z,) — @ (Zy)|s > C - R for some constant C > 0 independent

of R showing the claim. O
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