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Abstract

It is established existence, multiplicity, and asymptotic behavior of nonnegative solutions
for a quasilinear elliptic problem driven by the ®-Laplacian operator. One of these solutions
is obtained as ground-state solution by applying the well-known Nehari method. The non-
linear term is a concave—convex function which presents a critical behavior at infinity. The
concentration-compactness principle is used in order to recover the compactness required in
variational methods.
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1 Introduction

In this work, we deal with existence, multiplicity, and asymptotic behavior of nonnegative
solutions of the problem

—Aou =ra)ulf2u +b)ul 2u in Q, u=0 ondL, (1.1)

where @ C R is a bounded smooth domain, A > 0 is a parameter, £* := N£/(N — £)
with 1 <€ < N anda, b : Q — R are two indefinite functions in sign. The operator A¢ is
named ®-Laplacian which is given by

Agu = div(¢ (|Vul)Vu)
where ¢ : (0, 00) — (0, 00) is a C2-function satisfying

(1) lir%sqﬁ(s) =0, lim s¢(s) = oo;
§—> §—00
(¢2) s = s¢(s) is strictly increasing.

We extend s — s¢ (s) to R as an odd function. The function @ is given by

t
dD(t):/ s¢p(s)ds, t=>0.
0

As a consequence the function @ satisfies @ (1) = ®(—¢) foreach r € R. Without any loss of
generality we assume @ (1) = 1. For further results on Orlicz and Orlicz—Sobolev framework,
we refer the reader to [1,36-39,50]. At the same time, the Orlicz—Sobolev space wLe(Q)
is a generalization of the classical Sobolev space W7 (2). Hence, several properties of the
Sobolev spaces have been extended to Orlicz—Sobolev spaces. The interest regarding Orlicz—
Sobolev spaces is motivated by their applicability in many fields of mathematics, such as
partial differential equations, calculus of variations, nonlinear potential theory, differential
geometry, geometric function theory, the theory of quasiconformal mappings, probability
theory, non-Newtonian fluids, image processing. The class of problems introduced in (1.1) is
related with several fields of physics based on the nature of the nonhomogeneous nonlinearity
®. For instance, we cite the following examples:

(i) Nonlinear elasticity: ®(r) = (1 + Y —1, 1< y < N/(N —2);
(ii) Plasticity: ®(r) = *(log(1 +1)?, a>1,8> 0;
(iii)) Non-Newtonian fluid: ® (1) = %|I|P, for p > 1;
(iv) Plasma physics: ® (1) = %|t|1’ + $|t|‘1, where 1 < p < g < N withq € (p, p*);
(v) Generalized Newtonian fluids: & (r) = fot s!=[sinh~'(s)]1f ds, 0<a<1,8>0.

For more details about nonhomogeneous differential operators with different types of non-
linearity @, we refer the readers to [30,33,36,37,54] and references therein. Recall that when
¢ :=2,a =b :=1 we obtain £ = 2. Then problem (1.1) reads as

—Au=AMul2u+u*u in Q, u=0 on I. (1.2)

In the pioneering paper [13], the authors proved results on existence of positive solutions
of (1.2). A new variational technique was developed to overcome difficulties due to the
presence of the critical Sobolev exponent 2* = %

Problem (1.2) was later considered in [7] where among other results it was shown that

there is some A > 0 such that (1.2) has
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(i)  apositive minimal solution u; € H& for each A € (0, A), with

1 A 1 .
f/ |Vu,\|2dx—7/ u‘{“dx——f u¥dx <0
2 Jao qg+1Jg 2* Jo

when 1 <g <2, N>1,
(i)  apositive weak solution u; € HO1 for A=A
when 2 <gqg <3, N >3,
(ili)  no positive solution when A > A.

Moreover, in the first case above, ||u)|lcoc — 0 as A — 0. We also refer the reader [2,3] and
references therein.
It is important to mention that when ¢ (1) = rt" =2, 1 < r < co and a = b := 1 problem
(1.1) becomes
— A =Mul"2u+ uP2uinQ, u=0 ondx. (1.3)

This problem was also studied in [8] and subsequently by many other researchers.

It is worthwhile to mention that conditions (¢1) — (¢2) implies that the function & is an
N-function. In addition due to the expression of A, it is natural to work in the framework of
Orlicz—Sobolev spaces, and for basic results on Orlicz and Orlicz—Sobolev spaces, we infer
the reader to [1,38,39,50]. It is well known that Wé"b(Q) is not equal in general to Wé’q ()
for any g € [1, +00). As example we cite ®(t) = |¢|PIn(1 + |t]), p > 1, which satisfies
Wol‘q)(Q) + Wol’q(Q) for any ¢ € [1, +00). Hence it is not possible to consider the usual
Sobolev spaces Wol’q (€2) in order to ensure existence and multiplicity of solutions for the
problem (1.1). In [21,45,46] the authors have been considered the following hypothesis

t—> d(/1)isa strictly convex function. (1.4)

Under this condition, the Orlicz—Sobolev spaces is uniformly convex. However, for the p-
Laplacian operators, we observe that ®(z) = ¢”/p and (1.4) says that p > 2. This is a
serious restriction on Orlicz—Sobolev framework. In order to preserve the property, W01’<[> (2)
is uniform convex, and we shall consider another hypothesis on the function & taking into
account the p-Laplacian operator for any p > 1. Furthermore, using the Orlicz—Sobolev
setting, we shall consider an additional hypothesis on the function ¢ which allow us to
consider a huge class of quasilinear operators where the assumption (1.4) does not work
anymore. Under this additional condition, we consider a minimization problem using the
Nehari method. More precisely, the following additional condition on ¢ will be assumed:

($p3) —1 <€ —2:=inf ———— tp))e < sup (t¢(t)) =m—-2<N—-2.

20 (19(0) ~ 12h (¢

The usual norm on L4 (£2) is ( Luxemburg norm),

||u||q>—mf{x>0|f (”(x)) 51}

and the Orlicz—Sobolev norm of W () is
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We say that a N-function W grows essentially more slowly than ®,, and we write ¥ << &,
whenever

W)
1m
t—o00 @, (1)

Recall that &, is the N-function defined by

t q>—1
c1>;‘(z):/ “) 45, 120
0

=0, forall A > 0.

gl+1/N

where we mention that

00 q)—](s) 1 CD_I(S)
: Wd&' = 400 and A st < OQ.

Recall also that

(1) = max{ts — ®(s)}, t>0.
5>0
The imbedding below (cf. [1,31]) will be used in this paper:

1o crt :
Wy () = Ly(R), if ¥ <<,

in particular, as ® << &, (cf. [39, Lemma 4.14]),

cpt
Wi Q) & Lo(Q).

Furthermore, we have the following embeddings
cont
Wy ®(Q) < Lo, ()
and
cont

Lo(2) < LYQ), Lo, () < LY ().

Under assumptions (¢1) — (¢3), it turns out that & and & are N-functions satisfying the
A,-condition; see [50].

Remark 1.1 Under assumption (¢3), we observe that

’ 2
o, 0

t-2< < , L= =
¢ (1) (1)

m, t>0. (1.5)

Moreover, we have that

129" (1) < (m — Dt/ (t) + (m — 2)¢ (1)
29" (t) > (£ — Dtd' (1) + (L — (1), 1> 0.

Under conditions (¢1), (¢2), (¢3) the Orlicz—Sobolev space W(;’Q(Q) is Banach and
reflexive with respect to the standard norm denoted ||.||. Notice also that (¢1), (¢2), (¢3)
imply that WOI’<I> (£2) is uniformly convex. Here we mention that ¢ (1) = 2 and ¢ (¢) = re 2
satisfy (¢1) — (¢2) and (¢3). Furthermore, when ¢(r) = 2thenm = £ = 2, Ap = A
and Wy ®(Q) = HJ}(Q). When ¢(1) = ri" 2 thenm = € = r, Ap = A, and
Wy P (Q) = W, ().

Many other well-known operators are examples of Ag. For instance, if ¢ (1) = py171 =2+
patP2"2 with 1 < p1 < pa < o0, then ¢ satisfies hypotheses (¢1) — (¢3) and the operator
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in problem (1.1) reads as —A ,, u — A, u which is known as the (p1, p2)-Laplacian and was
extensively studied in the last years; see [47,55]. We mention that in this case £ = p; and
m= pj.

Another class of operators is the so-called anisotropic elliptic problem included here as
example for A is obtained by setting

N N tP
Py =) e =) —
=1 =1 Pi

where | < p; < pp <--- < py < 0o and

Al |
/e — — Z ? (1.6)
(Z/ 1 "1) - =l
Here we consider the case py < p* and p = NLI is the mean harmonic for the
Jj=1p;
numbers p; with j = 1,2, ..., N. This number satisfies p* = % It is no hard to verifty

that hypotheses (¢1) — (¢3) are satisfied for the anisotropic elliptic problem. This operator
have been considered during the lasts years which has a rich physical motivation; see [11,12].
For further references, we refer the reader to [34,35,45,46,57] and references therein.

It is important to emphasize that a great interest on problem (1.1) for the Laplacian
operator have been made since the seminal paper [6]. Our main purpose in this work is to
guarantee existence and multiplicity of solutions for quasilinear elliptic equations driven
by ®-Laplacian using indefinite concave—convex nonlinearities. More specifically, we shall
consider problem (1.1) where the functions a and b are sign changing functions.

The main aim in this work is to consider the critical growth in problem (1.1). Elliptic
problems with critical nonlinearities have been widely considered since the celebrated works
[40-43]. For quasilinear elliptic problems, we infer the reader to [4,9,10,36,44,49,51,58]
and references therein. The main difficulty here is the loss of compactness for the embed-
ding WO]’¢(Q) into LY (£2). It is usual to consider some kind of compactness proving that
the energy functional satisfies the Palais—Smale condition for any energy level below to a
positive constant, see [58]. For the Laplace operator, the energy functional verifies the Palais—
Smale condition for any energy level ¢ € (0, SNI2/N ) Here S denotes the best constant

for the embedding HOl (Q) c L¥ (). In order to ensure that the energy level belongs to
(O, SNI2/N ) many researchers considered some especial functions named as Talenti func-
tions. The same situation occurs for the p-Laplace operator and (p, ¢)-Laplace operator.
For the ®-Laplacian operator, this strategy is not applicable anymore. The main problem is
due the fact that Talenti functions are not suitable for nonhomogeneous operators such as
®-Laplacian operator. In order to overcome these difficulties, we shall prove some kind of
compactness taking into account the Nehari method. More specifically, we shall prove that
any minimizer sequence on the Nehari manifold admits a convergent subsequence. This is
crucial in our arguments showing that quasilinear elliptic problems involving nonhomoge-
neous operators and critical nonlinearities can be treated using a minimization procedure. The
main idea here is to find a minimizer for the energy functional over the Nehari manifold. At
the same time, recalling that there is no compact embedding W(}’(D(Q) c LY (), problem
(1.1) presents a critical behavior and the energy functional does not verify the Palais—Smale
condition. In order to overcome this difficulty, we also apply the concentration-compactness
principle together with variational methods ensuring our main results. In conclusion, the
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698 E.D.daSilva etal.

main objective in this work is to find existence and multiplicity of solutions for the problem
(1.1) extending and complementing the early results above-mentioned.
In this paper, we shall assume the following set of technical conditions:
L(L* —m) N . I

(H) 1<q<W§€§m<Z, a,beL™(Q), a",b" #0.

The main feature in this work is to use the Nehari method in order to achieve our main
results. The hypothesis (H) is essential for the minimization procedure which shows that the
critical value on the Nehari manifold is negative; see Sect. 3 ahead. Moreover, hypothesis
(H) is trivially satisfied for Laplacian operator, p-Laplacian operator for each p > 1 and
many others quasilinear operators in divergent form.

Recall that under (¢;) — (¢3) the functional Jj, : W&’CD(SZ) — R given by

J(u) = O(|Vul)dx — — | a(x)|ul?dx — = b)) |ul” dx, u e Wy (),
Q q Ja & Ja

is well defined. Furthermore, the functional J; is in C! class. The derivative of J; is given
by

(J;{(u),v):/ ¢(|Vu|)Vqudx—)»/ a(x)|u|q_2uvdx—/ b(x)|u|z*_2uvdx
Q Q Q

for any u, v € WOI’CD(Q). Hence finding weak solutions for the problem (1.1) is equivalent
to find critical points for the functional J,. In general, under hypotheses (¢1) — (¢3), the
functional J; is not of class C2, i.e., the second derivative JA”(u)(h 1, hp) does not exist
for some directions (hy, hp) € W()l’CD(Q)2 where u € Wol’q)(Q) is some fixed function.
For example, using the p-Laplacian operator where ® () = t”/p we know that J) has the
second derivative if and only if p > 2. This is another difficulty in order to apply the Nehari
method. The fibering maps is linked to the Nehari method in order to find weak solutions for
elliptic equations; see [14,15]. These maps are defined by y, (t) = Jy(tu),t > 0 for each
u e WOl @ (£2). Thanks to hypothesis (¢3), we stress that the fibering map is in C 2 class which
is sufficient in order to consider the Nehari method given by

N = [u e WoP@\ {0} : (). u) = 0}.

More specifically, we have that J{(u)(u, u) is well defined for any u € WOl ’(D(Q). Moreover,
we mention that
vo' (1) = J) (u)(u, u) forany u € Nj. (1.7)

This is the key in order to apply the Nehari method for quasilinear elliptic problems which
does not present any kind of homogeneity.

A weak solution u € Wol’q)(Q) for Eq. (1.1) is said to be a ground-state solution when
u is a minimal energy solution in the set of all nontrivial solutions. In this work, we shall
prove existence nonnegative ground state solution using the Nehari method. Besides that, we
find another nonnegative solution for the problem (1.1) using a minimization procedure. An
overview on this subject can be found in [52,53].

Quasilinear elliptic problems driven by &-Laplacian operator have been extensively
discussed during the last years. We refer the reader to the important works [5,16,18,19,21—
24,47,54].

In [16] the authors considered existence of positive solutions for quasilinear elliptic
problems where the nonlinear term is superlinear at infinity. In [21,54] the authors stud-
ied existence and multiplicity of solutions where the nonlinear term is also superlinear. In
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[5] was studied the critical case using the well-known concentration-compactness argument.
Regarding concave—convex nonlinearities, we further refer the reader to [20,27-29,59,60].

It is worthwhile mentioning that in our main theorems the functions a, b may change sign
and no homogeneity conditions either on the operator or on the nonlinear term is required.
More specifically, we emphasize that our nonlinear operator Ag is not homogeneous which
is a serious difficulty in elliptic problems. To the best of our knowledge, there is no result on
elliptic problems with concave—convex functions for the ®-Laplacian operator in the critical
case.

Our main results are stated below.

Theorem 1.1 Suppose (¢1) — (¢3) and (H). Then there exists A1 > 0 such that for each
A € (0, Ay), problem (1.1) admits at least one nonnegative ground-state solution u = u,,
satisfying J (u) < 0 and lir51+ [upll = 0.

A—

Now we shall state our second result.

Theorem 1.2 Suppose (¢1) — (¢3) and (H). Then there exists Ap > 0 in such way that
for each A € (0, Ay), problem (1.1) admits at least one nonnegative weak solution v = v,
satisfying J, (v) > 0.

As a consequence of the results just above, we have the following multiplicity result.

Theorem 1.3 Suppose (¢1)— (¢3) and (H). Set A = min{A1, Az}. Thenforeach i € (0, A),
problem (1.1) admits at least two nonnegative weak solutions u = u;,v = v, € W0]’<D(Q)
satisfying J, (u) < 0 < J, (v). Furthermore, the function u is a ground-state solution for
each A € (0, A).

Remark 1.2 Our main results remain true for more general nonlinearities. For example, we
can consider the following quasilinear elliptic problem

—Acpu=Aa(x)|u|q_2u+b(x)q>*(|u|)u in 2, u=0 inod<, (1.8)

where @/, (1) = ¢, (1)t for any ¢ > 0 and ¢, is a suitable function. Here we put A > 0 small
enough and a, b can be two sign changing functions. The function @, behaves like the critical
Sobolev function where the continuous Orlicz—Sobolev embedding remains true; see [1,31].

In order to achieve our results, we shall consider the Nehari manifold N introduced in
[48]. Here we also refer to [14,15,32,52,53] where the authors establish a precise description
on the fibering maps.

A main point during this work is that due to the concave—convex nonlinearities present
in (1.1), the Ambrosetti—-Rabinowitz condition is not satisfied in general. Furthermore, when
a, b are functions that change sign, the well-known nonquadraticity condition introduced
by Costa—Magalhaes [25] does not work anymore. Those conditions are used to prove that
certain Palais—Smale sequences are bounded. In order to overcome this difficulty, we shall
employ the Nehari manifold method.

In this work, we em(gloy that the fibering maps y,(t) = J(tu),t > 0 belongs to Cc?
class for each u € W(}’ (€2). This can be done thanks to hypothesis (¢3). This is the main
reason in order consider the assumption (¢3) which permit us to consider the Nehari method
for quasilinear elliptic problems. In particular, we also split the Nehari manifold into two
parts. More specifically, in order to achieve our results we shall consider the Nehari manifold
N, introduced in [48]. Here we also refer [14,15,32,52,53] where the authors establish a
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700 E.D.daSilva etal.

precisely description on the fibering maps. In the present work, the main difficulty is that
a and b are not defined in sign, i.e., the functions a, b can be two sign changing functions.
Furthermore, the nonlinear operator Ag is not homogeneous. In order to overcome these
difficulties, we split the Nehari manifold into two parts \; = A" U N, . Moreover, taking
into account hypothesis (¢3), is possible to ensure that there exists an unique projection in
eachpart NV, , \V, + see Sect. 2 ahead. In this way, we obtain that problem (1.1) admits at least
two nonnegative solutions. These solutions are finding by standard minimization procedure
in each part N> £.

It is important to mention that we deal with to the lack of compactness in W01’¢(Q) —
LY (). In order to overcome the difficulty with compactness we apply the concentration-
compactness principle, see [40—43], together with variational methods as in [13]. Further-
more, the Brezis—Lieb Lemma for convex functions plays a crucial role.

It is worthwhile to mention that problem (1.1) admits at least two nonnegative solutions
thanks to the fact that the fibering maps give us an unique projection in each of N zi, see
Sect. 2 in the sequel. Those solutions are found by standard minimization procedure in each
of N> *. The main tool here is to use hypothesis (¢3) showing that the fibering maps admits
an unique critical point. The reader is also referred to [4,6,9,10,36,44,51,58] and references
therein.

The paper is organized as follows: Section 2 is devoted to the main proprieties for Nehari
manifold. In Sect. 3 we give a complete description for the fibering maps. Section 4 is
devoted to find Palais—Smale sequences taking minimizers sequences on the Nehari manifold.
Section 5 we consider the concentration-compactness principle for Orlicz—Sobolev setting.
In Sect. 6 we consider the proof of our main results. In the present work, we use C, Cy, ... to
denote positive constants. The usual norm in L?(£2) is denoted by ||.||, for any p € [1, oo].
Throughout this work, the integral for a function f : 2 — R over 2 is denoted by fQ fdx
foreach f € L'(2). Furthermore, we shall use the following notation f+ := max{f, 0} for
the positive part and f~ := min{ f, 0} for the negative part of the function f.

2 The Nehari manifold

The main goal in this section is to gather information on the critical points for the fibering
maps associated to the energy functional J, . For an overview on the Nehari method, we refer
the reader to [14,15,58].
The Nehari manifold associated with the functional Jj, is given by
Ni = {u € Wy (@) \ {0} : (J] (), u) = 0)
= {u e Wy P(@)\ (0} : / (| Vu))|Vu)*dx :/ [Aa(x)lulq +b(x)|u|‘3*]dx
Q Q

2.9)
Later on, we shall prove that u +— <Jx/ (1), u) isin C! class. So that NV, is a C!-submanifold

of Wg’CD(Q). Let u € N> be a fixed function. Using (2.9) we infer that

I () = / |:CI>(|Vu|) - l¢>(|Vu|)|Vu|2 + (1 - i*) b(x)|u|€*:| dx, (2.10)
Q q g ¢

or equivalently

I(u) = / [d’(IVMI) - i<15(|VM|)|VM|2 — A (l - i) a(X)IuI"} dx. (211
Q A q
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As a first step, we shall prove that J;, is coercive and bounded from below on N; which
allows us to find a ground state solution for the problem (1.1). Initially, we have the following
result

Proposition 2.1 Suppose (¢1)— (¢3) and (H). Then the functional Jy, is coercive and bounded
from below on N,

Proof In view of (2.11), we get

J(u) > <l — i)/ ¢(|Vu|)|Vu|2dx + A <l - l)/ a(x)u|?dx.

Now due the fact that
: 14 m 1 2
min{|[u|[", [[u||"} < | ®(Vu])dx < 7 é(IVul)|Vul~dx,
Q Q

we obtain

1 1 : l m 1 1 + q
D) = € — — — Jmin{|[u]]", [Jul"}+ A | - — = | lla" oo | [ul?dx. (2.12)
m 0* & q Q

Thus the functional J;, is coercive and bounded from below on Ny . Here was used hypothesis
(H) and the fact that |[¢|? << &, proving that W(}‘q) (£2) is embedding into L4 (2). This ends
the proof. O

At this moment, we shall define the fibering map y,, : [0, +00) — R by

a4 t* o
V() = I (tu) =/ oIVuh) — L aconul - beoul | dx.
Q q £*

Fibering maps have been considered together the Nehari manifold in order to ensure the
existence of critical points for J,. In particular, for concave—convex nonlinearities is quite
important to establish the geometry for the fibering map y,. Here we refer the reader to
[14,15,59,60].

Now we point out that y,, is in C! class thanks to hypotheses (¢) — (¢2). More specifically,
we obtain

A0 =/ [t IVuDIVu? = 2t~ a @)l = 1~ beolul” | dx.
Q

It is easy to see that ru € N, if and only if y,(t) = 0. Therefore, u € N, if and only if
v, (1) = 0. In other words, it is sufficient to find stationary points of fibering maps in order
to get critical points for J; on N Notice also that, using (¢3), we deduce that y,, is of class
C? with second derivative given by

y[(r):/Q[r¢/(r|W|)|w|3+¢(r|w|>|w|2
— Mg — D9 2a()|ul? — (* — 1)t“*—2b(x)|u|f*]dx, Vi>0.

As was pointed in [14,15], it is natural to divide N}, into three sets

N i={ueN;, 1 y/(1) > 0k
Ny ={ueN, :y,/ (1) <0}
N = {ueN; :y)(1) =0).
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702 E.D.daSilva etal.

Here we mention that V, /\+ s N, /\/’/{) corresponds to critical points for the fibering map y,, (¢)
of minimum, maximum, and inflection points, respectively. Here we refer the reader also
to [56].

Remark 2.1 1t is not hard to verify that
7)) = /Q [6/AVubIVul + @ = @ (VubIVul = (¢ = 9bwo)lul” | dx
=/Q[¢>’<|w|>|w|3+(2—6*>¢><|w|>|w|2—Mq—E*)a(x)mw]dx

=f [¢/AVuD IVl +29(VuD| Vul = Agato)lul? — b ul ] dx
Q

(2.13)
holds true for any u € N,. Here was used the fact that u belongs to the Nehari manifold.

Remark 2.2 Here we mention that J; is notin C 2 ¢lass. However, there exist some directions
h e Wé"b (£2) such that J, (u)(h, h) is well defined. For example, we observe that J, (u)(u, u)
is well defined and

T @) -y w) + (J@), u) = y/(1), forany u € Wy ®(R),u #0.

Now we shall prove that A3, is a C !-manifold. This step is crucial in our argument in order
to get the main result in this work.

Lemma 2.1 Suppose (¢1) — (¢3). Then there exists .1 > 0 such that

() N =0.
(2) No. = N;FUN; is a Cl-manifold.

for each A € (0, Ay).

Proof First of all, we shall consider the proof for item (1). Arguing by contradiction we
assume that N’f # 0. Letu € NAO be a fixed function. Clearly, we have y, (1) = y,/(1) = 0.
Using (2.13) we obtain

/Q [@— @9 (VuDIVul +¢'(Vubl[Vul + (g = £9blul” | dx = 0.
Now taking into account hypothesis (¢3), we have that
(€ — q)/g¢(|Vu|)|Vu|2dx < @ = PIbFlollullfe < @ = @)Sexl 16 ool Il
where Sp= is the best constant in the embedding WOI’CD(SZ) — LY (€2). On the other hand,

(€ —q)/ﬂ(P(IVMI)IVuIde > £l - q)/QQ(IVuI)dx > (¢ — g) min]Ju||, [lu]|"}.

Taking into account the estimates just above, we observe that
(e — q) min{[Ju] |, |[ul]™} < € = @)Se=|1bT ool Il

Therefore, we obtain

. (l—q) . ¢ [ it —q) ]
] > min{|[u|[°, [|ul|"} = 1177]
(" = @) Sex[1b* |00 (€* = q)Sex1b™ oo
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where we put @ = £ for any |lu|| > 1 and @ = m for any ||u|| < 1. These facts imply that

1
e [ te=q) ] -
@ — ) Sellb o

Notice that, using (¢3) and Holder’s inequality for Sobolev spaces, we have

(2.14)

G m)/ OUVuDIVulPdx < A" = )lla™l] ylullf < A€ = q)Sella™ll ey lull”.
Q

where Sy is a best constant in the embedding Wol"D(Q) <> LY(). Here was used also the

Ly . .
fact that @ € L°°(2) which is continuous embedding in L@ (€2). Using the same ideas
discussed in the previous case, we infer that

(" — m)y min]lu||’, ||u]|"} < A€ — q)SzllaJrII(g)/llullq-

Hence, the last assertion says that

L(0* — m) L(0* — m) .
. | = — 2 min{|lull, [} < Allull
@ = Sella*ll c, @ —Sella*llz,
q q
In this way, we mention that
L(0* — m)

[ul|*™9 < A. (2.15)

@ = Sella*il e,
q

Under these conditions, using (2.14) and (2.15), we get a contradiction for any

= (2.16)

£t —q) } £(e* = m)

A > min |:
(0* — @) Sex |16 0o (Z*—q)Sg||a+||(§),

ae{l,m}

This finishes the proof of item (1).
Now we shall prove the item (2). Without any loss of generality, we take u € N, ;“ . Define
Y(u) = <J)’\(u), u) . It is no hard to see that

V) =0 W) - (w,u) + (T, u) =y, (1) >0, YueN.

Hence, 0 is a regular value for the functional . Consequently, we see that /\/’; isa C!-
manifold. Similarly, we should be show that A is a C'-manifold. As a consequence the
proof of item (2) follows due the fact that j\/}? = ¢ for any A > 0 small enough. This
completes the proof. O

Now we are in a position to prove that any critical point for J; on N is a free critical
point, i.e., any minimizer for J; in the Nehari manifold N is a critical point for J; in the
whole space Wol’q)(Q). More precisely, we shall consider the following result

Lemma 2.2 Suppose (¢1) — (¢3). Let ug be a local minimum (or local maximum) for J, on
Ni.. Then uy is a critical point of J;, on W(}’d)(Q) for each A < Aq.

Proof Let uy € N, be a local maximum or minimum for the functional J; on N/;. Without
any loss of generality, we assume that i is a local minimum. Define the function

0w) = (J5 ), u) = /Q [¢<|Vu|>|w|2 — ha(x)ul? _b(x)w*]dx.
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It is easy to see that u( is a solution for the minimization problem

min J; (u),
{9(14) =0 2.17)
From now on the proof for this lemma is standard, and we omit the details. O

3 Analysis of the fibering maps

In this section, we give a complete description on the geometry for the fibering maps asso-
ciated to the problem (1.1). Let u € Wol’q)(fl)\{O} be a fixed function. To the best our

knowledge, the essential nature of fibering maps is determined by the signs of / a(x)|u|ldx
Q

and / b(x)|u |[*dx. Throughout this section is useful to consider the auxiliary function of
Q
C! class given by

mu(t) = t2—q/ & (| Vu))|Vu|*dx —z‘*—q/ b)|ul“ dx, 1 > 0,u € Wy ()\{0).
Q Q

Now we shall consider a result comparing points tu € N, with the function m,. More
precisely, we have

Lemma 3.1 Suppose that (¢1) — (¢3) holds. Let t > 0 be fixed. Then tu € N, if and only if
t is a solution of

mu(t) = A/. a()lul?dx, u € Wy ® ()\{0}.
Q
Proof The proof is quite standard and we omit the details. O

The next lemma is a powerful tool in order to get a precise information around the function
m, and the fibering maps. More precisely, we shall consider the following result

Lemma 3.2 Suppose that (¢1) — (¢3) hold.

(1) Suppose that / b(x)|u|[*dx < 0 holds. Then we obtain m,(0) := lin(l)mu(t) =
Q t—

0, m, (00) := [l_l)ngo my (t) = oo and m),(t) > 0 for any t > 0.

(2) Suppose / b(x)lule*dx > 0. Then there exists an only critical point for m,, i.e., there
Q

is an only point t > 0 in such way that m,(f) = 0. Furthermore, we know that t > 0 is
a global maximum point for m, and m,(00) = —oc.

Proof First of all, we observe that
my(t) = 2 —q)'™ / ¢ (t|Vu))|Vul*dx + 1>~ / &' (IV(tw)))|Vu| dx
Q Q

—(z*—q)r‘*—q—lf b(x)|u)t dx.
Q

In this way the proof follows using the same ideas discussed in Lemma 4.2 and Lemma 4.3
given in [17]. The details are omit here. O
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Now we shall prove that m,, has a behavior at infinity and at the origin given by the sings
of fQ a(x)|u|?dx and fQ b(x)|u| dx. This is crucial in to prove a complete description on
the geometry for the fibering maps. The hypothesis (H) is the main tool in order to prove
the uniqueness of projection in each part for N Ai

Lemma 3.3 Suppose that (¢1)—(¢3) and (H) hold. Letu € W' * () /{0} be afixed function.
Then we shall consider the following assertions:

(1) Assume that/;zb(x)|u|[*dx < 0. Then y,(t) # 0 for any t > 0 and . > O whenever
/Qa(x)|u|qu < 0. Furthermore, there exist an unique ty = t1(u, A) in such way that
v,(11) =0and tiju € N):" whenever/ga(x)lul”dx > 0.

(2) Assume that /;2 b(x)|u|l*dx > 0 holds. Then there exists an unique t| = t;(u, ) > f

such that y,(t1) = 0 and tiu € N, whenever/ a(x)|u|?dx < 0.
Q
(3) Foreach ) > 0 small enough, there exists unique 0 <ty =t;(u, 1) <1t < tp = tp(u, A)

such that y, (t;) = v, () =0, tju € J\/'):" and thu € Ny~ whenever/ a(x)|ul9dx > 0,
Q

/ b(x)|u|® dx > 0 holds.
Q

Proof First of all, we shall consider the proof for the case / b(x)|u|£*dx < 0 and
Q

/ a(x)u|?dx < 0. Using Lemma 3.2 (1) it is easy to verify that
Q

my (0) =0, my(c0) = oo and m,, (1) > 0,7 > 0.
Under these conditions we deduce that

my (1) # A/ a(x)|ul?dx forany s > 0,1 > 0.
Q

According to Lemma 3.1 we obtain that tu ¢ N, for any + > 0. In particular, we see also
that y/(t) # 0 for each t > 0.

Now we shall consider the proof for the case / a(x)|ulfdx > Oand [ b(x)|u IZ* dx <0.

Q Q
Using one more time Lemma 3.2 (1) we observe that m, (0) = 0, m, (c0) = co and m,, is a
strictly increasing function. In particular, the equation

my(t) = A/ a(x)|ul|dx
Q

admits exactly one solution #; = #1(u,A) > 0. Hence, using Lemma 3.1, we know that
tiu € N, proving that y, (t;) = 0. Additionally, using the identity

my (t) :rl—qy;(r)ﬂf a(x)lul?dx,
Q
we easily see that

1—
0 <m () =1, Ty, 1).
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In particular, we have been proven that rju € N, A+ .

Now we shall consider the proof for the case /
Q
Here the function m, admits an unique turning point¢ > 0, i.e., we have that m,’4 (t)=0,t>0

if only if # = 7; see Lemma 3.2 (2). Moreover, 7 is a global maximum point for m,, in such
way that my, (f) > 0, m, (00) = —oo. As a product, there exits an unique #; > 7 such that

a(x)|ul?dx < Oand/ b(x)|u|z*dx > 0.
Q

my(t) = A/ a(x)|u|?dx.
Q

Here we emphasize that m), (1)) < 0 where we have used the fact that m, is a strictly
decreasing function in (7, 00). As a consequence we obtain 0 > m/, (1) = tllfqy,;’ (t1)

proving that tju € N, .

At this moment, we shall consider the proof for the case / a(x)|u|?dx > 0 and
Q

f b(x)|u|[*dx > 0. Due the fact that/ a(x)|ul? > 0 we obtain A; > 0 such that
Q Q

my, () > A/ a(x)lu|?dx, forany A € 0, A1). (3.18)
Q

It is worthwhile to mention that m,, is increasing in (0, ) and decreasing in (7, 0o). It is not
hard to verify that there exist exactly two points 0 < | = #1(u, A) < < to = t(u, 1) such
that

my(t) = A/. a(x)|ulfdx, i=1,2.
Q

Additionally, we have that m),(t;) > 0 and m),(t2) < 0. Arguing as in the previous step we
ensure that fju € N, )T and t,u € N, . This completes the proof. O

The next lemma shows that for any A > 0 small enough the function J; () assumes
positive values. More specifically, we shall show also that J, is away from zero on the Nehari
manifold N . In particular, any critical point for J; on N,  provide us a nontrivial critical
point. This is crucial for the proof of our main theorems proving that y,, admits one or two
critical points.

Lemma 3.4 Suppose that (¢1)— (?3) hold. There exist 51, ):1 > 0insuchway that J, (u) > &;
forany u € N,” where 0 < A < Aj.

Proof Since u € N, , we have that y,/(1) < 0. Arguing as in the proof of Lemma 2.1, we
obtain

1
ul] > [ te—q) ]
=S 16" T

Moreover, in view of (2.12) and the Sobolev imbedding, we have that

1 1 . 1 1
Jw) > € — — — Jmin{|[ull, [Jul|"} + 1| — — — /a(x)lulqu
m L* & q) Ja

1 1 1 1
=== lull*+rl——-- fa(x)lulqu
m L* e q)Jg
11 11
> il ——— oS Y (e + S|
> [lull [ (m E*>|Iull + (z* q)lla |I(§> £j|
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Using the inequalities just above we get

J()[ oo ]M[A+AB]
u) >
* & — ) Se- 16T oo
where
11 0] —q) o
) )
m  L* (€* — @) Sex1bT [l oo
and

Therefore, for each 0 < A < A} := 1)\1 where we take A1 > 0 given by (2.16). Here we
m
put iy := g)q obtaining the desired result. This finishes the proof. O
m

Now we shall prove that any minimizer on N, ; has negative energy. More specifically,

defining oy := inf J,(u), af = inf J,(u) we can be shown the following result
ueN; MEN;

Lemma 3.5 Suppose that (¢1) — (¢3) and (H) hold. Then there exist u € /\/;r and h; > 0

in such way that oc){r < Ji(u) < 0 foreach 0 < A < A\1. In particular, we obtain o) = ot;r

foreach 0 < A < Aj.
Proof Fix u € /\/A'Ir . Here we observe that y,/(1) > 0. Using hypothesis (¢3) we infer that
(e* —q)/ b()|ul” dx < / [¢'(IVuDIVul® + 2 — )¢ (IVul)|Vul*] dx
Q
< | [m—=2)¢(VuD|Vul* + 2 — @)¢(IVul)|Vul*] dx
Q

— (m— q)/Qqa(WuDWuFdx.

The last inequalities imply that

m-q

/¢(|Vu|)|Vu|2dx.
*—q Jg

/ b(x)|ul" dx <
Q
On the other hand, using the inequality just above and the fact that u € N, we get

(1 1) ) 11 o
Hhw) < |-—— / d(IVu)|Vul“dx + | — — — ) b(x)|ul" |dx
t q)Ja q ¢

SR | B P /¢(|Vu|)|Vu|2dx.
gl ¢ e Q

In view of hypothesis (H) it follows that ozzr < J,(u) < 0. Additionally, we stress that
N, =N, U /\/’f and «; > 0 see Lemma 3.4. Hence we deduce that a; = «;. This finishes
the proof. O
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4 The Palais—-Smale condition

In this section we shall prove some auxiliary results in order to get the Palais—Smale condition
for the functional J; on the Nehari manifold. In general, given any Banach space X endowed
with the norm ||.|| and taking I : X — R a functional of C! class we recall that a sequence
(un) € X is said to be a Palais—Smale sequence at level ¢ € R, in short (PS)., when
I(u,) — cand I'(u,) — 0asn — oo. Recall that I satisfies the Palais—Smale condition
at the level c, in short (PS). condition, when any (PS). sequence admits a convergent
subsequence. We say simply that / verifies the Palais—Smale condition when (P S). condition
holds true for any ¢ € R.

Now we follow same ideas discussed in [56]. The main feature here is to find a suitable
sequence (u,) € N;. Initially, we consider the following result

Lemma 4.1 Suppose (¢p1) — (¢3) and (H). Let u € N}:" be fixed. Then there exist € > 0 and
a differentiable function

£:B(0,€) C Wy P(Q) — (0,00), £0)=1, £@)(u—v) €N, veB,e).
Furthermore, for any X > 0 small enough we get
1
v/ (1)
— 0 b(x)|u|t " 2uv — qka(x)|u|q_2uv]dx. (4.19)

('), v) =

| [0 avunivul + 200vupyvuve

Proof Initially, we define ¥ : Wy ®(2)\{0} — R given by ¥ (u) = (J](u), u) for u €
W3’¢(Q)\{O}. It is easy to verify that

(W' @), u) = /Q [¢/AVuDIVuP +20(VuDI Vul® = e bolul” = gra(olul ] dx.

Recall that (1//’(14), u) = y,/(1) holds for any u € N, where y,/(1) is given by Remark 2.1.
Now we define F, : R x WOI’CD(Q)\{O} — R given by

Fu€,w) = (J (6 — w)), E(u — w)).

Here we observe that F, (1, 0) = ¥ (u). As a consequence
0 Fy(§, w) = /Q [26¢ &IV — w)DIV — w)* + E2¢' |V (U — w))|V (U — w)*] dx
- fQ [z*g‘**lb(x)m —w|” 4 g7 ra()|u — w|q] dx.
In particular, for each u € A", we mention that
01F(1,0) = fQ [204VuDIVul? + ¢/ (VuD|Vu'dx — b lul”

+qAa(x)|u|q]dx ="(1) > 0.
As a product, using the inverse function theorem, there exist € > 0 and a differentiable

function £ : B(0,e) ¢ WHP(Q) — (0, c0) satisfying £(0) = 1 and F,(§(w), w) =
(/W@ —w), £ —w))) =0,ie &w)u—w) € N;7, Yw € B(0, €). The main idea here
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is to apply the inverse function theorem for the function F, for some u € N, ,\+ . Furthermore,
we also obtain

(02 Fy (§(w), w), v) (02 F,(§(0), 0), v))
o Fy(§(w), w) 01 F,(§(0),0)
Here 01 F,, and 0, F, denote the partial derivatives on the first and second variable, respectively.
On the other hand, after some manipulations, we see that

(&' (w). v) = ~ (€0, ) = -

(02 Fu(§(w), w), v) = —52/52¢’(§|V(u —w)PIV(u —w)|V(u — w)Vudx
=26 [ BEIT - w) Vi - uw)Vods
+z*gf*9/ b)) — w]” 2 (u — w)vdx
+ Ag&d ; a()u — wl? 2 (u — wyvdx.
Hence, putting w = 0 and & = £(0) = 1, the last identity just above shows that
(9, F,(1,0), v) = —/Q [¢’(|Vu|)|Vu|Vqu
+2¢(IVu)VuVo — b)) |ul” 2uv — Aqa(x)|u|q_2uv:|dx

Here was used the fact that 3 F,,(1, 0) = y,/(1) holds for any u € ./\/';r The proof is now
finished. O

Analogously, using the same ideas discussed in the previous result, we get the following
result

Lemma4.2 Suppose (¢1) — (¢3) and (H). Let u € N be fixed. Then there are € > 0 and
a differentiable function

£:B0,¢e) c WhP(Q) = (0,00), £(0)=1, £w)u—v) €N, ve B(Q,e).

Furthermore, for any X > 0 small enough we obtain

1
0,0 = /[(¢>’<|w|>|w|+2¢>(|Vu|)>vwv
v (D) Ja
— b)) || " 2uv — qka(x)|u|q_2uv]dx. (4.20)

In the next result, we shall prove that any minimizer sequence for the functional J;, in AV~
or NV, f is bounded from below and above for some positive constants. This is crucial in order
to get a minimizer on the Nehari manifold.

Proposition 4.1 Suppose (¢1) — (¢3) and (H). Let (u,) be a minimizer sequence for the
Sfunctional J; on the Nehari manifold N, )T . Then

1

1 t*q q
lim inf [u, || > —of | ——— 0 | >0 4.21)
n=00 (" = g)MlallocS]
and ]
A OF— a=gq
lueall < [; (z* _Z) ||a||oosf;} , (4.22)
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where o € {€, m}. The same property can be ensured for the Nehari manifold N, i.e., we
have that (u,) € N, is bounded form above and below by positive constants.

Proof Let (u,) C N, be a fixed sequence. Recall that m® (¢) < & (1)12 holds for any t € R.
Using the inequalities just above, we obtain that

N 1 5 11
0> ;" +o0u(1) = Ji(un) =/ (| Vuul) — gjfﬁ(IVMnI)Wunl —X PR ax)|un|? | dx
Q

Z*
/Q [(1 - Z’—*) (| Viun|) — A (é - %ﬁ) a(x)lunl‘f} dx
(4.23)

holds for any n € N large enough. Under these conditions, using the above inequality and
the continuous embedding Wol’d>(52) — L1(R2), we easily see that

1 *
0< - (ai + ;) [ﬁ} < /Qa(x>|u|qu < llalloo S§ luall?.

Here S, is the best constant for the embedding WOI’CD(Q) — L9(R2). As a product the last

estimate says that
1
1 Z* q
llunll > —(aﬁf)*—qq .
n/) (& —g)rllallooSq

As a consequence using the last estimate and Lemma 3.5, we see also that (4.21) holds.
Furthermore, using (4.23) and arguing as in the previous inequalities, we can also shown
that

. L m a ' —q q q
min{||un| ", [lun||"} < Qd>(|Vun|)dx <X — llalloo Sq lunll

v

£* l¥q
AL —q
=y (z* - >|Ia||oo53||un||‘1. (4.24)

Hence the last assertions give us

. _ _ e* oF — Y
mm{||u,,||£ q7||uﬂ||m q} <)“<Z*_m)( Z*qq) ”aHOOsq —;<£*_q> ”a”OOS[(II

As a consequence we obtain (4.22). O

Now we consider two technical results in order to prove that any minimizer sequence for
J;. on the Nehari manifold is a Palais—Smale sequence.

Proposition 4.2 Suppose (¢p1) — (¢3) and (H). Then any minimizer sequence (u,) on the
Nehari manifold N~ or N satisfies

<Jx(un) I “> =[11E, O] + 11, u € Wh*(2)/{0}, (4.25)
where &, := & : B1(0) — (0, 00) was obtained from Lemma 4.1 and Lemma 4.2.
Proof Let (u,) be a minimizer sequence on the Nehari manifold NV, or A /\+ . Here we shall

consider the proof for the Nehari manifold W, ; . The proof for the Nehari manifold N,
follows arguing in the same way. According to Lemma 4.1, we obtain

£, :B(0,€6) — RT, £0) =1, Ew)(u, —w) € N,
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Now, we put p € (0, ;) and u € WH®()\{0}. Define the auxiliary function

ou

w, = — € B(0, ¢,).
P ul| "

Using one more time Lemma 4.1 and Ekeland’s variational principle, we mention that

1
MHp = g(wp)(un - wp) € N)j_ and -]A(l/«p) — Na(up) > _EHM/J — upll. (4.26)
Notice also that
w, = 0, & (wp) — 1, wp — uy and J{ (1) — Ji(un) (4.27)

as p — 0 holds true for any n € N.
At this moment, applying mean value theorem, there exists ¢ € (0, 1) in such way that

Jl(/‘«p) — J(up) = J)/L((l - t)ﬂp + tuy), Mo — un)
J;((Np + t(up — I/Lp)) - J)/L(un), Mo — un)
+ (J)/L(l/tn), MHp — un)~

It is worthwhile to mention that ||u, — u,|| — 0 as p — 0. Hence, using (4.26) and (4.27),
we easily see that

1
_;“,up —uull = (J)/L(un)v MHp — un> +0p(1)||ﬂp — Uyl

where 0, (1) denotes a quantity that goes to zero as p goes to zero. Taking into account that
Mo =&Wp)(u, —wp) € ./\/):F it follows that

1
=iy = ttnll + 0p (D1t = ttall < (5 Gtn), =wp) + (1)) = 1) ().t = wp).

Furthermore, using the fact that (J (1)), 11,) = 0, we mention that

1 u
__ _ < 1 _ _ J! , ——
n”ﬂp | _0,0( )“M,o | p< 5 (Un) ||u||>
+ (Sn(wp) -1 <J)/L(un) - ‘])/L(/"L,O)a Un — wp)-
As a consequence, the last estimates and (4.27) say that

<A(un), L> < 7”“”;/"” o (1y 12—t

n -1 ! ‘ -
%(A(w) = J{(p). tn — wp).

It is no hard to see that

. Ea(wp) — 1
i — tnll < plEa(wp)| + & (wp) — 1] ||un| and lim =L < ||/ (0)]].
p—=0 p
(4.28)
The last inequality is justified due the fact that
& (wp) — 1 u
lim =2 = (£,(0), — ) < |£,(0)]].
p—0 I
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Therefore, using the fact that (u,) is bounded and (4.28), we infer that

. — unll . [En(wp) — 1]
lim —£—"= < lim [Hsn(wp)n + L {jual|
p—0 P p—0 P
< C[1+ 115,00 [lupll] < C[1+11&, O]
-1
Furthermore, using the fact that M and &, (w,) are bounded for p > 0 small enough,
P

we easily see that

_ _ En(wp) — 1 _ u
liep — unll = Ipl » p) 114,, Sn(wp)”u'l’
< 1ol “’#‘ il + 1 (w,)]

Since (u,) is bounded, there exists a constant C > 0 in such way that

Hetp = unll _ e oy +11.

Putting all these estimates together we employ that there exists a constant C > 0 which is
independent in p > 0. Thus, taking the limit as p — 0 we obtain the inequality (4.25). This
ends the proof. O

Now we shall consider a technical result in order to get Palais—Smale sequences on the
Nehari manifold A/;" or NV} .

Proposition 4.3 Suppose (¢p1) — (¢3) and (H). Then given any minimizer sequence (u,) on
the Nehari manifold Ny or N)jr we obtain

[, (0)]| < C foreachn € N (4.29)

where C > 0 is independent on n. Here we recall that &, == & : B1(0) — (0, 00) was
obtained by Lemma 4.1.

Proof In view of (4.19) we observe that

(£1(0), v) = ;fjf ((vl)) , (4.30)

where we define the auxiliary function y,, : W()l‘¢(9) — R by

xn(v) = /Q |:(¢/(|Vun|)|vun| +2¢(|Vun|))Vu, Vo
— D) |un)t Pupv — qka(x)|un|q_2u,,v]dx.

Now we claim that the numerator in (4.30) is bounded as follows: There exists a positive
constant ¢ > 0 in such way that |x, (v)| < c¢||v]|| holds true for any v € Wol’q)(SZ). Further-
more, we claim also that there exists a positive constant d such that yu”n (1) = d > 0 for any
neN.

In what follows we shall prove the claims given just above. It is easy to verity that

[Xn ()| = /Q [16' (Vi D11 Vitn > + 26 (1 Vi )| Vit ] Vvl dx

+||b+||ooz*/ |un|f**l|v|dx+xq||a+||oof lun? vl dx.
Q Q
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¢’ (£)t]
(1)

Holder’s inequality, we also see that

Now using Remark 1.1, we see that < max{|¢ — 2|, |m — 2|} := C}. Thus, using

[xn ()] < Cl/;2¢(|Vun|)|Vun||Vv|dx

+||b+||ooZ*/Q|un|‘ ‘1|v|dx+Aq||a+||oo/9|un|‘f‘1|v|dx
< 2C1 ¢ (IVun )| Vil |[]]
+|\b+||ooz*/g|un|‘ ‘1|v|dx+Aq||a+||oo/9|un|‘1‘1|v|dx

=1 m—1
s@rnax{(/ﬂ <i>(¢(|wn|>|wn|>dx> ' ,(/Qé(qb(|wn|>|wn|)dx> ’ }an

+|\b+||ooz*/9|un|‘ —1|v|dx+Aq||a+||oo/9|un|q—1|v|dx.

In view of inequality EIS(tzz) (1)) < D(2t) <2"d(t),t > 0and (4.22), there exists a constant
C3 > 0 such that

=1 m—1
|xn ()] = C3max{</;2¢(|Vun|)dx> Z (/Q d>(|Vu,,|)dx> ' ]llvll

+ ||b+||ooe*/ lun|© "V oldx + Agllatlloo | lual? " vldx

< cg||un||ﬂ||v||+||b+||ooz*/ |un|5*‘1|v|dx+xq||a+||oof a2 v dx
Q Q
< C4||v||+||b+||ooe*f |un|f**1|v|dx+xq||a+||oo/ ltn|? " o]dx.
Q Q
where B € (€ — 1, £(¢ — 1),m — 1,2 (m — D)}

At this stage, we shall estimate the terms / lup I‘Z**1 |v|dx and / lup |‘7*1 |v|dx. In order

Q Q
to do that we employ Holder’s inequality and Sobolev imbedding proving that

=1 1
-1 o & e\ & -1
g™ " oldx < lun|™ dx v dx ) < Csllu,|® ~ vl < Csllv]l.
Q Q Q

In view of the estimates above, there exists a constant ¢ > 0 in such that |y, (v)| < c||v]|.
Here we emphasize that estimate (4.22) says that ¢ is independent on n € N.

It remains to show that there exists a constant d > 0, independent in 7, in such way that
Y, (1) > d. The proof follows arguing by contradiction assuming that y,/ (1) = 0,(1). It
follows from (4.21) that there exists a; > 0 satisfying

liminf ||u,|| > a, > 0 (4.31)
n—oo
At this moment, we emphasize that y,/ (1) = 0, (1). Using (2.13) we deduce that
on(D) =y, (1) = /Q @ = D1V IVata? + ¢/ (Vi DIVl + (q = £9blunl” | .
Using (1.5) and Sobolev embeddings we also mention that

@ Springer



714 E.D.daSilvaetal.

(¢ —q)fgqb(IVuI)IVunlzdx < (@ = DIB ool ltnllfe + 0n(1)
< (" = @ Sel1b ool lunl [ + 04 (1),
On the other hand, we observe that
€ —q) /Q O (|Vun)) | Vi |Pdx > £(L — q) [Q ®(|Vun|)dx > £(€ — g) minf|Juy ||, [[ua]|"}.
Using the estimates just above, we get
e — gy min|un ||, [Jun "} < (€ = @) Se |1 loollunll”” + 0 (D).

Hence, we have that
on (1)

A1

6L —q) < (" = @)Se=|1bT oo lunll” ~* +

where @ = ¢ whenever ||u,|| > 1 and « = m whenever ||u,|| < 1. Furthermore, using
(4.31), we obtain

0] —q)
u >
lenll = [(e*—q>se*||b+||oo

Using one more time (1.5), (2.13) and Holder inequality, we deduce that

]m + 0n(1). (4.32)

G m)/ O (Vita) [ VitaPdx < 26" = ) lla 1]y luall] + 00 (1)
Q

< A(F — Q)Sq||a+||(§)/||un||q + 0, (1).

Here S, denotes the best Sobolev constant for the embedding Wé’(D(Q) into L9(2). Using
the same ideas discussed here, we also mention that

(" — m) min]Ju, ][, u, ||} < (€% — q)SzllaJ”II(g)/llunllq + on(1).

As a consequence we get
L(L* —m)

L* —m) o : 14 m q
(E*_‘I)SZHCIJ"H(Z),HMHH = (K*—q)Sz||a+||(e)/ min{|un||", [lualI"} < AMlun|l? + 0n(1).
q q

To sum up, using the estimate (4.31), we can be shown that

_ N

& —Sella™ ]
luall < | 2 G VR
nil = 4
e —m) ety |72

_ R

(e — 4)S£||a+||<£)’ “

=|x T ! + o, (1).

Arguing as in the proof of Lemma 2.1, using the above inequality and (4.32), we have a
contradiction for each A < A; where | was given by (2.16). This finishes the proof. O

At this stage we shall prove that any minimizer sequences on the Nehari manifold in A ,\+
or NV, provides us a Palais—Smale sequences. More specifically, we can prove the following
result
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Proposition 4.4 Suppose (¢1) — (¢3) and (H). Then we have the following assertions

(1) there exists a sequence (u,) C J\/}j‘such that J(u,) = a; + 0,(1) and J/{(un) =
on(1) in W=13(Q).

(2) there exists a sequence (u,) C N, such that J,(u,) = o, + 0,(1) and J,{(u,,) =
on(1) in W=1%(Q).

Proof Here we shall prove the item (1). The proof of item (2) follows the same ideas discussed
here using Lemma 4.2 instead of Lemma 4.1. Applying Ekeland’s variational principle, there
exists a sequence (u,) C N, ,\+ in such way that

() Ja(un) = o +on(1),
(i) Ja(un) < J(w) + 2w —ul], Y w e N

According to Proposition 4.3, there exists C > 0 independent on n € N in such way that
l€,(0)|] < C. This estimate together with Proposition 4.2 give us the following estimate

<J;(un>, L> <& uew @)
ull] =

As a consequence || Jx/ (up)]l = 0as n — oo. This ends the proof. O

5 The concentration-compactness method

In this section we shall discuss the concentration-compactness theorem for Orlicz—Sobolev
framework. It is important to recover the compactness property in order to apply a minimiza-
tion argument. This property allows us to prove our main results on existence and multiplicity
of solutions to quasilinear elliptic problems.

In what follows we borrow the ideas discussed in [58]. Given any function v € C§°(R2)
we extend the function v in the following form v(x) = O for any x € Q°¢. This function is
also denoted by v which belongs to v € C§° (R™). Moreover, we observe that supp(v) C 2.
It is important to mention also that

lvllwrewyy = llvilwieg)
and

vl = [l forany v e Wy ®(Q).

wl.®@

Furthermore, we observe that

WLCD(RN)
Wy ®(Q) = (v e CCRN) | supp(v) C Q} .

As a consequence, we know that v € W ®(RN) whenever v € Wol’(b(Q).
Now we shall consider the vectorial space

llloo
cpt

P
Co = {u € C(Q) | supp(u) < RV}
endowed with the norm ||u|.o = sup |u(x)|. Denote by M the space of finite measures on

xeRN
RY using the norm

ll14llme = sup {/ udp | u € Co, |lulloo = 1}.
RN
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Here C;j denotes the dual set for Cy. Recall that M satisfies the following properties
(i) M =Cjand (u,u) = [udp,

(ii) The convergence p,—p in M occurs whenever lim udp,— udp, u €
n—o0 ]RN RN
Co.

(ii1) Let (i) € M be an bounded sequence. Then, up to a subsequence, we obtain p,, — i
in M.

At this moment we consider a minimizer seqI ence (u,) C N, forthe functional J; . Notice
that (u,) is bounded and there exists u € W, ®(S) in such way that u,—u in W, ().
Consider u,, v, : Co — R given by

(U, V) =/ O(|Vuy|)vdx  and (v, v) = / |un|z*vdx, v € Cp.
RN RV

Hence there exists a constant C > 0 in such way that
[{tn, V)| < Cllvlloo and [{vy, v} < Cllv]lco-

In other words, we have been shown that (u,), (v,) € M are bounded measures. It follows
from the last estimate that

S|V )=, |upl” —v in M. (5.33)

In what follows we shall consider the compactness-concentration theorem in the Orlicz—
Sobolev framework, see for instance [40]. For a proof on compactness-concentration theorem
in Orlicz—Sobolev spaces, we refer the reader to [36].

Lemma 5.1 There exist an enumerable set L, a family {x;} ;e C RY such that x; # x; and
nonnegative real numbers {v;}jer and {j1;}jer satisfying

v=lul Y vy and = O(Vul) Yy,
jeL jeL
where 8y, is the Dirac measure with mass at x j. Furthermore, we have
B G ik
iy §max{S@*‘ M,-é S } jeL,
where Sy« is the best constant for the embedding Wol’q)(Q) — LY (2).

Lemma 5.2 The set L = {j € L|vj> 0} is finite.

Proof Tnitially we mention that {x;} jel S Q. Indeed, arguing by contradiction we suppose
that x; € Q for some j € L. Hence there exists € > 0 such that B, (x;) C Q°. Consider
@e € Ci° (RV) satisfying the following conditions

—0
supp(pe) C Be(xj), ¢ = Xix;) A€ RY,

Now we extend the function u,, in R putting u, (x) = 0 for any x € RV\Q. At this stage
the proof follows the same lines discussed in [36]. Here we omit the details. ]

For the next result, we extend the function u,, to RY defining u, = 0in RN \ Q. Moreover,
we consider L = {x1, ..., x,} for some r € N which was obtained from the previous lemma.
Under these conditions, we can consider the following result
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Lemma 5.3 Let u, C N, be a minimizer sequence for the functional J,. Then there exists
u e Wol’q)(Q) in such way that u,—u in WOI’Q)(Q). Furthermore, we have that

up — u in LY (K) (5.34)

for each compact set K C ]RN\{xl, ces X )

Proof TInitially, we observe that L is ﬁ~nite. Hence there exists 6 > 0 such that Bs(x;) N
Bs(xj) =@ foranyi # j withi, j € L. Now we consider the set K5 C RN\ Ujer Bs(xj)
and x € C{° in such way that

0=x =1 x=1inKs supp(0 N (UzBy(x))="0.
Notice also that

* .
lup —u|£ —v and v = E Vjdy; In M.
jez

On the other hand, we observe that

* *
0=< [y —ul” dx < lup —ul” xdx,
Ks RN

/ |un—u|z*xdx—>/ xdv,
RV RN

A%N de:Zx(xj)zo.

jel

As a consequence we mention that

[*
lup, —ul” dx — 0.
Ks

Putting the all estimates together and using the fact that § > 0 is arbitrary we conclude that
(5.34) holds true for each compact set K C RN \x;} jel- This ends the proof. ]

Lemma5.4 Let u, C N, be a minimizer sequence for the functional J,. Consider u €
Wol’q)(Q) such that u,—u in W()1’¢(Q). Then we obtain the following properties:
D) ¢(IVup)Vup—¢(Vul)Vu in [T L ();

* * et
(@i) [unl® ~2up—lu|® ~2u in LF-1(Q).
Proof Firstly, we shall prove the item (/). Consider {K,})2 ; a family of compact sets satis-
fying

Q\(x)) ;= | Ko (5.35)

v=1

Choose any integer number v > 1. Let x € Cgo (RM) be a function such that 0 < x <
1, x = lin K, and supp(x) N {x;} .z = ¥. Using the fact that & is convex we obtain

Ay = (@ (|Vuu)Vup — ¢(|Vul)Vu, Vi, — Vi) > 0, in RV,

As a consequence we employ that
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0 E/ Ap(x)dx 5/ (@(IVun)Vun, Vup, — Vu) xdx
v RV!

—f (@ (IVu|)Vu, Vu, — Vu) xdx.
Rn

Define v, = x(u, — u). It follows easily that v, is bounded in wLe(@RN). Using v, as
testing function, we deduce that

/RN [¢(|Vun|)Vuanndx —ra(x)|un|? 2uyv, — b(x)|un|”—2unv,,] dx = o, (1).
(5.36)

In other words, we know that
f DTl Vi (Vity — Vi) g + f (tn — 0B Vual) Vit V
R R

— fQ [m(x)mm*zu,, + b(x)|un|f**2u,,] vpdx +0,(1).  (5.37)
Note that
/RN | (IVun ) Vun Vx (uy — w)|dx < [|¢ (Vi) Vir 131V X loo | (tn — w)llo = 0 (1).
Moreover, we mention that Lo (Q2) < L¢(Q) < L7(2) which shows that
/]RN a()[un | ouldx < [lalloolltn ”3_1”“11 —ully
< Cllalosllunlly " lun — ullo = 04 (1).

* . . e
Additionally, using that (lun ¢ ~1) is bounded in L7 (£2) and Lemma 5.3, we conclude
that

*_ *_1
/N 16O ]~ [onldx < 1B lloo llunll= " Nl — el x5, = 0 (1)
R

where S, := supp(x). In this way, using (5.37) we get
/ ¢ (|Vu,|)Vu,(Vu,, — Vu) xdx = 0, (1). (5.38)
RN

Furthermore, using that u, —u in Wol’q>(52) and x¢(|Vul)|Vu| € L3 (L2), puttingu,, = u =
0 in R"\Q we see that

/]RN ¢ (|IVu)Vu(Vu, — Vu) xdx = 0, (1). (5.39)
At this stage using (5.38), (5.39) in (5.36), we ensure that A, is in L! (Ky). Now, up to a
subsequence, we get
A,(x) > 0, ae.xe€Kk,.
Hence (5.35) implies that
Ap(x) > 0, ae.xeRV.
It follows from [26, Lemma 6] that

Vu, — Vu, ae.in RN
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Moreover, using the fact that u,, = 0 in RN \ £, we also see that
Vu, — Vu, ae.inQ.
Using the fact that t — ¢ (¢)¢ is a continuous function one has
¢ (\Vun )V, — ¢(|Vul)Vu, ae.in Q.

In this way, using that 5(¢(t)t) < ®(2t), we obtain ¢ (|Vu,|)|Vu,| is bounded in L ().
Therefore, using [38, Lemma 2], we have been shown that

¢ (IVuu)Vity—=¢(IVul)Vu, in [ [ L3 ().

This ends the proof of item (7).

>pt
Now we shall prove the item (ii). Note that WOI’(D(Q) & L& (S2) showing that u, — u
in L4 (£2). Up to a subsequence we have that u,, — u a. e. in Q2. Hence we easily see that

|Z*—2

*=2 .
17 u, — |u|* "*u, a.e.in Q.

5

* . . & . .
Now using the fact that (Ju, [©~24,) is bounded in L 71 (2) and using one more time [38,
Lemma 2] we conclude that

e
|un|z*72unA|u|[*72u, in LT-1(Q).

This completes the proof. O

6 The Proof of our main theorems
6.1 The Proof of Theorem 1.1

Let . < A1 = min{A, A1} be fixed where A; > 0 is given by (2.16) and A > 0 is provided
in (3.18). Taking into account Lemma 3.5, we infer that

+ .
o) = inf J,(u) <O.
A ue./\/’kJr

The main feature here is to find a function u = u; € N, f in such way that

J,(w) = min J; (w) =: ] and J;(u) = 0.
weN;

As a first step, using Proposition 4.1, there exists a minimizer sequence denoted by (u,) C
W!-®(Q) such that
Jy(up) = oy + on(1) and J)i(un) = o,(1). (6.40)

Since the functional J; is coercive in Nf we obtain that (u,) is now bounded in N;r .
Therefore, there exists a function u = u;) € W0]’<D(Q) in such way that

up—u in Wy P(Q), uy, - uae inQ, u, > u in Lo(Q). (6.41)

At this point we shall prove that u is a weak solution for the problem elliptic problem (1.1).
First of all, using (6.40), we mention that

on(1) = (5 (un), v) = / [¢<|wn|>wm — 2a () |un | *upv — b(x)|un|f**2unv] dx
Q
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holds for any v € W()l‘q)(Q). In view of (6.41), Lemma 5.4 and Lebesgue convergence
theorem we get

/ [¢(|Vu|)Vqu — ra()|ul?2uv — b(x)|u|‘*—2v] dx =0
Q

forany v € Wol’(b(Q) proving that u is a weak solution to the elliptic problem (1.1). Addi-
tionally, the weak solution u is not zero. In fact, using the fact that u,, € N, ):" , We obtain

ql* 1 2 ql*
[ a@olul?dx = O(Vitn)) = ¢ (Vitn))| Vit |? | dx — Jy (1)
Q ¢ Z_*q Q ¢ o *—q
q m q
= i (0 *?*) /Q L
£
= —Ji () 51
Taking into account (6.40) and (6.41) we also obtain that
+ qt”
A oa@)|u|?dx > —a; > 0. (6.42)
Q & —q

As a consequence, we deduce that u # 0.
At this stage, we shall prove that J; (1) = o and u, — u in WOI’CD(Q)‘ Since u € N,
we also see that

1 , (1 1
oy, < Jr(u) =/ O(|Vul) — —¢(IVul)|Vul” — A (* — *) a(x)|ul? |dx.
Q e qg ¢

1
Now we define W : R — Rby W (1) = (1) — E—*qﬁ(t)t2 which is a convex function. In fact,
using hypothesis (¢3) and m < £*, we deduce that

_ 3) - LM}
) e a0y

, 2 m—=21 , m
> (19(1)) [(1—7*)— = }—(mﬁ(r)) (1-%)=0

for any r > 0. Hence the last assertion says that

(W) = (o) [(1

u|—>/\ll(|Vu|)dx
Q

is weakly lower semicontinuous. Therefore, we obtain

*

1 1
o, < Jr(u) < 1iminf/ |:‘~IJ(|VM,,|) —A (f - —) a(x)|un|q] dx = liminf J; (u,) = ;.
n—oo Jo q Y4 n—00
As a consequence, we have J, (1) = o . Additionally, using (6.41), we also mention that

J(u) = lim / |:\I/(|Vun|)—)h<l—é)a(x)lunlq]dx
n—o0o Jo ql Y2
lim / \D(|Vu,1|)dx—)\<f——)/‘a(x)|u|qu.
xJQ q Q

n—

It follows from the last identity that

lim / lIJ(|Vu,,|)dx:/ Y (|Vul)dx.
n—oo Q Q
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In view of Brezis-Lieb Lemma, choosing v, = u, — u, we infer that

lim / [\IJ(|Vun|)—\IJ(|an|)]dx=/ (| Vul)dx.
n—oo Q Q

In this way, the previous assertion implies that

0= lim / W(|Vu,)dx > lim (1 —ﬁ)/ ®(|Vup[)dx > 0.
n—00 Jq n—00 7 Jo

Therefore, we obtain that lim / ®(|Vu,|)dx = 0 and u,, — u in Wl’q)(SZ). Hence we
n—o0 Q

conclude that u, — u in W&’CD(Q).
At this point, we claim that u € N, ,{" holds true. According to (6.42) we also obtain

/ a(x)|ulfdx > 0. (6.43)
Q

The proof for the claim just above follows arguing by contradiction. Here we suppose that
u ¢ N, holds which implies that u € N, . As a consequence

J(w) = inf Jy(w) =a, > 0.
weN,~

On the other hand, using the fact that #,, — u, we mention also that

Ji(uw) = lim Jy (up) = e5f < 0.

This is a contradiction proving that u is in ):" .

At this stage, due the fact that Jy(u) = Jp(|u|) and J; () = J;(Ju|), we show that
lu| € /\fA"r for each u € N;\+ Taking into account Lemma 2.2 we conclude |u| is also a
critical point of J,. Without any loss of generality, we can assume that our minimizer u for
the functional J, is nonnegative in 2.

Finally, we observe that iir}) [lu]] = 0. Indeed, since u € /\/'){F and arguing as in Proof of

Lemma 2.1, we get

0 —
Nl < n— L
L —m)

where we put @ € {£, m}. This ends the Proof of Theorem 1.1.

+
Sella ||(§)/

6.2 The Proof of Theorem 1.2
Put A, = min{X;, x 1} where A is provided in (3.18) and X is given by Lemma 3.4. Initially,
due Lemma 3.4, there exists §; > 0 such that J; (v) > §; forany v € N, . As a consequence

a, = inf J(w) > 4§ > 0.
weN,”

Now we shall consider a minimizer sequence (v,) C N, given in Proposition 4.1, i.e.,
(v,) C N, is a sequence satisfying

lim J,(v,) =, and lim J;(v,) = 0. (6.44)
n—o00 n—oo

Since J;, is coercive in N; and so on N, , using Lemma 2.1, we can show that (v,) is a
bounded sequence in WO1 ’d)(Q). Up to a subsequence we assume that v,—v in WOl ’(D(Q)
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holds for some v = v, € Wol’cp(Q). Additionally, using the fact that ¢ < £*, we obtain

19 << ®,(t) and WOI’CD(SZ) — L9(L2) is also a compact embedding. This fact ensures that
v, — v in L9(2). In this way, we easily seen that

lim /a(x)|vn|qu=/a(x)|v|‘1dx. (6.45)
n—0o0 Q Q

Now we claim thatv € W(; *(Q) given just above is a weak solution to the elliptic problem
(1.1). In fact, using (6.44), we infer that

(. w) = [ (#7800, V0 = 20l 20w = bl o] dx = 0,(1)
Q
holds for any w € WOI’(D(Q). Now using Lemma 5.4 we get
/ [¢(|Vv|)Vva — xa()|v]? 2vw — b(x)|u|f**2vw] dx =0, w e WP ().
Q

So that v is a critical point for the functional J,. Without any loss of generality, changing the
sequence (v,) by (Jv,]), we can assume that v > 0 in .

Now we claim that v # 0. The proof for this claim follows arguing by contradiction
assuming that v = 0. Recall that J, (fv,) < Jy(v,) for any t > 0 and n € N. These facts

l - — d)( Clv )d.x < )\. (l - 1) a(}f) d
Z | nl = z |Ln| X

+<1—£)/ ®(|Vuy|)dx.
) Jo

Using the last estimate together with the fact that (v,) is bounded and [36, Lemma 2.1], we
obtain

min(e¢, ) (1 — Zi*) /Q O(|Vu,))dx < A (19— 1) (é — ei*) /Qa(x)h)nlqu e

holds for some C > 0. These inequalities give us

. m 1 1
min(z¢, ™) (1 - ?*) /Q O(|Vu,lydx < A (19 — 1) (5 — ?*) lalloollvalld + C.

It is no hard to verify that the fact ||v,|| > ¢ > 0 for any n € N. Using one more time [36,
Lemma 2.1], we infer that
min(t’, ™) < 0, ()17 + C

holds for any t > 0 where C = C(¢, m, £*, 2, a,b) > 0 where 0, (1) denotes a quantity
that goes to zero as n — 00. Here was used the fact v, — 0 in L9(2). This estimate does
not make sense for any r > 0 big enough using the fact that ¢ < £. Hence v # 0 as claimed.
As a consequence, v is in N, = N; UN, .
At this stage, we shall prove that v, — v in W&’Q(Q). The proof follows arguing by
contradiction. Assume that hnn_1> io%f / O (|Vv, — Vv|)dx > § holds for some § > 0. Recall
Q

that ¥ : R — R is defined by

W(r) = d(1) — Zi*¢(r)t2 (6.46)
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is a convex function for each ¢ > 0. The Brezis—Lieb Lemma for convex functions says that
lim / [W(|Vu,]) = ¥( Vv, —v])]dx = / W (|Vv|)dx
n—oo Q Q
In particular, the last estimate give us
/ Y (|Vv])dx < lim inf/ Y (|Vu,|)dx.
Q n—0o0 Q

Now we claim that
/ b(x)|v|¢ dx > 0. (6.47)
Q

The proof follows arguing by contradiction. Here we assume that
f b(x) v dx < 0. (6.48)
Q
Under these conditions, using Brezis—Lieb Lemma for convex functions, we have
/ Y (|Vrv])dx < liminf/ W (|Vtv,|)dx forany ¢t > 0
Q n—0o0 Q
where W is given by (6.46). Recall also that

1 1
Ji(tvy) = / W (|Vtv,)dx + A/ <—f + —) a(x)|tv,|9dx.
Q e\ q¢ ¢t

Using (6.45) the last identity implies that
Jy.(tv) < liminf Jy (tv,) < liminf J; (v,) = «, forany ¢t > 0. (6.49)
n—o0 n—o0

On the other hand, using (6.48), we mention that

A. q ] E*
Jyr(tv) :/Q ®(|Vtv|)dx—g/9a(x)|tv| dx — E—*/Qb(x)|tv| dx
Zf |:®(|Vtv|) — &a(x)ltvle*] dx. (6.50)
Q q

As a consequence, using the last estimate together with Holder’s inequality, we obtain

J(ewy = min (J1v]l, Jrol™) = AlalloSy Iv]?
= t"v]|* = a?|alloo Sy I0]1¢ (6.51)
holds for any # > 0 big enough. Hence the last estimate implies that

lim J, (tv) = 4o0.
11— 00
This is a contradiction with (6.49). So that / b(x)|v|z*dx < 0 is impossible proving that
Q

/ b(x) v dx > 0 6.52)
Q
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holds true. Recalling that we argue by contradiction we assume that (v,) does not converge
strongly to v. According to Lemma 3.3, there exists an unique #o in (0, oo) such thatfov € N, .
It is easy to verify that

/ Y (|Vodx < liminf/ U (|Vtyv,|)dx.
Q n—o0 Q

As a consequence we see that

a, =< Ji(hv) = Y (|Vigu|) — A l — i a(x)|tov]? | dx
Q qg C*

1 1
< lim inf/ |:\IJ(|Vt0v,,|) —A (7 — —) a(x)ltov,,lq] dx
n—oo [o q 0*

= liminf Jj (fov,) < liminf J; (v,) = o, .
n—oo n—00

This is a contradiction proving also that v, — v in WO1 ’¢(Q). As a consequence v is in N, .
This follows from the strong convergence and the fact that 5 = 1 is the unique maximum
point for the fibering map y,, for any v € N, . Hence using the same ideas discussed in Proof
of Theorem 1.1, we infer that

a, < J,(v) <liminf J; (v,) = o, .
n—o0
In particular, we see that o, = J;(v) and

1 1
lim / [d><|wn|>—e—*¢<|wn|>|wn|2}dx=f |:<I>(|Vv|)—g—*¢(|Vv|)|Vv|2:|dx.
n—o0 Jo Q

In particular, we know that J; (v) > §; > 0. So we finish the Proof of Theorem 1.2.

6.3 The Proof of Theorem 1.3

In view of Theorems 1.1 and 1.2, there are u = u; € N;‘ and v = v, € N, in such way
that

J(u) = inf+ Jy(w) and J,(v) = inf_ J(w).

weN) weN,;

Additionally, using the fact that 0 < A < A := min{A, Ay} where A1, Ay > 0 are given
by Theorem 1.1 and Theorem 1.2, we mention that N, ;L NN, = @. Therefore, u, v are
nonnegative weak solutions to the elliptic problem (1.1). As was mentioned before, using
the fact that

Jr(w) = Ji(Jwl) and J; (w) = J; (lw])

holds true for any w € WOI’CD(Q) we can assume u, v > 0 in Q. Furthermore, u is a ground
state solution for the problem (1.1). As a consequence problem (1.1) admits at least two
nontrivial solutions whenever 0 < A < A. This completes the proof.

Acknowledgements The authors would like to express their sincere gratitude to the referee for his/her carefully
reading for this work giving valuable comments.

@ Springer



Critical quasilinear elliptic problems using concave-convex... 725

References

o —

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

Adams, R.A.: Sobolev Spaces. Academic Press, New York (2003)

. Adimurthi, Pacella, F.,, Yadava, S.L.: On the number of positive solutions of some Dirichlet problems in

a ball. Differ. Integral Equ. 6, 1157-1170 (1997)

Alama, S., Tarantello, G.: Elliptic problems with nonlinearities indefinite in sign. J. Funct. Anal. 141,
159-215 (1996)

Alves, C.0O., Goncalves, J.V.: Existence of positive solutions for m-Laplacian equations in RN involving
critical Sobolev exponents. Nonlinear Anal. 32, 53—-70 (1998)

Alves, C.O., Carvalho, M.L., Goncalves, J.V.: On existence of solution of variational multivalued elliptic
equations with critical growth via the Ekeland principle. Commun. Contemp. Math. 6, 145-157 (2015)
Ambrosetti, A., Rabinowitz, P.: Dual variational methods in critical point theory and applications. J.
Funct. Anal. 14, 349-381 (1973)

Ambrosetti, A., Brézis, H., Cerami, G.: Combined effects of concave and convex nonlinearities in some
elliptic problems. J. Funct. Anal. 122, 519-543 (1994)

Ambrosetti, A., Garcia Azorero, J., Peral, I.: Multiplicity results for some nonlinear elliptic equations. J.
Funct. Anal. 137, 219-242 (1996)

Ambrosetti, A., Azorero, G., Peral, L.: Elliptic problem in RN with critical growth, Special issue in
Celebration of J. K. Hale’s 70th birthday, Part 1 (Atlanta/GA/Lisbon). J. Differential Equ. 168, 10-32
(2000)

Azorero, J.G., Peral, 1.: Mutiplicity of solutions for elliptic problems with critical exponent or nonsym-
metric term. Trans. Am. Math. Soc. 323, 877-895 (1991)

. Bear, J.: Dynamics of Fluids in Porous Media. American Elsevier, New York (1972)

Bendahmane, M., Karlsen, K.H.: Renormalized solutions of an anisotropic reaction—diffusion—advection
system with L' data. Commun. Pure Appl. Anal. 5, 733-762 (2006)

Brézis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving critical Sobolev
exponents. Commun. Pure Appl. Math. 36, 437-477 (1983)

Brown, K.J., Wu, T.F.: A fibering map approach to a semilinear elliptic boundary value problem. EJDE
69, 1-9 (2007)

. Brown, K.J., Zhang, Y.: The Nehari manifold for semilinear elliptic equation with a sign-changing weight

function. J. Differ. Equ. 193, 481-499 (2003)

. Carvalho, M.L., Goncalves, J.V., da Silva, E.D.: On quasilinear elliptic problems without the Ambrosetti

Rabinowitz condition. J. Anal. Math. Appl 426, 466483 (2015)

. Carvalho, M.L., da Silva, E.D., Goulart, C.: Quasilinear elliptic problems with concave—convex nonlin-

earities. Commun. Contemp. Math. 19, 1650050 (2016)

. Carvalho, M.L., Goncalves, J.V., da Silva, E.D.: Sign changing solutions for quasilinear superlinear elliptic

problems. Q. J. Math. 68(2), 1-30 (2016)

. Charro, F,, Parini, E.: On the existence threshold for positive solutions of p-Laplacian equations with a

concave—convex nonlinearity. Commun. Contemp. Math. 6, 1450044 (2015)

Chen, C.Y., Wu, T.E.: Multiple positive solutions for indefinite semilinear elliptic problems involving a
critical Sobolev exponent. Proc. R. Soc. Edinburgh 144 A, 691-709 (2014)

Chung, N.T., Toan, H.Q.: On a nonlinear and non-homogeneous problem without (A-R) type condition
in Orlicz—Sobolev spaces. Appl. Math. Comput. 219, 7820-7829 (2013)

Cianchi, A.: Continuity properties of functions form Orlicz—Sobolev spaces and embedding theorems.
Ann. Scuola Norm. Sup. Pisa 23, 576-608 (1996)

Cianchi, A.: Optimal Orlicz—Sobolev embeddings. Rev. Mat. Iberioamericana 20, 427-474 (2004)
Clément, P., Huidobro, M.G., Mandsevich, R., Schmitt, K.: Mountain pass type solutions for quasilinear
elliptic equations. Calc. Var. 11, 33-62 (2000)

Costa, D.G., Magalhdes, C.A.: Variational elliptic problems which are nonquadratic at infinity. Non linear
Anal. 23, 1401-1412 (1994)

Dal Maso, G., Murat, F.: Almost everywhere convergence of gradients of solutions to nonlinear elliptic
systems. Nonlinear Anal. 31, 405-412 (1998)

de Figueiredo, D.G., Gossez, J.P., Ubilla, P.: Local superlinearity and sublinearity for indefinite semilinear
elliptic problems. J. Funct. Anal. 199, 452-467 (2003)

de Figueiredo, D.G., Gossez, J.P., Ubilla, P.: Multiplicity results for a family of semilinear elliptic problems
under local superlinearity and sublinearity. J. Eur. Math. Soc. 8, 269-286 (2006)

de Paiva, F.O.V.: Nonnegative solutions of elliptic problems with sublinear indefinite nonlinearity. J.
Funct. Anal. 261, 2569-2586 (2011)

DiBenedetto, E.: C1+¥ local regularity of weak solutions of degenerate elliptic equations. Nonlinear Anal.
8, 827-850 (1985)

@ Springer



726

E.D.daSilva etal.

31.
32.
33.
34.
35.
36.
37.

38.

39.
40.
41.
42.
43.
44.
45.
46.
47.

48.
49.

50.
. Silva, E.A., Xavier, M.S.: Multiplicity of solutions for quasilinear elliptic problems involving critical

52.
53.
54.
55.
56.
57.
58.
59.

60.

Donaldson, T.K., Trudinger, N.S.: Orlicz-Sobolev spaces and imbedding theorems. J. Funct. Anal. 8,
52-75(1971)

Drabek, P., Pohozaev, S.I.: Positive solutions for the p-Laplacian: application of the fibering method.
Proc. Royal Soc. Edinburgh Sect A 127, 703-726 (1997)

Figueiredo, G.M.: Existence and multiplicity of solutions for a class of p&q elliptic problems with critical
exponent. Math. Nachr. 286, 1129-1141 (2013)

Figueiredo, G.M., Santos Junior, J.R., Suarez, A.: Multiplicity results for an anisotropic equation with
subcritical or critical growth. J. Math. Anal. Appl. 416, 597-608 (2014)

Fragala, I., Gazzola, F., Kawohl, B.: Existence and nonexistence results for anisotropic quasilinear elliptic
equations. Ann. I. H. Poincaré AN 21, 715-734 (2004)

Fukagai, N., Narukawa, K.: Positive solutions of quasilinear elliptic equations with critical Orlicz—Sobolev
nonlinearity on RY . Funke. Ekvacioj 49, 235-267 (2006)

Fukagai, N., Narukawa, K.: On the existence of multiple positive solutions of quasilinear elliptic eigen-
value problems. Ann. di Mat. 186, 539-564 (2007)

Gossez, J.P.: Orlicz—Sobolev spaces and nonlinear elliptic boundary value problems. Nonlinear analysis,
function spaces and applications, (Proc. Spring School, Horni Bradlo, 1978), Teubner, Leipzig, 59-94
(1979)

Gossez, J.P.: Nonlinear elliptic boundary value problems for equations with raplidy (or slowly) increasing
coefficients. Trans. Am. Math. Soc. 190, 163-205 (1974)

Lions, P.L.: The concentration-compactness principle in the calculus of variations. The locally compact
case, part 1. Ann. Inst. H. Poincaré Anal. non lineaire 1, 109-145 (1984)

Lions, P.L.: The concentration-compactness principle in the calculus of variations. The locally compact
case, part 2. Ann. Inst. H. Poincaré Anal. non lineaire 1, 223-283 (1984)

Lions, P.L.: The concentration-compactness principle in the calculus of variations. The limit case, part 1.
Rev. Mat. Iberoam. 1, 145-201 (1985)

Lions, P.L.: The concentration-compactness principle in the calculus of variations. The limit case, part 2.
Rev. Mat. Iberoam. 1, 45-121 (1985)

Merecuri, C., Willem, M.: A global compactness result for the p-Laplacian involving critical nonlinearities.
Discret. Contin. Dyn. Syst. 28(2), 469—-493 (2010)

Mihailescu, M., Morosanu, G., Radulescu, V.: Eigenvalue problems in anisotropic Orlicz Sobolev spaces.
C. R. Acad. Sci. Paris Ser. I 347, 521-526 (2009)

Mihailescu, M., Morosanu, G., Radulescu, V.: Eigenvalue problems for anisotropic elliptic equations: an
Orlicz Sobolev space setting. Nonlinear Anal. 73, 3239-3243 (2010)

Mugnai, D., Papageorgiou, N.S.: Wang’s multiplicity result for superlinear (p, g)-equations without the
Ambrosetti-Rabinowitz condition. Trans. Am. Math. Soc. 366, 4919-4937 (2014)

Nehari, Z.: On a class of nonlinear second-oder equations. Trans. Am. Math. Soc. 95, 101-123 (1960)
Radulescu, V.D., Stancu, I.L.: Combined concaveconvex effects in anisotropic elliptic equations with
variable exponent. Nonlinear Differ. Equ. Appl. 22, 391-398 (2015)

Rao, M.N,, Ren, Z.D.: Theory of Orlicz Spaces. Marcel Dekker, New York (1985)

Sobolev exponents. Ann. Inst. Henri Poincaré, Anal. Non Linaire 20, 341-358 (2003)

Szulkin, A., Weth, T.: Ground state solutions for some indefinite variational problems. J. Funct. Anal.
257, 3802-3822 (2009)

Szulkin, A., Weth, T.: The Method of Nehari Manifold, Handbook of Non-convex Analysis and Appli-
cations, pp. 597-632. Int. Press, Somerville (2010)

Tan, Z., Fang, F.: Orlicz—Sobolev versus Holder local minimizer and multiplicity results for quasilinear
elliptic equations. J. Math. Anal. Appl. 402, 348-370 (2013)

Tanaka, M.: Generalized eigenvalue problems for (p, q)-Laplacian with indefinite weight. J. Anal. Math.
Appl. 419, 1181-1192 (2014)

Tarantello, G.: On nonhomogeneous elliptic equations involving critical Sobolev exponent. vol. 9. Ann.
Inst. H. Poincaré Anal. Non Lineaire 3, 281-304 (1992)

Trudinger, N.S.: An embedding theorem for Hy(G, A) spaces. Studia Math. 50, 17-30 (1974)

Willem, M.: Minimax Theorems. Birkhauser Boston, Basel, Berlin (1996)

Wu, T.E.: On semilinear elliptic equations involving concave—convex nonlinearities and sign-changing
weight function. J. Math. Anal. Appl. 318, 253-270 (2006)

Wau, T.E.: Multiple positive solutions for a class of concave—convex elliptic problems in RV involving
sign-changing weight. J. Funct. Anal. 258, 99-131 (2010)

@ Springer



	Critical quasilinear elliptic problems using concave–convex nonlinearities
	Abstract
	1 Introduction
	2 The Nehari manifold
	3 Analysis of the fibering maps
	4 The Palais–Smale condition
	5 The concentration-compactness method
	6 The Proof of our main theorems
	6.1 The Proof of Theorem 1.1
	6.2 The Proof of Theorem 1.2
	6.3 The Proof of Theorem 1.3

	Acknowledgements
	References




