Annali di Matematica Pura ed Applicata (1923 -) (2019) 198:615-637
https://doi.org/10.1007/510231-018-0792-2

@ CrossMark

Embedding theorems for Sobolev and Hardy-Sobolev spaces
and estimates of Fourier transforms

V. I. Kolyada'

Received: 8 April 2018 / Accepted: 17 September 2018 / Published online: 25 September 2018
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag GmbH Germany, part of Springer
Nature 2018

Abstract

We prove embeddings of Sobolev and Hardy—Sobolev spaces into Besov spaces built upon
certain mixed norms. This gives an improvement of the known embeddings into usual Besov
spaces. Applying these results, we obtain Oberlin-type estimates of Fourier transforms for
functions in Sobolev spaces W]] R").
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1 Introduction

This paper is devoted to the study of some inequalities for functions in the Sobolev spaces
W,{ (R™) and Hardy—Sobolev spaces H Wl1 (R™).

The Sobolev space Wpl R™) (1 < p < 00) is defined as the class of all functions
f € LP(R") for which every first-order weak derivative exists and belongs to L?”(R").
The classical Sobolev theorem (see [26, Ch. V]) states the following.

Theorem 1.1 Letn > 2,1 < p < n, and p* =np/(n — p). Then for any f € W[],(R”)
fllps = clVFfllp- (1.1)

The Lebesgue norm at the left-hand side of (1.1) can be replaced by the stronger Lorentz
norm. Namely, for any f € W},(R”), n>21<p<n,

Ifllp*p < cllVLllp (1.2)
(see [1,21,24,25]).
Let a function f be defined on R" and letk € {1, ..., n}. Set
Ar(h) f(x) = f(x +hey) — f(x), xeR", heR (1.3)
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(e is the kth unit coordinate vector).
The following theorem holds.

Theorem 1.2 Let n € N. Assume that 1 < p < ocandn > 1, or p = landn > 2. If
p<gqg<ooands=1—n(l/p—1/q) >0, thenforanyfeW;(R")

n

< dn\'"? &
Z(/O hﬂf’HAk(h)fnf,’,p;) <c ) Difllp. (14)
k=1

k=1

For p > 1 inequality (1.4) (with the weaker norm || Ay (k) f||, at the left-hand side) was
obtained by Herz [10]. For p = 1, n > 2 Theorem 1.2 was proved in [11] (see also [12]). The
case p = 1 is of special interest; we stress that Theorem 1.2 fails for p = n = 1. However,
this theorem holds for any function f from the Hardy space H'(R) such that f' € H'(R),
if we replace the L'-norm of f'byits H I_norm (see [11,22]).

One of the main results of this paper is the refinement of the inequality (1.4) given in
terms of mixed norms.

Let x = (x1, ..., x,). Denote by X} the (n — 1)-dimensional vector obtained from the
n-tuple x by removal of its kth coordinate. We shall write x = (xx, Xx).

If X(R) and Y (R"~!) are Banach function spaces, and k € {1, ...,n}, we denote by
Y[X] the mixed norm space obtained by taking first the norm in X with respect to x;, and
then the norm in ¥ with respect to X, € R" 1.

We prove the following theorem.

Theorem13 Let 1 < p < ocoandn > 2, orp = landn > 3. If p < g < oo and
a=1—m—-1DA/p—1/q) > 0, then forany f € Wp](R”)

n

00 dh\ /P n
» (fo h—“pnAk(h)fHZq,p[Lp]k7) < S DSl (1.5)
k=1

k=1

We show that the left-hand side of (1.4) is majorized by the left-hand side of (1.5). Thus,
for the indicated values of n and p, Theorem 1.3 provides a refinement of Theorem 1.2. We
stress that inequality (1.5) holds for n = 2, p > 1. However, the question of the validity of
this inequality for n = 2, p = 1 remains open.

As we have observed above, Theorem 1.2 fails for p = n = 1, but in this case there holds
a weaker inequality with L'-norm of f’ replaced by its H'-norm. Similarly, we supplement
Theorem 1.3 by the following result.

As usual, forany 1 < p < oo we denote p’ = p/(p — 1).

Theorem 1.4 Let f € Wl1 (R") (n > 2) and assume that all partial derivatives D; f (j =
1,...,n) belong to the Hardy space H'(R™). Then for any 1 < g<m—1/(n-2)

[ /g’ —1 dh S
Z/ BV AL ) 1]y - < € DD Nl (16)
k=170 k=1

That is, inequality (1.5) holds for p = 1,n = 2 if the L'-norms of the derivatives are
replaced by the Hardy H I_norms. Of course, for n > 3 (1.6) follows from (1.5).

We should note that this work was partly inspired by the Oberlin estimate [20] of Fourier
transforms of functions in the Hardy space H'(R"). We apply inequality (1.5) to obtain an
analogue of this estimate for the derivatives of functions in Wl1 (R™). In particular, we prove
the following result.
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Embedding theorems for Sobolev and Hardy-Sobolev spaces and. . . 617

Theorem 1.5 Let f € W/ (R") (n > 3). Then

D 2K sup /Slf(s>|da<s)5c||wm, (17)

ke 2k51.§2k+1

where S, is the sphere of the radius r centered at the origin in R" and do (§) is the canonical
surface measure on Sy.

For n > 3 this theorem gives a refinement of the Hardy-type inequality

/Rn |F@©11EI"" dg < IV fII1,

which was proved for f Wl1 (R™) (n > 2) by Bourgain [4] and Petczyriski and Woj-
ciechowski [23].

As in the case p = 1 in Theorem 1.3, it is an open question whether Theorem 1.5 is true
forn = 2.

The paper is organized as follows: We give some definitions and auxiliary results in Sect. 2.
In Sect. 3 we prove inequalities between Besov norms built upon the spaces L?¥(R") and
LP’V(R"_I)[L’ (®)], I <r,v < p.In Sect. 4 we prove Theorem 1.3. Section 5 contains the
proof of Theorem 1.4. Section 6 is devoted to estimates of Fourier transforms of functions
in W] (R").

2 Some definitions and auxiliary results

Denote by So(IR") the class of all measurable and almost everywhere finite functions f on
R such that
Ar)=|{x e R": [ f(x)| > y}| < oo foreachy > 0.

A nonincreasing rearrangement of a function f € Sy(R") is a nonnegative and nonincreasing
function f* on Ry = (0, +00) which is equimeasurable with | f|, that is, A ;+ = A 7. The
rearrangement f* can be defined by the equality

(@) = sup inglf(x)l, 0<t<oo 2.1

|E|=1 X

(see [5, p. 32]).
The following relation holds [2, p. 53]

t
sup / |f(x)|dx=/ F*(u)du. 2.2)
E 0

|E|=t

In what follows we denote

1 t
[7 0 = */ fH(wdu. (2.3)
rJo

For any ¢ > O there is a subset £ C R” with |E| = ¢ such that

1
! / Fldx = £ 2.4)
tJE

(see [2, p. 53)]).
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618 V.. Kolyada

Let0 < p,r < oo. A function f € So(R") belongs to the Lorentz space L?" (R") if

o0 Fde\r
Lferr =1 fllpr = (fo ("7 f* ) 7) < 0.

We have that || f][,,, = || fllp. For a fixed p, the Lorentz spaces LP*" strictly increase
as the secondary index r increases; that is, the strict embedding L?>" C L?* (r < s) holds
(see [2, Ch. 4]).

We will use the following Hardy’s inequality (see [2, p. 124]).

Proposition 2.1 Let ¢ be a nonnegative measurable function on (0, 00) and suppose —oo <
A<landl < p < oo.Then

[e%e) - t Pdt 1/p 1 [e%e} N pdl‘ 1/p
(/0 (i /Ofp(u)du) 7) fﬁ</o 20) 7) .

Applying Hardy’s inequality with p > 1, A = 1/p, we obtain that the operator f > f**
is bounded in L? for p > 1,

p
IIf**Ilpfﬁllfllp, 1 <p<oo. (2.5)

We say that a measurable function v on (0, 00) is quasi-decreasing if there exists a constant
¢ > O such that ¥ (1) < c¥(t2), whenever 0 < 1, < t] < o0.

It is well known that in the case 0 < p < 1 Hardy-type inequalities are true for quasi-
decreasing functions. We will use the following proposition (a short proof can be found, e.g.,
in [17]).

Proposition 2.2 Let r be a nonnegative, quasi-decreasing function on (0, 00). Suppose also
thata > 0,8 > —1and0 < p < 1. Then

/oo u*“”(/u w(z)tﬁdt)pdu < c/oo = (y (wuP ) du.
0 0 0

Let a function ¢ € L?(R). Set
AMep(x) =p(x +h) —px), heR, (2.6)
and

w(p;t)p = sup [[A(W)gllp, 1 =0.

|h|=<t
Ul’'yanov [28] proved the following estimate: for any ¢ € LP(R), 1 < p < 00
(1) — 9 <207 Pw (@i 1)
It easily follows that

oo
d
@ (1) < 2/ s~ Pw(p; S)p?s 2.7
t

(see also [14, p. 149], [27]). Using these estimates, Ul’yanov obtained thatif 1 < p < g < oo
and ¢ € L?(R), then

o0 1/q
llellq SC(/O f"/”IIA(l‘ﬂPII%dl) (2.8)
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and
5 1/q
w(p;8)y <c ( / R LdIINGYIIN dr) 2.9)
0

(some discussions and generalizations of these results can be found in [14] and [16]).
In the next section we consider functions (x, y) +— f(x,y), where x € R, y € R 1
and we denote

Ay f(x.y) = fx+hy) = flx.y), heR (2.10)

Let V = V(R") be a Banach function space over R” (see [2, Ch. 1]). We shall assume that
V is translation invariant, that is, whenever f € V, thent, f € V and ||t fllv = || f||v for
all h € R", where 7;, f (x) = f(x — h). Let f € V. Set

w1 (f;8)v = sup [[Ar(h) flly, §=0.
[h]=<d
In these notations, the subindex 1 indicates that the difference is taken with respect to the

first variable x.
We have the following inequality

3 )
o1(f: 8)y < 3/0 1AL (h) flydh. @.11)
Indeed, if t, h € [0, 8], then
1ALl < 1AL fllv + 1AL — 1) flly.

Integrating with respect to /4 in [0, §] (for a fixed ¢ € [0, §]), and then taking supremum over
t, we obtain (2.11).

3 Different norm inequalities

Throughout this paper we use the notation (1.3).
Let0<a < 1,1 <p<oo,and 1 <6 < oo. The Besov space Bg’G(R”) consists of all
functions f € L?(R") such that

n o dir\ /8
||f||B;_é,=||f||,,+;§(/0 (1 ||Ak(t)f||p)07> - .

The classical different norm embedding theorem states that if 1 < p < ¢ < oo and
a>n(l/p—1/q), thenforany 1 <6 < oo

BS o(R") C BY J(R"), where f=o—n(l/p—1/q).

and for any f € B;"Q(R”)
1fllgs, < ellfllsg, 3.1)

(see [19, Ch. 6]).

Roughly speaking, passing from L? to LY, we lose n(1/p — 1/g) in the smoothness
exponent.

We shall be especially interested in the one-dimensional case of this theorem. Note that
forn =1 (3.1) follows immediately from (2.8), (2.9) and Hardy’s inequality.
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620 V.. Kolyada

In this section we obtain different norm inequalities for the Besov spaces defined in some
mixed norms. First of all, we are interested in these results in connection with embeddings
of Sobolev spaces (in particular, for the comparison of Theorems 1.3 and 1.2).

We keep notations introduced in Sect. 2. Namely, we use the notation A (/)¢ for functions
of one variable (see (2.6)). The notation A () f (see (2.10)) is applied to functions (x, y) >
f(x,y), wherex e R, y € R (n >2).

Letl <0 <00, 0 <a <1.LetV = V(R") (n > 2) be a translation invariant Banach
function space. Denote by Bg‘; 1 (V) the class of all functions f € V such that

o gdh 176
1 f1lze vy = 1 £llv + (/ (w1 (f5 hyv] 7) < o0,
’ 0

As above, the subindex 1 indicates that the difference is taken with respect to the first variable
x. Applying (2.11) and Hardy’s inequality, we obtain that

dh

/ [h*“m(f;h)v]g;sc/ [h*“HAl(h)va](’? (3.2)
0 0

As in Sect. 1, if X(R) and Y (R"~!) are Banach function spaces, we denote by Y[X]; the
mixed norm space obtained by taking first the norm in X (R) with respect to the variable x,
and then the norm in ¥ (R"~1) with respect to y. In this section the interior norm will be taken
only in variable x. Therefore, in this section we write simply Y[ X] (omitting the subindex 1).

First, we have the following simple proposition.

Proposition3.1 Letr1 <0 < oo, 1 <r < p <oo,and 1/r —1/p <a < 1. Set B =
a—1/r+1/p.Then Bg;l(Lp[Lr]) C B(lil(Lp(]R")); more exactly, forany f € Bg. (LP[L"])

WAl = cllfllBe wrirry (3.3)

and
dh

1 (3.4)

* 6 Gdh © 0 %
/0 WO ) 1 < c/O B0 Ay ) £11% 0

Proof Denote V. = LP[L"]. Let [ € Bg‘;l(V). For a fixed y € R"7!, set fHr&x) =
f(x,y), x € R. By (2.8), we have

o0
1AL < c/o PP AG) fy 1P dr.

Integrating with respect to y gives

o0
5 < c/O I INIGY k2

Applying standard reasonings (see, e.g., [2, Ch. 5.4]), we get

) 1/p
(/0 r"’/’nAl(r)fn’;dr)
1 dt 1/6
EC[IIf'Iler(/O [z*gﬂ'nm(t)fnvf?) }

These estimates imply (3.3).
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Further, inequality (2.9) gives that

h
AWM fyllp = cfo IA@ fllFeP/ .

Integrating with respect to y, we get

[ e sasay = [ iam iy

h h
< c/ / 1A fyllFtP/"dedy = c/ ALY flIh P/ dr.
R-1 Jo 0

This implies that

o0 dh
O A () 110, —
/ &

00 h 0/pdh
sc/ h*9ﬁ</ IIAl(t)fIICt”’/’dt) <.
0 0

If & > p, then we apply Proposition 2.1 and we obtain (3.4). Let & < p. Observe that
the function ¥ (1) = w1 (f; t)v/t is quasi-decreasing. Hence, applying Proposition 2.2 and
inequality (3.2), we get

o0 dh
—0, 0
/0 W81 1155

00 h 0/p dh
< c/ h=% (f a)l(f;t)f,t_”/’dt) —
0 0 h

dh

/ * —Oa 6 dh ” © —Oa 6
<c W o1(f;h)y— <c =75 N AL(h) fITy —-
0 h 0 h
This implies (3.4). O

Note that, in contrast to (3.1), the loss in the smoothness exponent given by (3.4) is only
1/r — 1/ p. It is natural because the integrability exponent changes in only one variable.

Now, we replace the L”-norm in (3.3) and (3.4) by the L?-V-Lorentz norm. In this case
simple arguments similar to those given above cannot be applied. Indeed, it was shown by
Cwikel [6] that if p # v, then neither of the spaces LPV(R2) and LP(R)[LPY(R)] is
contained in the other. Therefore, we apply different methods; namely, we shall use iterated
rearrangements.

Let g € So(R"), n > 2. Forafixed y € R"~!, denote by Rig(s, y) the nonincreasing
rearrangement of the function gy(x) = g(x,y), x € R. Further, for a fixed s > 0, let
R1.,g(s, 1) be the nonincreasing rearrangement of the function y — R1g(s, y), y € R""!

The iterated rearrangement R 2 g is defined on Rﬁ_. It is nonnegative, nonincreasing in
each variable, and equimeasurable with |g| function (see [3,15,16]).

LetO < p,v < 00, and n > 2. For a function g € So(R"), denote

1/v
lgllcrr = (/2 (s)"P7 IRy 2g(s, 1) det)
R+

(see [3]). The following inequalities hold [29]:

lgllpy = cligligey ifO<v=<p<oo (3.5)
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622 V.. Kolyada

and
lgllzey < cliglipy ifO<p<v < oo. (3.6)

Proposition3.2 Letr1 <0 <oo, 1 <v<p<oo 1l <r<pandl/r—1/p <a < 1.
Set B =a —1/r+ 1/p. Then Bg‘;l(LP'”[Lr]) - Bg;l(Lp*”); more exactly, for any f €
By, (LP"[L"])

A llLre < el fllBg, @wrriery (3.7)

and

R dh e dh
fo WAV FIT = SC/O R0 A ) FI g (3.8)

[
Proof Let f € Bg"] (LP-P[L"]). Set gp(x, y) = |A1(h) f(x, y)|. Let s and A be fixed positive
numbers. We consider the function y — Ry¢p(s,y), y € R*™!. Asin Sect. 2 above (see

(2.4)), we can state that forany ¢ > Othereexistsaset E = E; ;5 C R" ! withmes,_| E = ¢
such that

1
Ri20n(5.0) < / Rign(s. y) dy. (3.9)
E

By (2.7), for any s > 0
o0 du
Rign(s,y) <2 o(pn(, y); M)VW- (3.10)
s

Set gu,n(y) = @(gn(-, y); u)r. By (2.2), we have

1 *%

" gun(¥)dy = g,5,@). (3.11)

E

Applying inequalities (3.9), (3.10), and (3.11), we obtain
2 [ d du
Ri20n(s, 1) < 7 Egu,h(y) My

> du
*
=< 2K 8 (f)m~

Further, we shall estimate

o0 o0 |
ALY fIlp = / / (0P Ry 2gn (s, 1) dsdr,
0 0

Fix t > 0. Applying Hardy’s inequality, we have

o 1 00 . 00 du v
fo sVPTIR sgp(s, 1)'ds < 2“/0 sV </ gf“”m) ds
N

o0
< c/ s”/P_”/’_lgj’*;,(t)”ds.
0
Thus,

1A iz = [ 607 R s (5,1 dsds
T

o o
< c/ s”/p_v/r_lf tv/p_lg;‘jl(t)”dtds
0 0

o0
< / SUPT g 1Y ds.
0
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By (2.11), we have

gs.n(y) = @(n(-, y); 8)r < E/O A @)n (-, y)||-du.

Thus, by the Minkowski inequality,

c s
l1gs.nllLrv < E/ [[A1@)gnllydu, where V = LP"[L"].
0

Using this estimate and applying Hardy’s inequality, we obtain

o] B B 1 s v
AL flzps SC/O sV 1(;/0 |IA1(M)¢h||vdu> ds

o0
< a/ P A ()l d.
0
Obviously,

[IA1()enlly < 2|[A1(min(s, k) fllv.
Thus,

dh

o0
/ CRINIOYI=
0

00 00 9/th
SC/ h—9ﬁ</ s”/f’—”/f—‘nm(mm(s,h>>f||"vds> —
0 0

h
Sc’[ h*eﬂ(/ s”/p’”/”lllAl(s)fll”vds> —
0 0 h

* o0 " dn
+ f = A (h) F11S, </ s“/l’—“/’—lds) — = c(Ii + D).
0 h

First,
* —bOa 6 dh
L=c h IIAl(h)f||v7~ (3.12)
0
Further, if & > v, then by Proposition 2.1 we obtain
e« dh
I SC/ O IESTON (&t (3.13)
0

If 6 < v, we obtain estimate (3.13) exactly as in Proposition 3.1. Namely, using the fact
that the function ¥ (t) = w1(f;t)y/t is quasi-decreasing, we apply Proposition 2.2 and
inequality (3.2). Estimates (3.12) and (3.13) give that

o0 dh o0 dh
/ h—9ﬂ||A1(h>f||%p.75c/ IRINON
0 0

Since v < p, the latter inequality implies (3.8) (see (3.5)).
Inequality (3.7) follows by similar arguments; we omit the details. O

Remark 3.3 In this work we apply Proposition 3.2 only forv = r < p. It would be interesting
to consider other cases and further generalizations in this direction.
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4 Embeddings of Sobolev spaces W,} (RM

In this section we prove a refinement of Theorem 1.2. For 1 < p,g <ocandk =1,...,n,
denote by V; , «(R") the mixed norm space L7 (R"H[LP(R)]x obtained by taking first
the norm in LP(R) with respect to the variable x, and then the norm in L9-?(R"~!) with
respect to x.

We shall use the following simple fact.

Proposition 4.1 Let a function ¢ be defined on R and assume that ¢ is locally absolutely
continuous (that is, ¢ is absolutely continuous in each bounded interval [a, b] C R). Let
¥ = |@l|. Then, ¥ also is locally absolutely continuous and

[/ ()] < |¢'(x)| for almost x € R.
Indeed, this statement follows immediately from the inequality
[V (x+h) — )] < lex +h) —ex)]

Theorem4.2 Let 1l < p < ocoandn > 2, 0orp = landn > 3. If p < q < oo and
a=1—=@—1)(1/p—1/q) >0, then forany f € W}(R")

n

= dn\\/»
Z(/O h_OtPHAk(/’l)f“\p;q.p.k?) <clIVfllp. @.1)

k=1

Proof We estimate the last term of the sum in (4.1). Set

1/p
on(Xn) = </R IAn(h)f(X)I”dxn>

and

1/p
Vi (X)) = (/RIDjf(x)l”dxn) ., J=1L...,n

We consider the integral

o dh
J= / WK () o (42)
0 h
where
o0
K =18, 11, = [ g,
p.n 0
Set
00 hnfl
K (h) =/ Pl (1)Pdr, Kz(h)=/ Pl (1)Pdr. (4.3)
hn—1 0
Forany h > 0

h
| An(h) £ ()] 5/0 Dy £ (x + uey)|du.

Raising to the power p, integrating over x, in R, and applying Holder’s inequality, we obtain
h p
on(x)?P < / (/ [Dy f(x + uen)|du> dxn, < hPy, (x,)F.
R 0
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Thus,
op(t) < hyry (1). 4.4

From here (see (4.3))

o0
Ky (h) shf’/h 1t”/"‘”/f,i‘(t)l’dt

and therefore

% dh o0 o0 dh
Ji :/ hP K (h)— 5/ h“*“)l’/ Pl g (P dr—
0 h 0 n—1 h

hn—
o0 (/=1
dh
= tPla=1y* ¢ p/ p—0p ="
fo Yt i d
o0
=(1- a)p)‘lfo Y ()Pdt = c||Du f115.

This estimate holds for all p > 1 and n > 2.
Estimating K, (h), we first assume that p = 1 and n > 3. Set

@) = / £ )] .
R
Then ||g|[1@n-1) = I|.f1|1@n)- Moreover, g € W/ (R"~") and

IDjellp@n-1y < IDj fllpigny, J=1,....n—1 (4.5)

Indeed, since f € W,l (R™), then forany j = 1, ..., n and almost all fj € R"! the function
f is locally absolutely continuous with respect to x; (see, e.g., [30, 2.1.4]). Thus, we can
apply Proposition 4.1.

‘We have
o) = [ 1£@Is+ [ 176+ heldn, =26,
Thus (see (4.3)),
Kz(h)SZ/Ohnl Va1 g (1)di
and

dh %) h"—
/ “Kg(h)— 52/ h*“/ tl/a=1 *(t)dt

2/ (a—1 *(t)/ p=Vp@n-n-197
1/(n—1) h

:C/O V=D eyt = cllgllm_1y.1

Taking into account (4.5) and applying inequality (1.2), we get

n—1

B < cllgllm-1ya < > IID; fllh.
Jj=1

Together with the estimate J; < c||D,, f||1 obtained above, this gives (4.1)for p = 1,n > 3.
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626 V.. Kolyada

Letnow p > 1, n > 2. In what follows we write x = (i, x,,), u =X, € R L.
Forafixedu € R* ! and ¢ > 0, denote by Q,(¢) the cube in R"~! centered at u with the
side length (41)1/=D Let

Aurn =1{v € Qu®) 1 gn(v) < ¢, 21)}.

Then mes,,—1 A, ;,» > 2t. Thus, we have

1
B S / on(v)dv
meSnflAu,t,h Ayt

) lon(u) — p(v)|dv. (4.6)

on(u) — ¢, 21) < gp(u) —

S PR
2t Jo,a

Further,

1/p
lon(u) — gn(v)| = ’(/R [f @, xp +h) — f(u,xn)l”dxn>

1/p
- (/ [f(v, xp +h) — f(v,xn)l”dxn)
R

1/p
<2 </]R | f(u, x,) — f(v, xn)|pdxn) .
We have (see [18, p. 143])
n—1 1
) = Fom)l < = vl 3 [ 1D f v = .3,
=170
Ifv e Q,(t), then |u —v| < v/n — 126)Y/®=D Thus, by the Minkowski inequality, for any

ve Qu)
lon (1) — pr(v)|

n—1 1 P
SC[I/(Vt—DZ(/ </ |Djf(u+r(v—u),xn)|d1') dxn>
‘ R \Jo
j=1
n—1 .1 1/p
< ct‘/<"—”2/ (/ |Dj f(u+T1( —u),xn)V’dxn) dr
oo R

1/p

n—1 .1
:Ctl/(nfl)Z/ Y+ t(v—u)dr.
j=1"0

From here and (4.6),

n—1

on(u) — @i 1) < et/ 1=D-1 Z/

1
/wj(u-l-rz)dtdz. 4.7
o1/ Jo

Taking into account that

1
er(t) < sup *[¢h(“)du,
t JE

mes,_| E=t
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and applying (4.7), we get
1
@) — @ (2t) < sup n / [on (1) — @j, (2)]du

mes, | E=t

n—1

< V== IZ / / /W,(u—l—fz)dudrdz
i1 mesn— 1E 1J o) Jo T

Let EC R" ! mes, | E =t Thenforall t € [0,1]and 7 € Qo(1)
1 ok
— | ¥+ Tdu < i 0).
tJE

Thus, we have that
n—1

o) — @p20) < et/ DN "y, (4.8)

Jj=1

Now, for any ¢ > 0, we have

1/8 hn—l dh l/p
Jz(g)l/p — ([ h—ap/ 1 [p/q—l(p;:([)pdth>
& 8}1—
00 hn—l dh l/p
< fo per /0 g0 - greora S

1/¢ ! dn\ """
n / hfap/ tp/qflq,;:(zt)l’dt7 =1"+1"(e).
e Sn—l

1/p

By (4.8) and (2.5)

n

hn—l
I <c foo h—ap/ ,p/q+p/(n—l)—1w>r*(t)pd,%
, 0 0 ! h

S~
_— =

00 00 d/’l 1/p
c (/ tp/q+p/(n—l)—1w>§<*(,)p/ ho dt)
¢ 0 J 1/(n=1) h

J

n

1 n—1 n—1
¢ (/ w**m"dr) <"y il =¢" > ID; fllp-
1 j=1 j=1

J

Further,

1/e 2pnt an "
I"(e) = 2—P/<1/ h_‘”’/ tp/q_l(p,f(t)pdt—
e 2en—1 ]’l
1/8 hn—l dh l/p
< 271/51 </ h*Olp/ l tp/ql‘P;T(t)pdth)
& en—
1
42 1/a ooh—ap = tP1a=1 ¥ ()P % &
@, (HPde
0 hn—1 h

zz*M(h@ﬂm+1yg.
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As we have proved above, Jll/p < c||Dy fllp. Thus,

n
L@ <1 +1"(e) <2710 7 + ¢ 11D £l
j=1
and
n
L@ <Y IDj £l
j=1

This implies that

1 00 it . dh
J2 P _ / h—ﬂfﬁ/ tﬂ/q— (p;:(t)pdt7
0 0

Thus, we have (see notations (4.2) and (4.3))

1/p

n
<Y D fllp-
j=1

n
S8 < 37 4 20 < S 1Dy il
j=1

In turn, this yields (4.1) for p > 1, n > 2. O

Remark 4.3 By Proposition 3.2, inequality (4.1) gives a refinement of (1.4).

We stress that (4.1) is true for p > 1,n = 2. As it was already observed, we do not
know whether this inequality is true for p = 1, n = 2. However, we shall show that similar
inequality holds for p = 1, n = 2 if we replace the L'-norms of derivatives by the Hardy
H'-norms.

5 Embeddings of Hardy-Sobolev spaces

For a function f € L'(R") the Fourier transform is defined by
Feor= [ roeian gew
RH

Let f € Ll(R"). The Riesz transforms R; f (j = 1,...,n) of f are defined by the
equality
_ T+ 1)/2)

= tm < Y ey, o = D@ D/2)
Rip@ = tim e [ e 6=

The space H!(R") is the class of all functions f € L!(R") such that R if € L'(R™)
(j=1,...,n). The H'-norm is defined by

Wf 1 = 1LF I+ DR £l

j=1

(see [7, p. 144], [8, Ch. I1L.4]).
Iffe H'(R™), then we have (see [8, p- 197])

i

| 1 ().

(R; (&) =
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Let P, be the Poisson kernel in R". We consider n + 1 harmonic functions in R’fl =
R™ x (0, +00)

uo(x, 1) = (Prx f)(x), ujx,t)=(P*R;H)(x) (j=1,....n). (6.1
These functions satisfy the equations of conjugacy

ouj ouy . - ouj
— == (0<j,k<n), E — =0 =t 5.2
0Xx 0x; O=j.k=n) o, 0x; (x0 ) (5-2)

(see [8, Ch. II1.4]).
For any x € R”, denote by I'(x) the cone
F'x) = {(y,t) € ]R’jr+1 =yl < t}.
Let f € L' (R"). The nontangential maximal function Nf is defined by

Nf(x) = sup |(Prx )Y
(.DEr (o)

A function f € L'(R") belongs to H!(R") if and only if Nf € L'(R"). In this case
clfllm < INFIh < NIl (e > 0) (5.3)

(see [8, Ch. IIL.4], [9, Th. 6.7.4]).
The nontangential maximal function N f is controlled by the vertical maximal function

Ny f(x) = Sug [(Py = f)(x)].
t>

Namely, Nf € L'(R") if and only if N, f € L'(R"), and in this case
Ny fll S 1INFlI < cllNy f1 (5.4

(see [7, p.170], [9, Th. 6.4.4]).
Furthermore, if f € H'(R"), then

S NN fill < cllf g (5.5)

j=0

where fo = f, fj =R;f (j=1,...,n) (see [26, Ch. VIL3.2])).
Inequalities (5.3)—(5.5) imply that for any f € H'!(R") its Riesz transforms R ifG=
1,...,n) belong to H'(R") and

IR fllgy = cllfllgr G=1.....n) (5.6)

(see also [8, pp. 288, 322]).
Denote by H Wll (R") the space of all functions f € H'(R") for which all weak partial
derivatives D; f exist and belong to H L(rm),

Lemma5.1 Let f € HW]1 Ry and let u(x,t) = (P; % f)(x), t > 0. Set

u
7()}! [)

o . (5.7)

Nf(x)= sup
(y,0)el(x)
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Then .
N <3 NQR;(D; @) (5.8)
j=1
and .
IN Il < e S ND; fllg- (5.9)
j=1

Proof Letu;(x,t) = P;* (Rjf)(x) (j =1,...,n). By the Fourier inversion,

uj(x, t) / f(s) |§]| 2mwik-x 72N|E\td5

Further,

du; __ . igj (2mikx =2 lE]t
il = [ it Fio)l de.

Indeed, differentiation under the integral sign is justified by the convergence of the integral

/ £ FE)le 2 Eldg, 1> 0.
Rll

Thus, ;
%(x,t):(P,*(Rj(Djf)))(x) G=1,....n). (5.10)
J
By (5.2),
du _ | du; s 1
57D _/Z:; E(m). (5.11)
Applying (5.11) and (5.10), we get (5.8). By (5.3) and (5.6), this implies (5.9). ]

As it was mentioned above, the following theorem holds.

Theorem 5.2 Assume that f € HWl1 R"Y mneN)and1 < q < n'. Then

S dh =
Do R A fllg— < e DDk Iy
k=19 h k=1

For n > 2 this result follows from Theorem 4.2; for n = 1 it was proved in [22] (see also
[11]).

In this section we obtain a refinement of Theorem 5.2 for n > 2. For 1 < ¢ < oo and
k=1,...,n,denote by V, ; the mixed norm space L9V R*D[LL(R)]x obtained by taking
first the norm in L' (R) with respect to the variable xx, and then the norm in L9 L(®r"=1y with
respect to Xy.

Theorem 5.3 Assume that f € HWll(]R”) n>2.Ltl <g< m-—1"and a =
1—(m—1)/q". Then

Z/O ||Ak(h)f||vqk cZHDkaH] (5.12)
k=1
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Proof For n > 3 (5.12) follows from the stronger inequality (4.1). We assume that n = 2.
Set

</’h(x)=/H;|f(X,y+h)—f(xay)|dyv h>0,

We consider the integral
o o0
J:/ h_l/‘f_lf sta=tgk(s)dsdh. (5.13)
0 0
We have

[o.¢] o0
=/ h—‘/q—1/ /471 p¥ (s)dsdh
0 h

o0 h
+ / hl/a—1 / sVl (s)dsdh = Jy + Jh.
0 0
As in Theorem 4.2, we have the estimate

@ (s) < hg*(s), where g(x)szlsz(x,y)ldy. (5.14)

Applying this estimate, we immediately get that
Ji =cllD2f . (5.15)

Further, for the simplicity, we may assume that Jo < oo (otherwise we can apply the same
arguments as ones given at the final part of the proof of Theorem 4.2 for estimation of J3).
We first consider the difference ¢; (s) — ¢} (2s). Denote

v (x) Z/RN(le)(x,y)dy,

V1(x) Z/RN(Rl(le))(x,y)dy, 1//2()6)Z/RN(Rz(sz))(x,y)dy,

and ¥ = v + 1 + Y.
Let x € Rand s > 0. There exists T = 7(x, s) € (0, 2s) such that

op(x +27) < @y (2s) and W(x 4 27) < U¥(s). (5.16)
Indeed, let A be the set of all u € (0, 4s) such that at least one of the inequalities
on(x +u) > @y (2s) or W(x +u) > W(s) (5.17)

holds. Thenmes; A < 3s and therefore there exists u € (0, 4s) for which both the inequalities
(5.17) fail.
Further, we have

on(x) — @5 (28) < op(x) — @p(x +27)
<2 [ 170+ 20 - S play. (5.18)
R
For fixed x, y, and s, consider the cones

''=T(,y) and ', =T(x + 21, y).
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The point (x + 7, y, ) belongs to both of them. Let u = P; % f. Then

Lf(x 427, y) = f(x, y)]

= |f(x7y)_u(x+T,y7f)|+|f(x+2f,)’)_U(X+T,y,f)|
T (| ou ou

f/ 7(-x+tsyvt) + 7(x+t5yvt) dr
0 d9x at

T/ ou ou
+/ —@xF+Tt+s,y, 1=+ |—&+T+s5,y,T—35)
0 ax at
a
<t sup (‘1@,’ ¥ 1) >
',y ,H)el 0x
d d
+1  sup < Py + ‘—u(x’, v )
(JC’,)",Z)EFQ Jx ot
< t[ND1f)(x,y) + N(D1f)(x +21,y) + Nf(x,y)+Nf(x+2r, ]
(we have used the notation (5.7)). Applying (5.8), we have

)os

wu, ,
— 'yt
+’8[(x v,

|f(x+27,y) = fx, | =T (N(D1 )Hx, y) + N(D1 f)(x + 21, y)
+ N(Ri(D1f)(x,y) + N(R(D1f))(x + 27, y)

+ N(R2(D2f))(x,y) + N(R2(D2 f))(x + 21, y)) .
By (5.18), this implies that

on(x) — @ (25) < 2T(W(x) + W(x +21)),
where W = ¥ 4+ Y| 4+ ¥». Taking into account (5.16), we obtain

@1 (s) — @i (2s) < BsW*(s).
From here

(o) h
Jé:/o h*W*l/O sV ¥ (s) — @f (25)1dsdh

00 h 00
< 8/ h—l/q—‘/ sV9g* (s)dsdh = 8q/ W (s)ds = 8¢||¥[|;.
0 0 0

Applying (5.3) and (5.6), we get

¥l = [IN(D1 O+ INR (D1 DI+ 1IN (R2(D2 f)] 1
<cID1fllgr + D2 Sl g1)-
Thus,

Jy <Dt fllg + 11D2f 1 g)- (5.19)
Further, we consider

[ee) h
Jg:/ h*l/%l/ sta=tyx2s)dsdh.
0 0
We have (see (5.13))

00 2h

Jé’:Z’l/q/ h’l/‘f’l/ stVa=1gk(sydsdn < 2714, (5.20)
0 0
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Using estimates (5.15), (5.19), and (5.20), we obtain
J <2797 +c(IDi fllgn + 11D2 f 1l ). (5.21)

We assumed that Jo» < oo and hence J = J; 4+ J» < oo. Thus, (5.21) implies (5.12) for
n=2. ]

6 Estimates of Fourier transforms

By Hardy’s inequality, for any f € H'(R") (n € N)

f SOl e ol il 6.1)
re |EI"

It was first discovered by Bourgain [4] that for n > 2 the Fourier transforms of the deriva-
tives of functions in the Sobolev space Wl1 (R™) satisfy Hardy’s inequality. More exactly,
Bourgain considered the periodic case. His studies were continued by Petczyriski and Woj-
ciechowski [23]. The following theorem holds (Bourgain; Petczynski and Wojciechowski).

Theorem 6.1 Let f € W} (R") (n > 2). Then

/Rn IF©IE"dE < IV Fih. (6.2)
Equivalently,
[CINGIN e
: D . 6.3
Z[ S R M 6.3)

This is Hardy-type inequality. These results were extended in [13,15].
In contrast to (6.1), inequalities (6.2) and (6.3) fail to hold forn = 1.
Oberlin [20] proved the following refinement of Hardy’s inequality (6.1) valid for n > 2.

Theorem 6.2 Let f € H'(R") (n > 2). Then

> 2K sup IF®1do @) < cll i, (6.4)

keZ 2k§r§2k+| Sy

where S, is the sphere of the radius r centered at the origin in R" and do () is the canonical
surface measure on Sy.

Inequality (6.4) was used in [20] to obtain the description of radial Fourier multipliers for
H'(R™) (n > 2). Observe that these results fail for n = 1.

In this section we prove some estimates of Fourier transforms of functions in Wl1 (R™)
(n > 3). In particular, these estimates provide Oberlin-type inequalities for the Fourier
transforms of the derivatives of functions in Wll (R™).

‘We shall use the notation (2.3).

Theorem 6.3 Let f € W} (R") (n > 3). Then

> [ Eehar < v, (©5)
=1
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where

Fi &)= sup [F&) (t>0). (6.6)

[§1=t
Proof We estimate the first term of the sum in (6.5). Set ¢, (x) = A1 (h) f(x). Then
gh(€) = FEE M — 1),

Lets > Oand r = 1/¢. Assume that |£;| > ¢. Then

LT o
f/ |7 et — 1|dh
T Jo

v

1 /T(l — cos(2mw&rh))dh
T Jo

W>l_ 1 >]_7.
2n&it T 2|t T 2w

It follows that

2 (7 ~

;/0 lon(E)Idh > | fE)| if & =1
and

- SuP / G0 ()|dh > Fy 1 (E).

T &)=t

By (2.2), we have

IA

| 2pl-n L R
pe Tt swp  sup f / G (®)IdhdE,

T mesy_i E=t"—1 &=t JE JO

2tlfn T R
< sup / sup / |@n (§)1d&1dh.
0 E

T |al>t mes,,_1 E=t"—!

Let 1 < g < (n—1); then ¢ < 2. By Hélder’s inequality, for any set E C R"~! with
mes,_; E ="' and any fixed§; e R

-~ ! !~ l/q/
. / \Gh (§)|dE, < ¢~ D/a ( / G dsl) :
E Rl

Observe that for fixed h > 0 and &1 € R, @p(§) = (@), (£,) is the Fourier transform of the
function

T / Ar(h) f(x)e 2T gy
R

Applying the Hausdorff—Young inequality, we obtain

N\
(f |<@)s,<sl)|‘fda) s(/
Rn—1 Rr—1
q 1/q
E(/ ( |A1(h)f(x)|dx1> dfl) .
Re—1 \JR

Thus, we have

q 1/q
d?c])

/ A f (r)e 276 dy
R

ztl—n T -
sup SUP// lon (§)1dhdé;
0

T mes,_i E=t"—!|&1|=t JE

v
< 2¢1=(=D/q f NAL(R) fllpappydh
0
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It follows that
e 0 /g v
/O Fria"hdr < 2/0 t!1=(=Dia fo AL () f 1l pagzrydedt

= pn=n/g'-1 dh
=c ; h IIAl(h)f||Lq[L1]7~

Applying Theorem 4.2, we obtain that

o0
/ F@de < cl|V £l
0

]
Similarly, we have the following theorem.
Theorem 6.4 Let f € HW/| (R?). Then
o0
/ [F7(0) + F501de < eIy fllgy + 11D2 f 1),
0
where
Fri®) = sup [F& I, Fia0n) = sup |F (& n)l.
[n]=1 €|zt
Applying Theorem 6.3, we obtain the following Oberlin-type estimate.
Theorem 6.5 Let f € W/ (R") (n > 3). Then
D2 sup |F®)ldo &) < clIV [, 6.7)

keZ 2k5r52k+1 Sy

where S, is the sphere of the radius r centered at the origin in R" and do (§) is the canonical
surface measure on Sy.

Proof Let B/ be the ball in R"~! of the radius /+/n’ centered at the origin. Set

S+:{ses,:s<>i} and S—:{ges,:s«—i}.
r,J J_«/;l r,J J = «/’;

Clearly,

n
S:fj us, =1{es €€ B} and S, = U(S;fj us, ). (6.8)
j=1

The surface S: j is given by the equation

g =\ =P &eB.
Using notation (6.6), we have
™ 2 _F2E r F
f(\/r — &1 ,Ej)‘ ——d§;

f ) 1do @) =/
st B]
< «/E/B, F,~/ﬁ,j(§j)d§j'

r.J r
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Further, mes,_; B, = c,,r”*I. If 28 < r < 2K1 then mes;,_| B; = k(=D ¢ easily
follows that

K= o /S 17 do @)

2k <p<pk+1
2k(n I)
- -1
< cZk(l n) /(; Ik ,(u)du <c th*/ (tn ),
where 1, = 2/ /n. Similar estimates hold for integrals over S, Takmg into account (6.8),
we obtain

Y 2K sup |F(©)ldo )

keZ 2"<}”<2kJrl Sy
e R Yt = z Tt
j=1keZ
By Theorem 6.3, this implies (6.7). O

We observe that (6.7) is equivalent to the inequality
n
3OY 2k gup / (D} ) §)ldo () < Z 1D, £l
=1 keZ 2k <r <2kt i=1

which is a direct analogue of the Oberlin inequality (6.4).
Clearly, Theorem 6.3 can be used to derive other Oberlin-type estimates. For example,
one can replace spheres by the surfaces of cubes. Fork € Z and 1 < j < n, denote

O =& lgnl =25 1=m=n, m#j).
Applying Theorem 6.3, we obtain the following
Corollary 6.6 Let f € W} (R") (n > 3). Then
n
Do 2 sup / o T @I < clIV £l 6.9)
j=1keZ 2k<|g;|<2k+1 J QO

Let Q = [—2K,2%1" and P, = Ok \ Qi—1 (k € Z). We have
n

sp [ iF@1E =2 [ ife
=12k t<lgyl <2k o/ Py

Thus, (6.9) gives the strengthening of the inequality (6.2) (for n > 3).

Acknowledgements The author is grateful to the referee for the careful revision which has greatly improved
the final version of the work.
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