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Abstract

We introduce a CR-invariant class of Lorentzian metrics on a circle bundle over a three-
dimensional CR structure, which we call FRT metrics. These metrics generalise the Fefferman
metric, allowing for more control of the Ricci curvature, but are more special than the shearfree
Lorentzian metrics introduced by Robinson and Trautman.Our main result is a criterion for
embeddability of three-dimensional CR structures in terms of the Ricci curvature of the FRT
metrics in the spirit of the results by Lewandowski et al. (Class Quantum Gravity 7(11):L.241—
L246, 1990) and also Hill et al. (Indiana Univ Math J 57(7):3131-3176, 2008. https://doi.
org/10.1512/iumj.2008.57.3473).

Keywords Embeddability of CR manifolds - Shearfree null congruence - Lorentzian
manifolds
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1 Introduction

A three-dimensional strictly pseudoconvex almost CR structure is a three-dimensional man-
ifold M with a contact distribution D and a smooth field of endomorphisms J,: Dy — D
such that sz = —id. Such structures naturally occur on strictly pseudoconvex real hypersur-
faces M in C? where

D, =T MNJ,T:M

and J, is the canonical complex structure on 7 C2. The (local) embeddability (or realisability)
problem asks whether there exists a (local) embedding ¢ : M — C? of the abstract CR
manifold M such that the CR structures on tM induced by ¢ and by C? coincide. This problem

B Gerd Schmalz
schmalz@une.edu.au

Masoud Ganji
mganjia2 @une.edu.au

School of Science and Technology, University of New England, Armidale, NSW 2351, Australia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-018-0785-1&domain=pdf
http://orcid.org/0000-0002-6141-9329
https://doi.org/10.1512/iumj.2008.57.3473
https://doi.org/10.1512/iumj.2008.57.3473

492 G. Schmalz, M. Ganji

is equivalent to finding two functionally independent CR functions, that is, solutions to the
complex linear PDE

af =0, (1

where 3 = X + iJ X for some non-vanishing section X of D.

While Eq. (1) has sufficiently many solutions for real-analytic CR structures (see e.g. [8])
to make them embeddable, it is well known that for almost all non-analytic CR structures
only constant CR functions exist [9,14,15].

It has been known to physicists since the 1960s (see e.g. [4]) that the existence of a
non-constant CR function on M is equivalent to the existence of a Lorentzian metric g on
M = M x R that satisfies two properties

(a) The fundamental vector field k = 9, of the line bundle M x R is null and shearfree with
respect to g, that is, g(k, k) = 0 and

Lrg =pg+0V, (2)

where L is the Lie derivative, p is a function on M, 6 = g(k, -) and ¢ is some 1-form
on M.

(b) The complexified Ricci tensor of g vanishes on «-planes, i.e. g is partially Ricci flat. (See
(10) for the precise definitions.)

It turns out that the existence of non-constant solutions to (1) is not sufficient to guarantee
embeddability of the CR structure [10]. A remarkable theorem by Jacobowitz [7] provides
a criterion for embeddability of CR structures in terms of the canonical bundle (see Defini-
tion 5.2). Below we reformulate Jacobowitz’s more general result for three-dimensional CR
structures.

Theorem 1.1 (Jacobowitz 1989) [7] Let (M, D, J) be a CR structure. Suppose that near
some point p € M the CR structure has a CR function ¢ with dg A d¢ # 0. If the canonical
bundle associated with the CR structure has a non-vanishing closed section, then the CR
structure is embeddable near p.

Notice that the converse statement of Theorem 1.1 is also true: for an embeddable CR
structure, we have two functionally independent, hence non-constant, coordinate CR func-
tions ¢, 1. The 2-form d¢ A dn gives a non-vanishing closed section of the canonical bundle.

Lewandowski et al. [12] and also Hill et al. [3] prove a series of embeddability results
in terms of shearfree congruences of Lorentzian spaces. In particular, they show that a CR
structure is embeddable if and only if it admits a lift to a partially Ricci flat Lorentzian space
(M, g) with a shearfree congruence k as above, and a Maxwell field aligned with k. This
is closely related to Jacobowitz’s Theorem 1.1, since the existence of such Maxwell field is
equivalent to the existence of a non-vanishing closed section of the canonical bundle from
Theorem (1.1) (see [16]).

In this paper, we introduce a family of Lorentzian metrics on a circle bundle over the CR
manifold M. This family is more general than the conformal class of Fefferman metrics but
more special than the family of Lorentzian metrics that admit a shearfree congruence, intro-
duced by Robinson and Trautman [17,18]. We call these metrics FRT metrics (for Fefferman,
Robinson, Trautman). Our main result is the following embeddability criterion.

Theorem 1.2 A strictly pseudoconvex CR structure (M, D, J) is locally embeddable if and
only if it admits an FRT metric for which the complexified Ricci curvature vanishes on the
a-planes.
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A criterion for local embeddability of three-dimensional CR structures 493

Notice that the special choice of the metrics allows us to drop the assumption of the
existence of a non-vanishing closed section of the canonical bundle. In order to give a self-
contained proof, we recapitulate techniques used in [3] and references therein.

2 CR structures and the Fefferman metric

Let (M, D, J) be a three-dimensional CR structure. We assume that (M, D, J) is strictly
pseudoconvex, i.e. for any (local) non-vanishing section X of D, [X, JX] ¢ D. For any

choice of X, we have an adapted complex frame 9, 9, dg, where
d=X—-iJX, 9 =i[0,0]=—2[X,JX].

The complex vector field 8 = X —iJ X spans the + i-eigendistribution D'"0of Jin DQC.
We denote the dual coframe to (9, 9, do) by (i, [, A). Strict pseudoconvexity of M translates
to

di AL #£0.

Our choice implies
dr=ipAp+cu AX+CiLt A X,
dpu=apu AL+ B A A, 3)
where ¢, a, B are complex-valued functions on M. Any other distinguished frame (9’, o' R 8(’))
and coframe (u/, u’, ) express through the original frame and coframe by
¥ =eT9, o =e > (3 — hd — hd)
M/ — er+i9(u + h)»), A = eZI A (4)
where 7 and 6 are real-valued functions and

h=—id(r +i0), o« = et (@ — (T +16) + hd(t +1i0) + 0h + hc),
¢ =e " (c—2ih +3(r +i6)). 5)
Recall that the Fefferman metric is a conformal class of Lorentzian metrics defined on
the circle bundle M = D'-0/R*. Using a distinguished coframe (1, A) and the trivialisation

M > m|, = e~!—ip d|p > (p, p) where p € [0, 2m), a representative of the Fefferman
metric is defined by the simple formula

_ 2 i i__ c+dc  i(a—a)
= r Zdp — —cpu + =i — - A
gF = Wil + <3 P 36/,L+ 3cu ( o 7 > ) (6)

where we kept the notations pu, ft, A for their pullbacks under the circle bundle projection,
and « and c are as above (see [11]). The CR invariance of the Fefferman metric means that a
change in the distinguished coframe (i, ft, A) causes only a conformal change in g by the
factor e27.

Denote by M the natural lift of M to aline bundle. It will be convenient in the computations
below to rescale the coordinate p on M to r = %p. Then, the change in the coframe (X, 1)
induces the change

20 7
rr=r——
3
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in the trivialisation of M. Denote the quotient bundle of the (rescaled) line bundle M mod

2w by M2 Since the Fefferman metric is invariant with respect to the principle R-bundle
action, it projects to any S'-bundle with arbitrary period. In particular, it is well defined on
M3

It is known that the Weyl tensor of the Fefferman metric has rank (at most) one [11].
However, in general, the Ricci curvature cannot be controlled and, except for very special
cases (see [2,5]), one cannot find (partially) Ricci flat or Einstein representatives of the
conformal Fefferman metric.

3 FRT metrics

We generalise the Fefferman metric by introducing functional parameters x and H in addition
to the conformal factor. This allows us to impose conditions on the Ricci curvature that cannot
be satisfied by the Fefferman metric. We will see later that it is more natural to define the

FRT metrics on the circle bundle M% rather than the Fefferman bundle M.

Definition 3.1 Let (M, D, J) be a CR structure and M% as above. For any choice of a
distinguished coframe (u, A) and the induced trivialisation of M % we define the family of
FRT metrics on M3 by

g=2P [nii+r(dr+Wu+ Wi+ Hx)J, ®)

N S . 3 .
where W = ixe™ —%c. Here, P # 0, H are real-valued functions on M2 and x is a

complex-valued function on M.
It is an important feature of the family of shearfree metrics (8) and of the conformal family
of Fefferman metrics that they are CR invariant, i.e. they do not depend on the choice of the

pair (i, ). We show that this is also true for the family of FRT metrics.

Theorem 3.2 The family of FRT metrics is CR invariant.

Proof Under the frame change (4) and the induced change in the trivialisation (7), the FRT
metric changes as follows:

g/:2P/2 |:/'L,lzl+)‘, (d}’,-‘r (ix/e—ir’_%cl> /~L/+ <_ix'/eir’+%g,) ;Z/+H/)L,>:|-
’ 2p2| 5o 7 p 2,2 2 2o e L T
g =21fI"P“|np + hpr + hph + |h|“1° + 1 dr—§d9+f ix'e's”e —ﬁ(c—Zlh—i-dlogf) 1%
+7 (7ix_/ emi30 6l +3Lf (¢ +2ih + dlog f_)) i+ (fh (ix’ei%(; e 7%6)
i R L VR 2 g1
+fh<—1x’e Ve +§c’)+\f| H>A>].
2 = s a—ir i l- i 2 s Air iy
=2P |\ pup+rldr+(ixe ™ —=c|)pu+|zh—zdlogf— <00 | u+(—ixe" +=c )i
3 3 3 3 3
1 - = 22\ _
+ §h+310gf—§89 n+HA).

- 2P2|:p.p. n A(dr i (ix el —%a) s <—i)E e +%5) i+ H;\)},
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where
. .5
f — ef+19, P =ef P/, X = eT+13€X/7

. i o i 2
H=eH + h*+etp (ix’ e —%d) +et 10 ) <—1x’elr +%c’> - 5309. 9)

m}

4 Lorentzian geometry and a-planes

Let (M, g) be a four-dimensional Lorentzian manifold equipped with a foliation into integral
curves of a non-vanishing null vector field k. We have the following canonical objects

(i) the 1-form 0 = g(k, -),
(i) the distribution k*+ = {X € T(TM): g(X, k) = 0},
(iii) the distribution of screen spaces S := k- /k.

Proposition 4.1 On each screen space Sy, there are two canonical complex structures Jy
and —J,.

Proof The restriction of g to k' is a degenerate metric with kernel k and induces a Euclidean
metric on Sy. Since Sy is two dimensional, the Euclidean metric induces complex structures
of rotation by 7 in either orientation. O

Choose one of the two complex structures on S. Then, C ® S splits into its eigenspaces
S10p $01 Let

7:CRkt - C®S
be the canonical projection map. The subspaces K 10, K%! of C ® k' defined by
K10 — p-1gl0 g0l _ —1¢0.1 (10)

are called «-planes and S-planes, respectively. Notice that changing the orientation used in
the definition of J results in interchanging the a-planes and the B-planes.
Clearly,

K'Ong* =k k'YK =Cerh

Definition 4.2 We say that the complexified Ricci tensor of g vanishes on the o-planes K -
if Ric|gi0 =0, 1i.e.

Ric(X1, X2) =0 VX, X, € K10,

Notice that vanishing of the complexified Ricci tensor on a-planes is equivalent to its
vanishing on B-planes. Hence, the definition above does not depend on the choice of J.

Definition 4.3 Let M be a four-dimensional manifold equipped with a Lorentzian metric g
and a non-vanishing null vector field k. A complex frame (e, ez, £, k) is called adapted to
(g, k) if ey is a section of «-planes, e; = e (and, hence, is a section of S-planes), and

gler,er) =1, g, 0)=0, g, k)y=1, g, e) =g, e)=0.

Proposition 4.4 A four-dimensional Lorentzian manifold (M, g) with a non-vanishing null
vector field k possesses (locally) a complex adapted frame.
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496 G. Schmalz, M. Ganji

Proof Let ¢ be anull vector field such that g(¢, k) = 1. Choose aunit vector fielde; € ket
Choose &5 € k= such that me» = Jr(e1) and g(e2, £) = 0. Now, set
1

%(81 —1ig), e 7

el = (g1 +1ie2).

m}

It follows that the a-planes are spanned by (e, k) and the S-planes are spanned by (e, k).
Now, vanishing of the Ricci curvature on «-planes is equivalent to
(i) Ri1 = Ric(e1, e1) = Ric(ez, e2) =0,
(i1) R4 = Ric(ey, k) = Ric(e2, k) =0,
(iii) Raa = Ric(k, k) = 0.
For the dual complex coframe 01, 6%,63%, 0% to an adapted complex frame, 6! = 92
vanishes on a-planes, 0% = g(k,-) and g = 2(6162 + 636%). The Gram matrix for both g
and its dual g~! with respect to an adapted frame and coframe is:

01 0 O

1 0 0 O

0 0 0 1} (1
0 01 0

A direct computation shows that the shearfreeness condition (2) is equivalent to

dP3 A0 A3 =0, do' A6 ABP =0. 12)

See, e.g. [3] for details.
Below we cite a version of the celebrated Goldberg—Sachs theorem [1,3,6], which is a
useful tool for computing certain components of the Weyl tensor of the Lorentzian metric g:

1 1
Cijrt = Rijig + 8R(8ikglj — GiIgkj) + E(gilej — gikRij + gjkRii — &jiRi),

where R;jy; is the Riemann curvature, Ry; is the Ricci curvature and R is the scalar curvature.
The following quantities are called Weyl scalars:

Vo =C(k,e1,k,e1) =Ca1a1, W1 =C(k, 1,k er)=Caa1.

Theorem 4.5 (Goldberg—Sachs theorem [1,3]) Suppose that a four-dimensional manifold
M is equipped with a Lorentzian metric g and a shearfree null vector field k, as above.
Also assume that the complexified Ricci curvature of g vanishes on a-planes, i.e. Ry =
R14 = Rya = 0 with respect to an adapted coframe (01, 62,63, 494). Then, the Weyl scalars
Yo =W =0.

The next lemma plays a crucial role in finding a CR function. It reduces the existence of a
non-vanishing CR function to the existence of a certain complex-valued 1-form. Such 1-form
can be obtained from the Levi—Civita connection form of the associated Lorentzian metric,
if the Ricci curvature vanishes on «-planes. The proof is based on Frobenius’s theorem. For
a detailed proof, see e.g. [3].

Lemma 4.6 [3] Let ¢ be a smooth complex-valued I-form defined locally in R", n > 3, such
that o A ¢ # 0. Then

dpNnep =0
if and only if there exist smooth complex functions ¢ and h such that

o=~hd;, dtadt #0.
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A criterion for local embeddability of three-dimensional CR structures 497

5 FRT metrics and the embedding of three-dimensional CR structures

Before we prove the main theorem of this paper, we collect some more ingredients. First we
compute the Levi—Civita connection 1-forms, I"j with respect to an adapted frame. Notice
that due to (3) we have

[9,90] = —ad — B3 —cdy, [0, 80] = —Bd —@&d — Edy.

Now in terms of the coframe (91, 62,03, 64) with

o' =Pu, 0*=Pa, 0 =Pr, 0*=Pldr+Wp+Wi+Hy, (13)
the metric (8) becomes

g =20'6% 1+ 26%0* (14)
The dual frame (eq, ez, €3, e4) to (01, 02,03, 04) takes the form
1 1 - — 1 1
e] = F(a - W), e = F(a — W), e3= F(ao — Ho,), es= Fa,. (15)

The commutators of the frame fields (15) evaluate to

5P —Pr opP Pr i iH W
le1, e2] = ﬁ—Wﬁ at|l—-——FtWs|a——Seat+|——F+Wo—Wi)es

P2 P2 P P
eregm (2F g _aN, _ B, (2P B e
oel=pr ) T T T ;T )
w w
(- wy - Y BT,
P P
P, aP P, W,
[91,64]=P2€1+ —ﬁ‘f-wﬁ‘*'? eq
P, P P H
[63’64]=P263+ _?_'—Hﬁ_'—? €4,

where the subscripts 1, 2, 3 in the above expressions denote derivation with respect to the
corresponding frame field (15). For example, H; means %(8H — WH,).
Now by using these commutator relations and Cartan’s structure equations

do' +Tinek =0
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498 G. Schmalz, M. Ganji

for the metric (14), we find the connection forms listed as follows:

1 i 1 1,13 4\ p3
F4:<ﬁ+cl4>9 +E(CZ3+024)9 , (]6)
1 i
Mf = —cip8' =i + 5 (3 — chy — 1) 07 + - 6* (17)
2 2P
1 1 1 1
I = c340° + 340 — Sc30% — 130" + 50" + Sch0?
2 2 2 2
3 i 2 L 4\ p3
T = <ﬁ —c24>9 - 5 (6‘13 +Cl4)9
1 1
4 2 gl 4 2 1 2 4 3 4 3 4
Flz—cl39 _5(0124‘023‘1"013)0 _C139 —5(614—{—013)9
1 1
I3 =5 (- clatels+63) 0"+’ + %0’ + 5 (B +e3) 0%, ()

where ckmn are the structure constants defined by [e;,;, e,] = ckmnek. We also notice that

dgij = F,’j + Fji and hence
Mi=T; =0 and Tj=T3=0.

Remark 1 Note that because of the choice of the coframe (13), complex conjugation of the
connection forms interchanges the indices 1 and 2 and keeps the indices 3, 4 unchanged, for
example, let = I‘z.

In the proposition below, we compute the Ricci components of the FRT metric.

Proposition 5.1 Let g be an FRT metric (8) on M% associated with a CR manifold M that
admits a non-constant CR function ¢. Let (u = d¢, )) be a coframe for M and Rjy the
components of the Ricci curvature with respect to an adapted frame. Then,

(1) Raa = 0 is equivalent to
a

P= cos( ) (19)

where a, s are arbitrary r-independent real functions.
(i1) Roa = 0 is equivalent to

2c

B loga2 +Tids —2xe = -3 (20)
(iii) Ry = 0 if and only if the equation
+t(c—1)=0 21
is satisfied where
t=c+dloga® —xe". (22)
For an alternate coframe (', \'), the function t changes to
{=e T —ih). (23)
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A criterion for local embeddability of three-dimensional CR structures 499

Proof To verify that the condition R44 = 0 is equivalent to the function P having the form
(19), we first notice that Ryq = ZR}‘1 4+ We now consider the Cartan’s structure equation for
the 1-form I }‘

dTy4+TI AT = RY 05 108 k<,
which simplifies to
dTh+TI AT +T4ATE = RL,,0% A6, (24)

since '} = I'j = 0. Substituting the 1-forms I'}, I'l, I'} given by (16), (17), (18) into (24)
and inspecting the coefficient of the 2-form 6! A 6% in (24), we get the differential equation

—4PP, +8P> + P2 =0. (25)

The general solution of the differential equation (25) has the form (19).

A similar argument shows that Ry4 = 0 is equivalent to (20).

To show that Ry> = O isequivalentto (21), we first notice that, due to d u = 0, the structure
functions «, B vanish. Then, by similar arguments as above, Ry» = 0 becomes equivalent to
the differential equation (21).

To verify (23), we first notice that

P p ae’" a
= = = —~ 7
cos(H%)  cos(ZEY)

forallr andr' =r — %9. It followsa’ = e “a and s’ = %9 + 5. Therefore,

'=c +0'loga? —x' e =e " (¢ = 2ih + d(r +10)) + e T (@ loga® — 207)
_ efrf%Q x eier%O

=e " (¢ —2ih + 3(r +i0) + dloga® — ¥(r +1i0) +ih —xe) =e T (r —ih).

]

Another important ingredient is Jacobowitz’s theorem (1.1), which uses the notion of the
canonical bundle.

Definition 5.2 Let (M, D, J) be a CR structure and DC = D10 @ PO the eigenspace
decomposition of J. The canonical bundle K over M is the complex line bundle of complex-
valued 2-forms with kernel D%!, i.c.

K={peA*M)®C|¢(X,)=0 VX e D"'}.

If the CR structure (M, D, J) is given by the coframe (X, i), then the canonical bundle is
spanned by A A . Using this representation, the existence of a closed non-vanishing section
can be reformulated as a d-problem.

Proposition 5.3 A CR structure (M, [(X, 1)) admits locally a non-vanishing closed section
of the canonical bundle if and only if the d-problem

dlogy = —¢, (26)

has a solution. Here, c is the structure function from (3).
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500 G. Schmalz, M. Ganji

Proof Taking into account (3),

AW AN =Y RAUAL=CYLARAL= @Y +CY) LA LA
vanishes if and only if (26) is satisfied with non-vanishing . O
While we do not assume the existence of a non-vanishing closed section of the canonical

bundle a priori, we show that this is a consequence of our assumptions.
We are now ready to prove our main theorem.

Theorem 5.4 A three-dimensional CR structure (M, D, J) is (locally) embeddable if and

3
only if there exists an associated circle bundle M2 with an FRT metric g whose complexified
Ricci tensor vanishes on the distribution of a-planes.

Proof Let M be a CR structure with coframe (u, A) and let g be an FRT metric defined by
(8) on M% for which Ry» = Ry4 = R44 = 0. We consider the connection 1-form

My = l"j = 00! + ,093 27
from (16) where
i +P, 5P+WP, E+W,
o=—+4—, =—— - — .
2P P2 PT T P2 Top TP

Clearly, o # 0 and therefore, the form I'y4 # 0. Moreover,
Ty AT2g #0,
since
T2 AT =0|?0' A6% mod6?.

On the other hand, the conditions of the Goldberg—Sachs Theorem (4.5) with respect to the
shearfree vector field 0, are satisfied and therefore

Wy = Cs141 = Ria14 =0, W) = Cy341 = %(R4341 + Rig1) =0.
It follows
Cio42 = Ca141 =0, Cazap = C4341 =0
and furthermore, using the symmetries of the Riemann curvature
Rijke = Rieijs Rijke = —Rjixe = —Rijex,
we get
R4 =0,  Roazq + Roa12 = 0. (28)
Since
Ras = 2Ro414, Ry = 2Ro423, Ros4 = Ro412 — Rogss,

where R;; = Rllfkj and R;jre = g,-mR;”ke,this shows that the conditions R44 = Ry» = Ryy =0

are equivalent to

Ry414 = Ro423 = Roa12 — Rog34 = 0. (29)
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A criterion for local embeddability of three-dimensional CR structures 501

Combining (28) and (29) yields
Ry412 = Roa24 = Ro414 = Roarz = Roazs = 0. (30)
Therefore, Cartan’s structure equation (24) for the connection 1-form I'yy = T }1 becomes
dTa4 — (T2 + T34) A Tog = Rogref* A 6% = Roa30' A 63,

Wedging the equation above with I'y4 and taking into account that I"y4 is a linear combination
of ! and 63, given by (27), we conclude that

dlq4 AThq = 0.

Now we can apply Lemma (4.6) for the 1-form I"24 and deduce that locally there exist complex
functions & # 0, ¢ such that

oy = hdt with d¢ AdZ #0.
Wedging the equation
hdt =T = Plopu+ pi)
by A A u shows that
dE AAApn=0.

Restricting the function ¢ to the CR manifold M, considered as a section {r = 0} of /\/l%
gives a CR function there.

Now we may assume that 4 = d¢. Since vanishing of the Ricci tensor on the «-planes
does not depend on the choice of an adapted frame, the conditions Ryqa = Rys = Ry =0
are still satisfied.

We consider the two cases t = 0 and ¢ # 0, where ¢ is defined by (22). In the first case, it
follows from equation (20) that

4
gc: —dloga® +ids

and hence
3 3.
dlog (af 67“) =—c.
Therefore, Eq. (26) has a solution ¢ = a% e%is and, by Proposition 5.3, the canonical bundle
has anowhere vanishing closed section. Now, by Theorem 1.1, the CR structure is embeddable
and, in particular, there exists a second CR function that is functionally independent from ¢.

In the second case, if ¢ is not identically 0, we replace the complex coframe 1-form u by
another exact form u’ as follows. Consider

@ =p+ifr. (€28)
Since Ry> = 0 we have
dpne =it +1(c—D)p ALAL=0.
Also ¢ A ¢ # 0 holds because

OAP=UANRL—ILAN—IIL A A.
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502 G. Schmalz, M. Ganji

Thus, the 1-form ¢ satisfies the conditions of the Lemma (4.6). Consequently, there exist
complex-valued functions b # 0, n such that

@ = pu+ith =bdn. (32)
Clearly,
dn ANdn = ! ANp #0
n 77—|b|2</’ @ .

It follows from the definition of 1 and ¢ that d7 is a linear combination of « and A and hence
dnpg AAA =0,

that is, n is a CR function. Now we switch to the coframe (1’ = dn, 1) for which, because
of (23), t' = 0 everywhere. This reduces the second case to the first case and proves embed-
dability of M.

For the proof of the converse statement, we assume that the CR structure M with adapted
coframe (i = d¢, 1) is embeddable. Then, the canonical bundle contains a nonzero closed
section, i.e. there exists a nonzero complex function v such that

dlogy = —c.

We define real functions a, s and a complex function x as follows:

4 . 4 . :
loga® = sReogy), s =—zImlogy), x= e (¢ + dloga?).

The metric defined by
g =2P*[pin +rdr + W + Wi+ H),
where
a |
P=——  W=ixe " —=c¢,
cos(’—?) 3

and H is any real function defined on ./\/l% is an FRT metric for (M, u, A) and, due to
Proposition (5.1), Rya = R4 = Ry = 0 is satisfied. O
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