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Abstract

Itis known that there exist only four six-dimensional homogeneous non-Kihler, nearly Kéhler
manifolds: the sphere S°, the complex projective space C P>, the flag manifold F> and S3 x
S3. So far, most of the results about submanifolds have been obtained when the ambient
space is the nearly Kihler S°. Recently, the investigation of almost complex and Lagrangian
submanifolds of the nearly Kihler S* x S3 has been initiated. Here we start the investigation
of three-dimensional CR submanifolds of S* x S?. The tangent space of three-dimensional
CR submanifold can be naturally split into two distributions 2 and @f‘. In this paper, we
found conditions that three-dimensional CR submanifolds with integrable almost complex
distribution 2 should satisfy, and we give some constructions which allow us to define a wide-
range family of examples of this type of submanifolds. Our main result is classification of the
three-dimensional CR submanifolds with totally geodesics both, almost complex distribution
21 and totally real distribution @ll.
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1 Introduction

An almost Hermitian manifold (1\7 , g,J), with Levi-Civita connection %, is called a nearly
Kéhler manifold if for any tangent vector X it holds (%XJ)X = 0. If, moreover, VJ]isa
vanishing tensor, M is said to be a Kihler manifold. It is known that there exist only four
six-dimensional homogeneous nearly Kihler manifolds, that are not Kihler: the sphere S°,
the complex projective space CP3, the flag manifold F3 and S* x S3, see [8]. One should
also remark that the first examples of complete non-homogeneous Kihler manifolds were
recently discovered by Foscolo and Haskins in [16].

It is natural to investigate for a submanifold M of an almost Hermitian manifold (1\7 e, J))
its relation with respect to the structure J. If JT,M = T, M for any p € M, M is called an
almost complex submanifold and if J7,M C T,M L, for each p € M, M is a totally real
submanifold. Here, we denote by 7, M L the normal space of the submanifold at a point p.
One of the natural generalisations of these two notions is the notion of a CR submanifold as
introduced by Bejancu in [3].

In general, a submanifold M of (M ,g,J) is called a CR submanifold if there exists a
C°-differential J invariant distribution 2; on M (i.e. JZ1 = %), such that its orthogonal
complement .@f in TM is totally real (J _@f CTim ), where T-+M is the normal bundle
over M. We say that M is proper if it is neither almost complex, nor totally real. Note that in
the specific case of a three-dimensional submanifold M of a six-dimensional (nearly) Kihler
manifold, we have that M is a proper CR submanifold if and only if J7, M N T, M is a two-
dimensional distribution. Note that a three-dimensional CR submanifold is automatically of
maximal CR dimension, see [20].

In the past years, special types of submanifolds have been mostly investigated in the case
of the nearly Kihler S°. Here we mention for example [6,7,9,10,15,17,18,23]. Recently,
the investigation of the geometry of almost complex and three-dimensional totally real
submanifolds of the nearly Kihler S3 x S3 has been initiated; we refer the reader to
[4,5,11,12,19,21,24].

We investigate here three-dimensional CR submanifolds of S3 x S?, and we are interested
in the properties of the distribution 2 = JT),M N T, M and its complement. We investigate
in particular when the distribution 2 is integrable or totally geodesic. We also classify the
three-dimensional CR submanifolds for which the second fundamental form restricted to
both 2 and @f‘ vanishes. Note that one has immediately from the fundamental equations
thath(2, @ll) cannot vanish identically. Similar problems for CR submanifolds of S® and of
the Sasakian S’ were, respectively, treated in [1,14]. Further interesting results were recently
obtained on CR manifolds, see, for instance, [13].

2 The nearly Kihler structure on S3 x S3

Let S? be a unit sphere in the space R* which we identify with the space of quaternions H.
Therefore, by using the isomorphism of the spaces 7| p,q)(S3 x §%) = TPS3 @ TqS3 we can
represent an arbitrary tangent vector at a point (p, g) € S* x S3 by Z = (pa, ¢B), where «
and B are imaginary quaternions. The almost complex structure on S x S? is given by, see, for
example, [5.8]: JZ(p.q) = % (p(2B —a), q(—2a + B)). Since the almost complex structure

is not an isometry with respect to the standard product metric of S* x S3, inherited from the
space R®, which we also denote by (-, -), we define a compatible metric g by g(Z, Z" =
%((Z, Z'Y+(JZ,JZ")). Let G denote the (0, 2)-type tensor G(X, Y) := (VxJ)Y, where V
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Three-dimensional CR submanifolds of the nearly Kahler... 229

is the Levi-Civita connection of the metric g. Then a straightforward calculation shows that

G is skew-symmetric, which makes (83 X S3, g,J) a nearly Kéhler manifold. For the basic

formulas, we refer to [5,11,12]. We simply remark that in this case, as introduced in [5], see

also [23], the following almost product structure P plays an important role: P(pa, ¢B) =

(pB, qu). It is in particular compatible with the metric and it anticommutes with J.
Finally, for X = (pa, gB), Y = (py, qd) € T(,,,q)S3 x S3 it follows that

G(X,Y)=%(p(,3xy+ax8+axy—2ﬂx8),

g(—ax§—Bxy+2axy—pBx9§)). (D)
In [11], it was shown that the relation between the Euclidean connection VE of S x S?
and V is given by
~ 1

VEY = Vxy + E(JG(X, PY) + JG(Y, PX)). )

Also, we note the following. Since the connection D in the space R® satisfies D, f =
df(E;) = (pai, qB;), we have that

ng Ei = (plaj xa; + Ej(a;)), q(Bj x Bi + E;j(Bi))). 3)

3 Three-dimensional CR submanifolds of S3 x S3
3.1 Some constructions

In order to show that the class of proper three-dimensional CR submanifolds is a large
class, we first give some constructions which allow us to define a wide-range family of
examples. The first construction of a family of three-dimensional CR submanifolds of S x S°
starts with an almost complex surface. It is an immediate corollary of the fact that the maps
Zabe(p, q) = (apc, bqc) where a, b, ¢ are unitary quaternions are isometries preserving the
almost complex structure J.

Proposition 1 Let a(t), b(t), c¢(t) be curves in S* and g - U C R*? - $* x $? : (x, y) >
(p(x, ), q(x, y)) be an almost complex surface of S* x S3. Then, providing that the mapping
f(x,y,t) = (apc, bqc) is an immersion, it is a CR immersion, for which the almost complex
distribution 9, is integrable.

Example 1 If we start from the almost complex totally geodesic immersions introduced in
[5] by

(p,q)(s,t) = (coss +isins,cost +1isint). “)

and
(qu)(x)=%<l—«/gx,l-l-\/gx),xeSzCImH. 5)

we obtain the following CR immersions:

(p(x1,x2.1), q(x1,x2, 1)) = (a(x3)(cosx| + i sinx|)c(x3), b(x3)(cos xp + i sinx2)c(x3)),

(©)
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230 M. Anti¢

(p(x.0), qx, 1)) = (a(X3)1_£f3UCC(X3), b(x3) Lt fx(xg)) ,xeStciImH, ()

where a, b, ¢ are curves depending on x3 in S. Here, the distribution 2 is totally geodesic
and satisfies P2 = 21 and P2, L %, respectively.

Note that for a distribution Z on M we say that M is Z-totally geodesic if and only if the
second fundamental form restricted to vector fields belonging to & vanishes identically.

Proposition 2 Let M be a three-dimensional, 7, -geodesic, CR submanifold of S® x S°. Then
M is locally congruent to one of the immersions (6) and (7).

Proof Denote by V! the orthogonal projection of the connection V to the distribution 2; and
denote by E3 the unit vector field spanning the totally real distribution. Denote by E4 = JE3,
the vector field orthogonal to M. Then for the vector fields X, Y € 2 we can write

VxY = V'Y + g(VxY, E3)E; + h(X, Y),

and since the ambient manifold is nearly Kihler we have that Vx Jx) =17 (%x X).
Taking hy, = 0, this equality reduces to Vy Drigxy = J(VD‘ X) and g(VxX, E3) =
g(VX(JX) E3) = 0. Since, for a nonzero vector field X € 2, X and JX span Z;, we
obtain that 2, is integrable with totally geodesic leaves in S? x S3. Therefore, each of the
leaves is locally congruent either to (4) or to (5).

Note also that for X € 2, the angle 6 = Z(PX, ;) is independent of the choice of
X and is a differentiable function and therefore a continuous function. Since (4) and (5),
respectively, have the tangent spaces invariant for P or orthogonal to its image under P, the
function 6 is also discrete and therefore a constant. Hence, all the leaves of one immersion
are mutually congruent. More precisely, they are congruent to either one of (4) or (5) which
we denote by (p, ¢).

We can take the local coordinates x1, x2, x3 of the submanifold M such that x, x> span 2.
Then, for an arbitrary point x along the coordinate curve for x3 there exist unit quaternions
a, b, ¢, depending on x3, such that .%, ; . maps (p, ¢g) into the corresponding leaf through x.
The functions a, b, ¢ are clearly differentiable. Moreover, we can then write the immersion
as (apc, bgc). This concludes the proof. O

Proposition 3 Let (1), v(t) be mappings into unit quaternions S° and let

[, x2,t) = (p(x1, x2, 1), g(x1, X2, 1))

be a three-dimensional CR immersion with integrable almost complex distribution 91, param-
eterised by x1, x3. Then (u(t)p,v(t)q), provided that it is an immersion, is also a CR
immersion of the same type.

Proof For a three-dimensional CR submanifold, it is sufficient to check that M admits a two-
dimensional invariant distribution. As for fixed ¢, (i (¢) p, v(¢)q) is congruent by an isometry
Futyv()1 to the almost complex surface (p(x1, x2, 1), g(x1, x2, t)) this is immediate as the
isometry %, (1)v(;)1 preserves the complex structure. O

3.2 The suitable moving frame for three-dimensional CR submanifolds

Now we will construct a moving frame along a three-dimensional proper CR submanifold M
suitable for computing. We have that the almost complex distribution 2; is two-dimensional,
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Three-dimensional CR submanifolds of the nearly Kahler... 231

while the totally real distribution @f‘ is of dimension one. We can take unit vector fields E
and Ey = JE| that span 21, and E3 that spans @f‘. We consider the nearly Kéhler metric g
throughout the paper, if it is not explicitly stated otherwise. We have that E4 = JE3 is a unit
normal vector field. If we then put E5 = V3G(E;, E3) and E¢ = /3G (Ea, E3) = —JEs,
we obtain an orthonormal moving frame. Moreover, we obtain the following equalities

G(Ey, E2) =0, G(Ey, E3) = \%Es, G(Ey, Eq) = %EG,
G(Ey, Es5) = —\%Es, G(E|, E¢) = —%Em G(Ey, E3) = %Eey
G(E2, E4) = —%Es, G(Ey, Es) = %Em G(Ey, Eg) = —%Es,
G(E3, E4) =0, G(E3, E5) = %El’ G(E3, Eg) = %Ez,
G(Es, Es) = —%Ez, G(E4, E6) = %Els G(Es, E6) = 0. 3)

Note that, under the assumption that £, E», E3 is a positively oriented tangent frame of
M, the vector field E3 is uniquely determined. However, we have a freedom to rotate £ in
the almost complex distribution 2. Then, for some rotation angle ¢, we have

El =cospE| 4+ singE), Ez =JE| = —sinpE| 4+ cosgpEy,
E; = Ej3, E4 = Ey,
Es = cosgEs5 +singpEg, Eg = —sin E5 + cos 9 Eg.

Now, let us denote the following
F/} =g(Vg, Ej, Ep), hﬁ-‘j =8e(VE E}, Exs3), b,’»‘j =8(VE Eji3. Exs3).

for1 < i, j, k < 3.Since the second fundamental form is symmetric, and V is the Levi-Civita
connection, we have that

K pd gk ko ok
I, ==y, bj=—by, hi;=hj;.

Similarly, using that M is a 3-dimensional CR submanifold, together with the properties of
the nearly Kaehler sphere we get that (see [2]):

Y ; k pk k .
Lemma 1 The coefficients Fij’ hij’ bij satisfy

31 3 1 31 3 1 31
ITy=hy, I'ip=—hy, I3 =hy, I5=—hy I35 =hy,
1

3 1 2 3 2 3 3 2 2 3
I3 = —hi3, hiy=—hiy, hip="hiy, hiz=hy+ A h2 = Ny,
3
1
3 3 3 2 g2 3 3 2
hy = =hiy, hyy = —hiz, by = hiz + A biy = —his,
2

2 2 3 3 2 3 3 2
by = —hiz, by =—hiz+—=, b3 =h3, by =—h3.

V3
Lemma 2 It holds
3 2 3 3 2 3 3 | 2
by, =T{] — I3, by =151+ 175, by =hy+ 15

Now, let us investigate the tensor field P.
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232 M. Anti¢

Lemma 3 On an open dense subset of M, we can chose the orthonormal frame for 9\ so
that the tensor field P is given in the frame E1, ..., Eg¢ by
PE| =cosOFE| +a;sinfE3 + a>sinfOE4 + a3 sinf Es + aq sin 6 Eg,
PE, = —cosOE) +apsinfE3s —ajsinfEg — aqgsinf Es + a3 sin 0 Eg,
PE3 = ay sinOE| + ay sin0Ey + (a3 — a + (a3 — a}) cos0) E;3
+ 2(azaq — ajaz cos0)Ey — (ajaz + araq)(1 + cos ) Es
+ (axaz — ajag)(—1 + cos0)Eg
PE; =a>sinf0E| —a; sin0E> + 2(azaqs — ayay cosf)E3
+ (a — a3 + (@} — a3) cos0)Eq — (axa3 — ajas)(—1 + cos 0) Es
+ (a1a3 + azas)(1 + cos 0) Es,

PEs = a3sinfE| —agsinfEy — (ajaz + aras)(1 + cosO)E3
— (azaz — a1as)(—1 4 cos O) E4 + (a — a3 + (a} — a3) cos 0)Es
+ 2(ajar — azas cosO)Eg,
PEg = assinOE| + a3z sinfEy + (axaz — ajag)(—1 + cosO)E3
— (a1a3 + araq)(1 +cosO)E4 + 2(ajay — azaq cosO)Es
+ (a% — a% + (a% — af) cos0)Eg, ()]

. . . 2 _
for some differentiable functions 0, ay, az, a3, as such that y_ a; = 1.

Proof The function u — g(Pu, u) attains the maximum on a unit sphere in % (p) at every
point p of the submanifold. Since we have the freedom for rotating the orthonormal frame
E1, E>, we can assume that this maximum is attained for E1(p). Then, the differentiable
function f(r) = g(P(costE| + sintEy),costE + sintE>)(p) attains the maximum for
t = 0. Moreover, the equality f'(0) = 0 reduces to 2g(PE;, E;) = 0. Also, we have that
g(PE,, E») = —g(PE, E}). Therefore, if we denote by cos6 = g(PE, E1) we have that
cosf > 0.

Assume first, that sin6 7 0. Then, there exists a unit vector field F; orthogonal to 2
such that

PE| =cosOFE| +sin0Fj. (10)
Then, for F, = JF; we have that
PE) = —cosOEy —sin0 F, (11)

and also

PF| =sin0E| —cosOF;, PF, = —sinfFE, +cosOF,. (12)

Further on, we denote by F3 = \/§G(E1, PE)) = \/§/ sin@G(E1, Fy). Straightforward
computations show that F3 and F4 = JF3 are unit vector fields, orthogonal to E1, E3, Fy, F»,
such that

PF; = F3,PFy = — Fy. (13)
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Three-dimensional CR submanifolds of the nearly Kahler... 233

If sin6 = 0, then E, E; are eigenvector fields for P, so in the distribution @f‘ invariant
for P we can choose F1, F, = JF, F3, F4 = JF3 such that (10), (11), (12), (13) hold.

Note that there exist differentiable functions ay, az, a3, a4 such that ) ati2 = 1 and
Fi=aEs+aEs+a3Es +asEe, Fr = —ayE3+a1Eq+asEs — a3z Eg.

By a straightforward computation, we obtain
F3s = —a3E3 —asEqy + a1 Es +axEs, Fy=asE3 —azEy+arEs — a) Eg.

Now, the expressions for the tensor P in the frame E1, E3, Fi, F», F3, F4 are easily trans-
formed into the given ones for the frame Ey, ..., E¢. O

4 9, integrable
Theorem 1 Let M be a three-dimensional CR submanifold of S* x S® with cos6 # 0 and

with integrable almost complex distribution 21. Then M is of the form (p(u, v, t), q(u, v, t))
where p and q are solutions of the system of differential equations

Pu = pa, pv= Db, Pt =Py, (14)
13 N
CIMZC]<201+2,3>, 61v261<—20l+2ﬂ>, qr =4q3. 15)
Here a and B are family of solutions of
2
oy — By =2a x B, ozu—}—ﬂv:\—@otxﬂ. (16)
depending on u, v, t, and y and § are solutions of the system of differential equations
Yu=o0or+2y xa, Yo =B +2y xB, a7
1 V3 1 V3 V3 1 V3o
8u=2at+2ﬂ;+28x(2a+2 ), 8y=—2(¥[+2ﬂ[+28><(—2a+2ﬂ .

(18)

Proof We can choose a local coordinate system (u, v, t) such that 2 is spanned by 9y, 9.

First, let us show that there exist coordinates u, v which are isothermal on each leaf of ;.

We suppose that 2 is integrable, so from equation [E1, Ex] = —I'J Ey — T'Z Ex — (b}, +
h%z)E3 we get h%z = —hil. Also, we can assume that the operator P is defined as in (9).
Taking X € {E|, Ex}and Y = E| in

G(X,PY) +PG(X,Y) = —2J((VxP)Y), (19)
we obtain the equations:

'Y cos6 — (=h{yar + hiyao + hijas + hiyas) sind = 0,
I3 cos 0 + (hiyar + hijar — hiyas + hiyas) sind = 0.

Now, if we suppose that cos 6 # 0 and sinf # 0 we have
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234 M. Antié

Flzl = (—hilal +h}2a2 +h%1a3 +h?2a4) tan 9,
FZZ] =— (h{za] + h}laz — h?2a3 + h%1a4) tan 6.

Note that for the function f(0) =

there exist local coordinates (u, v) such that fO)E, = 9, and f (0)Ey, = 0,. We get
g3y, 0y) = g(f(O)E, f(O)Er) = f2(6’)g(E1, E,) =0, so d, and 9, are orthogonal. Also,
g2(du, 0) = g(f(O)E1, f(O)E)) = f2(6). Analogously, g(dy, 8,) = f2(6). We get that 9,
and 9, are orthogonal and have the same length, so (u, v) are isothermal coordinates on each
leaf of 2. If we suppose that sin6 = 0, taking X € {E|, E>} and Y = E; in (19) we obtain
1“121 = F221 = 0, so the Lie brackets for vectors £ and E vanish and we can conclude that
the coordinates that correspond to them are isothermal.
Now, up to a possible permutation of u and v we can say that Jo, = 9,. If f(u,v,1) =
(p, q)(u, v, t) is the immersion, we then have that (16) hold. We also denote

0p=p: = pvy, 0q = q: = g3,

where y and § are also purely imaginary mappings satisfying (17) and (18). Moreover, the
remaining integrability conditions are obtained from

Dut = pya + pay, Diu = poY + DPVu,
pu = pyB+ B, Prw = pBy + pvy

and

1 3 1 3 1 3
qut = ¢ (5 (204 + {,3) + Eat + {ﬁz) > qru =4 <<2a + {ﬂ) 8 +5u> ’
QUt=q<(3 (—f ﬁ>_ﬁ o + ﬁt) ‘IIU=Q((_\Q§O‘+;/3)8+6U>'

They reduce, respectively, to (17) and (18).

Conversely, assume we have a family of solutions of (16) &, 8 depending on u, v, ¢. Then,
we need functions y, § satisfying (17) and (18). If we use the first relation of (16) and the
Jacobi identity for the cross product, we easily get that the integrability condition for y,
given by Y,y — Yuu = 0, is satisfied. Similarly, a straightforward computation shows that
the integrability conditions are also satisfied for §. So with a prescribed initial condition
y(0,0,1) = y(t), 5(0,0, ) = §o(t) we have solutions. Moreover, system (15) has a unique
solution for given initial conditions (p(0, 0, 0), ¢(0, 0, 0)) which is a CR immersion of
required type. O

Remark 1 We note that for the previous theorem to hold it is sufficient that the submanifold
admits local coordinates such that u, v are isothermal on each leaf of ;. In the particular
case of cos = 0, when P%; = Span{E3, JE3}, we can choose E| such that PE| = Es.
Taking (X, Y) € {(E1, E1), (E2, E2)} in (19) we obtain '} = —hi;, I’} = —hl; and
if we take (X,Y) = (E3, E2) in (19) we get h%3 =0, h53 = 0. Also, we have that
[E1, Eb] = —Flzl E| — F22] E, — (h{1 + h;z)Eg, so, we get that in this case £y and E»
correspond to coordinate vector fields. One may notice that such submanifolds exist.

Remark 2 Note that for a mapping k() into unit quaternions S3 and (u, v, t) and B(u, v, t)
solutions of (16), we have that o* = k(r)ak(r)~!, B* = k(t)Bk(r)~" are also solutions of
(16).
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Three-dimensional CR submanifolds of the nearly Kahler... 235

5 71 and ;" totally geodesic

The main result that we prove in this section is the following.

Theorem 2 Let M be a three-dimensional CR submanifold of S* x S3, with 2y and .@ll being
totally geodesic distributions. Then M is locally congruent to the immersions (p1, q1), given
by

p1 = (cos(ct) cos xy, cos(cat) sin x1, sin(cat) sin xy, — sin(ct) cos xp),

q1 = (cos(dit) cos xa, cos(dat) sin xp, sin(dat) sin xp, — sin(d;t) cos x2), (20)
where
J3=xt—xF—x \/3—X12—X22+X2
= 43 ) = 43 )
dl:,/3—x,2—x§—X1 dzz\/3—X12—X22+X1
PV VB

for xi,x2 =0, x? 4+ x3 < 3.

Proof From the assumption that 2; and 9% are totally geodesic, we obtain a first set of
relations:

hiy=0. k=0,  hi;=0.  hp=0. k=0 hj=0,
Ry =0, W3, =0, hH =0, k=0, Kl =0, K =0.

Notice that this makes 2 integrable as well. Next, we evaluate the curvature tensor

R(E|, E»)E; once using the definition and once using its expression from [2]. Then, take
the difference between these two identities for the curvature tensor. For convenience, further
on in this section we will refer to this procedure for vector fields E;, E;, Ey, as to the two
identities for the curvature. In this case, for R(E, E2)E1, as ay, a2, az and a4 do not vanish
simultaneously, we obtain that cos @ sin& = 0. Therefore, we will have to treat two cases:
6 =0and6 = 7.

Case 1. 6 = 0. We make the following notation, in the definition of P:

b = —a% +a§ +a§ — aﬁ, by :=2azay4 — 2a1ap, b3 :=2(ajaz + aray).

We evaluate Eq. (19) successivelyfor X = E,Y = E; X = E3, Y =E;; X =E, Y = E
and obtain, respectively, that Flzl =0, F321 =0 and I 221 = 0. We will determine the
derivatives w.r.t. E1, E> and E3 of the remaining unknown functions hf In order to do so,
we use the two identities for the curvature. We evaluate them for E,, E3, E; E, E3, Eq;
E1, E3, Es and replace successively every value found for each derivative, until we finally
obtain:

Exhly) = - (b1 + 12 ()" = 12 ()" = 12 (hds)” = 12 () +5).

12
2 1 142 1 1 1 1 41 2
Ex(hiz) = 3 (6h13h13 + ﬁhm) » Ealhy) =3 (b2 +6h3hy3 — ‘/§h13> ;
1 1
Ex(h;) = 36hshdy —bs): Er(hly) = 5 (—b2 = 6hlshly + V3.
1
E(hls) = E( — 4by + 12(h15)? + 12(h33)* — 12(h33) + 12(h35)* + 8+/3h35 — 1),
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236 M. Anti¢

I 2
Ei(h}y) = 5 (b3 = V3hly —6hishks) . Ei(hdy) = —Shs (303 +V3):
Es (hi3) =0, Es(hi3) =0, Es(hys) =0, E3(h3;) =0, @n

We may as well find the derivatives of by, b», b3 as following. Use Eq. (19) for E3, E3 and
E|, E3, respectively, in order to determine

E3(b) =0, E3(b) =0, E3(b3)=0:; Ei(b)=2bh|3—2b3his.
Ei(b2) = —2bihly = bs (23, ++3) Ei(be) =2bik% + bz (235 +V3) . 22)

Provided that den := 12(h{3)* + 12(h%y)* + 12(h}y)* + 12(h3y)* + 4/3h3; + 1 is differ-
ent than zero, we can express b1, b and bz w.r.t. hij, by using (19) for E3, E;:

b= =gk (12(1]5)" + 12 (3,)" = 12 ()" =12 (k)" — 4v/303, — 1),
by = den “ <6h{3h£3 Ohish3; — ﬁh%))’ (23)
by =~ gz (4 (6’1{3’1%3 +/3hi; + 6h%3h£3>)~

In fact, the denominator is always different than zero, as it follows Suppose it was not.
1 _ 2 _ 1 _ 2 _

Then, we would have h; = 0, h{; =0, hy; = Oand hy; = _2ﬁ From the identities of
the curvature, it follows on the one hand that for £, E3, E1 we have b, = b3 = 0,b; = —1
and then for Ey, E;, E3, we get that % = 0. This is a contradiction. We shall continue then
from Eq. (23).
o 1 . .

Let p = N and choose to work with the frame E;, E», p E3. One may see that the Lie
brackets vanish [E|, E2] = 0, [E1, pE3] = 0 and [E3, pE3] = 0, which means that there
exist coordinate vector fields on the three-dimensional submanifold satisfying du = Ej,

dv = Ej, ot = pE3. We have that PE| = E|, so we can write

ou = (pu, qu) = (pa1, qay), dv = (py, qv)

—qai), 3t = (pr, q1) = (pas, qB3). 24

1
= —(pai,

Also, we have that

PE3 =bE3 + by E4 — b3 Es,

( ! (b + L (28 ) 2b3 (2 B ))
=\rP— o — —03) — — (Lo X a3 —oy X )
Pp 13 \/g 3 3 3 1 3 1 3

l(bﬂ +2(—2cx —I—ﬂ)—%(—Za X B3 +a xoz)))
q,O 1P3 N& 3 3 3 1 3 1 3

and at the same time, by definition of P, we have PE3 = (p 4 "‘3) It gives:

2l
2+ by —/3by
when 2 + b] sz 7’: 0. By usmg (23), we get that 2 4 by — v/3by = 0 only in case when
hi3 =0, h13 = 2, h23 =0, hzz = _f Denote with d,,(X) and d,(X) projections of
vector X on tangent space of both spheres. If we use (2), we get:

By = (1 4+ 2b1)as = b3 X o ), (25)

V3
5 :

4 (1
VE d,(u) =0, VEd,v)=0, VEd,(9v)=0, VEa,@r = 3N (2E1 +~—F,
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1 V3
2 2

E E E E 4
Vi dq(@u) =0, Vi ds(0v) =0, Vy,ds(dv) =0, Vyds(dt) = 581 —-E|— —Ep
(26)
and from we have that:
3

(@1, 01) = 7. ez a3) = fo. (B3, B3) = g2, (o e3) =0, (a1.pB3) =0, (27)

where we denote with:

(i (V3 - 63 — 63, + Dk, . s (6h3 + V/3) + 6h3hls

=— , 28
h 8 8 4+ den den (28)
3 (43@H3 + D3, + @iy + D2 + 4Gl = V3hL)? +12013,)?)
f= ; (29)
4den(den + 8)
|~ (V3 613) + 603 — Dhly iy (683, +3) + 6h3hly .
81=% 8 4+ den B den » G0)
3 (4301 = 283002 + (1= 203)% + 4(hly + V/3hk)? + 12(13,)%) )
2= 4den(den + 8) '
Directly we obtain:
3 3 4 f p
Puu = 4]77 Puv = 4 P, Pu = 3 1Pu 2P,
V3 4
Quu =—=74> Qw=""9> qu =3819u ~ 829 (32)
so, the general solutions for immersions p and ¢ are:
3 3
P, v, 1) = a) () cos (*[”;”) + ax(t) sin (T) ,
3u — 3u —
q(u,v,t) = b(t)cos (T) + by(t) sin (T) , (33)

where aj(t), ay(t) bi(t), ba(t) € H. A straightforward computation gives us the following
relations: dyu f1 = —3f1, duu fi = — f1. 0 fi = 0, dufy = =21, 0tfr = 0, —dufi+3 f» =
3 Buugl = =381, g1 = —g1. 481 = 0, dugy = —2g1, 8,82 = 0, dug — 3> = ds.
General solutions of these functions are:

fi(u,v) =cy cos(fu +v)+c sin(fu + v),

fu,v) = = Zser sin(v3u +v) + Tz cos(v3u +v) + Fe,

g1(u,v) =d; cos(fu —v)+d> sm(fu —v),

g, v) = ﬁdl sin(v/3u — v) + dz cos(+/3u — %d3,

(34)

for some real constants cy, ¢2, ¢3, dy, da, d3. As they are constants, we can rewrite them on
a following way:

cp =&1coswy, cp=§&sinwy, dy =&coswy, dy=E&sinwy, (35)
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for some constants &;, &, > 0 and wy, wy € [0, 27). Expressions of fi, f2, g1, g» depend
on hi 3 h%S, h%3, h%3, and using relations among them we get following equation:

—12(8d3 —8d3g> +d3 — 8c3 — 8c3fr + c3 — 683 + 6f22)2 —768(f1 + g1)* — 4(f1 + g1)*
(640d3 — 16d3(64c3 — 24, — 9)+ 640c3 — 48¢3(8f2 +3) +9 (3283 +32f7 + 1)) = 0.
(36)

On the other hand, when we compute it in the equivalent way, by using (34), we obtain a poly-
nomial in sin(2+/3u + 2v), cos(2+/3u + 2v), sin(24/3u — 2v), cos(2+/3u — 2v), sin(2+/3u),
cos(2+/3u), sin(2v), cos(2v) for which all the coefficients must vanish. Therefore, we obtain
nine expressions which are all zero. By using them we get:

&7 ((—3 + 32¢3) (=3 + 32c3 — 32d3) + 768£3) = 0,
£7 (3 + 32d3)(3 — 32¢3 + 32d3) + T68&7) = 0. 37)

Consider now the case when &1, & do not vanish. We solve the previous equation for 512 and
522 and get

£l = _ﬁ@ +32d3)(3 — 32¢3 + 32d3), &5 = —ﬁ( 3 +32¢3)(=3 + 32¢3 — 32d3).

As these expressions are positive, we need to have 3 + 32d3 > 0, 3 — 32¢3 + 32d3 < 0 and
—3 4 32¢3 < 0. In order to simplify the previous equations, we introduce constants x; > 0

2
and x2 > 0 such that X]z + X22 <3andc3 := )(3‘7;3 dz = X2 . Then from the previous
two equations, we obtain
- x/3-xt—x3 xi/3—x}—x3
o3 T 163

Notice that fi, f2, g1, g2 become now in terms of u, v, wi, w2, X1, X2-

fi= ﬁxzy/:‘} — x? = x3 cos(v3u + v —wy),
fr =258 —xt—2x2/3 — x} — x3 sin(v3u +v —wy)),
1 (38)
81 = WXI\/—“’ - Xlz - X22 sin(+v/3u — v — wy),
g2= %G —xd 203~ 1 — X sin(/u — v —wn).

As wj and w; are constants, we will keep the same notation for V3u+vi=3u+v—w
and v/3u — v := +/3u — v — w». Further on, we would like to find explicitly the immersion f.
We replace fi, f2, g1, g2 from (38), together with general solution of p and g in expression
of ps and ¢y from (32), and we get the following system of differential equations:

1
aj(t) = — (( 34 x7) ar1() +2x24/3 — xi — Xzaz(t)> ;

aé’(l)— ( =34+ xf)ax(t) +2x2¢/3 — x —Xzﬂl(t)>
1

1) = TS( (=34 x3) b1(t) +2x14/3 — x —Xzbz(t)>
1

b’z’(t)—&< =34 x3) ba(t) +2x14/3 — x? —Xzbl(t))
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We solve these systems for a;(t), ax(t), b1 (t) and by(¢), and we find

3
a1 () = Cj cos (W ) + Cysin ( \/TJ;Z x| )
3_ 2 2
+C3 Ccos (\/Tj;m[) + C4 sin (\/T\/%(Z+X2 )
3_y2_y2_ .
ay(t) = Cj cos <|\/fo2mlt> 4 Cysin (R/T\/;(z x| )
C3 cos (mﬂz ) C4 sin (Ww )
-G 4
WG 7
(39)
bi(t)=D cos(m ul )—l—D s1n(m x1l )
1 = 1 )
3 —
3—xitx;+ 3 I
+ D3 cos (W ) —I—D;;sm(JT\/;(2 X )
3—
by(t) = Dj cos “/foz xil, + Dysin m al,
D3 cos (mﬂ(lt) Dy sin (m*m t)
— D3 ————1t| =Dy o oAy,

Therefore, in order to determine the immersion p we need to determine the quaternion
constants C; and D;,i = 1, 2, 3, 4. From (32), we obtain the following derivatives:

4 4
=0, a1y, =0, a3 = gfloll, B3 = 38121 (40)
Further on, as 2+ b; — /3b» = 0is equivalent with f> = 0, which here is not case because
&1 # 0, we take the derivatives with respect to ¢ both in the left- and right-hand sides of the
equal sign in (25) and then cross product at right with o3 gives «; as

fi " 1 4 < 1+ 2b; ) @l
oy = —-03 —= |- ] X o3.
T2 T 2323 \F T 21 by — Vi

b3 vanish in case when &1 = & = 0, so here we can divide with it. Taking the derivative with
respect to ¢ in the above equation, we obtain that

1 2 2
Al = —5(3 — X1 — Xz)al-

Therefore, if necessary, we can always apply an isometry .%,;. such that the choice of c,
for new tangent vector (pa, gf1), must satisfy that &, = ca)C is imaginary quaternion
with components i and j, only. Therefore, for initial conditions o (ug, vo, 0) = ?i and

a)(uo, v, 0) = /3 — x7 — x3j. we obtain that

NG V3—Xxi—x3 N RTE R Gt
)= cos | T li+ sin | "] @42
2 273 2 23
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Next, we compute the cross product between o1, and o3

1
o X o3 = 24( 3—1—)(1 +X2 +X2\/3_X1 —Xzsm(fu—i—v—wl))ozl.

Multiplying at left with «; in the above relation and, considering that oy, X (1, X a3) =
—fioe + %(—3 + X12 + Xzz)oz3, we obtain that o3 is given by

2 2 2 2
4 f1 ) 3=xi—x \. 3=xi—x3 \
ast)=— ———|—-sin| ———1]i+cos| ———1|J

,/3—)(12—)(22 23 2.3
3
—T\g (,/3—)(]2—)(22—Xzsin(\/gu—i-v—wl))k

By a convenient choice of @ and b, we can fix the immersion p such that for initial conditions
at the point (ug, vo, fo), where ~/3ug + vo — wy = 7, V3ug — vg — wy = 7.t =0, we
have p(ug, vg, 0) = V2C1, for Cy = L(1 0, 0, 0). We then denote the real coefficients of
C; by C; = (Cj1, Ci2, Cj3, Cja), fori € 2 3,4.

Then p becomes

p=Cs Cos(tkz)(cos W — sin ﬁ“*;*wl

+(C1 cos(t (ki — ka)) + Ca sin(t (kj — kz)))(cos Sutvow g %)
+Cy sin(tkz)(cos M — sin w>7
(43)

where k1 and k; stand for ky = 3-xi—x3 k> — \/3‘X12+2X2v 3x-13 Having in mind the
= 55 k= .

expression for «; in (42), we compute «1(¢) = pp,. We compare its component in i, with

the one from (42), and this gives a polynomial in cos((k1 —2k»>)t), sin((k; —2k2)t), cos(kq)t,

sin(k(¢) which vanishes identically. This implies C4> = 0 and C3; = —% . By a similar
reasoning for the component of «; in j, we find C33 = 0, C43 = —%. The fact that p

has constant length implies C21 = 0 and then C4; = 0, C34 = 0, Cop = 0. We see that
C31 = C44 and C23 = 2 C24, which leads to obtaining that C44 = 0, C3; = 0 and C23 = 0.

inally, we find Cp4 = — fz and determine the immersion p:
Finall find C d det th
t<2v3—X?—X§—J3—X%+2v—X§&%+X§—$>
p = —=cos cos Y3utv=wi 4 iy VButvow
V2 43 2 2
n/3=xi+2/—x3 (xi+x3-3
~_ L cos \/ 1i+2y 1 (it —3) cos Yutv—w _ o VButv—w; ) ;
V2 443 2 2
J3—Xf+2v—X§U?+x2 3)
_\% sin (cos ‘[”J“” Yl — sin ‘/5“';”_“” ) j
t(Z‘H xP—x3- \/3 xi+2/—x3 (X353 - 3))
_ L gn cos YButv=wi | o VButv—w ) g
72 WEl 2 2 :

(44)
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It then follows that ¢ is given by

t<2\/37X227X127\/37X22+2 *Xf(X22+X12*3)>

1 VBu—v—w?2 . ﬁu—v—w2>
= —=cos cos sin
1= 5 43 ( 2+ 2
t\/3—x22+2,/—x12(x22+x12—3)
—L cos (cos ‘/5"_2”_“’2 — sin ‘/5"_2”_“’2) i
V2 43
t\/3*><§+2\/*x]2(><§+x|2*3)
—L gin (cos Yauzv=w2 _ iy ﬁ”_”_“ﬂ) j
V2 43 2 2
f<2\/3*X22*X12*\/3*X§+2 *Xf(X§+x]2*3))
—L gin (cos Yauzv=w? y iy 7‘5”7”7“’2) k
V2 43 2 2 :

(45)

A reparametrisation then completes the proof. We also note that the other cases following
from (35) can be treated in a similar way leading to the same result.
Case 2.0 = % Now we will still split into two subcases, according to whether h}3 =

h53 =0or (h{3)2 + (h%3)2 # 0. However following similar arguments as in the previous
case, we obtain in both subcases a contradiction. O
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