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1 Introduction

The present work studies the existence of multiple solutions for the following class of dis-
continuous problems

{_Au=fp,6(“(x))v aein £, (Pp.s)

2,5 1
u e WHrT(Q) N HL (),

where Q ¢ RMN(N > 3) is a smooth bounded domain, f, s : R — R is the odd function
given by

t]e1P=2, t €0, al,

Fro) = {(1 +8)tP 2 > a.

witha,8 > 0and p € (2,2%).
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In [14], Benci and Cerami have considered the existence of multiple positive solutions for
the case § = 0, that is, for the problem

—Au=|ulP2u, xeq,
(Pp,o)

u € H} (Q).

By using variational methods combined with the Lusternik—Schnirelmann category, Benci
and Cerami proved that if p is close to 2* = % then problem (P, o) has at least cat (€2) of
positive solutions. Here, we recall that if X is a topological space and A C X a closed
subspace, we denote by caty(A) the Lusternik—Schnirelmann category of A in X. The
Lusternik—Schnirelmann category, carx (A), is the least number of closed and contractible
sets in X which cover A. If X = A, we use the short notation cat(X). Later, Benci and
Cerami [15] generalized their previous result by working with a more general nonlinearity
and Morse theory.

The reader can find in the literature a lot of papers where the existence and multiplicity of
solutions for related problems to (P, o) are directly associated with the topological richness of
2, see Alves and Ding [9], Bahri and Coron [13], Rey [29], Struwe [31] and their references.

For the case § > 0, the function f), 5 is discontinuous and the study of existence of solution
for (P, 5) is totally different of the case § = 0, because we cannot use directly the results for
C!'-functionals, then the existence and multiplicity of solution for (Pp,s5) associated with the
topological richness of €2 is an open and interesting problem. Motivated by this fact, in the
present paper we prove a result of multiplicity of solutions in the same spirit of [14]; more
precisely, we prove that if § is small enough and p is close to 2%, the problem (P, s) has at
least cat (S2) of positive solutions, see Theorem 1.1.

The interest in the study of nonlinear partial differential equations with discontinuous
nonlinearities has increased because many free boundary problems arising in mathematical
physics may be stated in this form. Among these problems, we have the obstacle problem,
the seepage surface problem, and the Elenbaas equation; see, for example, [18-20].

A rich literature is available by now on problems with discontinuous nonlinearities, and
we refer the reader to Ambrosetti and Turner [2], Ambrosetti et al. [5], Alves et al. [6], Alves
and Bertone [7], Alves et al. [8], Badiale and Tarantelo [12], Carl et al. [16], Clarke [17],
Chang [18], Carl and Dietrich [21], Carl and Heikkila [22,23], Cerami [24], Hu et al. [25],
Montreanu and Vargas [27], Radulescu [28] and their references. Several techniques have
been developed or applied in their study, such as variational methods for nondifferentiable
functionals, lower and upper solutions, global branching, fixed point theorem, and the theory
of multivalued mappings.

Our main result is the following:

Theorem 1.1 There are §* > 0 and p* € (2,2*) such that for each § € (0,8%) and
p € (p*,2%), (Pp.s) has at least cat(2) nontrivial solutions.

In the proof of the above result, we will adapt for our case an approach explored by
Ambrosetti and Badiale [4]. The main idea consists in setting a suitable single function and
then considering a dual functional, which is C! and their critical points produce solutions for
(Pp,s). For more details, see Sect. 2.

Notations In this paper, we use the following notations:

. . g
e For g € (2,2%), we define ¢’ as the conjugate exponent of g, that is, ¢’ = 1

+ — + _ 2N
e We denote by 27 the conjugate exponent of 2* = 5=, that is, 27 = 3.

+
e The usual norm of the Lebesgue spaces L'(Q) fort € [1 oo] will be denoted by |.|; and
the norm of the Sobolev space H0 (), by |I.1I5
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e ( denotes (possibly different) any positive constant.

e If A C R" is a measurable set, we denote by meas(A) its Lebesgue measure.

e If X and Y are topological spaces, we say that X and Y are homotopically equivalent if
there exist continuous functions 7 : X — Y andg : Y — X such thatg o h = idy and
hogq =idy.

2 An auxiliary problem

In the sequel, we consider the energy functional 7, 5 : Ho1 (2) — R associated with (P, s)
given by

1
Ips(u) = 5/ |Vu|2dx—/ Fp5(u)dx,
Q Q

where

t
Fps(t) = /O Sp.s(r)dr.

Notice that /), s is not a differentiable functional, because F, s is only a continuous function.
This fact does not allow to use the traditional methods to get multiplicity of solutions by using
Lusternik—Schnirelmann category. To avoid this difficulty, we will adapt for our problem an
approach explored in Ambrosetti and Badiale [4].
In what follows, we denote by g,/ s : R — R the odd function given by
sls|?' =2, s €[0,a”71],
gps(s) =1a, s €[aP™!, (14 8)ar ],
1 /

(1+8) 7 Tsls|P =2, s e [(1+8)aP~!, +00).
The functions f), 5 and g, s are related in the following way:
(a)
s ¢ la?™! (14 8)ar™],

s,
Tpa(8ps(s) = {ap—l, s ela?™", (14 8)ar;

b) gps(fps) =t,VteR.
In the sequel, G 5 denotes the primitive of g, s, that is,

N
Gy s(s) :=/ gp s(r)dr.
0

From definition of g, s, G 5 is an even function with

1
ﬁsp ) s € [07 a[)*l]’
P
P
Gps(s) = {as — %, s elaP~!, (14 8)aP~", @.1)
Vs )24 a? p—1
?s +8;, se[(14+8a , +00),

1

for ys = (1 +8) r-I. Thus,

1 1
vsls|P7T < lgp () < Is[PT, Vs €R, 22)
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and
vs 17, 1 P/ R
?M <Gpsls) = ?M , VseR (2.3)

To simplify the notation, we denote by g, and G, the functions g, o and G, o, respectively.
The next step is to define the dual functional associated with 7, 5. By [26, Theorem 11.3],

we know that for each u € L/’/(Q) there is an unique solution w € W(}’p/(Q) N Wz’p/(Q)
for the problem

2.4
w=0, xe€odf. 24)

{—Aw =u, xe8,
Moreover, there is a positive constant C independent of w such that
||w”W2,p’(Q) < C|u|p"

The above information permits to define a linear operator K,/ o : LP/(Q) — Wzvp/(Q),
such that for u € Lp/(Q), K, o(u) is the unique solution of (2.4). Hence,

1K .2l g2 gy < Cluly. Yu e L7 (S),

from where it follows that K/ o is continuous. On the other hand, since the embeddings
below

W2 (@) > LY(Q), Vs e [1.(p)").
are compact for
N /
)y = | T N =20
+o00, 1<N <2p,

we can ensure that K, o : L”,(Q) — LP(Q) is a linear compact operator, because
p € (2,2%) if, and only p € (2, (p))*). Moreover, it is easy to check that

/ Ky o)vdx = / Ky oudx, Vu,veL?(Q). (2.5)
Q Q
Using the above notations, we set the functional Jy s : L”/(Q) — R given by

1
Jprs(u) :/ Gprs(u)dx — 5/ K, o(uudx.
Q Q

The functional Jy s is called the Dual functional associated with I, 5. Observe that, differ-
ently of 1,5, J,» 5 € C'(L” (2), R) and

J;,/’a(u)v = /;2 (gp/,(g(u)dx - Kp/yg(u)>v dx,Vu,v € Lp/(Q).

Thus, u € L” () is a critical point of J 5 if, and only if,
gp o) =K, q(u)ae.in Q.
The above equality permits to prove the following proposition:
Proposition 2.1 [fu is a critical point of J s, then v := g,y 5(u) is a solution of the problem

(Pp,5)~
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Proof 1f u is a critical point for J, s, then
v(x) = K,y q(u(x)) ae. in 2,
from where it follows that
—Av(x) =u(x) ae.in Q.
Thereby, if |v(x)| # a,
—Av(x) = ux) = fps(8p swx))) = fps(x)).
If |v(x)| = a, we have that
—Av(x) =0, ae.in A={xeQ : |[v(x)| =a}. (2.6)

On the other hand, v(x) = g, s(u(x)) and if |v(x)| = a then necessarily u(x) # 0, by
definition of g,/ 5. Then,

— Av(x) =u(x) #0 ae.in A 2.7
From (2.6)—(2.7), it follows that .A has measure zero. Therefore,
—Av(x) = fps(v(x)), aein Q and ve Hy(RQ).
Now, the elliptic regularity gives v € Wlﬁ (€2), showing that v is a solution of (P, 5). O

Motivated by the last proposition, we will look for critical points of J, 5. The result below
establishes that J, s satisfies the mountain pass geometry.

Proposition 2.2 The functional J,y s has the mountain pass geometry, that is,

(i) Jp,s(0) = 0 and there is p > O such that

inf J,su) >0 and Jys(u) >0, Yu € L”/(Q) with |ul, < p.

|ulpr=p
(ii) Thereisy € LP' () such that
Yl >p and Jys(¥) <O0.
Proof We begin by showing (i). The equality J,/ 5(0) = 0 is immediate. From (2.3),
/ Gy sdx = Zju?) v e LV (@), 2.8)
Q p7

and by Holder’s inequality and continuity of K,/ q, there is C > 0 such that

/QKP/,Q(M)M dx < C|u|§,/, Vu e L7 (Q). (2.9)

Thus, (2.8) and (2.9) combine to give

%

vs, » € o
T Z2ulf, = Zu)?,
s () p/lulp 2|M|p

/ C _
=l (2= Z .
P p 27
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Since p’ < 2, thereis p > 0 as in (i). For (ii), notice that for each 1/7 € Co(2)\{0},
Jim Ty 5(19) = —oo.
Therefore, for o > 0 large enough, v := tm} is as required in (i7). O

The next proposition is crucial in our argument, because it proves that J, s verifies the (P S)
condition for § small enough.

Proposition 2.3 There is 5o > 0 such that for all § € [0, &), the functional J s satisfies
the (PS) condition, that is, if (u,) C L”/(Q) is such that

sup |J 5(un)| < 00 and J;, sun) = 0asn — oo,
neN ’

then there is u € LP/(Q) such that, up to a subsequence, u,, — u in Lp/(Q).

Proof Let (u,) C LP/(Q) be a sequence with

sup |/, 5(un)| < 0o and J;, suy) — 0.
neN ’

Taking a subsequence if necessary, we can assume that J, s(u,) — d as n — oo, and so
(up) is a bounded sequence in L (€2). Indeed, for n large enough,

1 1
d+1+ |’/ln|p/ = Jp/,S(un) - Ejé/ya(un)un = /;Z(Gp/,ﬁ(un) - Egp’,s(un)un)dx- (2.10)
As g, 5 and Gy 5 are odd and even functions, respectively, (2.2) and (2.3) ensure that

1 vs 1 /
Gy s — Efgp’,s(t) > (? — 5) [t]7, VteR.

1

Once p’ <2 and y5 = (14 8) P71, there is §y > 0 such that

I
(’i‘j = 5) >0, V5 el[0,5]
P

Thereby, by (2.10),
Vs 1 P
d+1+ |un|p’ = <? - 5) |un|p/a
from where it follows that (,) is a bounded sequence. As LY (R2) is a reflexive space, there
isu € LP () such that u, — u weakly in L? (£2). Then, by compactness of K, o,
Ky ol,) = Ky o) in LP(Q) asn — oo. (2.11)
On the other hand, the limit J;, sun) >0 in (LP/(Q))’ = LP(Q) yields
g 5(un) = Ky o(un) = 0 in LP(R).

So, by (2.11),
gp,s(un) = Ky o(u) = win LP(Q)asn — oo. (2.12)

Then there is & € L?(£2) such that
lgp,s(un(x))] < h(x), VneN, (2.13)
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Multiple solutions for a problem with discontinuous... 889

gp s (un(x)) — w(x) ae. in Q. (2.14)
Let
[:={xeQ|wx)|=a)and Q := Q\I'.
We claim that u, — f) s(w) in Lp/(fZ). If x € §, we have
(fp.s 0 8p.8)un(x)) = fps(w(x)),

and also |u,(x)| ¢ [aP~L, (1 + &aP™ 11 for n large enough, hence
(fp.s 0 gp.8)Un(x)) = uu(x), so u,(x) — fps(w(x)). Combining (2.13) and the fact
that f, s is odd and increasing, one easily derives a uniform estimate in LY (Q) for sequence
(un), so by Dominated Convergence Theorem the conclusion follows.

On the other hand, by using the same type of arguments found [4, Theorem 1], itis possible
to show that meas(I") = 0. Then, the above analysis leads to

up — u in LP(Q),
and the proposition is proved. O
We finish this section by proving that J, s has a nontrivial critical point
Theorem 2.4 The mountain pass level of J, 5, denoted by ¢,y 5, is a critical level.

Proof Propositions 2.2 and 2.3 permit to apply the Mountain Pass Theorem found in [1].
Then, there is a critical u s € L? (2) whose the energy is equal to mountain pass level of
Jy s, that is,

Jl/,/’(s(up/,ﬁ) =0 and Jp/,S(up’,B) =Cp' s

3 Nehari manifold associated with J, s

In this section, we will make a careful study of the Nehari manifold /\/',,/,3 associated with
J s given by

Np.s = {u € LY (\(0}; J, ,(w)u = 0}

— (e L@\ | gy atuds = [ Ky a@ud)

It is worth pointing out that since g, 5 isnota C ! function, we cannot assert that A, psisa
differentiable manifold. This fact brings for us some difficulties to apply Lagrange Multiplier
on N,y s. However, we overcome this difficulty by adapting for our problem some arguments
found in Szulkin and Weth [30].

Our first lemma follows by using the continuity of K, o together with the inequality

Gps(t) — %tgp/,(;(t) > C|z|1’/ for some constant C > 0, and it has the following statement

Lemma 3.1 There is n = n(p) > 0 such that

|u|p” Jp’,&(u) >n, Vu ENp’,B-
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The second result can be obtained by using the same arguments found [32, Chapter 4], because
81;/,3(1)
t

the function g, 5 is odd, is decreasing for 7 > 0 and K q is a linear operator.

Lemma 3.2 Foreachv € Lp/(Q)\{O}, there is an unique t, > 0 such that

Ty 5tw0) (ty) = 0. (3.1)
Moreover,
/ = i f J/ .
cp 0 MEI./I\lfp/_(S P ’B(u)

As an immediate consequence of the last lemma is the following corollary
Corollary 3.3 Ifu is a critical point of J,y 5 with u* #£0, then Jprs(u) = 2¢p 5.

Proof The proof follows with the same type of arguments found in [10, Section 4] or [11,
Theorem 2.4]. m]

The next lemma is crucial in our approach, because it guarantees the continuity of the function
. ’
v >ty in LP (Q2)\{0}.

Lemma 3.4 For (u,) C L”(Q) and u € L (2\{0}, let t,,,t, > O be as in (3.1). If
U, — uin LP/(Q), then t,, — t,.

Proof For simplicity, set #, := t,,. First of all, note that #, 4 0. Indeed, taking v = u, in
(3.1) and using (2.2) and (2.9), we get

]/5|Mn|£,[,l: = / gp’,é(tnun)tnundx :f Kp’,Q([nun)([nun)dx = C[3|Mn|i/,
Q Q
for some C > 0. So, for some ¢ > 0,
/72 27 /

clunly ™ <ta ",
and the desired property follows from the fact that p’ € (1,2) and (u,) are a bounded
sequence in L? (R2).

Moreover, () is bounded. In fact, the continuity of K,/ q, (2.2) and (3.1) leads to

) ’ 1
tr{) C|un|§/ > ﬁLgp’,B(tnun)[nundx :/;ZKP’,Q(un)(un)dx g /S;Kp’,ﬂ(u)udx > 0,
n

which implies the boundedness of (#,).
Finally, up to a subsequence, we have #, — fo. Then, by Lebesgue’s Theorem,

/gp/’g(tou)toudx:limf &p' s (tnun)tyuydx
Q noJo

=lim/ Ky o(thun)thuydx =/ K, q(tou)toudx.

noJo Q

Now, the uniqueness of #, ensures thatt, = fp = lim ¢t,. O
n—-+4o0o

In the sequel, without loss of generality we assume that 0 € €2 and denote by w, , €

Ho1 (B (0)) be a positive ground-state solution of the problem

—Aw = |[w|P 2w, x € B.(0),
w=0, xedB(0)),
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where r > 0 is such that the sets
Qt:={xe RY; dist(x, 2) <r}, Q :={x € Q;dist(x, 0Q2) > r}
and 2 are homotopically equivalent. Hence,

Ip B, ) (Wp,r) =bp . and I;,B,‘(O)(wp,r) =0,

where

1 1
1 30 (u) = f/ |Vu|>dx — 7/ lulPdx, Yu € Hj(B,(0))
' 2 JB0 P JB.©0

and b, g, () denotes the mountain pass level associated with 1), g, (). It is well known that
w,,, is radially symmetric and of class C2. Therefore, u,/ , = wfj;l is positive, radially

symmetric and a critical point of the functional J, g, (o) : L” ' (Br(0)) — R given by

1
Jp’,B,(O)(”) = / Gp/(u)dx — 7/ Kp/,Br(O)(u)udx
B,(0) 2 JB.0

1 , 1
=— lu|? dx — f/ K B, 0)()udx.
I N0 2 JB, )
Moreover,
1 o 1
Jp’,Br(O)(up/,r) = - |up’,r| dx — 5 Kp/,Br(O) (up’,r)up’,rdx
D" JB.(0) B, (0)
1 , 1 '
== lup P dx — = lup r|” dx
P" JB,©) 2 JB©0

11 , 11 ,
— — 5 |up’,r|p dx=\|-—— |up’,r|p dx
P 2) B0 2 p)Jswo

1 1
= (7 - *) / |wp,r|pdx = Ip,Br(O)(wp,r) = bp,Br(O)~ (3.2)
2 p)JB©
Arguing as in [3], it is possible to prove that b, p.0) = ¢, B,(0)» Where ¢ p (o) denotes the
mountain pass level of J, g, (o).
In the sequel, let @, 5 : Q7 — Ny 5 be the map defined by

tp’,yup’,r(|x =y, x € B.(y),

Qs (W) = [O, x € Q\B,(y),

where ¢,y , > Ois such that 7,y yu, .(|. — y|) € N}y s, for each y € Q. Using the function
@, 5(y), we are able to prove that

Cp's = Cp'.B(0)- (3.3)
Indeed, firstly it is very important to observe that from definition of 2~ and r, we have that

B, (y) C Qforall y € @7, consequently supp(® , s(y)) = B,(y) C . Then,

Cp's = Jp’,é(q)p’,é(y)) = Jp’,&(tp’,yup’,r)
2

r,
Py
= AGP/,B(tp’,y”p/,r)dx ), Ky oy up rdx.
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By the maximum principle,
Kp’,Q(up’,r) > Kp’,B,(O) (up’,r) on B,(0),

and so,

1
Cp' .8 =< Jp’,z?(q)p’,z?(y)) =< /;)Gp’,é(tp’,yup/,r)d-x - 5/;2Kp’,Q(tp’,yup/,r)tp’,yup/,rdx

1
= f Gp(ty yup )dx — 5/ Ky, B, tpr yttpr )ty yitp rdx
B (0) B, (0)

= Jp B, Uy yltp r) = Jp B0)(Up ) = Cpl B, (0)

which proves (3.3).
Our next result shows the behavior of the levels ¢, s and ¢, p, () with respect to the
numbers p and 8.

Proposition 3.5 The following limits hold:

1
lim ¢y 5= lim ¢, (o = cy := —SV/2,
PG N L M A Y

where S is the best constant for the embedding H(} (Q) — LY ().

Proof We begin by showing the second limit. Let us denote by I, and J, the functionals
1.0 and Jpy o, respectively. If b, g, (o) denotes the mountain pass level of I, g, (0), adapting
the arguments found in [3], it follows b, p.(0) = ¢p, B, (0). Moreover, in [14] it was proved

that

1 1 L
bp,B,0) = (5 - ;) mp.,

with

[Vw|2dx
Mmpr = 1inf fB’(O) 5 and lirg mp,==.
— *
weH (B, (0)\{0} (fB,A(O) |w|pdx) P
Therefore,
. . A U
i epop,0 = i bpg0 = lim | 5= )mps = ce. (3.4)

Here, we would like to point out that the above arguments could be made with B, (0) replaced
by €2, because the result found in [14] still holds for €2. Then, if ¢,y = ¢ 9, we also have

li /= Cy. .
lim ¢, =c. (3.5)

Now, we deal with the first limit in the statement, that is,

lim ¢, s = cs. 3.6
p2r0 PO T (3.6)

Let (8,), (pn) be sequences satisfy §, — 0 and p, — 2* as n — oco. By Theorem 2.4, for
each n € N there is u, € LP»(2) such that

1
Jp;,,&,, (un) = CP,',JSn and ‘]17;,.,5” (un) =0.
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Setting #, > 0 be such that t,u, € N := Ny o, we find
Cpr = Jp,/, (thutn) = Jp;l,é,, (thttn) "f‘f [Gp;l (thttn) — Gp,’ﬂén (tnun)] dx. (3.7
Q

Claim 3.6
/ [Gp;, (tnun) — Gp,/l,(S,, (tnun)] dx = 0, (D). (3.3)
Q

Indeed, by the definitions of G 5 and G,
0<Gp(s)—Gps0s) < (1~— yg)%lslp/, Vs € R,
and so,
0< / (G tattn) — Gy, (1t = (1 = 3 ) i1 / junl P dx. (3.9
Q Pn Q

From this, we will get the desired conclusion by showing that (|,u,| ,,;1) is bounded, since
vs, — 1 asn — oo. Firstly, from inequality

Gpot) > Gpys(t), VieR,
we have that
Ty o) = Jys) Yu e LV (),
implying that Cpl = Cpr s, for all n € N. From this, (Juy| p;q) is bounded, because (CPL) isa

bounded sequence and

1
Cp, = Cpl.s, = Jp,/,,én (un) = Jp;,,én (un) — E‘Il/’;,ﬁn(u")(u”)

1 )/5” 1 ’
= /9 [Gp;,sn(un) - Egp;l,&,(un)un] dx > (p; - 5) /Q u,|” dx.

Next, we will work to show that (#,) is also a bounded sequence. To this end, we need to
prove that
liminf |uy |, > 0. (3.10)
n— 00 n

As p}, > 2% and |Q| < oo, it follows that
Kp;,,Q(un) = K2+,Q(”n)7 Vn € N.
Asu, € Ny 5,, the above equality combined with Holder inequality gives
’ l
polinlff < [ e nhin 0 = [ Ko aunnn dx < Clun By = €I la Py
n Q Q n

1 1 1
where — = — + —. Then,
2t pp o O

2 20!
1 < CIQUM |unl, .
p}’l

Once 6, — oo and p), — 2% as p, — 2%, the last inequality implies that there is « > 0
such that |up |y, > « for n large enough, which proves (3.10).
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Now, by using the fact u, € N, »..8, together with (2.2) and (3.10), we obtain

f Kp;l,Q(un)undx :/ gp,’,,Bn(un)undx = )/5,,/ |un|p;' dx > «, (311)
Q Q Q

for n large enough. Hence,

t,f”/” , 12
" f P dx—gf Ky alun)undr,
n JQ Q

for n large enough. Gathering the boundedness of (|up|p,) with (3.11), we derive

Cx
S5 = = Jpy, (taun) =

C !
?* <ctf" — 112, Vn €N,

from where it follows that (#,) is bounded. From this, (|#,u,|,) is bounded, which finishes
the proof of Claim 3.6. Therefore from (3.3) and (3.7)

cpr = Cpr s, ton(l) < cpr +on(1).
As (py) and (8,) are arbitrary sequences, (3.5) gives
li /5 = C.
p%ZIR}HOCP 8 Cx

]
The next step would be to determine whether or not the restriction of J,/ 5 to NV, s satisfies
the (P S)-condition. The standard approach would lead us to the study of the second derivative
of J, 5, which we cannot compute, since this functional is not twice differentiable. With this
in mind, we will adapt for our case some ideas explored in [30].
Consider the application

My st LP (\{0} = Ny s
given by
iy s(u) = tyu,

where ¢, is defined by (3.1). Using the above notations, it is possible to prove that
(a) 11, s is a continuous application.
(b) Thereis T > Osuchthats, > 7,Yu € Sy = {u € LP/(Q) uly =1}

Indeed, if (u,,) C L”/(Q) is such that7,, — 0 asn — oo, then t,,u, — 0 asn — oo.

This contradicts Lemma 3.1, since #,,u, € N 5.
(c) Given W C S,y compact, there is Cyy > 0 such that Cyy > 1, Yu € W;

In fact, this is a consequence of the continuity of the application v + t,, as shown in
Lemma 3.4.

In the sequel, we consider the application m 5 : S,y — N s, the restriction of 771 s to
the sphere Sr. Observe that m 5 is a homeomorphism, with inverse given by

u

|M|p’

-1
mp,,a(u) = . YueNys.

Let us also consider the application \prr’(; : Lp/(Q)\{O} — R given by

Wy s(u) 1= Iy s (i 5(u)),
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and its restriction to the sphere, W, 5 : S,y — R. Note that both \f/pg(g and W, s are
continuous. The following result is crucial in our approach and its proof can be found in [30,
Chapter 3].

Lemma 3.7 The applications defined above satisfy:
(i) W5 € CHLP (\{0}, R) and, for u € LP ()\{0},

a |n’\1p’,<§(”)|p’ N
\IJ;)/’B(M)U = TJ;,/’(;(mp’,a(”))U»
P

= tyJ}y (it s(W)v, Vv e LV (Q);
(i) Wy 5 € CH(Sy.R) and, foru € Sy,
\D;,’g(u)v = |m,,/,3(u)|,,/J;),,5(m,,/,3(u))v, Vv € TSy,
where T, S,y denotes the tangent space of S at u;

@@ii) If (un) C Sy is a (PS) sequence for Yy s, then (m 5(un)) is a (PS) sequence for
Jp 0 if (un) C Ny s is a (bounded) (PS) sequence for J, s, then (m;,{a(un)) isa
(PS) sequence for Wy s;

(iv) u € Sy is acritical point of ¥y s if, and only if, m v s(u) is a (nonzero) critical point
of Jp 5. Moreover,

inf W rs = inf J/g.
Sp’ 7 '/\/.17’.5 .

Corollary 3.8 W, 5 is bounded from below and satisfies the (P S) condition.

Proof The boundedness follows by a combination of the previous result and Lemma 3.1. On
the (PS) condition, let (u,) C S, be a (PS) sequence for W, 5. Thus, by Lemma 3.7-(iii),
(mp s(un)) is a (PS) sequence for J,/ 5. By Proposition 2.3, (m, 5(u,)) has a strongly

convergent subsequence. Since m s is a homeomorphism, (u,) has a strongly convergent
subsequence, that is, W,y s satisfies the (P.S) condition. O

Before concluding this section, we will show that Palais—Smale sequence of J,+ produces a
Palais—Smale sequence for /o= : HO1 (2) — R given by

1 2 1 o
D+ (u) = 5 |Vu|“dx — > |u|“ dx.
Q Q

Lemma 3.9 If (u,) C N+ is a (PS)y sequence of Jy+, then there is t, > 0 such that
Vp = tplunl® ~2u, € Mox, where Mo is the Nehari manifold associated with Ir«. Moreover,
the sequence (vy) is a (P S)q sequence of Ir+.

Proof Let (u,) C N+ be a (PS), sequence for J,+, that is, (u,) satisfies
J2/+ (up)uy =0, Jy+(uy) =d+o0,(1) and ||J2/+ (un)”LZ*(Q) = o, (1). (3.12)

Then (u,) C L (R2) is a bounded sequence. In what follows, we define (w,) C HO1 ()
and (v,) C L2*(Q) by w, = Kp+ q(u,) and v, = |un|2+_2un, for each n € N. So
Uy = |y |2*’25n and w,, is the unique solution of the problem

(3.13)

—Aw, =u,, x €,
w, =0, on 0.
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By (3.12) and the definitions of w,, and v, both (w,), (¥,) are bounded sequences with
[T — Wylox — 0asn — oo, that is, w, = Uy + 0, (1) in L2 ().
The sequence (wy,) is a (P.S)4 sequence for I»+. Indeed, for any ¢ € HO1 (R2), (3.13) gives

Beung = [ Vg dr— [ g ar
Q Q

_ / neh i — / wal? 2wnp dx
Q Q

=/ (152225, — w2, ) g ax
Q

~ 252~ 2¥-2
§C||Un| Uy — |wyl wn|2+||¢||

and so,

15 )l -1y < C|15nl* 2D

- |wn|2*_2wn|2+
As wy, — 9, — 0in L2 (), it follows that

”12/*(wn)||H*1(Q) = op(1). (3.14)

Moreover, since J2’+ (up)u, =0,

Iy (wy) = /|an| v — — /|wn|2"dx

:f/ wyi, dx — /Iv,, dx + 0,(1)
2 Ja

1
:E/anun dx—z—*/Q|un| dx + 0,(1)
(1 1) 2t
—(s-= /|un| dx + 0,(1)
=(——7>/ " dx + 0, (1)

= Jo+(un) + on(1) = d + 0,(1). (3.15)
Thus, (wy) is a (PS)g sequence for I«. Next, fix w, := t,w, where t, > 0 is such that

thywy, € Mjx. We claim that (wy,) is a (P S)4 for I,+. Indeed, once () is a bounded sequence
on Ao+, then lim inf |u, |,+ > 0. Furthermore, using again that w, = v, + 0,(1) in LY (),
n—oo

we see that ¢, satisfies

t,f/ |Vw,|>dx =r,%*/ lwn|? dx
Q Q
=t3*[/ ol dx + 04(1)
Q
=;3*/ lun > dx + 12 0,(1),
Q

which leads to

> - 1)/ > dx = 0, (1).
Q
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Therefore, as (u,) does not vanish, 7, — 1 as n — oo which permits to conclude that (w,,)
is a (PS)4 sequence for Ir+. Hence, the sequence (v,) given by v, = #,0, = tnlu,,l2 2y,
is also a (P S)4 sequence for Ipx. ]

4 Proof of Theorem 1.1

After the study made in the previous section, we are able to prove our main result. To this
end, we will consider the application 8 : Ny 5 — RV given by

/x|u|2+dx

Q

/ u|?" dx
Q

Once LP/(Q) — L2+(S2), B is well defined and
Bo®ys(x)=x, VxeQ . 4.1

Bu) =

The next result establishes an important estimate associated with 3.

Proposition 4.1 There are €, p*, 81 > 0 such that for each p € (p*, 2*) and § € (0, &1), if
u € Ny s satisfies Jyy s(u) < ¢y + €, then B(u) € QF, where c, is defined in Proposition
3.5.

Suppose by contradiction that the result is false. Then, there are sequences (¢,,), (pn), (6,)
with €, — 0,8, — 0, p, — 2* and u, € Ny s, such that

Ty, n) < ¢+ €, and Bu,) ¢ Q. (4.2)

To simplify the notation, we will use J,, := Jp;l,gn,./\/ = Npﬁ,,én’ G =Gy 5,581 1= &pl.6n
and K, := Kp;VQ.
We begin noticing that (|u,|, ) is bounded, since (2.2) and (2.3) lead to

1
Cx + € = Ju(uy) = Jy(uy) — EJy/l(un)un

1
= / <Gn(”n) - Egn(”n)”n) dx
Q
Vo 1 Ph
> I n
= <P,/1 2>|“n|pn

You _ 1 1
and(p},1 2)—>Nasn—>oo.

Claim 4.2 There is t, > O such that t,u,, € Np’/’, that is, J;, (tyup)tyu, = 0,and t, — 1 as
n— oo.

The existence of such (#,) is a consequence of the definition of J Pl Thus, foreachn € N,

’
/ [tpitn|Pn dx :/ Ky (thup)tyuy, dx,
Q Q

that is,
(2 f litn| P dx = / K, ()it dx. (4.3)
Q Q
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Since u, € Ny, (2.2) gives

/Kn(”n)undx=/ &n(up)u,dx =/ |’4n|p;1dx+0n(l)- (4.4)
Q Q Q

By (4.3) and (4.4),
(7= 1) / % dx = 0,(1). (45)
Q

Moreover, by (2.3),

1
Cp}8n < Jn(uy) = / (Gn(up) — EKn(un)un) dx
Q

1
/ (Gn(un) — Egn(un)un) dx
Q

1 /
—// |ty | P dx.
Pn JQ

Then, by Proposition 3.5, lim inf |u,,|p ’:‘ > (. Thereby, (4.5) ensures that lim 7, = 1 and
n— 00 Pn n— 00

IA

the claim is proved.
Let ity := tyuy,, for all n € N. Since i, € N, by using (4.2) and the same argument
explored in the proof of Claim 3.6, we get

cx +o,(1) = Cp, = ‘IP;Q (iy) = ‘]P;/z (tnutn)
< Jn(un) +0,(1) < ¢ + €4 + 0,(1),

that is,

lim Jp (itn) = cx.

n—o0

Now observe that by the definition of J,+, there is r,, > 0 such that ryit,, € No+.
Claim 4.3 (|it,|, ) and (r;,) are bounded sequences and lim inf Ir,,ﬁnlp’,1 > 0.
n n—o00 Pn

In fact, once ryit, € N+,
I - -
/ |rrL’/ln|2 dx = / KZ*,Q(rnun)rnun dx,
Q Q
that is,
1 ~ 2+ ~ ~
e liy|” dx = K2+,Q(un)un dx
r Q Q
from where it follows that
1 +
~ 2 ~ \~
ﬁ/ li,|© dx = / Ky oy, dx.
ry Q Q

Here, we had used the fact that Kp;‘yg(ﬂn) = K+ q(ii,), because p;, > 2% and meas(Q) <
0.
Besides, since ii, € Ny and Jyy (ity) — cx,

=) [l ae = (o= 3 [ 11 ax = gy @) = e+ o)
[ — u n X = _ = u n X = (U = C. [0} ,
2 pl/‘l o n pn 2 o n Pn n * n
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SO
lim | |in]P dx = Ne, = SN2, (4.6)

n—o0

Since it,, = t,u, andt, — 1,itfollows that (|u,| p;) is also bounded. Using Holder inequality,

2+
~ + 2 / !T
f|un|2 ax < o (/ 4| dx) "
Q Q
1 1 1

where = — — — 0 as n — oo. Therefore,

0, — 27 T 7
-
/ iy |* dx < 0,(1) + (/ |an|f’édx) " 4.7)
Q Q

and (|in|p+) is bounded. Moreover, arguing as in the proof of (3.10) we have that
lim+inf |ﬁn|§i > 0. This together with (4.6), (4.7) and the fact that i, € /\/’,,;l gives that
n—+0o0

(rp) is bounded. We finish the proof of the claim by applying Lemma 3.1.
Now, using the equality

¢, = inf IDx(u) = inf Jr+(u), (see [2])
ueN,+

uEMz*
we find
cx < Jot(rpity).

Thus, combining the Holder’s inequality with (4.7) and Claim 4.3, we obtain

- 1 _ o+ 1 - -
cx < Jo+ (rptty) = 27_,'_/ |rnun|2 dx — 5/ K2+,Q(rnun)rnun dx
Q Q

2+

1 / A

< (—, +on(1)) on(l) + (/ |rnan|l’ndx)”
Py Q

1
- f/ Kpr (rplty)ryii, dx
2 Jg ™

"
1 o\ .
=on() + — |Fpily|Prdx — 5 | Ky .iin)ryit, dx
Pn \Ja 2 Ja
1 ) 140, (1)
=on() + — (/ |rnﬁn|Pndx> — 7/ Ky (ratin)rnity dx
Py Q 2 Q

1 - ’ 1 ~ ~
=on(l) + 7,/ [Pt |Pndx — */ Kp;,,sz(rnun)rnun dx
Pn JQ 2 Q

=on(l) + Jp;l(rn[‘n)
<on(1) + Jp;,(lzn) = 0,(1) + cx.

Consequently, wy, := rpit, € N+ satisfies Jo+ (w,) — c4. Without loss of generality, using
the Ekeland’s Variational Principle, we can assume that w, also satisfies JZ’Jr (w,) — 0 as
n — oo, that is, (wy) is a (P S) sequence for J,+ at the level c,.
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By Lemma 3.9, there is a (P S) sequence (v,) C M= for I« at the level c,. Observe that
(vy) satisfies
2

Vo, 2d L \TF C O\
M N (/ o |? dx) = (/ |vn|? dx) (4.8)
(/‘Q |v,,|2*dx)7* Q Q

and
11 . 1 .
Cx +on(1) = D+ (vy) = (5 — ?> /Q [vn|” dx = N/Q“’”' dx,
that is,
lim i lon|? dx = Ne, = SV/2, (4.9)
By (4.8) and (4.9),
- Jo IV, [2dx _

" (g 2 dx)

By setting the function w, = , we have that

U
[vn %
|[wylo« =1 and  lim / |Vw,|>dx = S.
n—>+o0 Jo
Arguing as in [32, Lemma 5.23], we can apply the Concentration—Compactness Lemma due

to Lions [32, Lema 1.40] to find u € D"2(R") and a subsequence of (u), still denoted by
itself, such that

w, — u in DVIRN),
[Vw,|* = p in M®RY),

and
lwa)> = v in M®RY),

where p and v are positive finite measure with v concentrated at a single point y € Q.

Therefore,
/ x|wn|2*dx — / xdv=yeQ
Q Q

/ x|vn|2*dx
Q

a(vn):ziﬁ/xdv:yeﬁ,
Q

/ ol dx
Q

a(vy) € QF

or equivalently

implying that

for n large enough. Thereby,
Bun) = a(vy) € Q+7
for n large enough, which contradicts (4.2). This completes the proof. O

As a by-product of the last proposition, we have that
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Corollary 4.4 Fore, p*, 81 > 0given in Proposition 4.1, for each p € (p*, 2%), § € (0, &1),
ifu € Sy satisfies Wy s(u) < ¢y + €, then ﬂ(mp/,,;(u)) e Qt.

Proof Indeed, for fixed p € (p*,2%),8 € (0, 81), if u € S is such that W,y s(u) < ¢4 + €,
then m y 5(u) € Ny 5 with Jpy 5(m 5(u)) < cx + €. By Theorem 4.1, B(m,y s(u)) € QF.
[m}

Ci‘+€) and cat(2), where

The next result establishes a crucial relation between cat (Sp

5;;;*5 ={ueSy : Wyswu) <citel

Proposition 4.5 For €, p*, 81 > 0 given in Proposition 4.1, p € (p*,2*) and § € (0, 8y),
we have

cat (8;’7“) > cat(Q).

Proof By Proposition 3.5, we can fix r > O such that ¢,y p,(0) < cx+e€.Letk = cat(S;“f ).

Then, there are k closed contractible sets A; € 8;’:“, j = 1,..., k such that U’j.:] Aj =

S;’;JFE. This means that there are k continuous applications /; : [0, 1] x A; — S;’;JFE such

that
hi,u)=u, hj(l,u)=h;(1,v),Yu,veA;, j=1,... k. (4.10)

Setting B; := (m;,l’(3 o <I>pr,5)7l(Aj),j = 1,...,k, we derive that B; are closed and
B; C Q7. Moreover, as

‘pr’,s((m;/{s 0@y 5)(¥) = Jp s(Pps(¥) =cp B <Cxt+€VyeQ,
or equivalently
Wy s((m))5 0 @y 5)( Q7)) C S5,
we also have that

k
U =a. 4.11)
j=1

Consider the applications /; : [0, 1] x B; — Q7T given by
1j(t,x) i=Bomysohit,m)so®y ().
Then /; is continuous and, for x, y € B; C QT using (4.10) and (4.1),
1j0,x) = BomysohjO,m s 0®ys(x)
=pBomy ;s om[:,lq(3 o @, 5(x)
= ﬂ © d>[)/,5()(‘.) = -xa
and
1;(1,x) =Bomysoh;l, m;,{s o @, 5(x))
=Bomysohi(l,m, ody ()
=1;(1,y).
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Thus, B; are contractible and by (4.11),
cat(Q) = catgr (Q7) < k = cat(S5 "),
as desired. o

Proof of Theorem 1.1 Let p € (p*,2*) and 0 < § < §* := min{p, §1}. Then, by Lemma
3.7-(iv), cx +€ > ¢4, = inf Sy W, 5. This and Corollary 3.8 allow us to apply the Lusternik—
Schnirelmann category to W, s, which guarantee us that W, 5 has at least cat(SE’,‘“)

nontrivial critical points on S;’f+€. Applying Lemma 3.7-(iv) and Proposition 4.5, we con-

clude that J,, 5 has at least cat(£2) nontrivial critical points. Thus, by Theorem 2.1, (P, s)
has at least cat(£2) nontrivial solutions. Moreover, since f is odd, Corollary 3.3 together with
maximum principle yields these solutions can be chosen positive. O
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