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Abstract The aim of this paper is to prove some energy estimates for Klein—-Gordon equa-
tions with time-dependent potential. If the potential is “non-effective” and has “very slow
oscillations” in the time-dependent coefficient, then energy estimates are proved in Ebert
et al. (in: Dubatovskaya and Rogosin (eds) AMADE 2012, Cambridge Scientific Publish-
ers, Cambridge, 2014). In contrast, the main goal of the present paper is to generalize the
previous results to potentials with “very fast oscillations” in the time-dependent coefficient;
consequently, the positivity of the potential is not required anymore.
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1 Introduction

In this paper we consider the following Cauchy problem for Klein—-Gordon equations with
time-dependent potential:

Uy — Au+ M(@t)u =0, (t,x) € (0,00) x R,

u(0,x) =uox), u;(0,x)=u;(x), x eR", M
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818 F. Hirosawa, W. Nunes do Nascimento

where M = M (¢) isreal-valued. A large amount of work has been devoted to (1). In particular,
we take up the recent works [1-3,6], which studied the asymptotic properties of the energy
as ¢ tends to infinity. For a positive continuous function p = p(¢) we introduce the following
energy to the solution of (1):

1 2 2 2
Eu: p) (1) = 5 IVt )2 + et )2 + pO)llunte. 7). @)

In [1,2] the authors studied the following scale-invariant model for the coefficient in the
potential

e
MO =1 3)
with a positive number p, and they showed the following energy estimate:
E(u; p)t) S E(u; p)(0) (4)
with
T forp > 1/2,
p(t)={d+n"" ogle+1)"* foru=1/2, ©)
(1 + 0~ 1=V1-42 forp < 1,2,

where f < g with positive functions f and g denotes that there exists a positive con-
stant C such that the estimate f < Cg is valid. Moreover, f =~ g denotes that f and
g satisfy f < g and ¢ < f. Thus we observe that the influence of the potential to the
energy is quite different if 0 < p < 1/2 or u > 1/2; the potential satisfying the former
is called “non-effective.” Generally, the time-dependent potential M (¢)u is “non-effective”
if lim sup,_, o (1 4+ 1) ftoo M(s)ds < 1/4. Here the notion of effective and non-effective
coefficients originated from [13, 14] for the classification of the time-dependent dissipations
to dissipative wave equations

an - Aﬁ + 2b(t)11, = O, (6)

which is identified with the Klein—-Gordon equation of (1) by

t
i = exp (—/ b(s) ds> u and M = —b' — b, @)
0

Itis known that the “oscillations” of variable coefficients have a crucial influence on energy
estimates for hyperbolic equations. For instance, it is shown in [11,12] that the energy to
the solution of the Cauchy problem for the wave equation with time-dependent propagation
speed

Uy —a®)Au =0 ®)

can be unbounded as t — oo if a(¢) is oscillating very fast though a(¢) is bounded and strictly
positive. Precisely, the energy is not bounded in general if the estimate |a’(r)| < (1 4 1)~P
with § < 1 holds; on the other hand the energy is bounded uniformly with respect to ¢ if
B > 1. Moreover, it is proved in [11] that the energy is also uniformly bounded with respect
torifla’(r)] < (141)""and |a”(1)] < (141)"2 witha € C%([0, o0)). Here the oscillations
in the coefficient a(r) satisfying |a’(£)| < (14 1)~ with 8 < 1 and 8 > 1 are called “very
fast” and “very slow,” respectively. Thus we expect that if the oscillations in the coefficient
are very slow, then the asymptotic behavior of the energy is the same as in the case without
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any oscillations. The notion of oscillations can be introduced to dissipative wave equation

(6) with
O ([ asra 9
2 (/0 a(s) S> 9

and to the Klein—Gordon equation of (1) with (7). Energy estimates with very slow oscillating
coefficients in the dissipation b(#)u, and in the potential M (¢)u, which were described by
b)) < A4+~ Vand M) < (14 1)72, were studied in [13,14], and [6], respectively.

Generally, very fast oscillating coefficients may destroy estimates, which are valid for slow
oscillating coefficients (see [4]). However, some additional assumptions to the coefficient
enable the estimates, even though the oscillations become very fast. Indeed, the energy to the
solution of (8) can be bounded uniformly with respect to ¢ although the oscillations of a(z)
are very fast if a € C™ ([0, c0)) with m > 2 and there exist positive constants a~, > 0 and
o € [0, 1) such that

t
/ la(s) — asolds = O(t%) (t — 00), (10)
0

here (10) is called the stabilization property for (8) (see [5,7,9]). Corresponding stabilization
properties were studied in [8] for dissipative wave equations (6) with non-effective dissipation
and in [3] for Klein—Gordon equations of (1) with effective potential. Briefly, the aim of the
present paper is to prove energy estimate (4) to the solutions of (1) with non-effective and
very fast oscillating coefficient in the potential to introduce a suitable stabilization property.

This paper is organized as follows. In Sect. 2 we give the main theorem and corresponding
examples. In Sect. 3 we introduce the strategy of the proof and some estimates to be used in
the proof. In Sect. 4 we prove some estimates of the micro-energy in restricted phase spaces.
In Sect. 5 we give the proof of our main theorem. In Sect. 6 we give some concluding remarks,
and Sect. 7 is an appendix.

2 Main result

In this paper we restrict ourselves to the following special structure of the coefficient in the
potential:

12
M(t) = 8(t 11
0= G +30 (11)
as a perturbed model of scale-invariant potential (3). For the perturbation § = 4§(¢) we

introduce the following hypothesis:

Hypothesis 1 (Non-effective condition) The principal part of M (¢) is non-effective, that is,
Ju satisfies

1
O<u<§. (12)

Hypothesis 2 (Oscillation condition) There exists a real number S satisfying 8 < 1 such
that

18 < A+ (13)
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Hypothesis 3 (Stabilization condition) There exists a real number y satisfying > 1 such

that
o
/ 8(s)ds
t

Then our main theorem is given as follows:

SA+n77 (14)

Theorem 1 Ler § € C°([0, 00)) and Hypotheses 1, 2 and 3 be fulfilled. If the following
conditions hold:

2ﬁ{> U (1)

> 1 for y =2,
then energy estimate (4) with (5) is established.

Remark 1 By Hypotheses 1 and 3 we see that

/OOM(s)ds
t

It follows that M (¢)u is non-effective.

1
< —.
4

/OOS(S) ds
t

Remark 2 Hypothesis 2 and 3 do not require the asymptotic behavior §(r) = O(172) (r —
o0). Hence, (11) is not always a small perturbation of scale-invariant model (3) in the sense
of the L® norm. In other words, M(¢) is allowed to possess very fast oscillations if one
reduces the Klein—-Gordon equation to (6) and (8) by (7) and (9). Indeed, we will introduce
some examples of §(¢), to which one can apply Theorem 1. These examples satisfy

lim sup(1 + 1)

—00

< u? +limsup(l 4 1)
—00

liminf £28(¢) < 0. (16)
=00

It follows that for any 7' > 0 there exists T satisfying 71 > T such that M (T;) < 0. Here we
note that models with negative time-dependent potential appear in some cosmology models
(see [15]).

Example 1 We define M (1) by M(t) = u2(1 4+ 1)~2 + 8(r) with

sin((1 + 1))

MO =

’

where 8, i and k are real numbers satisfying 0 < 4 < 1/2,k >0and 1 —«/4 < g < 1.
Thus Hypotheses 1 and 2 are satisfied. By Lemma 7 from “Appendix” we have

/‘00 S(s)ds
t

Thus Hypothesis 3 is satisfied with y =28 4+« —1 > 1+ «/2 > 1. Therefore, Theorem 1
is applicable since (15) holds, that is, if

o
1/ SN0 ol < (14 1= CRHD),
K | J(14eye 91+2ﬂ[l ~

Z_

for 28 4+« # 3,

NI

B (17)

> for 28 + k = 3.

= =
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Example 2 Let {1;}52, = {27j}52,. We define M (1) by M (1) := p*(1 + 1) + 5(1) with

-28 . _
1; 7 sin (t;.((t —t,»)) te [tj,tj + 271, ”],
8() =

0 re10,00\ U, [t + 2717

where B, u and k are real numbers satisfying0 < u < 1/2,x > O0and 1—(14+«)/4 < B8 < 1.
Thus Hypotheses 1 and 2 are satisfied. Here we note that ¢; +27 t;" < tj41.Foranarbitrarily
given positive real number ¢ satisfying ¢t > | we take N € N satisfying ty <t < ty41.
Then we have

28
2 N +1 ) _
sl =i = (B) = a0

ti+2mt; )
Moreover, if we note f,jj i 8(s)ds = ftjf *1§(s)ds = 0 for any j, we have
N2y
</ Bl ds < dry P+
t

o0 IN+1
/ S(s)ds / S(s)ds
t 1 N

N 1 2B+«k _
:4<7I;r ) G = (14 =P,

Thus Hypothesis 3 is satisfied with y =28 4+« > (3 4+ «)/2 > 1. Therefore, Theorem 1 is
applicable since (15) holds, that is, if

14+«

for 28+« # 2,
B= (18)

for 28 + k = 2.

= =

3 Strategy of the proof and some estimates
3.1 Reduction to the dissipative wave equation
The basic strategy for the proof of our main theorem is the reduction to dissipative wave

equation (6). The change of variables u(f, x) = n(t)w(t, x) with n = n(t) € C2([0, 00))
transforms the Klein—Gordon equation into the following dissipative wave equation:

20t "(t
wy — Aw + "()w,+("()+M(t)>w:0. (19)
n(t) ()
If we take n as the solution to the following Liouville-type equation:
() + M()n(t) =0, (20)

then (19) corresponds to (6) with b = n’/n. Hence, we may apply arguments for treating
dissipative wave equations with very fast oscillations in [8]. The idea was introduced in [6]
for very slow oscillating potentials. Thus the main task for the proof of our main theorem is
to develop their method for very fast oscillating potentials.

Let T be a nonnegative number and {gx (¢)}7; be defined by

M(t) fork =1,
qr(t) = k—1

21
ijl (ftoo q;(s) ds) (ftoo qr—j(s) ds) for k > 2. @D

@ Springer



822 F. Hirosawa, W. Nunes do Nascimento

Then a solution to (20) is represented formally as follows:

S t poo
n(t) = exp Z/T / qj(s)dsdr (22)
Jj=1 t

(see Lemma 8 in Sect. 7). Therefore, we shall consider the following problems to realize our
strategy:

(i) Uniform convergence of 1(¢) on any compact interval of [0, co).
(ii) Estimates of the oscillations and the stabilization to b(¢) = n'(¢)/n(1).

3.2 Convergence of 5(¢)

Let u be a real number satisfying (12), and y; be kth Catalan’s number defined by
(2k)!
=———F (k=0,1,...).
7= e ¢ )

If we define v and ug(t) by

1—/T—42
v::% (23)

and
(@) = yeoapn A +1)72
then we have the following lemma:

Lemma 1 The following equalities are established:

D m@) =vd+n72 (24)
k=1
and
k=1, oo o
(/t wj(s) dS) (/Z Mkfj(s)ds> = (1) (25)
j=1
forany k > 2.

Proof By the generating function of the sequence of Catalan’s numbers:

o0

1=l —4r
E yir! = — (26)
j=0

(see Lemma 9 in Sect. 7), we have

o0 o0

. B 1—/1—4u2 _
Yo =2 Yyt = 2,
k=1 =0

By the equalities ftoo i (s)ds = (1 + t)ux(t) and
k—1
Vk—1 = Zyj—l)/k—j—l,
j=0
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it follows that
k—1
_ 2k —4 _ -2
D i) = A+ 07 = @ +1) 27)
j=1

for k > 2. Hence we have

k=1, oo . k-1
> (/ w(s>ds> (/ uk_,-(s)ds> = (1 +02 Y i O (0 = 1 0.
j=1 M ! j=I

[}

Remark 3 1f8(t) =0and 0 < u < 1/2, then gx(t) = ur(t), and thus n(t) = (1 + ¢)* and
bt) =v( 4+~ with0 < v < 1/2.

Let oy (t) with k = 1, 2, ... be the error of g (¢) from py(¢), that is,
ok (1) == qr(t) — p(t).
Then we have the following lemmas:
Lemma 2 For any positive real number p there exist constants T > 0 and wo > 0 such that

lox ()] < wo((1+ p)* = DA+ wer) k=1,2,...) (28)

/00 ox(s)ds
t

foranyt>T.

and

<wo((1+ o) = DA+ () (k=1,2,...) (29)

Proof By (14) there exists a positive constant pg such that

o0
po = max { pu?, sup :(1 + 1) / 8(s)ds ] .
t>0 t
For a given positive real number p we define wp and T by
1
wp = % andT =) T — 1. (30)
P
Then for any t > T we have

wo(1+077 <wp(1+T) 7+ =1 (31)

and

< po(1 4+ =wop(1+1)77 2 uy (1)

/ooal(s)ds /OOS(S)ds
! '

forany r > T. It follows that (29) is valid for k = 1. Let j > 3 and suppose that (29) is valid
fork =2,..., j — 1. Then we have

‘(/ Hj—k(s) ds> (/ or(s) ds) + (/ Wi (s) ds) </ oj—k(s) ds)‘
' ' ' '
= ‘(1 + -k (t) (/ ok (s) dS) + A+ D)ux(0) (/ Ujfk(s)ds)‘
t t

< wo((1+p)* + (14 ) F = 2)(1 4+ 7" P () j—i (1)
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824 F. Hirosawa, W. Nunes do Nascimento

‘(/00 o (s) ds) (/ooaj,k(s) ds)
t '

< g ((1+p)* = DA+ p) ™ = DA+ )72 (i (0).

Therefore, by (25), (27), (31) and the equality

and

A+ +A+p) 24+ DU +p) - =U+p) —1

we have

g (1) — i (0)]

j—1 o0 o]
) ( [+ ok<s>>ds) ( | i +o,~_k<s>>ds) —®
k=1 t t

loj (1)

j—1
<o Yy (L4 p) + A+ p) * =2+ 077 () (1)
k=1
Jj—1 .
g Yy (A +p" =D +p) = DU+ 077w (pjx ()
k=1

<wo((1+p) = DA+ ;@)

for any t > T'. Moreover, we have

/ oj(s)ds
1

< wo((1 + p) — 1)/ (14 )77 4 (s) ds
t

= %((1 + o) = DA+ 0721

<wo((1+p) = DA+ 2150,

Thus (28) and (29) are valid for k = j. Consequently, (28) and (29) are valid for any
k eN. O

By Lemmas 1 and 2 we have the following two propositions, which ensure the convergence
of n(t).

Proposition 1 The following estimates are established on [T, 00):

Y g -Mmn <A+ (32)
j=1

and

Z[ooqj(s)a’s—v(l—i-t)_l SA+n77. (33)
j=17"
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Proof Let p > 0 satisfy (1 + p)u? < 1/4. By (21), (26), (31), Lemmas 1 and 2 we have

Y a0 => ui0+> o)
j=2 j=2 j=2

> a0y — M)

j=1

v+ w0 ) (L4 p)Y = DA+ i)
j=2

IA

vtwo Y v+ ppd A+ d+n7?
j=2

_ _ 2 B
<v+1 J1—4(1+ p)p 14+

2

IA

IA

<A+4+n72

Moreover, by (14), Lemmas 1 and 2 we have

2/ qj(s)ds —v(1+0)7"| = Z/ oj(s)ds
j=1"! o

o Yy ((+p) = DA +07 ;)

o0
< / S(s)ds
t j=2
1—4/1-401 2
<SU+07 + oo 2( OB 4y
~ (14077,
Thus the proof is completed. O

We note that 7 () is the solution to the following initial value problem:

[r]”(t) M@t =0, e (T,o00), G

((T), n'(T)) = (1. 1),

where T was defined by (30) and 77 = 230:1 f;o qj(s)ds. Let us continue the solution
n = n(¢) on the interval [0, T') as the solution to the backward Cauchy problem

' () +M@)nt) =0, te€[0,T), 35)

(T, n'(T)) = (1, ).

We define b(¢) and o (¢) on [0, co0) by

n'(t)
b(t) = 36
() () (36)

and

o(t) == b(t) —v(l+1)~ L. (37)

Then we have the following proposition.
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826 F. Hirosawa, W. Nunes do Nascimento

Proposition 2 If Hypotheses 1, 2 and 3 are fulfilled, then the following estimates are
established:

0] <A+ (38)
and
oM S A +1)7. (39)
It follows that
() ~ (1+1)", (40)

and that for any vy and vy satisfying 0 < vg < v < vy < 1/2 there exists Ty > 0 such that
vo(l +07" < b(t) <vi(1+1)7! 1)

foranyt > Ty.

Proof Estimates (38) and (39) are trivial on the finite interval [0, T']. Suppose that ¢t > T.

Then by Proposition 1, (13), (22) and (77) we have

0 @)

b =
Ol= 150 ~ w0

2
= |-M@) - Z/ gj(s)ds | | =
j=1""

SIMO |+ (1 4+0)2< (1 +1)7 %

D
k=1

and
S 00
lo ()| = Z/ qj(s)ds —v(1 + t)_1 S(A+n77.
j=1""
Moreover, by (33), (36), (37) and (39) we have

t t
n(t) = n(T) exp (v/ 1t —|—s)_1ds—|—/ a(s)ds) ~1+1)"
T T
and

=
b)Yl +t)=v+o(@)(1+1) [> )
> Vo

forany t > Tp withmin{vy —v, v—vo} > sup,> g, {0 (#)|(1+1)}. Thus the proof is complete.
O

4 Construction of the fundamental solution

4.1 Micro-energy and zones

For the nonnegative constants 7" and Ty in Propositions 1 and 2 estimate (4) is trivial on the

finite interval [0, T1] with T1 = max{T'; To} by application of the usual energy method. Thus
we can suppose that 771 = 0 from now on without loss of generality.
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By partial Fourier transformation with respect to x and denoting v(¢, §) = u(z, &), (1) is
reduced to the following Cauchy problem:

~ - (42)
v(0,8) =uo(§), v(0,§) =ui(§), § eR".

For a positive large number N, which will be chosen later, we divide the extended phase
space [0, 0co) xR" into three zones: the pseudo-differential zone Zy = Zy (N), the hyperbolic
zone Zy = Zy(N) and the intermediate zone Z; = Z;(N) as follows:

Zy(N) :={(t.£) € [0,00) x R" ; (1+1)[¢| < N},
Zp(N) :={(t,€) € [0,00) x R" ; (1+1)*77[g| = N},
Z/(N) = {(t.£) €[0,00) x R" ; (140> 7[E| <N < (1+0)§]}.

Here we note that2—y < 28 —1 < 1 by Hypothesis 2, 3 and (15). It follows that Z; ¢ Zp.
We define 6; = 61(r) and 6, = 62(r) on [0, co) by

{vn +IEFv+ M@ =0, (t,§) € (0,00) x R",

00 for r =0,
01(r) .= 4
max{Nr —1,0} for r > 0,

and
00 for r =0,
0r(r) = max{(Nr—‘)ﬁ - 1,0} for r > Oandy # 2,
max[(Nr_l)Zﬁ%l—l,O] for r > OQandy = 2.

Then (01 (|£1), &) and (62(]&]), &) denote the separating hypersurfaces between Zy and Zj,
and Z; and Zpy, respectively. Indeed, the zones can be represented as follows:

Zy(N) ={(t,§) €[0,00) xR"; 0 <t <01(I§])}.

{(1.£) € [0, 00) x R" ; 1 > 6,(£])} fory <2,
Zy(N) =
{(#,6) €[0,00) xR"; 0 <t <6(&])} fory > 2,
200 < [ (65 €10,00 <5 018D < 1 < 6:(18D) fory <2,
! {(t.€6) €10, 00) x R" ; t > 0y (|€]) and ¢ > 62(&])}  fory > 2.

Let x € C*°(Ry) such that x'(r) <0, x(r) = 1forr <1, x(3/2) =1/2and x(r) =0
for r > 2. We define the micro-energy U (¢, §) by

U(t, &) = (h(t, §)v(t, &), v (1, &) — b, &), 43)
where
ht, &) =1+ XN A +0lED +ilE11— x (N1 (1 +D)IED). (44)
Then we have the following lemma.

Lemma 3 We have thath(t, &) = (1+1)"Vin Zy (N) and |h(t, &)| ~ |£|in Z;(N)UZy (N).
Moreover, there exists a positive constant No such that forany N > Ny the following estimate
holds:

U, &)1> = | [u(t, )1 + v (t, ©)1F + 1+ 072 [u(t, &) 45)

uniformly with respect to (t, §).
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Proof We have h(r,£) = (1 +1)~!in Zy (N) by (44). Let (1, £) € Z;(N) U Zg(N), that
is, N"I(1 +1)|&] = 1.If1 < N~'(1 +1)|€| < 3/2, then we have

|h(t, £)]

> L1+ > gl

< Ja+072+ hgp < [ + Ll

If N~'(1 +1)|&| > 3/2, then we have

|h(z, £)]

1
> 511,

< JHa+n2 4P < o + 1.

Therefore, by (41), Cauchy—Schwarz inequality and recalling Proposition 2, we have in

Zy (N) that

U@ &P =+ 0720 + v |* + b(0)*v]* — 2b(1) %R (v, D)

and

> ((1+072 = b + %mz

B 1
> (1 —v)(1+1) 2|v|2+5|vt|2
1

Sz (L= vDIEP P

1
> 50— VO 402 ? +

U, 6)1> < (1+ 07 f* + 2[v* + 2b(0)*|v]?

<A +20HA 4072 +20v)?

1 2
—|v
+2|t|

< [EPP 4+ A+ 20D + 1) + 2lv .

On the other hand, in Z;(N) U Zy (N) with N > 2/3 we have

1 36v? 36v2 + 1
U, 2> 5P P b0 ] - L jy)? - 1 b(t)2|v|?
U@, §)l _QNZISIII v )7l 361)124_1|z| 3602 ()7 vl
1 20,12 1 2 1 2 1 2 2
= —_— — ——=b(t
18Nzl%l [v] +36V12+1|vt| + 18NZISI 3602 ®7 | vl
1 20,12 2 1 —2,.12
> —_— — 1+t
> 18NQI%‘I [v] +36v12+1|vt| +36( + 1) v
and
U@, &1 < 20EP ) + 20ul” +2b0)*[v]?
< 20EP P + 2o P + 207 (1 + 1) ol
Thus (45) is proved. m]
For the micro-energy U = U(t, £) defined by (43) we define V = V (¢, &) by
V(t, &) =n)"'U® &) (46)

Then we have the following lemma.
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Lemma 4 The vector V is a solution to the following first-order system:

WAL h(t, &)

AV = AV, A=A E) = I;; @7)
—neE —2b@)
Proof The proof is straight-forward from the definitions of U, n and (36). O

We shall consider the fundamental solution £ = E(t, s, &) to (47), that is, the solution to
ok =Al8E, E(s,s5,86) =1 (48)
4.2 Considerations in the pseudo-differential zone Zy (N)

We shall prove the following statement.

Proposition 3 Assume Hypothesis 1. The fundamental solution to (48) satisfies the following
estimate:

IE@ 0,81 <A+~
uniformly for (t,&) € Zy.
Proof Let (t,&) € Zy, thatis, 0 <t < 01(|€]). We consider (48) with

_(—(1+r)—1 (1+r)—1>
T\ +0ng? =260 )

If we put E(z, 0, &) = (e (1, §))i, j=1,2, then we can write for j = 1, 2 the following system
of coupled integral equations of Volterra type:

e1j(t,&) = (1+n~" (au+/0tez,-<r, S)dr), (49)
erj(t, &) = n(n)~* (62,- — &P /0,(1 + o)) e j(z, s)dr> : (50)
By substituting (50) into (49) and integrating by parts we get
ej(t, &) =1 +n7" (alj + 82 /Ot n(r)~? dr)
R+ fo 1) /Ora + s)(s)er; (s, &) ds dr
=(14n7"! (31,- + 82 /Oln(r)_2d1>

t t
—|s|2<1+r)—‘/ (/ n(S)_ZdS> (1 + Dn(0)e1 (z, &) dr.
0 T
We define f;(z, &) by
Fi(t,€) == n(0)*le1;(t, £)|.

By (40), there exists a constant C > 1 such that

Cla+0" <n@) <Cl+1).
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Then we have
fits. &) <1+ @) (1 + /0, ()~ dr)
IR+ 07 () /0, (/t 1) ds) (14+10)f(z. §)dr
<A+ (1 - czfot(l +1)7 dr)

t t
+CHEP(1 + z>—1+2“f0 (/ (14572 ds) 1+ 1) fj(r.6)dr
2

1—2v

4 t
<C*(1 1)~ 1H? (1 + a +t)1—2”>+ lcﬁmﬁf (1+1)fi(r,€)de
- 0

t
<Ci+ cz|5|2/0 (1+1)f;(r. &) dr.

where C; = C>4C*/(1—2v) and C» = C*/(1—2v). By Gronwall’s inequality we conclude

! 2
f1(t.6) = Crexp <C2IS|2/ 1+ r)dr) < Crexp (szN ) .
0

Thus we get |eg;(, §)| S n(t)_z. Moreover, by (50) we have

t
le2j (. 6) < n ()~ (1 + |$|2f (1+ r>dr) S0
N
Summarizing the above estimates and (40) we conclude the proof. O

4.3 Considerations in the hyperbolic zone Z g ()

We shall prove the following statement.

Proposition 4 Assume Hypotheses 1, 2 and 3. The fundamental solution E(t, s, §) to (48)
satisfies the following estimate:

(I+s)”
(L+1)

uniformly for (t, &), (s, &) € Zy(N) withs <t and N > vy /2.

IE@ s, O S (D

Proof Estimate (51) is trivial for s < ¢t < 21/(r=D _ 1. Hence, we suppose that t >
21/r=D _ 1 from now on. Then we see that

N1 40l = 2N T A +0)*7 g > 2.

(0 gl
A= (im —2b<r>> :

Let M be the diagonalizer of the principal part with respect to powers of |§] of A given by

My = — (1] 52
0._\7@]1 . (52)

It follows that
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Weput E1 = E(t,5,§) := MO_]E(t, s, &). Then (48) is reduced to
WE1=A1E1, Ei(s,s,6)=M,", (53)

whereas

Ay =My AMy = (im —b)  —b() >

—b(r)  —il§| —b(1)
Let My = M (z, £) be the diagonalizer of the principal part of A| given by

1 _ (A2 1 _ib(®)
M, = (AD ANn—Anz | — b 1§
. _ 1)21 :
(A22—(ADn 1 2/&|

By (41) we have

—

b(t)? - v?

det My = 1 — 2
e 4R = T aN2 =

%
N —

for (1 +1¢)|&|] = N, thatis, for (1,&) € Zg(N) U Z;(N) with N > vl/ﬁ. It follows that
M, is invertible. Moreover, we have

191 )1 < max (1041);5.6)1) < max {1 55} = 1. (54)
We put
Ey = Ex(t,s.8) = M{ ' (1, ©)E1(1.5. ).
Then (53) is reduced to
W Ey= Ayt E)Es, Ea(s.s5.8) =M (s.6)M; ", (55)
where

Ar = Ax(t, &) = M A My — M (0 MY).

Here we note the following representations:

(A2)11 = (A2) = i€ = b(t) —

i (b(r)2 b(t)b’(t))
det My \ 2¢| 41812

and

L 1 bty b (1)
(A2)21 = (A2)i2 = <_4|s|2 2] )

By (38), (41) and noting that 8 < 1 < y we have

(Aol SIETN AT A+ + (1 +0)7%F)

56
SETNA+0TT R A+ 2 g A+ 07 0

in Zy. Moreover, for (¢, &), (s, &) € Zy and s < t, by (36) we have

t t
exp (/ (A2)j(t,8) dr)’ = exp (—/ b(r)dt) = % 67
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for j = 1,2. We define @,(¢, s, £) by

t A ’ d 0
Do(t, s, &) = exp (fs( D1(z, &) r) |
0 exp (j:y (A2)20(1, &) d‘L’)
and we put E3(t, s, &) := d?{l(t, s, E)Ey(t, s, £). Then (55) is reduced to
0 E3 = R3(t,5,§)E3, E3(s,s,&) = Mfl(s, S)M(;l, -

where

Ri(t,5,8) = @5y (1,5, 8) Aa(t, E)Da(t, 5,6) — Dy (1,5, E) (3 P2)(t, 5, &)

_ 0 ri(t, s, &)
T\, s, 8) 0

t
r3(t, s, &) = (A2)21(1, &) exp (l/ S{(A)11 (7, 5)}df) .

and

Here E3(t, s, £) can be represented as a Peano—Baker series in the form

t
Es(t, s, £) = Ex(s. 5. €) +/ Rs(n, s, £)dn

X rtopn fk—1
+Z/ / / R3(11,8,8) -+ R3(tx, s, §) dig - - - dry.
k=2 S N N

Therefore, by (56) and the equalities ||R3(z, s, )| = [r3(, s, &) = [(A2)21(¢, &)| there
exists a positive constant C such that

A

t
IE3(r, 5. 6)] < [ E3(s, 5, §)l + exp (/ [R3(z,s,8)l df)

t
1+ exp <C|.§|_1 / S dr) .

We define ¢ (z, s) = f;(l + 7)72# dz. Then we shall estimate €171 (¢, s) in Zy(N). If
y < 2, then by (15) we have 28 — 1 > —y + 2 > 0. It follows

-1 -1 = d +92)_2ﬁ_)/+3 :
1517 (1, 5) < &7 ¢(00, 62) = NQF—1) - N@F-1)

A

If y > 2and B < 1/2, then we have

—1 1 0 —2B+1
617100, 5) < 6171 02,0) < 2 (lfzzﬂ)

_ (4o
T NI-28 ~ NI-28)
If y > 2and 8 > 1/2, then by (15) we have

(&)
£ (1 s) < |s|—1f0 (14773 de

His ) 1
R IS | p——
Sy_z( 2) NG —2)
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If y =2 and |£] < N, then by (15) we have

1 -1 —2p41 _ 1
2IB_1|-‘§| (1+62) SNCE-D)

If y =2 and || > N, then by (15) we have

17 (1, 5) < |7 p(00, 62) =

—1 —1 _
€799 = NTIp(00, 0 = i

Thus we have ||E3(t, s, &)|| < 1 uniformly in Z . Consequently, by (54) and (57) we obtain

V(5. 6]l = | MoMi (1, £)B(t, 5, ) Ex(t, 5. €]
~ B2t . ) Es(t 5.6 = P 1Bt 5. 8]
n()
IR
~ @)’

Thus the proof of Proposition 4 is concluded by (40). O

4.4 Considerations in the intermediate zone Z;(N)

We shall prove the following statement.

Proposition 5 Assume Hypotheses 1 and 3. The fundamental solution E = E(t,s, &) to
(48) satisfies the following estimate:

(1+s)"

a+rnv

IE@ s, OIS (59)

uniformly for (t, &), (s, &) € Zy withs < t.

We shall introduce some lemmas in order to prove Proposition 5.
Lemma S Estimate (59) holds uniformly for
018 <5 <1 <61 (&) := 261 (1§ + 1.
Proof Let0) <t <6, thatis, 1 < N~1(1 +1)|€| < 2. By Lemma 3 and the estimates

ht(tv S)
h(, §)

there exists a positive constant C such that

lA@ OIS ca+n"

SIECQEIa+0T FED 2 A4+

It follows that
t 61
/ IA(r, &)|ldt < C(1+6;)! / dr =C
s 01
for 0 < s <t < 6. Therefore, by the same way to estimate E3 = E3(t,s,&) in Zy we
have || E(t, s, &)|| < 1 uniformly for (¢, &), (s, £) € Z;. Moreover, by (40) and the estimates

v N\ V
gL A0 _(46)"
(I+9" = (A +6)"

we have (59) what we wanted to prove. O
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We define B = B(t, &) by

B(t.§) = <i|(2| —2v(llli|—t)‘1>'
Let us consider the fundamental solution £(z, s, &) to
0:E(t,s,&) =B(t,§)E(t,5,8), E(s,5,8)=1. (60)
Then we have the following lemma.

Lemma 6 Assume Hypothesis 1. The fundamental solution to (60) satisfies the following
estimates:

(1+5)" . _ (4
dt0)y and ||E (L, 5,8 S T sy

uniformly for (¢, §), (s, &) € Zj.

Proof Weput &) = &(t,s,€) := M(;IS(I, s, &), where M was defined in (52). Then (60)
is reduced to

€@, s, I <

(61)

0,1 = B1(t,6)&, &i(s,5,8) = Mo_l, (62)
where

. i B
B :=MO_IBM0=<Z|S|_V(1+1‘) —v(l+1) )

v+ —ilg[—v(l 407!
Let M 1 be the diagonalizer of the principal part of B; given by
- 1 ___Byn | !
M, = (B) Bou-Bz | = [ (1an)-! 21¢] .
_ 1)21 v+~
Bn—(Bn 1 21E] 1

Here we see that 11711 is inverNtible and det IVI] >1/2in Zg(N)U Z;(N) with N > U/ﬁ.
We put & = & (t, 5, &) = Mfl(t, £)E1(t, s, &). Then (62) is reduced to

W& = Bo(t,6)E, Els.5,8) = M (s, )M, ", (63)
where

By = By(t,§) := M; ' BiMy — M (9, My),

- 2 ) 2 -3
B)11 = By = ilg| —v(1 4+ — l (U a+n= va+n )

det M, 21| 41€|2
and
S 1 V(4073 iv(l—i—t)_z)
By =B = —= (- - ‘
(B2)21 = (B2)12 detM1< e 2E|
Here we note that for §; < s < t we have
t v
(I+s)
exp ( f (B2)j;(z. s)dr)‘ - (64)
for j = 1,2 and

(Bl SEIT2A+0 + ' A+ S Ea+072
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We define @, (%, s, £) by

S B 6 dr) 0

- exp
Do(t,s,8) = ( .
0 exp ([ (B2)aa(r, €) dr
and we put &3(¢, 5, &) = 5{1(& s,&)E(t, s, &). Then (63) is reduced to
03 = Rt 5,6)&, Es,s,6) = M ' (s, )My ", (65)

where

Ry(t,5,8) := B, (1,5, &)Ba(1, )Bat, 5,£) — By (1,5, 6) (9, P2) (1, 5, )

_ 0 73(t,5,8)
—\Ri(, s, &) 0 ’

73(t,5,6) = (B2)a (1, §) exp (l/ S{(B)11(z, E)}df> :

and

Therefore, there exists a positive constant C such that

A

t
€32, 5, )1l < 1€3(s, 5, §)I + exp (f [R3(z, s, 6)l df)

1 +exp <c|gr1 /00(1 +17)72 dt)
01

=1+exp(ClE"'A+6)7") S L.

A

Consequently, by (64) we have

~ 1+ s)Y
E(t,s, 8|l ~ | Pa(t, 5, 6)E(t,5,8)| < :
€@, 5, &)l = [ @22, s, )E3( SS)HN(IH)V
Analogously, by the equality
t v
141
exp (— / (B2) i (z, sm)‘ =0y (66)
we have ||E71(z, 5, &)| < (141)"/(1+s)". Thus the proof is complete. O

Proof of Proposition 5. For él < s <t < 6, we consider the fundamental solution £ =

E(t,s, &) to (48) with
T
A= (im —2b(r>> :

We shall prove the equivalence between || E(¢, s, £)| and ||E(t, s, §)|| by using the stabiliza-
tion condition in Hypothesis 3. We define A9 = Ag(t, §) by

Ao(t) = <(l) 1//%)) , Y(t) =exp (2/; o (1) dr) .

We put B = E (1,5, §) == Ay (1)E(1, 5, §). Then (48) is reduced to

WE| = A(t,6)E1, Ei(s,s,8) = Ay'(s), (67)
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where

il @O~ =201 +1)7!
We put Ey = Ex(t,5,&) :=E ' (t,5,E)E (1, 5, £). Then (67) is reduced to
O Ey = Ay(t,5.E)Er, E(s,s.8) = Ay (s), (69)

i ::< 0 g ) )

where

Ayt 5,8) = E71 (. 5. E)(A (1. §) — B(t, £)E(t,5.)

_ o1 0 el @) —1)
AR ST i R
By (39) we have lim;_, o, ¥ (¢) = 1. It follows that
@) —1] < ‘Z/wo(r)dr <4077+, (70)
t
Analogously, we have
@ =1 Sa+n7rHh (71)

Therefore, by Lemma 6, (70) and (71) we have

! o - - 13
/ [Az(z, s, &) dr S [Elp(r, ), (1, s) ::/ (1+1)77*tlde.

If y < 2, then we have

2_
§180, ) < 16130, 0) < ATV N
2—y 2—y

If y > 2and |§| < N, then we have

~ ~ N
1@, 5) < Ngp(00,0) = —.
y —2

If y > 2 and |£] > N, then we have

~ ~ N
[Elp(t,5) < [Elgp(00, 02) = ——.
y —2

If y = 2, then we have

t t 2
ISI/ (1+7)tdr < |5|/ (140 2dr < ISI/ (14024
s s 01

_leia et N
= 28 —1 T28—-1
Therefore, by the same way to estimate E3 = E3(t, s, &) in Zy we have
|Extt,5,6)] S |Eats, s, 8)] S 1.

Consequently, by Lemma 6 we have

1+
(1+n"
Thus the proof of Proposition 5 is concluded. O

IE(t, s, 6)]l = | Ao()E, 5, ) Ex(t, 5, 6)|| <
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5 Proof of Theorem 1
5.1 In the case y <2

Let y < 2. Wenote thatif y < 2,then Zg (N)U Z;(N) C {(t,&); |&] < N} If (¢,&) €
Zy (N), then by Lemma 3, Proposition 3 and (40) we have

EP (. &)1 + v, §)F + p)]v(t, &)

<+ 07 EPE O + v (. O + L+ D)2, £)1)
~ 140U EHP = A+ 0™ |V, 8)

=1+ [EF,0,6)V(0,8)

SV, 6.

Moreover, by Propositions 3, 4 and 5 we have
IE(®,0,8)| = E 61,8)E®1,0, )] S (L+0)""(1+61)"
for (t,&) € Z;(N),
IE@® 0,8l = E(,62,8)E02,01,£)E©1,0,8) S A +0)" (1 +61)7"
for (t,6) € Zu(N) N {(t,§); |§| < N}and
IEE 0,61 <A+~

for (z,§) € Zu(N)N{(,%); |§] = N}. Therefore, if (1,§) € Z;U(Zy(N)N{(1,8); |§] <
N}), then we have

EP o, )1 + o (6, O SIUEEP = 1+ 0> V(L &)
=1+ 0% |E(t,0,6)V(0,8)[?
S+ V0,87

Hence,

PO, &)F < p@DIv(t, &)1* = N72(1 + 0> £ vz, &)
<1IV(0,8)

On the other hand, if (t, &) € Zg(N) N {(t,&) ; |&| > N}, then we have
&P, ©)1F + v, ) S V0,8,
and thus
PO &) < v, £)1* < N2EP v, &) < [V(0,8€)]%
Consequently, the following estimate is established uniformly with respect to (¢, £):
EPE O + v, ©)1F + pO)lo. )17 S V0, 6)%. (72)

Parseval’s identity and (3) conclude energy estimate (4).
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5.2 In the case y > 2

Let y > 2. We note that estimate (72) in Zy (N) U (Z;(N) N {(t, &) ; || < N}) is proved
exactly by the same way as in the proof for y < 2. By Propositions 4 and 5 we have

IE® 0,6l =E, 02, §)E©2,0, )] 5 (1+07"
for (z,€) € Zy(N) N {(z.§) ; |§] = N}, and
IE@ 0.6 < d+07"

for (¢, &) € Zy (N). Therefore, analogously to the corresponding estimate in the case y < 2
we have

EP (e, &)1 + o2, §)1* S IV, 82
for (,€) € (Zy(N) N {(1,£) ; |€] = N}) U Zy(N), and thus
PO, &) S V(0,8

Consequently, estimate (72) is established uniformly with respect to (¢, £), and thus energy
estimate (4) is concluded.

6 Concluding remarks

Klein—Gordon equation (1) can be identified with dissipative wave equation (6) by means of
(7). Hence, we may expect that the previous results for (6) and (8) will be directly reduced
to Klein—Gordon equations. However, such a procedure is not straight-forward. Indeed, it is
not easy to see whether the corresponding oscillation and stabilization conditions to b, which
were introduced in previous papers, are satisfied or not by the solution of nonlinear equation
7).

The optimality of assumption (15) is an open problem. If we succeed to reduce our problem
to previous results for dissipative wave equation (6) in [8] or the wave equation with variable
propagation speed (8) in [9], we may expect that if § € C" ([0, c0)) with m > 0, then
assumption (15) is weakened to

1 m(y — 1)
> | — 3—-— 73
p= 2 < v m+2 (73)
under some suitable assumptions for the derivatives § (k)(t) (k =1,---,m). Moreover, we

may also expect that estimate (4) does not hold in general if 8 < —y + 2.
In [6] the authors considered the following general model of the coefficient in the potential:

2

T 22+ 1)

with a non-effective potential having very slow oscillations. We may expect to extend (74)
to very fast oscillations. However, the argument of proof for Theorem 1 can be applied only
in the case g(t) = 1.

M (1) (74)
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7 Appendix
7.1 An estimate for Example 1

Lemma 7 The following estimate is valid for any o > 0 :

90‘

/oo sin 0 d@‘ —0(17%) (1 — ). (75)

Proof Let T be areal number satisfying v > 27 and N a positive integer satisfying 27w (N —
1) <t < 2m N. Then we have

/00 sin¢ s /ZﬂN |sin6l N i /Zﬂk“) sing
T 0° T 0° 2k 0°
k=N
© 2rk+m 2 (k+1) o
§i+z / sm0d9+/ sm@de
77 k=N 2k 0 2wk~ 0
4 & 2 2
<—+) -
77 = <(27tk)“ Qr(k+1))° )
4 2 6
= — < —,
° 2aN)e — 1°
as we wanted to show. O

7.2 Representation of solutions for Liouville-type equations
Lemma 8 The function n = n(t) in (22) is a solution to (20).

Proof By the Cauchy product formula

o0 o0 oo k—1
DILTN A DICTE EDDPIIEY 6)
j=1 j=1 k=2 j=1
we have
[ 00 2 oo k—1 00 00
Z/ gjds | =Y (/ q,(s)ds) (/ qk_,-<s>ds)
j=1"" k=2 j=1 ! !
o0
= @)
k=2
Hence, we obtain
2
n" (1) o [ -
o Mo =2 / gi®)ds | =Y qu@) + M) =0. (77
j=171 k=1
Thus n = n(¢) is a solution to (20). ]
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7.3 Catalan’s numbers

Lemma 9 Let yy be the kth Catalan’s number which is defined by

(2k)! 1 for k=0,
I(k + 1)! ijoyjyk_j_1 fork=1,2,....

Moreover, for any 0 < r < 1/4 the following equality is established:

oo
: 1—J1—4r
= E Tyj-1 = ————. 79
v(r) =1r Vi—1 > (79)
Proof By (78) we have
ket 202k — 1
TV gy 22D, (80)

m T =
k—oo rfyp_1  k—oo k41

for any r > 0. It follows that the series Z;’il ri vj—1 converges for 0 < r < 1/4. By (76)
we have the following inequalities:

2 o0 k

0 -1 0
v =Dy | =YY v =) e =ve) . 81
=l k= =l k=2

Thus v(r) is given by (79) as a solution to the quadratic equation v> — v + r = 0. This
completes the proof. O
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