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Abstract We consider the Euler equations with a capillary tensor in the case of the so-called
quantum hydrodynamics, which is formally equivalent to the Gross—Pitaevskii equation. Our
main result is the existence and uniqueness of global solutions without vortices for small data
in dimension at least 3. The absence of vortices means that the density remains bounded away
from 0. Previous results include existence of global solutions without uniqueness (Antonelli
and Marcati in Commun Math Phys 287(2):657-686, 2009) and lower bounds on the first
occurrence of vortices (Béthuel et al. in J Anal Math 110:297-338, 2010). Our proof uses
in a crucial way some deep results on the scattering of the Gross—Pitaevskii equation due
to Gustafson et al. (Commun Contemp Math 11(4):657-707, 2009). The optimality of our
assumptions is discussed, in particular we show that for slightly less regular initial data the
density does not even remain bounded. We also sketch in the appendix the key arguments for
the scattering of solutions of the Gross—Pitaevskii equation.
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1 Introduction
1.1 The Euler-Korteweg equations and the Madelung transform

The motion of an Euler—Korteweg compressible fluid is described by the following system:

3, + div(ou) = 0,
0;(pu) + div(pu @ u) + VP(p) = divk, (1.1)
(107 u)/t:() = (1007 MO)'

Here u = u(t, x) € RV stands for the velocity field, p = p(¢, x) € R* is the density and P

the pressure. We restrict ourselves to the case N > 3. The general Korteweg tensor reads as
follows:

1 /
divk = div ((pk(p)Ap + S (e(p) + pr (P)IVpI?)Id — k(p)Vp ® Vp> . (12)

The capillary coefficient « is a smooth function R** — R™*. The Euler—Korteweg system
has been studied by Benzoni et al. in [5] where they prove for a general capillary coefficient the
local existence of strong solutions for large data such that (oo — 1, 1) belong to H*+1(RV) x
H*(RN) withs > % +1. The proof relies on tricky energy inequalities, but the lack of uniform
bounds does not allow to obtain global solutions. On the other hand, the equation has some
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From Gross—Pitaevskii to Euler Korteweg. .. 723

dispersive structure so that global well-posedness is expectable at least if the dimension is
large enough and the initial data small enough. Throughout the paper, we denote the space
variable x € RY and we shall deal with the specific case:

A
k(p) = 1 o that divk = 2k1pV <7\/'B> , k1 € R™, P(p) = p?/2.
P N/

This capillary coefficient corresponds to the so-called quantum pressure. This case is of spe-
cial interest because it corresponds to the fluid formulation of the Gross—Pitaevskii equation.
More precisely, when the velocity u = V@ is irrotational, lim|y|— 100 0 = 1, the Madelung

0
transform ¢ = ﬁel 2V allows formally to rewrite the Euler—Korteweg system as the
Gross—Pitaevski equation] (GP):

2i 1oy + 2189 = (WP = Dy, (13)
v (0, ) = vo.
with the boundary condition limy|— 400 [¥/] = 1. The Gross—Pitaevskii equation is the
Hamiltonian evolution associated to the Ginzburg—Landau energy:
1
E@) =/ (VY @ 0P + (¥ = 1D?)dx
RN 4 (1 4)

1
- f (1Yot O + - @Reg + lp/)?)dx.
]RN 4

with ¥ = 1+ ¢. Note that the fluid counterpart of this energy can be obtained by multiplying
the momentum equation by 2u and reads

fRN (4k11V /P2 (1, x) + (plul®) (2, x) + (p — D (1, x))dx
(1.5)
= fR (4 IV/00l*(x) + (poluo*)(x) + (po — D*(x))dx.

Taking advantage of this correspondence, Antonelli and Marcati proved in [1,2] the existence
of global weak solution for the system (1.1) for irrotational initial data when N = 2, 3 and for
pressures that correspond to defocusing nonlinear Schrodinger equations (NLS) (see also [11]
for a simpler argument). It is important to mention that in [1,2] the authors deal with initial
density which are close to the vacuum, indeed po belongs to L2(RV). The proofs consist in
constructing a sequence of global smooth solutions of the system (1.1) (for regularized initial
data). The main difficulty to pass from a solution of NLS to a solution of (1.1) is that ¥ can
vanish, so that u = Im @ Vv /|y |2) is not clearly defined, even as a distribution. Next they
prove the convergence to a global weak solution of the system (1.1). The key point of the
proof is the strong leoc convergence of the nonlinear terms /o,y ® /pnuy and |V /0, |2.
This terms are in fact intertwined and converge using classical regularizing effects of Kato
type for the Schrodinger equation. Uniqueness was left open as no control of the vacuum
was provided.

On the other hand, Béthuel et al. studied in [6] the Gross—Pitaevskii equation in the long
wave regime (small data and slow oscillations), and proved the well-posedness of (1.1) for
large times. More precisely, they prove that for such times the density remains bounded away

L' It should be pointed out that for a general capillarity the Euler—Korteweg system can also be rewritten
as some degenerate quasi-linear Schrodinger equation, see [5]. The change of variable does not involve the
Madelung transform but is still singular near vacuum.
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724 C. Audiard, B. Haspot

from zero, which in this context corresponds to the absence of vortices. It relied in a crucial
way on dispersive properties of the Schrodinger equation. However, the question of global
well-posedness was left open.

The main novelty of our results is that we construct solutions that are both unique, without
vortices, and global. The price to pay is that we need to take small initial data and the
dimension N > 3 in order to fully benefit of dispersive effects. Let us mention that we
obtained very recently in [3] the global well-posedness of (1.1) for small initial data and
general capillarity and pressure by a direct approach. In particular the Madelung transform
is not used. The drawback is that much stronger restrictions on the regularity of the initial
data are required (basically pp € 1 + H 50y,

In this work we loosen the assumptions on the initial data : first we build upon the scattering
results for (GP) (see [27-29]) to construct a global solution v that remains bounded away
from O but is merely in L>* N H® with s >~ N /2, second we use the Madelung transform
(which is well-defined since v is bounded away from 0) to construct a global strong solution
of the system (1.1). Uniqueness requires (oo, u#g) € (1 + HtY x HS, s > N/2+1.

Before stating our main results we give a (incomplete) review on scattering for NLS and
Gross—Pitaevskii.

1.2 On the Gross—Pitaevskii equation

Global well-posedness and solitons: Due to the unusual boundary condition at infinity, the
analysis of the Cauchy problem for the Gross—Pitaevskii equation is more involved than for
a defocusing NLS. Up to a change of variable and for simplicity we can replace (1.3) by
the normalized PDE i 0,y + Ay = (|W|2 — 1). The natural energy space is not H LRM),
and the L2(RY) norm is not conserved (we will see that it is related to the low frequencies
behavior of the linearized equation near ¢ = 1). The natural energy space associated to the
Gross—Pitaevskii equation is

E| = {w e HL RY), vy e L2®RY), |yP—1¢ LZ(RN)} .

Global well-posedness with large initial data in £ has been proved by Gallo and Gérard in
[17,18] in dimension N < 3 and by Kilipp et al. in [35] in the critical case N = 4. It was also
proved that for s > 1 the H*(RY) regularity is also propagated but without uniform bounds
in time.

A striking difference between (GP) and defocusing Schrodinger equations is the existence
of traveling waves, namely solutions of the form (up to symmetry):

Y(t,x) =uc(x; —ct,x2, ..., Xn),
where u, satisfies:
icdiue — Aue — ue(1 — |uc?) = 0. (1.6)

For N > 2, due to the correspondence with the Euler equations, it was conjectured more than
thirty years ago that non-constant solutions do not exist for |¢| > +/2, this was rigorously
proved in [24]). Solutions of finite energy were constructed for small ¢ in the pioneering
paper [8], and the full range 0 < |¢| < /2 was obtained by Maris in [36] in dimension
N > 3. Béthuel et al. proved in [7] that there is a lower bound on the energy of non-trivial
traveling waves for (1.8) in dimension N = 3, the result was then extended in any dimension
> 4 by de Laire [16]
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From Gross—Pitaevskii to Euler Korteweg. .. 725

0 <& =inf{EW), ¥(t,x) =uc(x1 —ct,x2,...,xy) solves (1.8) for ¢ > 0}. (1.7)

On the other hand if N = 2 there exist non-trivial traveling waves of arbitrary small energy
(this it was conjectured by Jones et al. [33], see [7] for a proof). This is a clear obstruction to
scattering.

The scattering problem: We rewrite (1.3) for ¢ = v — 1:

i0,0 + Ap — 2Req = F(¢) = (¢ + 2 + |¢|H)o. (1.8)

The strongest nonlinearity |¢|?¢ corresponds to the defocusing cubic nonlinear Schrodinger
equation, but the dynamic is actually very different. The linearized system reads

i0rp + Ap —2Rep = 0. (1.9)

The system on Re(¢), Im(p) can be diagonalized by the change of unknown (see [27])

v +ivy =v:=Vg:=Rep +iUlmp with U=+—-AQ2—A)"1,
and setting H = /—A(2 — A) we get the linear Schrodinger-like equation:
io;v — Hv =0.

For completeness we recall what we mean by “scattering”. Consider the nonlinear
Schrodinger-like equation:
idu + A(=Du = f (),
{ u(0) = uo,

where A(—A) is a Fourier multiplier with real valued symbol. A solution is said to scatter (in
L?)ifitis global, C(R*, L?), and thereisuy € L? suchthat [|e ™" 4u(t) —u | ;2 —>1— +00 O.
This should be understood as a domination of the dispersive decay over nonlinear effects.

A very natural framework for scattering corresponds to the case where the equation has
an energy and is globally well-posed in the energy space. The case of defocusing subcritical
Schrodinger equations is relatively well understood even for large initial data (e.g., [12]
chapter 7). Let us mention that over the last 15 years spectacular progress was made for
critical Schrodinger equation : following the groundbreaking results in [15] where scattering
was obtained for the quintic NLS in dimension 3, an extremely abondant literature has
developed, for example the global well-posedness and scattering for the critical defocusing
cubic Schrodinger equation (N = 4) was proved in [37].

However, despite the existence of a positive energy for Gross—Pitaevskii, the analogy
with defocusing NLS should not be overestimated, as for the former solitons exist and even
for small data scattering in dimension 2 is not expected to be true. Actually, the scattering
problem for (G P) is more similar to the following quadratic NLS:

idp + Ap = 2p%, @lizo = ¢o. (1.10)

The Duhamel formula reads ¢(f) = ¢/"®¢y — ifot e'=9)2 £(p(s))ds. Due to dispersive
decay, ||ei’A<p0||L3 < ||¢0||L3/2/IN/6. Assume that [lo(t)||;3 < s/tN/G, then the dispersion
gives in the Duhamel part

e " lp)13,
el(tfs)A 2 $)ds < L s
”/1- (2 ( ) ”L3 ~ 1 (l’ —S)N/6

' 2
< & 4
- /1 (t — s)N/6g s
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e2Int _
3 —J ,N=3
G N >4

so that the direct approach fails to get closed estimates in dimension 3, but any exponent in
the nonlinearity larger than 2 or dimension larger than 3 can be handled. The general case
was treated by Strauss [38] who proved that if the nonlinearity is basically a power o > o
with

2+ N++/N2+12N +4

ag(N) = N . (1.11)

then global well-posedness holds for small initial data. This does not mean that solutions of
quadratic NLS in dimension 3 cannot scatter, but rather that the structure of the nonlinearity
matters. The case of nonlinearities of the type Aju? + Ayit> was treated by Hayashi and
Naumkin [31], Hayashi et al. [30], Kawahara [34]. For the nonlinearity |u|2, almost global
existence has been proved by Ginibre and Hayashi [22], but there is no result of global
existence. As a way to clarify the structure of nonlinearities (and handle them), the notion
of space-time resonance has been introduced independently by Germain et al. in [19] and
Gustafson et al. in [29].
In the case of Gross—Pitaevskii, diagonalized (1.8) reads:

o0 — Ho=U (30} + (U7"02)" + oy +iU vy
+i (v (U 0) + o1 +iU ' (U 1)), (1.12)

which seems extremely bad as (1.12) contains quadratic nonlinearities of type |v|?> with
singular factors U ~1y,. Nevertheless for N > 3, scattering for (G P) has been obtained in
a series of recent papers by Gustafson et al. [27-29]. They involve two key arguments: a
normal form transform to “desingularize” the nonlinearity, and in the difficult case N = 3 a
subtle analysis of the space-time resonances. The case N = 3 requires the data to be small
in weighted H LRN) spaces (to which, nevertheless, traveling waves belong, see [25] for the
decay rate in space of the traveling waves). For the convenience of the reader we include in
Appendix A a short description of the normal form transform and the method of space-time
resonances developed in [29]. The main results of [27,29]read as follows:

Theorem 1.1 (Gustafson etal. [27]). Suppose that N > 4 and |o| < Y22 — L U°U~ Vg

is sufficiently small in H 5 “LRN)Y, then U U~ V(p(t) remains small inH? t 1(R’V)for all
t € R. Moreover, there exist v+ € U™° H%fl (RN) such that:

e ( HH =1 g (t) — U:I:) %1 gy 200 0. (1.13)

and the wave operators v+ — U~'"Vu(0) are local homeomorphisms near 0 in
U="H>(RV).

Below we denote (x) = /2 + |x|? and (x) "' H' is the weighted space with norm || (x)v]| g1
and (V) = 4/2 — A.In dimension N = 3 for small initial data, Gustafson, Nakanishi, Tsai
obtam the following result.

Theorem 1.2 (Gustafson et al. [29]). Let N = 3. There exists § > 0 such that for any
@0 € H'(R3) satisfying:

/RB ()*(IRe(o)|* + [Veol*) < 8, (1.14)
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then there exists a uniqueAglobal strong solution y = 1 + ¢ of (1.8) such thatv = V¢ =
Reg + iU Img satisfies Vv € C(R, H'/(x)) and for some vy € (x)"'H!

nva>——e—”Hv+nH1==0+axr—“2x|Hx>(va>——e—”Hv+)nH1——»+a>0. (1.15)

Moreover, we have E(Y) = |[(V )v+||L2, and the correspondence v(0) — v, defines a
bi-Lipschitz map between 0 neighborhoods of (x)"'H'.

Remark 1 There is some “room” in the above result. Gustafson Nakanishi and Tsai actually
solve a kind of quartic NLS for which the critical space is H 6. Moreover, as they mention
in [29] the critical weight is rather (x)2. Indeed in this situation we have:

” itH 7itH<x>1/2€itH,

1
wollps < I J1290llp2, Jip=e
12

and as mentioned before, a decay of order t ~*, « > —1/2 is required to control of quadratic
terms. Scattering below H ' would ensure the global existence of strong solutions with infinite
energy for (GP). Via the Madelung transform this would give solutions of infinite energy for
the Euler Korteweg system (1.1). However, the Proof of Theorem 1.2 relies on some precise
explicit computations, whose tractability to fractional Sobolev spaces or weights of fractional
power is not clear.

1.3 Main results

We recall Vo = Re(p) +iUIm(p), U = /—A/(2 — A). A reminder on Besov spaces is
included in Sect. 2.

Theorem 1.3 Let N > 4, ug = Véy. Let Yo = /poe'® and po = Yo — 1, & = 1 + 3%
For any ¢ > 0, there exists § > 0 such that if:

U~ Vol L@l <8,

1
HN/Z—Z+eﬁB

N
2
a’2

then there exists a global weak solution of the system (1.1) satisfying:
1
suplp— 1] < 2, pel FLPHTTITCRY) and u e LOHT 312 RY),
x,t
If in addition oo € H SH14€ then the global solution satisfies

F+1+
(p—1,u) e (L°° HIt e ®Nyn L2 B %N ;)

NiemN S+e N
X (LIUC H2T(R")N LIOCB ZZN 2(]R )),
and is unique in this space.
In dimension N = 3 the statement is more intricate.

Theorem 1.4 Let N = 3 and qgo = po — 1 and ug = V6y. Furthermore pg € L* with
po > ¢ > 0. Assume that 2 x)V./po € L? X)ug € L? qo € L2 cosby—1 € L% and

2 These assumptions are the translation of the condition on ¢ of Theorem 1.2, see (1.14).
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728 C. Audiard, B. Haspot

|x|(/pocosby — 1) € L2 Let o = /poe'®™ — 1, we assume that ¢y € HAST+€ withe > 0
and (1 + |E])@y € L' with €, > 0. Then there exists § > 0 depending on ||<po||H and

(L4 1§D @0l 1 such that if:

;5(+e

/ (02 (Yol + poluol®) + () (Vo cos(Bp) = 1)*)dx <5, (1.16)
R‘
then there exists a global weak solution (p, u) of the system (1.1) such that:

1

max(p, —) € L¥(R, L¥(R%), pel+L2 (H%“(R%) and u € LS. (H*(RY)).
o

Ifopo e H 14 then the global solution is unique and has the additional regularity:

N
peltLig (HIH®Y) and we L (HIF®))NLE, (nge (R3)) :
Remark 2 Let us point out that this result improves the local well-posedness from [5] in two
ways: the solutions are global, and at the level of local well-posedness we have a gain of one
derivative. This is due to a gain from Strichartz estimates.

Remark 3 Let us mention that global well-posedness remains open in dimension N = 2
even for small initial data. Scattering is quite unlikely as there exist smooth traveling waves
with arbitrarily low energy [7].

Remark 4 We assumed that (1 + |£]€1)@p belongs to L' in order to ensure that 1 —
lle=iH gg|| Lo is continuous in time. To illustrate the importance of this condition, we prove
in Theorem 3.1 (following an argument from [9]) that there exists ¢ arbitrarily small in
L*® N H with s < % such that the solution of (GP) blows up in L°°.

Following the same idea than in the previous proofs, we easily get the following results of
local existence of strong solution with large initial data. It is an improvement on the regularity
required in [5], though in the specific case k (p) = %‘.

Corollary 1.5 Let N > 3. Assuming that pg > ¢ > 0 and g9 = ((/poe'® — 1) € HY+l+e
withug = V6Oy and € > 0 then there exist T > 0 and a local strong solution (p, u) on [0, T)
of the system (1.1) with the following regularity:

N
(p—1)eCr (H%““), weCr(HTN L2 (B 7+ ) .

)
Plan of the paper

In Sect. 2 we introduce the main technical tools (functional spaces, Strichartz estimates,
bilinear product and paraproduct) that will be used. Section 3 is devoted to the Proof of
Theorem 1.4, and is split in two parts: first we construct global solutions to (GP) such that
|| remains bounded away from 0. To do this, we control the solution on short time thanks
to a Kato smoothing property, while on large time it is sufficient to use the decay from
Theorem 1.2. In the subsection for short-time control we also include a general blow up
result indicating that there is no hope to get L° bounds for initial data that are only in H*,
s < N/2. Applying the Madelung transform to v, we construct in Sects. 3.5, resp. 3.6, global
weak, resp. strong, solutions. The uniqueness is proved by using the additional integrability
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provided by Strichartz estimates. In Sect. 4.1 we prove a simpler self-contained version of
Theorem 1.1 in [27] which is sufficient for the purpose of Sect. 4.2 where we prove Theorem
1.3. In Appendix A we sketch the Proof of Theorem 1.2 from [29] and we highlight the main
technical issues.

2 Main tools

Throughout the paper, C stands for a constant independent of the parameters in the context.
The notation A < B means that A < C B. For all Banach space X, we denote by C ([0, 7], X)
the set of continuous functions on [0, 7] with values in X. For p € [1, +o0], L?(0, T, X) or
L? (X) is for the set of measurable functions on (0, 7') with valuesin X suchthatt — || f(¢)||x
belongs to LP(0, T).

In this section we recall some notation, definitions and technical tools. We denote the
Lebesgue, the Lorentz, the Bessel potential and the Besov spaces as L?, L”9, H*? and B;‘ q

respectively for 1 < p, g < +oco and s € R. We denote the Fourier transform on R" by:

Fo®) = 9&) = / p(r)e* dx,
]RN

2.1
AL NO) = Ff 6 = [ fe e s,
and the Fourier multiplier of any function ¢:
@(—iV)f =F 'e@&F f(&)], 02)
O(=iV)x f(x, y) = Fy o) Fu f &, 9. '
We follow some notations of [29]. For any number or vector a we denote:
(@) = V2¥Ial, T= 4 UG = % H(@) = lal{a). 2.3)

2.1 Littlewood—Paley decomposition

Let ¢ € C®(RY) supported in {£€ € RV/2 < |&] < 8}, x supported in the ball {¢ €
RV / |&| < 3} such that:

VEERY, x(E)+ ) e 7E) =1 if &#0.

leN
We define the dyadic blocks by:
Au=0ifl < -2, A,luzx(D)u:z*u,
A= Q7 Dyu if I > 0, Su= Y M.

k<I-1

One can write u = ) ; ., Au for all temperate distribution. This decomposition is called
non-homogeneous Littlewood—Paley decomposition. The homogeneous dyadic blocks are

A = ¢(271D)u, leZ.
Note that for u € S', we have Y., Aju = u modulo polynomials. In particular in contrast

with the non-homogeneous case we do not have S,u = > p<q—1 Apu.
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730 C. Audiard, B. Haspot

Definition 2.1 Let 1 < p,r < +oo and s € R. Foru € &' (RV), we set:

1

lullgy , = (Z (ZZSHAIMHLP)q)q .

leZ

The Besov space B;, q is the set of temperate distribution u such that ||u|| By, < +00.

Proposition 2.2 The following properties holds:

1. B < B‘]‘”ifs/>s0rifs:s/andr1 <r.

P
s—=N( -1
2. B;}I . sz,r /p1 /PZ)for P > p1.
_ !
3. Real interpolation: ifu € B‘;wo N B‘;;’oo and s < s’ then u belongs to Bifr(l O)s for all
0 € (0, 1 and there exists a universal constant C such that:
C
% 1-6
Ul pos+—0)s = ————————||U ull 7.
Il st = Go—gs sl

Let now recall a few product laws in Besov spaces coming directly from the paradifferential
calculus of Bony (see [4,10]). For u and v two temperate distributions we have the formal
decomposition uv = T, v + Tyu + R(u, v), with:

Z Apuly v—ZS —1uA4v,

p=q=2
Ru,v) =" AguAgv with Ay = Ay 1+ Ay + Ay
q

Proposition 2.3 Let py, p2,r € [1, +00], (s1,52) € R? and p € [1, 400] then we have the
following estimates:

° Ifl < E—i——andsl—i—sz—i—Nlnf(O 1—— é) > 0 then:
| R(u, v)|l ‘1+‘2+,_%_T S IIMIIBSI IIUIIBSz . (2.4)
pr
° If% < ﬁ—}—é < 1 and sy + sp = 0 then:
| R (u, v)ll NoN_N Sllullgn Nvllgs - (2.5)
P2 P11 p2,©
° If% < é—i—% < 1 with A € [1, 400] and py < A then:
. N N
||u||3;71100 if s1 + N < E
1Tl et S M0llg v (2.6)
Bp.r ’ ull s ifsi+ — = —
I ”BPIM if 51 T
° If% < i—i—x 1 with A € [1, 4o00] and p1 < X then:
N N
< 5 s } — —. .
1 Tvll ;,jw%,%,pf IIUIIBz {IIMIIBPIN ifs1+ T < " 2.7)

@ Springer



From Gross—Pitaevskii to Euler Korteweg. .. 731

The study of non-stationary PDE’s requires space of type L” (0, T', X) for appropriate Banach
spaces X. In our case, we expect X to be a Besov space, so that it is natural to localize the
equation through Littlewood—Paley decomposition. But, in doing so, we obtain bounds in
spaces which are not type L?(0, T, X) (except if r = p). We are now going to define the
spaces of Chemin—Lerner (see [13]) in which we will work, which are a refinement of the
spaces L’; (B;’r).

Definition 2.4 Let p € [1, 400], T € [1, +00] and s; € R. We set:

1
r

e — Irs r -
el z g5,y = (;ij 1A 1)) -
€

We then define the space Z‘; (Bf,‘, ) as the set of temperate distribution u over (0, T') x RN
such that [Ju| 7, 81y < +00.
T Bp.r

We set GT(EIS,{,) = Z%O(E‘;,{,) N C([0,T1, B)',). Let us emphasize that, according to
Minkowski’s inequality, we have:

Nl zo (i \ < Nutll s\ A 7= o0 ullzp psi y Z Null oy if r < p. (2.8)

Lé{ (Bp!r) LI; (Bp],r) p LI‘T)‘ (BP]J‘) L/;‘ (Bpl.r> ,O
Remark 5 1t is easy to generalize Propositions 2.3 to Z’; (B}, spaces. The indices s1, p,
r behave just as in the stationary case whereas the time exponent p behaves according to

Holder inequality.

In the sequel we will need a composition lemma in Z’T’(B‘;,’,) spaces (we refer to [4] for a
proof).

Proposition 2.5 Lets > 0, (p,r) € [1, +ooland u € Z’}(B[ﬁ’,) N LP(L™).

1. Let F € Wl[(‘fg,H’OO(RN) such that F(0) = 0. Then F(u) € Z‘; (B;,r)' More precisely
there exists a function C depending only on s, p, r, N and F such that:

1@y 5y, ) = Clga)luli (5, )

2. Let F € WSFRN) such that F(0) = 0. Then F(u) — F' (O)u € L.(BS, ). More

loc p.r
precisely there exists a function C depending only on s, p, r, N and F such that:

Fu) — F (0)ul~ <C<uoooo)uz~ .
170 = F Oullzy (5, = € (Iuhigam) i, o
Let us recall the useful lemma (see [4]).

Lemma 2.6 Let R; = [v, A;]- V f, let 0 € R. Assume that —N min (%, %) <o < % + 1

then there exists a constant C > 0 such that the following inequality is true:

12 IRl 212 < CIIV| xSl 29

onom
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2.2 Multilinear Fourier multipliers

For any function B(£,...,£&;) on (RV)?, we associate the d-multilinear operator
Blfi, ..., fa] defined by:

fxB[fl,-~-,fd]=/ B, ... &) F [1(€1) ... F fa(Ea)dEr ... dEg, (2.10)
§=E1++&

which is called a multilinear Fourier multiplier with symbol B. We will often identify the
symbol to the operator.

Remark 6 For any bilinear symbol B(n, ¢) with ¢ = & — n, we will need to consider
derivatives of the symbol with respect to n, ¢ or £. In order to avoid confusions we use the
notation

(Vg(n)& V,B) = (V&,B(n, € — ), (Ve, — V&,)B(n, € — 1)),

© ~ B B - @2.11)
(Ve'B, Ve B) = (Vg B(§ = £, ¢), (Ve, = Vg )B(§ = ¢, 0)).

Under various assumptions, the Holder type inequality || Blu, vl < \lullzellvlee, 1/r =
1/p+1/q is true. The most famous result is due to Coifman and Meyer [14], and will mostly
be sufficient for our purpose.

Theorem 2.7 (Coifman—Meyer). Suppose that B satisfies:

a2 a’ B , <— 2.12
| £ 9%, (El EZ)' ~ (|El|+|$2|)‘a|+|ﬁl ( )
for sufficiently many multi-indices (o, B). Then the operator:
B[-,-]:L? x L1 - L",
is bounded for:
1 I 1
- =—+4+—, 1<p,g<+o0 and 1 <r < +o0. (2.13)
rp q

Remark 7 For condition (2.12) to hold, it suffices for B to be homogeneous of degree 0 and
of class C* on the sphere.

Remark 8 Appendix A includes an interesting result (Lemma A.6) of Gustafson et al on
singular bilinear Fourier multipliers, for which there is a loss in the pseudo Holder inequality:

1/p+1/q > 1/r.

As was shown in [23], one cannot generally replace the right-hand side of (2.12) by
|€]71%1)&,| 7181 Nevertheless, the following estimate from [29] will be useful.

Proposition 2.8 Letk € N, foranyr, p, q € (1, +00) such that % = % + é,
(£1)2K170) () ke
sup || —————

0 X (&1 e Lf, g]”LPo(RN) S ||f||Lp(RN)||g||Lq(RN)- (2.14)
<a< )
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2.3 Strichartz and dispersive estimates

Lemma29 Let2 < p<+00,0<60<1,seR ando = % — —. Then we have:

1
P
”e—thv”B;J < m—(zv-o)a I y(N=2+30)0 (V)ZQU””B;u’ (2.15)

where p' = % is the Holder conjugate. For 2 < p < 400, we have also:

le™ )l pa < |t|"N 07|y N2 ()20 s (2.16)

Let us recall the Strichartz estimate for the operator H, we recall here a proposition due to
Gustafson et al. in [27,28].

Proposition 2.10 For j =1,2,let2 < pj.q; < +00, -+ - = 5 andsj = "33 (3= 5-)

Pj
but (q;, pj) # (2, +00). Then we have:
le 1A @l Lo ey < U Aol 2,

—iHt s
e ™ol SIU eliss
L1 (B;I-Z) 2,2

t
—i(t—s)H
I N P 107452 11 )

t
—i(t—s)H < S1+52
e U / .
II/0 Il (83,.) © [ Fl g (B;/ 2)
5.

Remark 9 These Strichartz estimates are very close to the classical one for Schrédinger
equations except in low frequencies.

3 Proof of Theorem 1.4

In order to prove Theorem 1.4, it is enough to prove that the global strong solution v of (GP)
obtained by Gustafson et al. in [27] does not vanish, which is implied by the smallness of
ll@ll 2o - This is the aim of Sects. 3.1 to 3.3, then via the Madelung transform we propagate the
regularity of ¢ on p — 1 and u = V@. It is enough to obtain the existence of global solutions
to the system (1.1), uniqueness is then derived with an energy argument in Sect. 3.6.

Smallness of ||¢|| L~ norm

The Gross—Pitaevskii equation is known to be globally well-posed in the energy space {u €
HIIOC(R3) © Vu e L2, [ul> =1 € LE(R3)} (see [18]). Moreover, it propagates regularity:
forany s > 0 if 9 € H® (R3) then the solution ¢ is bounded in Ly (H* (R3)). However,
from [18] we cannot deduce that this norms remains small uniformly in time, and therefore

we can not estimate the L°° norm of I*//% (which is necessary in order to use the Madelung

transform as it corresponds to %).

Furthermore, the L regularity is not propagated by the semi-group ¢’ which explains
why we need to use stronger spaces than the naive choice L> N H!. However, in order to
exploit the time decay we will split the analysis between short and long time. In long time
using weighted data (see Theorem 1.2 of Gustafson et al.) ensures a small L control of ¢.

In short time we will use a smoothing effect on the Duhamel part in order to control the L™
s . N .
norm with initial data in H/2~1/6+€ rather than H 2 +€ with € > 0.
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3.1 L*° control of ¢ in large time t > o > 0
According to (A.11) in Appendix A:

2450 : -
VIS v @llgs < min(l, =) v llx ).

, SR 3.1)
VITv=1(D)llge S min(z, 7 ) [[v(O) Il x @),

with 0 < 6 < 1. In particular it implies that:
- . . _3 1
10~ o1 @l + 1VU ™ vz 0l S (mm (Lrd)+ ;) lvOlxe. G2

Since ¢ = V~ly = Rev + iU~ Imv we have for t > « (which will be fixed in Sect. 3.3)
and by Sobolev embedding:

1
-1
lllzpe, caarey S NV vl e S 5 lvlixe,
1 (3.3)
1 ) )
||¢||L;‘§a(Lw) S j”U”X(t) < =5 < ﬁ
t53 53

3.2 A smoothing property

It remains now to show that ¥» does not cancel on the time interval [0, «]. To do this we
show that ¢ is small in L* by using a Kato smoothing property which gives us a gain of
half a derivative for the integral part in the Duhamel formula. This is a relatively well-known
property that seems to have been explicitly stated only recently by Bona et al. in [9]. This was
used to prove a dispersive blow up result for Schrodinger and Gross—Pitaevskii equations.
We include their result in this section as it enlightens the fact that L*° is a “bad” space for
initial data.

Theorem 3.1 (Bona et al. [9])
For N > 3,5 > % — %, wo € H*RN), let ¢ be the solution of (1.8) satisfying:

Re(9)\ .\ _ Re(go) Lo o [Re(F(p(s))
<Im(g0)> 0 =40 <1m(§00)> +/0 Al =) (Im(F(go(s))> ds (34)

. Re(go)
= A(1) (Im(goo)> + I(t,x). 3.5)

with
A(t) = cos(Ht) U sin(Ht)
“ \—U"'sin(Hr) cos(Ht) )°
Let oo € H? then there exists 0 < T < 1 such that (3.4) has a solution ¢ on [0, T| which
2N
verifies ¢ € St with St = C([0, T], H*) N L%([0, T, H® ¥-2). Furthermore we have:

1. there exists B1 > O such that

t
(1) = "4 Vg +/0 AV E(@)ds + g0, Nlgllpzopsn

S TP (lgollms + ligollys) - (3.6)
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t
2. / BN E(o)ds € C([0, T1, H*2), in particular I € Cp([0, T] x RN) and

0
there exists B > 0:

I lle,qo.71xrY) < TP (Ileollzs + lleolliys) - (3.7)

3. Moreover, for s < NJ/2, T > O, there exists ¢g > 0, such that for any ¢ < &g
there exists go € H*(R3) N C®(R?) with ||@ollpsnre < €, the solution is in St and
leC, Tl oo w3y = +00.

Remark 10 e This is essentially is a linear result. The blow up of the L* norm is due to
the linear evolution part while nonlinear terms remain bounded. It can be proved (using
invariances of the equations) that for any (xo, f) € R? x R* there exists an initial data
such that the solution blows up in L™ precisely at (xg, to).

e Actually the results from [9] are slightly different from the statement of Theorem 3.1.
For the comfort of the reader we include a short proof.

Proof We first prove (1). Consider the Cauchy problem

{ i3 + A — 2Re(p) = (¢ + DIgp|* + 2Re(p)p = F(p),
®li=0 = 0.
Since s > N /2 — 1 (the critical index for cubic NLS) the existence of a solution in Sy :=
C([0, T1, H)NL2([0,T], H" %) follows from the standard theory (it suffices to consider
Reg as a source term, see [12]). Taking ¢g in H* ensures the existence of a strong solution on
an interval [0, T'] (T depends on ||¢o|| s since we are subcritical and in addition we assume
that T < 1) with in addition: [l¢|ls;, < llgoll -

We remind the notations:

_ _ | —A _ cos(Ht)  Usin(Ht)
H={=A2-A). U=,|[>— ad A1) = (_U_, SnCHD costHD) )

the Duhamel formula reads

Re(p) Re(fﬂo)) / ! (Re(F (w(ﬂ))
1) = A(t + A(t —s ds.
(Im(¢)> =40 (Im(goo) o AT im(Fp(s))
The linear evolution operator A(¢) can be compared with the Schrédinger evolution group

Ag = < cos(—At) sin(—At)

—sin(— A1) cos(—At)) by Taylor expansion : there exists C such that

L+ EPNHE) — E> =1+ |UE) = 1] < C1, (& + 1EDIUE) - 1] < C).

We can deduce directly from the mean value theorem that there exists C > 0 such that:

2 : 2
AGE. 1) — <cos ((IEI + l)t) sin ((IEI + 1)t))> H <ct

2 N 2

(the singularity of U ~! in low frequencies is harmless since there is a factor sin(Ht) which
cancels at the same order). The associated operator R(A, ¢) is thus continuous H® — H* +2,

. cost sint
and setting M (t) = .
—sint cost

) (1) = AsOM® (ﬁﬁﬁﬁg;) + o Ast = )Mt = 5) (Eﬁiiﬁiﬁgii) @
3.8)

RO <Re(</)o)> L RG =) (Re(F(fp(S))> ds.

) the solution rewrites for any ¢ €]0, T']:

(Re(go)
Im(g)

Im(¢o) Im(F (¢(s))
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with

S tlgoll g
Hs+2

Re(wo))
R(t

H ® <Im(¢0)
For the nonlinear term of the second line we have ¢ € C7 H* N L’T7 H?*1, for any admissible
(p.q). Taking g = ¥ + € with € > 0 sufficiently small and s < & such that2 < ¢ < 225,
p > 2and H%? — L°. Using product rules in Sobolev spaces, we have:

2

el gs—1 S Nlellaslelie < llelas el s,
3 2

o 1s—1 < llls @l s

so that putting these estimates in fot R(t — s)F(p)ds

P Re(F(«p(s)))
H/o R@=s) (Im(F(«p(s)) ds

SIF@Lypgse
Hs+1

p=2
< 75 2
ST el (10l mmo + 1012 4. )

p—=2

ST (lells, + llel3,) -

Indeed we recall that the norm S7 enables to control all the Strichartz norm. The estimate
lolls, < llollms ends the proof of 1).

t
The first line of (3.8) rewrites in complex coordinates as ¢/'(*~Dgy + / e =9(A=D
0

F(¢(s))ds, so that points (2) and (3) are precisely’ Proposition 4.1 and Lemma 2.1 from
[91.

For completeness we mention the argument for point 3): the function ¢y =

2
e~ ix /4

(1+x2)"7
belongs to H* for m > s + N /2 (and obviously C*°(R?) N L>°) and the linear solution to
the corresponding Cauchy problem e¢''2 ¢g blows up precisely at time #, = 1, and at the point
xp = 0if m < 3. This follows from the explicit formula

_iy?
2 ;e e /4

1 ; 1
- ar dy = ——— i dy——5—75d
#0(x) (4imt)3/? /1;3 ¢ #o(y)dy (4imr)3/? /R3 ¢ Y (1+ yHm/2 .

which holds for all (x,7) # (0, 1) (it can be rigorously justified by oscillating integrals
arguments). For (x, 1) = (0, 1), 1/(1+ |x|>)"/? is not integrable iff m < N which gives L™
blow up. Blow up for T # 1 and small data is easily obtained by a scaling argument. O

eltA

3.3 Global L control of ¢

We recall the assumption of Theorem 1.4: (1 + |£]°1)@o € L'. Let us consider !/~ Dgy in

(3.6) and set

Cltx) = o) = Vo) = g [ (1= eI Gy,
R3

@m)N

3 The smoothing property of from [9] is actually stated for nonlinearities of type |u|*u but can be carried out
without any change to our case. There is also a condition [ + 1] > s + 1/2 however it is only required to
differentiate the function u — |u|Pu, in our case the nonlinearity is polynomial so this is not an issue.
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To estimate this term we fix M > 0, we have for all (¢, x) € [0, T] x R3:

2
Me

ix. _; 2y~ ~ o~
'/Rf”s“‘e HFEDNGo (£)de| < t(1+ M@l + —— 160l 1. (3.9)

Let us mention in addition that e//(2= D, belongs to L (RT, L™). Let us look now at the
density p whent € [0, T]:

p(t, ) =1y, ) =1+ o, )
2 2
= (1 + Re(e" @ Vgg) + Re(1(t) + g(t))) +(Im<e”<A*”<po) +Im(1(t) + g(r))>

> (1+Re(@® Vgp))> — [1(t) + g — 2|1 + Re(e @ Do) 11(1) + g(0)]
+ (Im(e" A Vg))? — 11(1) + g(0)* — 2[Im(e A~ Vgo) | 1(t) + g(1)]

> po(x) = [1(1) + g(O)* = 2|1 + Re(e"" Do) 1(1) + g (1)
— [1(t) + g(®)* = 2[Im(e" A Do) |1 () + g(1)] — 2ReC (1 + Re(gp)) — (ReC)?
— 2ImC Im(gp) — (ImC)>.

We deduce from (3.9), (3.6), (3.7) and using the assumption pg = |1 + <,00|2 > c that there
exists 71 sufficiently small and ¢’ > 0 such that:

p(s,x) > ¢ forall (s,x)€[0,1]xRY. (3.10)

We fix now the « of Sect. 3.1 such that 1 = «. Combining now (3.3) and (3.10), and taking
& small enough (8§ depends on ¢p) we obtain:

/

Il//(t,x)lzzp(t,x)Z% Vi > 0 and Vx € R®. (.11)

Remark 11 1t will sufficient in the following to proves that the solution (p, u) of system (1.1)
has no vacuum for r > 0.

3.4 How to propagate the regularity from ¢ to p and u

Theorem 1.2 ensures the existence of a unique global solution ¢ to the system (1.8) with
in addition ¢ € C(Rt, H'(R?)) N L2(R*, H'9). Indeed (see Appendix (A.12)) U~ lv €
L%(H'-%). In this section, we use the Madelung transform and composition results in Sobolev
spaces to estimate p and u. Up to a change of variables we can assume «; = 1, which we will
do from now on (see however our remarks in the Appendix B on how the smallness condition
depends of «1).

Remark 12 1In this section in order to prove the existence of global strong solution for the
system (1.1) we propagate high regularity of ¢ on p and u. Then according to standard theory

of nonlinear Schrodinger equations ¢ belongs to C ((O, T),H Tl (]R3)) forany 7 > 0
(see[12], Theorems 5.3.1, p. 146 and 5.4.1, p. 146) forany T > 0. Moreover, using Strichartz

. 2 %+l+s
estimates one can check also ¢ € L7 | By, .

Proposition 3.2 Let N = 3. Assume that the solution ¢ of (1.8) belongs to C ([0, +00),
HYR3))NLA[0, T, Bg,z)forany T > Owiths > %andthat [ (t, x)| = |14+¢(, x)| >
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forall (t,x) e Rt x R3 then we have:

g=p—1eLFH®)NLH(B,) and ue L™ (0 ®) L} (B3,

(3.12)
More precisely we have for any T > 0:
< o0
190003 () S (14 1l ) 12l o2 (52)
lall e sty S (14 Crlligllzge (1 + llelzzqa)) 1ol o). (3.13)

IIMIILzT(BgEI) S+ Callellzge ) (1 + ||‘P||L§’.°(H“‘)))||(P||L2T(Bgyz)~
Remark 13 A similar result holds when N > 4 and the solution of (1.8) belongs to

. N
C([0, +00), H*(RY)) N L? ([o, T), B,y 2) forany 7' > 0 with s > —.
N=2"

Proof We are now interested in translating the regularity of ¢ on p and u via the Madelung
transform:

Yt x) =14 @, x) = /p(t, )72 with u = V. (3.14)

In particular we are going to use a polar decomposition (used also in [2]):

Tt x) = Y (t, x) :<1+<p(t,x) _1>+]7
[¥ (@, x)| [T+, x)|
q(t,x) = 2Re(p) + |o|*, (3.15)
_ N E G N
u(t,x) = Vo(t, x) = Im([( TEPTRSIE DVe(t, x) + Ve(t, x)]).

Let us point out that u is well defined on (0, +00) x R¥ since we have assumed that || > cy.
We have now by Propositions (2.3) and (2.5) (since 2s — 1 — % >s5—1)

< o0
19 0 e (81,) (14 Ioles,) 191 ¢ty ()
14+ @(t, x)
o0 §— < 1 —_——F&x — 1 o0 V o0 5—
el o sy N< +1 <|1+go(t,x)|2 g, J VOl Lso(rs—1y
1+ ¢t x)
+1 (72 -
1+ (. x)|

(3.16)
1) ||L;°(Hf)||v<P||Lf;°(HS—1)

1
S+ Cillelizge, ”M”L%")(I + ”‘p“L‘}O(Hf)))”(p”L‘;O(HS)-
In the same way we have:
1
Il g gty S (U Callolg, Dpmllig Y+ Telipa)Iels gy (17

[}
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3.5 Existence of global weak solution when N =3
Smooth initial data

We first assume that the initial data (pg, ug) are smooth: in this case ¢ is in H* (R3) with s
large. Using propagation of the regularity (see Cazenave [12], Chapter 5) the solution ¢(t)
constructed in Theorem 1.2 is in C ([0, T], H*(R?)) for any T > 0. In particular taking s
large enough, by Sobolev embedding ¢ belongs to C3(R x R?). It implies that ¢ is a classical
solution of Gross—Pitaevskii equation and we are going to exhibit a solution (p, u) of the
system (1.1) using the Madelung transform. Setting:

I+¢
=|1+¢[* and uzZIm(V 7>
p=11+¢| QTprR
it is clear that u is well defined since |1 4 ¢| > ,/ % (see Sect. 3.3). In addition (p, u) is in

C3(R x R?) x C2(R x R3) so that the formal Madelung transform leading from (GP) to (EK)
is actually rigorously defined and (p, u) is a global classical solution of the system (1.1).

General case

Let us now treat the general case where (po, ug) verify the assumption of Theorem 1.4 with
0y € Hite (R3) in particular. We set @y = Qo* Y, with yr, = n31r (n-) aregularizing kernel
(withyy € C§° (R3), fw(y)dy =1,0 < ¢ < landsuppy,, C B(0, 1)) such that ¢ belongs
to H* for any s large enough. We are interesting in showing that ¢ verify the assumptions of
Theorem 1.2. Assume that (x) f € L>(R?) then we have by Hélder’s inequality and Fubini
theorem:

/<x>2| / F& = Y (dyPdx < /<x>2 (/ G — y)|2wn<y>dy) dx,

< 2/ 1 OPdx + 2/(|x P4 D) (/ G — y)|2wn<y>dy) dx.

< 4/ O Pdx + 2/ P f () P = 2f<x>2|f(x)|2dx.

In particular we have:
/Rz (x) (IRegf > + |Vgp|?) dx < 24} (x) (IRego|* + |Vgol?) dx = 81.  (3.18)

In addition ¢ is uniformly bounded in H je (R3) then taking §; small enough there exist
some sequence ¢, solution of the Gross—Pitaevskii equation via Theorem 1.2. Furthermore
from Sect. 3.3, we have |y,| > ¢” > 0 umformly in n (because (1 + |§|51)¢) is uniformly
bounded in L!, this is due to the fact that 1//n is uniformly bounded in L* since ¥, is
uniformly bounded in L1).

Since Wn is smooth, according to the previous paragraph (o, u, = (|1 + @,|%,
2Im(V, T *‘”" 7) is a global weak solution of the system (1.1) with initial data (o, ug).

We recall now that:

pu(t, x) — 1 = 2Re(@y) + lgnl?,

1+ @u(t, x) (3.19)

uy(t, x) = VO,(t, x) = Im([(m — DVeu(t, x) + Vo (1, x)]).
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Again using paraproduct laws we deduce easily (since g, is uniform bounded in L7?)) that

(on — 1) is uniformly bounded in L (H%Jre (IR3)) for any T > (0. We observe now by using
Propositions 2.3 and 2.5 that:

1+(pn(t’x)
u 0 € < _ 1 00 (T 00 5
lunllLoe (rr2ey S ”(|1+<p,,(t,x)|2 (/239 )IlwnllL%o(H;+€)
1+ ¢u(t, x)
_— -1 :
N aof ™ Mot 100l o, + 100 o 1

1
— oo YA + l@nllLoo(ns ))-
Val T e
We have proved that u, belongs uniformly to L®(H?*(R3)). From Sect. 3.2 (on» pin) is

uniformly bounded in L*®(R™T, L>®(R3)). We observe now from Plancherel theorem that
there exist C, € > 0 such that:

< ||</’n||L%O(Hg+e)<1 +Calpalluge,. |

2

2
llon — o@ll 5 S.e
C([0,T].H3 "2 (R?Y)

. < =gl 2
o e @y S 10— P lierzen il

+ c/ (14 1P+, £)de.
{I&]=en}

We deduce now since ¢, is uniformly bounded in L3 (H jte (R3)) that:

li - 2
Hm llon wllc([ (3.20)

0.rLHIT @)
Using again paraproduct law we prove easily that:

li -D=(p—1 c
Jm i (on — 1) = (p )||c([o,T],H%+2(R3))

Jim g = ulleo.r), e @3y = 0-

It implies easily from Proposition 2.5 that (V,/0,)nen converges strongly in C([0, T,
H its (R3)) by using Proposition 2.5 and the fact that (an’ o) is uniformly bounded in
L3 (L®). In particular it yields the strong convergence of (V.,/p,)neN in leoc(R"' x R3)
to V,./p which is sufficient to pass to the limit in the sense of distribution in the capillary
terms. We proceed similarly in order to deal with the terms p,u,, = u, + (0, — 1)u, and
Pnlly X Uy = Up X Uy + (P — Du, X u,. Indeed we know that u,, converges strongly to
win C([0, T1, L¥*©)) with a(e) > 0 by Sobolev embedding. Furthermore since (p, — 1)
converges strongly in C ([0, T1], L?) andis uniformly bounded in L%‘j » itimplies that (o, —1)
converges strongly in any C ([0, T'], L?) with2 < p < +o0o. By Holder inequality it achieves
the proof of the existence of a global weak solution.

3.6 Existence of global strong solution when N > 3

In the previous section we have proved the existence of a global weak solution for the Euler—
Korteweg system (1.1) when N = 3 under the assumption of smallness (1.16) and the fact that
0o € H ite (IR3). With additional assumption on ¢ € H S +1+€ we obtain new control on
q = p— 1 and u since we have shown by using Proposition 3.12 that they belong respectively
N N
inLje (HEHH) 12, (Bq%f*e) (withg = 2) andin LS, (HE+) N L7 (B)).

loc loc
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Our main task is to prove now that under these controls the global weak solution that we
have constructed is unique. Let us start by rewriting the system (1.1) using the change of
unknown introduced by Benzoni et al. in [5]:

OInp~+u-Vinp+divu =0,
{’ P P 3.21)

0z +u-Vz+iVz-w+iVdivz = p w,
with:
w=VIlnp, L=Inp, z=u+iw.
The following proposition is proved in [5] (Proposition 3.3, p. 11) using a gauge method.

Proposition 3.3 Let z be a H solution with s > 0 of:

{ 3o + div(pv) = pg,

. . (3.22)
0z+v-Vz+iVz-w+iVdivz = f,

on [0, T1 x RY with w = Vn p. Then the following estimates hold true for all t € [0, T
and o € [0, 1):
t
Izl S Nzolls +/0 (I MmNzl as + A@zlFs) de

WO I 12O 1= 1 (3.23)

and.:

I/P D72 S WPz O + /Ot IVezll2Ie fll2dt. (3.24)
with:
A1) =1+ IDz(0)[[L + g (D)l Lo~
Benzoni et al obtain the following corollary (see 4.2, p. 23 in [5]).

Corollary 3.4 Let (L, 7) satisfy the assumptions of Proposition 3.3 with g = 0, then we
have for C > 0:

T 1,:
el o) S €0 A0 (14 w2 (ol + 1f o) - (329)

Remark 14 Let us mention that if z is irrotational, then we can extend the range of s to
s > —% (see the remark 4.1, p. 24 of [5]).

In the spirit of Proposition 5.1, p. 29 of [5] we obtain the following proposition.

Proposition 3.5 Let N > 3. Let (L1 = In py, z1) and (L2 = 1n p3, 22) be two solutions of
3.21) on [0, T] x RN in (L®(H*tH) N L2(B;;1)) x (L®(H®) N L2(B; o) with § <'s
and g = % Assume in addition that L; (i = 1,2) is bounded in L. Let us denote
8L = Ly — Ly and 8z = 75 — z1. Then the following estimate hold true for all t € [0, T]

with0 < s/ < %— 1:
IBL@), 8zl s S UIBLO)l 55 01 () 4 1182(0) |l 5y 02(1))63(2), (3.26)

with 01, 6, and 03 continuous positive functions. These functions depend on the following
norms ||q; ”L?O(H“"*'I)QL,Z(B;E])) and ||u; ||Ltoo(HS)mLtz(B;Y2) withi € {1, 2}.
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742 C. Audiard, B. Haspot

Remark 15 Let us mention that this proposition improves Proposition 5.1 p 29 of [5] where
|Du; || s < oo is required.

Proof The equation satisfied by §z reads:
06z +uy-Véz+iVsz-wy; +iVdivéz = Vép — (bu) - Vzo —iVzy - Sw,

with du = uy —u1,8p = p» — p1 and Sw = wy — w;. We observe that 6z solves an equation
of type (3.22) since p; verifies the mass equation d; 01 + div(pju;) = 0 and w; = Vln p;
(we are in particular in the case g = 0). Applying corollary 3.4 we can estimate 6z in H s'
with s’ > 0 (that we will define later) as follows when ¢ € [0, T]:

t
t
182l 5y(r)ecfo“+”l’“"L°°>df(naz«»nm + /0 (IV8pll s + 18u - Vol o

+[IVz2 -8w||Hs/dt)), (3.27)

’
with y(t) = 1 + ||lwy ||213§((]1;‘2)). Let us mention that in our case since L is bounded in
t

LC}O(HS'H) with s > % we deduce by Proposition 2.5 that w; is bounded in L7°(L°).
Similarly Dz; belongs to L]T(LOO) by Besov embedding since Vzj is in L2T(Bsz_,\,1 2) and
N-2

N
S>7.

It remains now to estimate the integrand in the right-hand side of (3.27). By Proposition 2.3

sincewehave%f 1\%7;124_%5 lwithA=Ne[l,+0],2 <Nands +1 < %then:

1T5u Va2l g S N0ull g V22l

2

N-2%® (3.28)
1Tvz,8ull o < IVZ2llLoe 1ull o -

Similarly we have since s” + NT_Z =5+ % — 1 > 0 then:

IR(Vza, du)ll o < ||V12||Bg_1 ll8uell pysr- (3.29)

2N
N—2

We deduce thatif 0 < s’ < % —1:

18u - Vaall o + 1V22 - 8wl e S WDzl w1182l o
L>*nB 2,

N-2'®

Let us deal now with the term §p and we set §L = In pp — In p; with L = In p, we have
then:

1
180l o < 180l o /0 I8L exp(Li + T8 L) o dT
1
S f I8L(exp(L1 +T8L) = Dll st + 1Ll o )dT.
0
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Next for T € [0, 1] we have using Proposition 2.3, 2.5, s + 1 — % < 0 and the fact that
=In(1 +¢1), Ly = In(1 4 ¢2) € L>:

I Texp(ri+750)—1)S L1 st S NSL o I (exp(Ly + T8L) — D) e,
[ Ts52(exp(L1 + T8L) — Dl o+ S ISL]] R lexp(L1 + L) — D R

002 2
S ISLI s li(exp(Ly +78L) = Dl »

2,00

1
S 1Ll € H( ot P )H ) z ‘Lz
1L g ( P ) e s
S I8y C(H( 1 )H ) a1 +H I
s L1, —, P2, 1 N 2 N
HS'+1 o1 o Lo 4q LB 9 2

[R(exp(L1 + t8L) — 1), 8L) [l 1 S ISLIl g | eXP(L1 +1éL) — 1 g

1
S I8L e € (H (m, e )H ) o] .y laal
P1 p2 ) L™ L®NBY

Plugging all these inequalities in (3.27), using the fact that:

,00

8L g+ < W82l s + N8LI L2 < 182l s 4 NS LNl gy s

we have for s’ €]0, % —1[:

||52(l)||Hs/ s y(t)ecfo(lJr“DZl”Loo)dT<||§Z(0)||Hs/

v+ llg2(0)l N )
NB~, L®NB2

! 1 1
+/ (IISL(f)IIH.«Ci(II(m, —, P2, *)(f)lle)(Ilm(f)ll
0 01 Loo

1
+ 182Dl o (€ (Il(m, 7)02a*)(f)||L°°)(||511(T)|| gl +|qu(r)lle

N)
32.200 21.%100
+ 1 Dz2 (o)l N ))dr) (3.30)
L®NB 3%,
772.00
Applying Gronwall’s inequality, we end up with:
t t
18zl s < (1) +/ @(s)¥ (s) exp (/ 1/f(u)du) ds, (3.31)
0 s

with for s € [0, t]:
o(s) = y(s)ecfg‘y(lHlDZlHLoo)df

S 1 1
8z(0)|l v SL v C s P2, — o0
><(II 2O s +/0 (1Ll €1l (o1 o P pz)(f)”L )(Ilm(f)llLoom y

2,00

+lg2(0)| N ))df)-
L®NB

2,00

and for C > 0:
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U(s) = Cy(t)eCfOt(lJrHDm”Loo)dr

v + gl
Lo

ﬁBQZOO
¥ )
©NB 5y

N2>

1 1
x(C1 o1, —. p2, =)L) (g1 ()l
o1 02 L>

N )
+ 1Dzl
L

NB.2

2,00

In order to close the estimate we have to deal with the term [[§L(7)|| ;» which appears in
the right-hand side of (3.31) (in the term ¢(7)). In order to do this, we use the fact that
8L = In py — In p; satisfies the following equation:

0;6L +up-VSL +6u - VL +divéu =0,
and:

AL +uz - VAL + A(Su - VL + divéu) = [u, A]0;SL.
Taking the L? inner product of the above equation with A;8 L, performing several integration
by parts and integrate in time we get:

1AL, S

~

t
IIA13L0||i2+/O (A1 Gu - VL)@l 2 1ALl 2

t
+||A13M||L2||Al(8w)(f)||L2)dT+/O (ABL@ 2[R (D)l 2
+ldivua (7)o | AL (D) 17,)d .

We have set R; = [ué, A;]9;6L. Using Lemma 2.6 (since s’ <

the previous equation by 225" and summing we have:

ISL@OI,, < I8Loll

t
s T | IVua(o)l N, ISL@I3, dT
H /o Long 2. H

(3.32)
N

_ N _
N = 73
-2

1), multiplying

2

N-2'®

t
+ fo (18w - VLA @)y I8L @)y + 180l o 18w (D] )dT.  (3.33)
. .. . N .

Next by using Proposition 2.3 we have since s’ < 5 — L
6u - VL1l o < Null o IVLA N
" " L*NB? !

=|

—

Plugging this inequalities in (3.33) and using the fact that [|Sul| ;¢ [[6L] 5 < %(||Sz||2 , +
||8L||i{s,) we have:

2
IBLOI e S

t
I8Loll%,, + / (V@I oy +IVLI@)]
0 L®NB 3 Lo

2
e MISL(DII5, dT
H,OC W.OO
t
+/ (IHIVLII oy )18z, d. (3.34)
0 L>®NB 3
W.OO
Using Gronwall’s lemma we obtain:
t t
IISL(I)IIZS/ S i) +/ P1(8)¥ (s) exp (/ wl(u)du) ds, (3.35)
0 s
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with for s € [0, 7]:

t
— 2 2
@1(s) = I8 Loll%,y +/0 (1+ IIVLl(f)IILOOmBg;,I Msz(o)lI%,, de

2N

N-2®

and for C > 0:
Yi1(s) = C(IIVbtz(S)IILoo

v VL) Ny )
NB3 L*NB 3}

N—2'® N-2-®

It implies that:

t t
IBLOIZ, S e2(0(1+ /0 Y1) exp( / Y1 wydu)ds), (3.36)
with:

t
— 2 2
02(0) = I8Lol%0 + 1921 /0 (+IVL@I -y, )de

2N

N-2®

Taking now the L{° norm of (3.31) and plugging it in (3.36), we have:

t t
ISL®I2,, < <|I5L0||12L,5/+(¢(t)(1+ /0 ¥ (s) exp( / w(u)du>ds>)2)

x (1 +/0 IPl(s)exp(/ Y1 (uw)du)ds).

From Holder inequality and Young inequality, we deduce that

(3.37)

t
ot

’ 1 1 2
x (CL(lGor, — . p2, —)(@)1=)) " (llq1 (D] y
p1 2 L®NB2

@l oy )2)dr).
L*>®NB

2,00

It gives:
t
ISL@I, < <||5Lo||§,_¢ + a0 (18201, +1 /O I8L@)I,, ¥ ()d)
t t
x(l—l—/ lﬁ(s)exp(/ 1//(u)du)ds))2)
0 K

t t
(14 /0 neep(| viwdids). (3.38)

with:

1 1
v () = (CilI(p1. —. p2. —)(f)llm))z(llql(r)ll y +lg2)l )2
P1 P2 L>®NB, Lo®

5
2,00 mBZ.OO

Valt) = yz([)ezc/;(HuDzn llLo0)dT

Using again Gronwall lemma it yields:

IBL@IZ,0 S (IBLOI,¥7 (D) + 182017, s (1) Y6 (1), (3.39)
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with V¢, Y7, ¥g continuous positive functions in time. It is important to observe that all the
quantities fot Y (t)dr, fot Y1 (r)de, f 1//3(r)dr Y4 (t) are locally bounded in time This is due

to the factthat Vu, Vu, arein L2(B o 2ﬁLoo) (and in particular is also LIOL(B = 2ﬁL""))

2‘*‘1

)-
Finally, plugging (3. 39) in (3.31) ylelds the desired inequality. O

and q1, g» are in L2(B o L) NL®(By,

Lipschitz control on the velocity u

We recall that ¢ belongs to LIOL(Bg 2(]RS)) (with s > % + 1 + €) by propagation of the
regularlty for an initial data in H®. From Proposmon 3.12 we deduce that u belongs to
ZOC(B ) forany T > Oand Vu € L2 (B ) From Sobolev embedding we have obtained

that Vu is in L2T (L®(R3)) for any T > 0 since 6 - % < 0. Using Proposition 3.5 we
conclude that the solution (p, u) is unique.

4 Proof of Theorem 1.3: global well-posedness for N > 4
4.1 A subcritical version of Theorem 1.1

We prove in this section a simpler version of Theorem 1.1:

Proposition 4.1 Let s > % —1,N>41/g=1/2—1/N.If U "Weollus < ¢, ¢ small
enough then the solution of (GP) (1.8) is global and remains small:

—1 -1
1% VQUHL?OH.VQL%B{;Z S U™ Vool as.
Furthermore, ¢ U~V ¢(t) converges in H® ast — oo.

As we work in subcritical settings both in term of regularity (s > % — 1) and scattering (in
dimension 4 the Strauss exponent is 2~ 1.78 so that quadratic nonlinearities are not an issue),
the only difficulty comes from the “diagonalization” : if w = U~ '¢| +igs := UV, then
w is solution of

idw— Hw = (3¢7 + @3 + lol*01) +iU ™" (20102 + lo*¢2)
= BWWw)? + w3 + [VwlUv) +iU~" 2Uw; wa + [Vw|*v).
and a singular multiplier U ! is present in the imaginary part of the nonlinearity. The remedy
is a normal form introduced in [27] (then refined in [28]): the new variable
-1

U | |2 1 | |2 -1 U 1| |2 :
Z =w+ QT =w+ o =U" "¢ + ol” +ip,
2 A <V)2 1 (V>2 2

satisfies the following equation :

0, Z—HZ =1id H +2' (90:9) — lo|*
_ _ _ Re 7
10y Loy w w () Qorp <V>2§0

U~ ldiv
207 + lplPo1 — i—=5—[401 V2 + V(lpl*02)] := P(p).  (4.1)

(V)?
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We see that this change of variable desingularizes the imaginary part since U ~'div is a
bounded operatoron L”, 1 < p < 0o. Obviously, it remains necessary to check that the map
w — Z is invertible in our functional settings.

11 1 1 1 1
Functional spaces Set b := ; =5~ v’ ; =5~ N sothat (2, g), (4, p) are admissible
Strichartz pairs. For s > N /2 — 1 we define the space
X = L®R*Y, H*®RV)) N L*(RY, BSYZ(RN)).
In particular we note that by interpolation :
<
el g s )  ullx 4.2)
; —1 /w2 —1,,12 11 1 ;
Mappingw - Z=w+ U~ (V)"“ UV~ 'w|* For = = *-FN < 1,5 > 0 according
oo
to the (dual) Sobolev embeddings

10 Fllsg, S 180U~ Fllr + 1= S0) Fllgy, S 1w + 1F s 1 W pss.

1 1
Fors > N/2—-1>1,— = 5 + v’ the product estimates from Proposition 2.3 yield
q

WO=H ) 21 Pl S WP st S U I Il S0 F s (43)

IO Y21 Py, S Ul gver S0 F e g - (4.4)

From a fixed point argument, the map w — w + U~ (V)"2|UV~'w|? is Lipschitz with
Lipschitz inverse H® — H* on a neighborhood of 0. In particular for some § > 0,

IZllgs < 8= 1 Zllus ~ U Veollus,
and provided || Z||x is small enough
1ZIlx ~ 1U"Vellx 2 llellx. 4.5)

Fixed point argument (sketch of) Scattering for Z is equivalent to solve

t
Z(@) =eHzy—i / e H=DH py(1))dx.
0

From the Strichartz estimates of Proposition 2.17, we have
letH zy — i fo eI Pp(o)dTlx S W Zollms + IP@) 2, .

and we first check || P (¢) ”LZB;, < ||Z||§(—|— I Z||§(. For example, the term golz can be estimated
as follows
2 2 2
llei ”LQB;,Z Slletlensllenliops , < leily < 121

The cubic term U~ A (V)_2(|<p|2g02) is handled thanks to the embedding (4.2) (note that the
multiplier U —TA(V)~2is not singular at £ = 0)
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-1 20112 2 2
1T ANV) (el ell2ps, | S el e2ll2m, S el Mz ps el s
2
S elaps Nellzen
P,
3
SIZIy-

The other terms can be dealt with similarly, this gives
t
le™"Zo —i / e O Pp(@)drlx < I Zolme + 1ZII% + 121k
0

Contractivity can be obtained by a similar argument since P (¢) is essentially polynomial, and
the fixed point theorem can be applied to obtain a unique global solution. The convergence
of ¢/Hy) follows from the convergence of fooo e p(p)dr in HY.

4.2 L°° bounds

We follow the same plan as for Theorem 1.4.

Global control of |¢]| 1~
As a first step we prove time decay for Z, the global solution of (4.1)

—1

) 2 2 U~ div
1Z—HZ =2¢1 + |p|"p1 —1i e

Wesetl/g =1/2—2/(3N),1/a’ =1/2+1/(3N),s > N/2 — 1. We have the following
composition estimates (similar to (4.3),(4.4)):
U= 2ol las < Dol
—1 -2 2 . < 2 - < . < 2 .
10 ) 6Pl S 1075t S elgstliglgy, S el

a

[401Ve2 + V(Ip*02)] = P(g).

L2102 s~ . .
IOV el , ~ llellaslels; ,-

Using a fixed point argument, we deduce that for || Z || gsnps, , << 1 resp. ||Z||HsmB; , << 1,

1Zmsnms, , ~ MU Veollasags, , 2 lellmsnss, . (4.6)

resp. |1 Zll sngs, ~ U Vellgnss , 2 lellans; . 4.7
~ -1 5

1Zlgs, ~ 1U~'Velss ,. (4.8)

Proposition 4.2 Lets > N/2—1,1/a’ =1/2+1/(3N), 1/q =1/2—-2/(3N), Zy € H*,
Z € L®(H*) N L*(B*,, 2) be the global solution of (4.1).
N2

s+1/3

There exists eg > 0 such that if Zo € B_,,'", with ||Z()||Bs+l/3 < &, then
’ a2

NHS —
1/3

supt'IZO) N gs , S N1 2ol grss.

>0 4 a2

s+1/3
a,2

Proof We set m(t) = supy,, T'/?|| Z|| 5 ,- The embedding B
persion estimate give:

s B;’z and the dis-

1 Zoll gs+1/3

a' 2

—itH < || ,—itH < — __@s
||€ ZO”B{;2 ~ ||€ ZOHB;J;IB ~ tN(l/Q—]/a) ”ZO||BZ/+21/3 = ll/3 .
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Therefore it is only a matter of bounding the Duhamel term. Using Minkowski’s inequality
and the dispersion estimate (see Lemma 2.9) with6 =0, 0 = 3%, ) we obtain

. P @ g,
/ DR pg)dr < / Y (4.9)
0 B, 0 (t—1)%/3

It remains to estimate || P(@)(z, )|l 5, - Arguing as in Sect. 4.1 it is sufficient to estimate
q,

IIQOZIIBS, ,t ||g03||3s, ) this will be done by using paraproduct laws in Besov spaces. For
q - q,
quadratic terms, Proposition 2.3 withg < A = % gives since s > % -2
2y 00 < s < 2 )
= lle~llss, , ||¢||Bq12||<ﬂ||3g1,2 S el -
q,

For cubic terms we observe thats +s+N(1/qg'—1/g—1/2—1/(3N)) =25s+1—N/2 > s,
thus Proposition 2.3 gives

2 c < N2l ns ‘
I 15, S 197153y 00 101 -
Using again Proposition 2.3 we get
2 < 3 < 2
g 1 P T e T e (I PR T

Plugging the quadratic and cubic estimate in (4.9) yield

- [ m(z)? J <m(t)2 1 1 J
g, "o (=02 S VE R TR Ve N Vi
q.

t
H / PP ) (. ds
0

2
<m0
~ B

Using the Duhamel formula m () < C|| Zy|| g1t Cm(t)?, and from a bootstrap argument
a2

sup, m(t) < IZoll gs+173- o
a2

Proposition 4.3 Fors > N/2—1/4, 1/a =1/2—1/(3N), ifU"'Vgy € H* N B’ , there
exists o such that

i

||U71VQZJO”HSﬂBj,_2 <eoand |le” tA(POHLoc([o,]]X]RN) < 1/4 = el pomt xryy < 1/2.

~

Proof If ||U_1V<p0||HmBs,2 << 1, from Proposition 4.2, ||Z(t)||BH/3 < Ju-!
a’, q,2
Vool gs, 2/t1/3. Using then (4.7) we get

Vi1 leOllee < llellgs-13 SNZI g1 << 1.
q.2 q,2

The bound on ||@]l Lo ([0, 17x ) 18 then obtained thanks to Theorem 3.1 :
t
11l oo o, 15y < e @0l Lo o, 11xm¥) + Cligollms +C|| /0 UTINF@)ds| o

1
-+ Ceyp.
4+ €0

IA

End of the Proof of Theorem 1.3
Proposition 4.3 provides the existence of a solution ¢ to (1.8) such that 1 4 ¢ is bounded
away from 0. The rest of the proof is the same as for N = 3, see paragraphs 3.5 and 3.6.
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Appendix A: Sketch of proof of Theorem 1.2 when N =3

For comfort of the reader, we outline in this appendix the main ideas of the (fairly long and
technical) Proof of Theorem 1.2. For acomplex number f, we use the non-standard notation:

ff=ff=r (A
A.1 Space time resonances

Let us consider the general nonlinear Schrodinger equation:
idu+ Au= f(u,u), x e R, (NLS)

For N = 3, the decay is not strong enough to obtain scattering with an argument similar to the
one of Sect. 4.1, see also our discussion on the so-called Strauss exponent in the introduction.
Well-posedness for small data in weighted spaces was obtained by Hayashi and Naumkin
[31] in the case f(u) = Au® 4 puu?, while no global well-posedness nor blow up is known
for the case f(u) = |u|2 (except almost global existence, see [22]).

Let us give a short description of the idea of space-time resonances in the simple case
f(u, W) = u?, since u is expected to have an asymptotically linear behavior, it is natural to
consider # = e "2y, solution of

t
u(t) :uo—i/ e A (AT) (€20 ds (A2)
s (o) (eom)
t
SUM) =iy —i / / S PEMT s, n)ii(s, € — n)dnds. (A3)
0 JR4

with (£, ) = |£]> — |n|? — |&€ — n|>. The existence of global solutions reduces to construct
afixed point to (A.2) in a suitable functional space, and thus estimate the integral in (A.3). As
951 = —ie~"2y2 an integration by parts in the s variable increases the nonlinearity in (A.3)

and can be done if ® does not vanish. Unfortunately, ® vanishes on the large set {n L & —n}.
is® _ Vy®-Vye'*®

sV, 0P?
in the n variable can be fruitful too as it adds the coefficient %, which improves the decay.
This idea leads to the following definition:

Nevertheless, from the identity e , it is apparent that an integration by parts

Definition 1 The time resonant setis T = {(n, &) : ®(n, &) = 0}.
The space resonant setis S = {(n, &) : V,®(n,§) =0}.
The space-time resonant setis R =7 N S.

In our example, ® vanishes iff 2 L &, while V, ® vanishes if n = & — 5. This implies for
the space-time resonant set

TNS={GEn: ®En=0N{E n: V,;®E n) =0 ={§ =n=0}

Thus using a convenient frequency partition, a gain by integration by parts can always be
obtained. On the other hand this clarifies why it is hard to handle the nonlinearity |u«|?, indeed
in this case ® (£, n) = |£12 + |n|> — |€ — n|? and it is easily checked that 7 NS = {§ = 0}
which is of dimension 3 (in the phase space (, &) € (R3)?).
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The concept of space-time resonances was introduced by Gustafson et al. [29] to obtain the
scattering for the Gross—Pitaevskii equation. Independently Germain et al introduced itin [19]
to give a new proof of scattering for (NLS) with f (u, ) = u? before tackling global existence
for the gravity waves problem [20]. This strategy has had since numerous applications for the
study of global well-posedness of dispersive equations (e.g., Euler—Poisson [26], capillary
waves [21], or our recent work on the general Euler—Korteweg system [3]).

From elementary computation, we have the following proposition for the phase associated
to the nonlinearity lp]2.

Proposition A.1 (spacetime resonances for (A.4)) The space resonant set for ®(n,&) =
HE)—H®m) +HE —n)is{§ =0}
The spacetime resonant set for ®(n, &) = H(E) — H(n) — H(E —n) is {€ = 0}.

The large size of the space-time resonant set is one of the reasons why scattering for (1.3) is
a difficult issue.

A.2 Normal form

Let us rewrite the Gross—Pitaevskii equation for the variable v = ¢ + iU ¢:
i — Ho=U (37 +¢3 + I9l01) +i (20102 + 9*02) (A4)

The U in factor of the real part of the nonlinearity is a nice feature, indeed its symbol cancels
at & = 0, which is precisely the spacetime resonant set in the worst case (see Proposition
A.1). Namely near § = en, n << 1 we have

—3eln|? _ —3l&] n|?
232 272

In other words the U in factor counterbalances the negative effects due to the space-time
resonant set (indeed the nonlinearity |<p|2 is present since for example <p% = <p2 —I—EZ + 2|<p|2).

On the other hand we have the singular relation ¢» = U~ v, and there is no good mul-
tiplier on the imaginary part which contains the quadratic, singular term 2¢; ¢>. The normal
form from Sect. 4.1 was the remedy to the singular relation, however the new nonlinearity has
no good multiplier property, this is why Gustafson et al used the following different change
of variable in [29]:

H(en) — Hm) + H((e — 1)1) ~e=0,1n—0

Z = v — Bile1, 911+ Bilg2, 921,

where Bj is the real valued symmetric bilinear Fourier multiplier of symbol m
After some tedious computations one finds:
i0,Z—HZ = Nz(®), (A.S5)

with
Nz () = U(Bi[v1, vi] + Bz[vz, v2]) + C + 0,

where B, B, are bilinear multipliers and C (resp. Q) contains cubic (resp. quartic) terms.

Thanks to this change of variables the new nonlinearity has both a “null structure” and smooth

quadratic nonlinearities. Note however that cubic and quartic nonlinearities are not smooth

(they are only smooth in ¢). For later use, let us mention that the symbol of B; is
—2(61)(&2) &1 & &1 &

. _ o8 SL &2 g gy SLS2 A.6
R AT R PTI ] (0
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that is the composition of the Riesz multipliers and a smooth bilinear multiplier B, (see
Proposition 2.8).

A.3 The functional space, reduction to a priori estimates

Replacing in (A.3) A by —H, after an integration by parts in the 5 variable, we get a factor
V@) = —iF (xe!"M ) which must be controlled. Furthermore, in view of the Strichartz
estimates it is natural to use ||U ~1/0v)| 12w.6- Thus a natural functional space to study global
well-posedness is: '

1 Zllxnsqo,ry = sup 1ZOlx@) + 1 Z1sqo.1)
T

0<t<

= sup (IZOlg + e xe™ Z]| 1) + 1U™OZ] 12 16

0<t<T

For ¥(0) € 1 + H', global well-posedness is well-known (e.g., see the appendix of [8]),
thus the main goal is to prove a priori estimates for the map

t
Z e M 7z0) - i/ e H=IH N, () (s)ds. (A7)
0
More precisely it suffices that for some k > 0

t
le" ™™ Z(©0) —i /0 e AL () (s)ds | xnsqo.rn < 1 Zollx o)

2 k
H1ZIxnsqo.77) (1 + ”Z”XDS([O,T])) : (A-8)

with constants independent of 7' so that a standard bootstrap argument implies global well-
posedness and scattering®. In the rest of this appendix we shortly summarize the strategy:
bounding || Z||s is relatively elementary and is explained in Sect. A.4. The main issue is the
control of xe'' Z, and more precisely the so-called bilinear terms with phase derivative from
[29]. The main ideas (estimates on singular bilinear multipliers and the decomposition of the
phase space (7, &) in “non-resonant” regions) are described in Sect. A.5.

A.4 Control of the S norm, action of the normal form

This section summarizes the estimates that can be obtained simply by using only standard
product rules, functional spaces embeddings, Strichartz estimates and dispersive estimates of
the form (2.15) and (2.16). They cover two points: the normal form is a well-defined change
of variables for small data, and the S norm of the map (A.7) is controlled by the S N X norm
of Z. First let us give a list of quantities controlled by the X N S norm.

Proposition A.2 Let vo1 = F~ ' (1(gj<1}0(&)) and v>1 = F ' (1yg|>1y0()). For 0 < 0 <
1, we have the following estimates

vl -1 < lv®llx ) (A.9)

4 Actually in [27] the authors obtain some time decay:

1Z = e T Z(T0) | x sy +00) S (T0) N2 0% As(1g.00) (1 + 121 x08(Tp.00))-

@ Springer



From Gross—Pitaevskii to Euler Korteweg. .. 753

1U2vls S v llxa S lvOllxae, (A.10)

_n4 59 . _
V725 o (0l e < min(l, =)o@ I x ),

, PR (A.11)
VITv=1()ll s S min ™, =)o@l xq)-
and U~ satisfies dispersion/Strichartz type estimates
3
U™ v®le £ @75 v lx.
I B iz S O SMvlxe (A12)
N0l 2 ey S Ivllixonsa-
2 _1
HV)3U™ v@lle S ™2 @ lx - (A.13)
We have also control of Strichartz norms of ¢ in terms of the norm of ||v||xns.
Proposition A.3 We have the following estimates:
el ooty S lvllxs
L2 (A.14)

el 26y S llvllxns-

Estimates on the normal form Using the estimates above and basic product rules, one
can prove that the normal form v — Z is a well-defined change of variables near 0 in our
functional settings, and that the smallness condition on ¢ is equivalent to the smallness in
X (0) of Zy (we refer to (1.14) for this condition). The fact that the map v — Z is bi-Lipschitz
in Xoo N Seo is crucial since we need to estimate the nonlinearity Az (v) (which depends a
priori only on v) in norms of Z in Xoo N Seo.

Proposition A.4 ([29] Sects. 6, 7). There exists € > O such uniformly in T > 0, the map

X NS0, T]) — X NS0, T,
vi= Z =v+ Bilg1, 911+ Bilp2, p21 = v+ b(g),

is bi-Lipschitz from B(0, ¢) to its image, in particular

X(0) — X(0),
vo = vo + b(go),

is bi-Lipschitz B(0, €) to its image, and under the same smallness condition v and Z have
the same asymptotics:

~1/6
lv = Zllsnxqr,m1 S T, "N Zlsnx .12

For || Zo| x 0y small enough we have || Zoll x©0) ~ [1{x)Veoll 2 + [{x)Re(wo) I .2-
Control of the S norm

Proposition A.5 Forall T, > T) > 0 we have:

t
—i(t—s)H —-1/2 2 4
[ /T e N ) ds || sqr .y S (T ™Y (||v||me1,T2D+||v||m(m,m)),

(A.15)
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Sketch of proof We only show how to bound f;l e~ {U=9H By[vy, vylds for T > 1 (for finite
time it suffices to use the results of strong solution in finite time). The Strichartz estimate of
Proposition 2.17 gives:

t

-1 ili—¢
U / e 't 3)HBZ[UZ,Uz]ds||L2([7'|,7'2]HL6) S IB2lva, valll gy 1.1
T (A.16)

t
—i(t—s)H
|| [T eI Byl vyldsll ety S IBalvz, valll s -

Let R, Ry Riesz operator, using Proposition 2.8, Holder’s inequality, interpolation and
lo@lizs <t~ Mvllxnsn. ) (see (A.12)) leads to

| Balvz, v2lll 17y 10, 11y S WR1V2M L4 7y 1 w3y I R202 M| L4737y 11, 169
~1,2

2
ST T lxnsqn, m-

A.5 Control of the X norm

In order to estimate the X ([0, 7']) norm of (A.7), the main issue is to control

t t
||xe”H/0 eI NZ ) (s)ds | g = ||V§(D)/O MO F(NZ () (9))ds | 1.

For simplicity, we focus on the quadratic term B (Z3, Z»). Following [29], for any complex
we denote 77 =z, z7 = Z. Since Z, = (Zt — Z7)/(2i), the generic term to estimate is
By[Z*, Z*]. Let us denote the Fourier transform of the profile Z+ = eTHE) F(7E) (&),
we have to control in particular the following term:

t —~ ~
/ / e (aﬂmgﬁmmﬂ@_mBz(n,s —ZEmZEE - n))dnds.
0 JR

Weset Qi+(n, &) = H() F H(np) F H(E — n). As was pointed out in Sect. A.1, the worst
case in term of spacetime resonances is the +— case, where the resonant set is {§ = 0}.
Finally, let us point out that when Vg falls on e/$# &EHMEHE=N) ye oet the term:

t . ~~ ~
/0 /R , isVeQire ™ By (n, & — ) ZEMZE(E — n))dnds. (A17)

This is the worst as we both have a loss of decay due to the s factor and a loss of derivative
(in high frequencies) due to Vg2, and indeed it is easily checked that for this term a direct
approach only relying on Strichartz estimate and the decay provided by the X norm fails.
This is the point where integration by parts in 7 or s is required. The last two paragraphs
focus on the two ideas developed in [29] to effectively do it:

e partition of the phase space in time non-resonant and space non-resonant areas: there
is a decomposition of the symbol B, = 32X + BZT such that (in some sense precised
in Lemma A.7) BQX , resp. BZT , is supported in a non-space, resp. time, resonant area.
Furthermore itis convenient to localize in frequency by introducing for j € Z Littlewood—

Paley functions x;, and Bg’b’C‘T = xaE)xp (M xc(E — n)B2(n, & — 1), and similarly
Ba,b,c.T.
2
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e Once the integration by parts are performed, the new terms obtained are estimated thanks
to a bilinear multiplier estimate with losses for non-smooth multipliers. We also mention
why this estimate cannot be avoided.

The bilinear multiplier estimate For conciseness we write Q2 instead of Q+4. Using the
partition of unity 1 = > x4 (&) x» (1) xc(§ — 1), one is reduced to estimate each integral:

t ~ ~
Lupe =/0 /Rd ingQiie”QﬁBg’h’c(n,E —ZEMZEE - n)dnds. (A.18)
An integration by parts in 1 or s can be done thanks to the identities:

isQ2 = - VTYQ X V”ei‘YQ, ei‘vQ — 'Laseisﬂ.
is|V,Q? iQ

To be fruitful, of course it is necessary that V,Qi4, resp. €2, does not vanish on

supp(B4?X) resp. supp(B?¢T), but this is not sufficient. In order to apply the celebrated

Coifman-Meyer theorem, one needs to have [3%B| < (|| + |&)~?|. Such an estimate is

hopeless as can be seen from an elementary computation: near £ = ¢n with ¢, |n| << 1, we

have

—3eln|? _ —3l&] n|?
272 2/2

while |en[* — [n]* + (1 — &)nl* ~ =2[n| €],

H(en) — H(n) + H((e — Dn) ~

thus there is no hope for 1/ to belong to any standard class of multipliers.
The remedy from [29] is the following multiplier estimate which only requires a very
weak regularity for the multiplier:

Lemma A.6 Let 0 < s < %, (p, q) any dual-Strichartz exponent except for the endpoint
namely

2 N N
—+—=2+—,p<2. (A.19)
P q 2

Let (p1q1) and (p2, q2) satisfy:
1_1 1 1 1 _1 1 1 _1 s
P md T a® @ Teas 2N
P =pi1,p2 =+00, g <q1,q92 < +00

)

Then for any bilinear Fourier multiplier we have:

itH
I [ e Bl viatlye S VB sy, rsg, Il o Dol

with the first norm of B is in the (&, ) coordinates and the second in the (§,¢) = (€, & —n).
Ifl/g1 +1/qo =1/2+1/q(s), 2 < q1,q2 < q(s), ﬁ = % — %, then for any bilinear
Fourier multiplier:

1BLe. v S I1Blizesy, iway, ol ¥ lie.

We recall here the definition of Chemin-Lerner spaces:

1
~ . _ E Isr r H

leZ
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Remark 16 When s = % Lemma A.6 is similar to a classical Strichartz estimates where
B[u, v] behaves like a classical product « v ( in high frequencies it is in particular sufficient
to work with s = % since the classical Strichartz estimates are sufficient to estimate the
quadratic nonlinearities). Let us observe that g (s) is the Sobolev exponent for the embedding

B;,l C L9 and ﬁ gives the precise loss compared with Holder inequality, in particular it
implies that when 0 < s < % we need a better long-time decay to use this result compared
with the classical Strichartz estimate.

Remark 17 Tt is actually simpler to control the ZOO(H“) norm by the L (H**€) norm with
€ > 0.

Weset [BY] = Zgo Bé,l,n + Zgo 35,1,;’ with the lemma in hand, it is now a matter of checking
that for any (a, b, c) either

Vi Q

IV S2l (8] IVy €2l (B°]
(A.20)
satisfies “good” estimates.’
The phase space partition and consequence. Following (A.20), we define
Ba,b,c,X _ V')Q i VEQBa,b,c,X Ba,b,c,X . V’IQ ) vEQBa,b,c,X
1,2 - |v Q|2 2 ’ 2,2 - 'n |V Q|2 2 ’
K K (A.21)
Ba,bc T VEQBu,hC T
3,2 Q 2

The crucial result is the following Lemma (which is also true for the quadratic nonlinearity
UBilvi, v1])) -

Lemma A.7 Let M = max(a, b, ¢), m = min(a, b, ¢) and | = min(b, ¢). Then

e Forany (a,b,c) € z3

1_ 1_ —
forM << 1,0 <e<<1, B3 e S127% 1BSY N I guee S1272M7,

for M = 1, le| << LUBYZ M 3 S17a) ™ IBSYONI g, S1a)
(A.22)
e Forany (a,b,c) € 73,0 <s <2,
. M s 3
1855 i < (7)1 @, (A23)

For the sake of completeness, let us illustrate how this lemma can be used to control a typical
non-time resonant term. By integrations by parts in s we observe that we have to estimate
terms of the form:

T
/0 MU (BT 1ZE, sNF1+ By T sNE . Z51)ds or

/T eiSHUBa,b,C,T[Z:t’ Z:l:]ds
0

5 “Good” means that combining these estimates with Lemma A.6 is sufficient to close the estimates on (A.7).
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Applying Lemma A.6, Bernstein’s lemma and using the fact that U is increasing we have:

T
||/ (N BN Z, Z]—i—Bg’b’C[Z,sNZ])dsHHl
0

b<a~c

S X U@iv©@e e is

1
[BZT1+[B3/2]
bSu'vc

||U—5<V>th||< L

LT"G/ZmLQT)(m)
X N0V Zl e 12)

< S umru@e) et

B2V |+[B3/2 T=€/2 172
b<a~c [ ]+[ 1 Ly NL%

WU=Z(V)NZl,
( )m)

X [UTHV)Z ] o 12)- (A24)

Let us deal now with the case a << 1 which gives:

1
Y UG U@B) 1B e
b<a<<l1

) 1+€ .
S )Y UG U@b) (@> b2~ (a)", (A.25)

a
a<<1bSa

< Z Z:béaa_l_eb%_e < Z a= ¢ Zbl_e < Z a€a'"¢ < 1.

a<<1p<a a<<l b<a a<<l1

and for a > 1 we get with |¢| > 0 small enough:

3 U(b>%U<a)<b>‘||Bg"b*“||[H3 ]

5te
b<a,azl

i %4-6
<SS UuB @) <<“>) @), (A.26)

a
az1b<a

<Y Y vy e S

a1 b<a

~

On the other hand (A.9),(A.11) give

—1
U Zllpoor2 S 1 Z1x 0,000
1/2 2 < 2 —1 2 2
U<tz “Lﬁm S ||f||Z||L6||L1$/2 St ||L1JT/2||Z||X([0,00[ S Z1 j0.00-

To finish let us describe briefly the delicate case when a < b ~ ¢ which corre-
sponds to the space-time resonant set. Let us consider in particular the most difficult term
> a<ie o e”H(Bg“g"'[ZJ“, Z~1)ds, applying again Lemma A.6, Bernstein’s lemma and
the fact that BS , is embedded in Bg | for non-homogeneous Besov space, we have::
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1Y [ etz z st £ R0 [ @ (@ghizt 2 st

as<b~c b a<b
SZII/ N ((@VBYY 12T, Z271)ds | e
a<b
S ||f 1Y ((a  ZN)dsl 2
a<b
(A.27)
< Y ubUms
b<<l1
@85y s VU™ 2 ey VU027
a<b L "2 (LY
+ Y UBUEGB Y (@B 3
b>1 a<b

(VYU ZH | o2 (VYU /zum(m.

Let us deal now with the case b << 1, we have then:

1
> UGUGSB) 21 Y (@B g £ Y UGU®)E sup 11@) B2 e

b<<l a<b b<<1 ash

- L)\ le o 1, 1o o
<) UBUDb)S <7> b2¢ < Y bshT IS (A.28)

b<<l b<<l
We obtain similar estimates for the case b 2 1.

Conclusion. Collecting bounds similar to the one above eventually leads to (A.8), the same
argument works if we replace [0, oo[ by [0, T'], so that if the initial data are small enough, Z
must remain small in X N S([0, 7] uniformly in 7 > 0. In particular (see (A.15)) the solution
scatters.

Appendix B: Some remarks on the sharpness

As scattering for the Gross—Pitaevskii equation holds for small data, there are two natural
questions: what is the optimal functional space X for the initial data, and in such settings is
there an optimal constant such |||l x, < c implies scattering of the solution? In the present
state of the art, those questions seem out of reach, but we mention here what the existing
theory allows to guess.

First, we point out that all the traveling wave with finite energy have (1.14) finite. Indeed
let us recall that in their work Jones et al. [32,33] claim that the traveling wave have the
following asymptotic expansion in space (see [25] for a rigorous proof):

Yelrn,x) ~ 1+ o/,
G (=D

In particular Vi, is O(ﬁ) so that (x)V, € L? for N > 3.
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The smallness condition in Theorem 1.1 and 1.2 is not precisely quantified. Since the
energy of traveling waves has a lower bound for N > 3 (see [7]), and as they might be the
“minimal nonlinear objects”, the following conjecture was made in [29]:

Conjecture Let N = 3. For any global solution ¥ € C(R, 1 + E}) of (GP) satisfying
E(Y) < & there is a unique 74 € H'(R?) satisfying E(Yr) = ||(V)z_,_||i2 and
1M (@) = e 2]l g1 @) =110 0, (B.1)
with M (¢) = v + (V)_2|<p|2. Moreover, the map ¢(0) — z4 is a homeomorphism between
1

the open balls of radius é‘g around 0 in E1 and H'.

Remark 18 Let us recall that setting *!:

v = (L Y2

K1 K1

where ¥ is the solution of Theorem 1.2 then if ¥ is solution of (1.3), ¥*! is solution of the
following Gross—Pitaevski equation:

2
ik19 Y+ A = (= 1) g, (B.2)

In particular the smallness Assumption (1.14) corresponds to:

K1 Kz K1 K .
/R3<f2x/:q>2(|Re<¢0 )+ 71|V<p0 ) < (f) 8,
o(t,x)

By using the Madelung transform ! (¢, x) = /p(t, x)ei < , then (p, Vo) is solution of
system (1.1) with «1. When k| decreases, the condition becomes more and more restrictive.
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