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1 Introduction

There exist many results about the structure of a finite group focused on the product of its
conjugacy classes. Some of them are related to the solvability and non-simplicity of the
group. Perhaps, one of the most relevant problems was stated in 1985 by Z. Arad and M.
Herzog who conjectured that in a non-abelian simple group, the product of two non-trivial
conjugacy classes can never be a single conjugacy class. This conjecture is still open although
it has been obtained for several families of simple groups (see [11]). A particular case of the
conjecture was recently given by G. Navarro and R. Guralnick in [7]. They proved that when
a conjugacy class K in a finite group G satisfies that K2 is again a conjugacy class, then
(K) is a solvable (normal) subgroup of G. Another result concerning products of classes was
given by Z. Arad and E. Fisman [1] who demonstrated that if the product of two conjugacy
classes of a group G is exactly the union of these two classes, then G is not a non-abelian
simple group.

In this paper, we present a contribution to the study of the solvability and non-simplicity of
a group from the square of a conjugacy class. Suppose that K is a non-trivial real conjugacy
class of G, that is, a class satisfying that K ! = K It trivially follows that K> can never be a
conjugacy class unless K consists of only a single central involution of G. However, as K 2 is
always a G-invariant set, we can write K2 = 1 U A, where A is the join of conjugacy classes
of G. In this note, we study the extreme case in which A is a single class, and we wonder
whether one may obtain somewhat information concerning solvability inside the group G.
The answer is affirmative: K generates a solvable (normal) subgroup and we determine its
structure. Notice that every class satisfying the property of the following result needs to be
areal class. In fact, this is not a very unusual situation in finite groups.

Theorem A Let K = x€ be the conjugacy class of an element x in a finite group G and
suppose that K> = 1 U D, where D is a conjugacy class of G. Then (D) = [x, G] is either
cyclic or p-group for some prime p. Since |(K)/(D)| < 2, then (K) = (x)[x, G] is solvable.
More precisely,

1. Suppose that |K| = 2.

(a) If o(x) =2, then (K) = Zo x Zy and 7y = (D) C Z(G).
(b) If o(x) =n > 2, then (K) = Z, and (D) is cyclic.

2. Suppose that |K| > 3.

(a) If o(x) = 2, then either (K) and (D) are 2-elementary abelian groups or (D) is a
p-group and |K| = p" with p an odd prime and r a positive integer.

(b) If o(x) > 2, then (D) is a p-elementary abelian group for some odd prime p.
Furthermore, either o(x) = p or o(x) = 2p.

Observe that in case 2 we determine the order of the elements of K, which may be either
2, p or 2p with p an odd prime.

All cases of Theorem A are feasible, and we provide examples of each one. Our techniques
for proving Theorem A are quite elementary although we make use of Glauberman’s Z*
theorem [6] and aresult of Y. Berkovich and L. Kazarin in [3]. Both require tools from modular
representation theory, so our results are based on it as well. Other two main ingredients of
the proof of Theorem A are Burnside’s classification of finite 2-groups having exactly one
involution and the classification of groups of order 16. We remark that we do not appeal to
the Classification of Finite Simple Groups.
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On the other hand, we prove that the property K> = 1 U D in a group G, stated in
Theorem A, can be characterized by means of an arithmetical property of the set of irreducible
characters of G. As usual, Irr(G) will denote this set.

Theorem B Let G be a group and x,d € G\ {1}. Let K = x° and D = d°. The following
are equivalent:

(a) K2=1UD
(b) For every x € Irr(G), we have

IKIx()* = x(D* + (K| = Dx(Hx(d).

As an application of our main result, we obtain the following corollaries. The first one
is related to groups in which every non-central conjugacy class satisfies the hypothesis of
Theorem A and its proof is a trivial consequence. The second concerns conjugacy classes
whose square is the join of classes all central except at most one.

Corollary C Let G be a finite group such that every non-central conjugacy class K satisfies
that K* = 1U D, where D is a conjugacy class of G. Then G /F(G) is an elementary abelian
2-group.

Corollary D Let K be a conjugacy class of a finite group G such that K* is union of
conjugacy classes all of them central except at most one. Then (K) is solvable.

Suppose now that every conjugacy class K of a group G satisfies that K2 is a conjugacy
class. It is trivial that every real element must lie in Z(G) and must have order 2. In [4], D.
Chillag and A. Mann described the groups in which every real element is a central element.
Particularly, in Remark 5.5 of [4], the authors also announce, with omitted proof, that any
group satisfying this property is nilpotent. We include here an extension of this result which
will be needed in order to study the structure of those groups in which all conjugacy classes
satisfy the hypothesis of Corollary C. Note that these groups are solvable by Theorem A, and
we show that they are close to nilpotent groups.

Corollary E Let G be a finite group and let T be a set of primes. Suppose that K* is a
conjugacy class for all conjugacy class K of w-elements of G. Then G /Oy (G) is nilpotent.
In particular, if 1 = n(G), then G is nilpotent.

Corollary F Let G be a finite group such that every conjugacy class K satisfies that K>
is union of conjugacy classes all of them central except at most one. Let M/F(G) =
0,(G/F(G)). Then G/M is nilpotent and, consequently, G is solvable with Fitting length
at most 3.

2 Preliminary results

We begin by stating the Z* theorem version appearing in [8].

Theorem 1 Let G be a finite group. Suppose that P € Sylo(G) and j € P such that
JP=1#jand PN {j8|g € G} = {j}. Then 0y(G){j) < G.

The following elementary properties will be often used in the proofs. The reader interested
in further properties related to products and powers of conjugacy classes can refer to [2].

@ Springer



320 A. Beltran et al.

Lemma 1 Let K be a real conjugacy class of a finite group G. Then

a) (K)/{K?) is trivial or cyclic of order 2.
b) If K* = 1 UK, then (K) is a minimal normal subgroup of G and it is p-elementary
abelian for some prime p.

Proof We write N = (K?2) and consider the factor group (K)/N which is generated by
the set of elements x N with x € K. But, if x,y € K we know that xy‘1 € K2 C N,
so xN = yN, and consequently (K)/N is generated by just one element, say x N, with
x € K, and (xN)? = N. Thus, a) is proved. Statement b) trivially follows because K Zisa
subgroup of G and all non-trivial elements of K2 are conjugate, so all of them have the same
order. O

As we have already indicated in the Introduction, we use the following result of Berkovich
and Kazarin of [3], which is based on the well-known Kazarin’s Theorem (see for instance
[8]), which asserts that any conjugacy class of prime-power size generates a solvable normal
subgroup.

Lemma 2 (Lemma 3 of [3]) Let G be a finite group and let x € G. If |x°| is a power
of g € m(G), then ((x)®) is a g-subgroup. In particular, (x)G/Oq((x)G) is an abelian
1 (o(x))-group.

The following result, to which we have referred at the beginning of the Introduction, will
be used in the proof of Corollaries D and E, although the solvability part is only required in
Corollary D. We remark that we do not need it to prove Theorem A.

Theorem 2 (Theorem A of [7]) Let G be a finite group, let x € G, and let K = xG be the
conjugacy class of x in G. Then the following are equivalent:

a) K? is a conjugacy class of G.
b) K = x[x, Gl and Cg(x) = Cq(x?).

In this case, [x, G] is solvable. Furthermore, if x has order a power of a prime p, then [x, G]
has a normal p-complement.

The original result of [7] includes one more assertion related to Character Theory, but we
do not use it in this paper. Furthermore, the proof of the equivalence between a) and b) in the
above theorem, although is omitted here, can be easily obtained without using characters.
The solvability in Theorem 2, however, needs the Classification of Finite Simple Groups.

Finally, we will also use a Burnside’s classic result whose proof can be found in [10] for
instance.

Lemma 3 (Theorem 1.2.6 of [10]) A non-cyclic 2-group P has only one involution if and
only if P is a generalized quaternion group.

3 Proofs

We start by proving the equalities concerning commutators that appear in Theorem A. Recall
that the conjugacy classes K and D of the statement are real classes.

Lemma 4 Let K = x© be a conjugacy class of afinite group G and suppose that K* = 1UD,
where D is a conjugacy class of G. Then (D) = [x, G] and (K) = (x)[x, G].
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Proof If K = {xi, ..., x}, itis clear that K> = x; K U--- U x,K. Let y € x; K. Since K
is real, then y = x,-g_lxlflg S [xlfl, G] = [x;, G] for some g € G. Also, if i # j, then
x; = x!' for some h € G. Thus, [x;, G] = [x!, G] = [x;, G" = [x;, G]. Consequently,
K? C [x, G]and (D) C [x, G]. On the other hand, since any element [x, 7] lies in K2 for all
t € G, then [x, G] € (K?2) = (D) and hence, (D) = [x, G]. The equality (K) = (x)[x, G]
is standard, since the normal closure (x)© of a subgroup (x) is equal to (x)[x, G]. m]

We are ready to prove our main result.

Proof (of Theorem A) The proof is divided into two cases: when |K | = 2 and when | K| > 3.
Case 1 Suppose that | K| = 2.

Case l.a.Let K = {x, x8} withg € G.Ifo(x) = 2,then K% = 1U{xx8, x%x}. But observe
that since Cg(x) < G, we have Cg(x) = Cg(x8), so xx8 = x8x. Thus, K2 = 1 U {xx8)},
so xx8 € Z(G) and (D) = (xx8) € Z(G). Furthermore, (K) = (x, x8) = (x) x (x8) =
Zo X 7y and |(K)/(D)| = 2. So, 1.a is proved.

Case 1.b. If o(x) = n > 2, then K = {x, x~!} and as a consequence, (K) = (x), which
is cyclic of order n and (D) = (x2). If n is odd, then (D) = (x) = (K). If n is even, then
[{K)/{D)| = 2. Therefore, 1.b is proved.

Case 2 Suppose that |[K| > 3.

Case 2.a. Suppose that o(x) = 2 and lett € D. We distinguish two cases depending on the
order of . Suppose that o(z) = 2. Weset K = {x1, ..., x;} and we have K?=1U {xixjli #
Jj}. Since o(x;x;) = 2forevery 1 <i,j < s withi # j, thenl = xizsz. = XiXjXjXj =
XiXxjx;ixj, so x; and x; commute. Consequently, (K) is generated by pairwise commuting
involutions, so (K) is 2-elementary abelian (and (D) too) and we obtain the first assertion of
2.a.

Suppose now that o(¢) > 2. Observe that any two distinct elements of K do not commute.
Otherwise, the order of ¢ would be necessarily 2. As a consequence, each x; € K acts via
conjugation on K in such a way that it fixes only the element x; and permutes in pairs
the elements of K \ {x;}. As a result, |K| is odd. This implies that x € Z(P) for some
P € Syl,(G). Therefore, P N K = {x} and we deduce that O (G)(x) < G by Theorem 1.

The Frattini argument gives G = Ng({x))O2(G). But observe that Ng({(x)) = Cg(x)

because o(x) = 2. Thus, G = C5(x)02 (G). As a result,
K>={x""x8|x e K,g € G} = {[x, gllx € K, g € 02(G)} C 0x(G).

Then D € Oy (G), and in particular, |(D)] is odd.

Now, we prove that |K| is a power of an odd prime. Since x ¢ Z(G), we can take an
odd prime p dividing |02 (G) : Co,,(6)(x)|. As O (G) has odd order, then the number of
Sylow p-subgroups of Oy (G) is also odd, and hence x, which acts on this set of subgroups,
must fix one of them. Let P € Syl, (02 (G)) such that P* = P. Thus, [x, P] € P. Now,
if [x, P] = 1 this contradicts that p divides |0y (G) : Co, () (*)|, so [x, g] is a non-trivial
p-element for some g € P. Therefore, [x, g] = xx8 € K? is a p-element lying in D, so all
elements of D are p-elements and in particular, the prime p is unique. Moreover,

p" =102(G) : Coy ) (x)| = |Cc(x)02(G) : Co(x)| = |G : C(x)| = |K]|

forsome m > 1, as we wanted to prove. By applying Lemma 2, we deduce that (K') /O, ((K))
is an abelian 2-group. As a consequence, Oy ((K)) = O,({K)). By Lemma 1(a), we have
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that (K') /(D) is necessarily cyclic of order 2 and then (D) = O, ({K)). The second assertion
of case 2.a is complete.

Case 2.b. Suppose that o(x) > 2. We prove first that |D| = |K|. We know that |K| <
|K2| = 1+4|D|and D = (x2)C. Note that | D| divides | K | because Cg (x) € Cg(x2). Thus,
either |D| = |[K| or |D| < |K|/2. However, if | D| < |K|/2, the first inequality implies that
K| <1+ 1|K]|/2,s0 |K| < 2, a contradiction. Consequently, |K| = |D| as wanted. Now,
notice that x K Ux~ 1K € K? and we claim that xK #* x 'K.Indeed,if xK = x~ 'K, then
x2K = K.Hence for all g € G, itfollows that (x8)2K = (x2K)8 = K8 = K, which means
that DK = K. As aresult, (D)K = K. This implies that K is union of right classes of (D)
and then |(D)| divides | K|. But this is a contradiction because |K| = |D| < |[(D)]|.

We have proved that x K # x~'K with xK Ux—'K € K2. Since |K?| = |K| + 1 and
|K| = |xK| = |x~' K], there exists only just one element z € xK \x’lK. Moreover, it is
easy to prove that z ! is the only element contained in x ' K \ xK (notice that z, z~! € D).
Therefore, K2 can be decomposed as

K2=xKUx'K=@Knx'K)u{z}U{z '}

From the fact that (xK)(x_lK) =K?andK*=(1 UD)(1UD) = K2U D2, we deduce
that

K*=K*U{2JUu{z2)=1UDU{}U{z?).

Let us see that K* = D2. We know that D? is a G-invariant set, so we can write D? =
1UAjU---U A, with A; a conjugacy class for 1 < i < r. On the other hand, since
xK € K?=1UDthen xK = 1 U D’ with D’ € D and similarly x 'K = 1 U D" with
D" C D.Thus, D'D" € K2N D?and |D'D’| > |D'| = |K| — 1 > 2. We conclude that
there exists 1 # g € K> N D% Asaresult, g € D. Also, g € A; forsome 1 < i < r.
Consequently, D = A; and hence D C D?. Accordingly, K*=1UDUD? = D2, as
wanted. Therefore,

D*=1UDU{Z}}U{z 2.
We distinguish two subcases depending on whether z2 € K2 or z> ¢ K2.

(a) If z2 € K2, we have either z2 = 1 or z2 € D (and z=2 € D). In both cases, it follows
that D> = K? = 1U D, and then (D) is p-elementary abelian for some prime p by
applying Lemma 1(b). Furthermore, (D) = (K?), and |(K)/(D)| < 2 by Lemma 1(a).
Observe that (x2)¢ = D, so o(x) divides 2p, and hence, either o(x) = p or o(x) = 2p.
If o(x) = p > 2, then (x) = (x2) and (K) = (D) is p-elementary abelian. Let us
prove that if o(x) = 2p, then p is odd. If p = 2, then o(x) = 4 and we know that
2¢ = |(D)| = 1+ |D| for some a > 1. Thus, |D| =2 — 1 = |K| is odd. As K is real,
then o(x) = 2, a contradiction. Thus, we obtain the assertion of 2.b.

(b) Suppose that z2 ¢ K2, what is equivalent to say that either {z?} and {z~2} are central
classes or {z2,z72} is a single conjugacy class of cardinality 2. The rest of the proof
consists in getting a contradiction by a series of steps.

Step 1: (D)/(z?) is a 2-elementary abelian group. Moreover, (D) is nilpotent of class at
most 2. Therefore, we write (D) = P x H with P € Syl,({D)) and H a 2-complement
of (D) with H  (z%) € Z((D)).

By the hypotheses of (b), it follows that (z2) < G. We denote G = G/(z?) and consider
'D. We have D =D2=1UD. By Lemma 1(b), (D) is p-elementary abelian for some
prime p. Observe that ifd € D,thend = z8,forsome g € G, andd? = (z8)% = (28 €

{z , 2 2}. Thus, d —d2=1and p = 2. Furthermore, 7 € CG(zz) < G, and hence,
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D C Cg(z?). This means that (%) C Z((D)), so (D)/Z({D)) is abelian and (D) is
nilpotent of class at most 2. The decomposition for (D) of the statement certainly holds.

Step 2: We can assume that o(z?) is even.

If72 € 7.(G),since z € D and D isreal, we have that z2and z7 2 are conjugate and hence
72 = z72. Thus, 0(z%) = 2. Consequently, we can assume that {z%, 72} is a conjugacy
class of cardinality 2 for the rest of this step. Suppose that 0(z%) = k is odd and notice
that o(z) = 2k, so we can write z = z¥z? where z¥ and z2 are the 2-part and the 2'-part
of z, respectively. Moreover, there exists g € G such that (z2)¢ = z~2. We know that
278 € D* = 1U D U {z%, z72}. Also, zz8 = z8z2(z%)827% = zK(ZF)% € P by taking
into account that P < G, so zz8 is a 2-element. As a consequence, zz® can only be
equal to 1, 72 or 772 because the elements of D have order 2k. Now, if zz8 = 1, then
7 =28 = (£5)%(z%)8 = (zF)8z2 what means that z = (z¥)$, a contradiction. If zz8
is equal to either z% or 772 we can easily compute that 0(z) = 4, again a contradiction.
Thus, 0(z2) must be even.

Step 3: (D) = (z2YU D{(z?) and (D) has just one element of order 2 that is the involution
of (z%).

Since D C D2, it s easy to prove by induction on k that for every k > 2, D¥~! ¢ Dk C
1 U D U (z2) U D(z?). We can deduce that there exists [ € N, depending on the order of
z, such that (D) = D! € 1U D U (z%) U D(z?) C (D). This yields to

(D) =1U DU (2% UD(z%) = (%) U D(z?).

Accordingly, it is enough to show that there exists no element dz* € Dz* withd € D
such that o(dz%) = 2. Otherwise, we assume (alzz")2 = d?z% = 1 and notice that d* =
(z8)% = (z%)% € {72, z7%} for some g € G. Consequently, either z#+% = 2@+ = |
or z4%7% = z2@=D — 1. In both cases, 0(z?) would be odd, which contradicts Step 2.
As a result, the unique element of order 2 in (D) is the involution of (z%).

Step 4: Final contradiction.

By Step 3 and Lemma 3, P must be cyclic or generalized quaternion. We will get a

~

contradiction in both cases. Assume first that P is cyclic. Since (D) = (D)/ (%) =
P/PN (z%)is 2-elementary abelian by Step 1 and P is cyclic, then either (D) = Z, or (D)
is trivial. Furthermore, (z) # (z2). Otherwise, Cg(z) = Cg(z%) and then |[K| = |D| =
|(z2)¢ | would be either 1 or 2, contradicting the fact that | K | > 3. Thus, (z2) C (z) € (D)
and this forces that (D) = (z). As the elements of D have the same order that z, which
is even, this equality implies that they are odd powers of z and, as a consequence, the
elements of D? are even powers of z. This contradicts that D C D2

From now on, P can be assumed to be generalized quaternion. We denote G=G /H and
then (D) = (D) = P.Notice that Z(P) = Z({D)) = Z((D)/H) = Z((D))/ H. because
(D) = P x H, and that (D )/Z(( )) is dihedral. Also, (D)/Z({D D)) = (D)/Z((D)) is
2-elementary abelian by Step 1. By joining both facts, we conclude that (D D) / (Z(D)) =
Zs x Z,. Therefore, (D) = Qg and (D) = Qg x H. Note that (Z2) C Z((D )) which has
order 2. Then the order of (%) is either 1 or 2. If (Z2) is trivial, from Step 3, we get

(D)= @) UDE)=TuD
and by Lemma 1(b), (D ) is elementary abelian, a contradiction. Thus, we can assume
that 0(z2) = 2. Again, by Step 3,

(Dy=TuDUDZ> U},

and we distinguish two cases. When D and DzN are equal or distinct. If D * DZ2, then
8 =2+2|D| =2(1 +|DJ), what means that | D| = 3. The fact that D is real forces that
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0(Z) = 2, a contradiction. Therefore, D= D3 and 8 = (D )| =2+ |D| SO |D| =6.
Now we prove that |E| |D| We have K2 = TUD. Since 0(Z?) = 2and 7% and 7 are G-
conjugate, weknow thato(x) > 2.So, D x )G and, since CG(x) - CG(YZ) - G we
conclude that |D| divides |K| As6 = |D| < |K| < |K2| =14 |D|,weget |D| = |K|
as wanted.

On the other hand, by takmg 1nt0 account that K is a real class and Lemma 1(a), we
know that (K ) / (K 2) (K Y/ (D) is trivial or cyclic of order 2. In the former case, that
is, if (K ) = (D) Tu {NZ} U D we see that this leads to a contradiction. We know
thatT #X e (K). If X =72, then o(X) = - 2. Then x> € H, which implies that 7 € H
and o(z?) is odd a contradiction. So ¥ € D and We can write x = dh withd € D and
h e H C (%) € Z({D)). Then x? = d%h? € (z%), and we conclude that z = (x2)8 €
(z?) and, as a result, (z) = (z%). So, C;(2) = Cq(2?) and |D| = |(z%)¢| = 2, which
contradicts that |K| > 3. We can assume then that (K) /(D ) Z,. Therefore, (K ) 1s a
2-group of order 16, which has a normal subgroup isomorphic to Qg, and moreover, (K)
possesses at least 6 elements of order 8 (the elements of K). However, the only groups of
order 16 having a normal subgroup isomorphic to Qg are: S D¢, the semidihedral group;
Q16, the generalized quaternion group; the central product of Dg and Z4; and the direct
product Qg x Z,. The former two groups posses exactly 4 elements of order 8, and the
latter two groups have no elements of order 8. All cases give a contradiction.

m}

Examples Let us show several examples of each case of Theorem A. In some of them, we use
the SMALLGROUPS library of GAP [5]. The m-th group of order n in this library is identified
by n#m.

Case 1.a. We take G the group
Myt = {a, b|a® =b* =1, a® =+

with n > 3. We consider the conjugacy class K = b€ that satisfies K> = 1 U D where
D = (@O,

Case 1.b. We consider G = Da, = (a, b |a" =b* =1, a® = a~ ") withn > 3 and
K = a%. Then K? = 1U D where D = (a®)©. Remark that if n is odd, then (D) = (K),
whereas if n is even, [(K)/(D)| = 2.

Case 2.a.Let N = (x1) X - -+ X (x;) = Zp X - - - X Z» and consider the natural action of S,
on N, thatis, G = NS, is the wreath product of N and S,. In this case, K = {xq,---, x,} is
a conjugacy class of G such that K? = 1 U D where D = {x;x;]i # j} is a conjugacy class,
because S, acts transitively on D, and o(x;x;) = 2 for every i # j and |K| = r. This is an
example of case 2.a of Theorem A in which (D) is 2-elementary abelian and [(K)/(D)| = 2.

The alternating group A4 is another example where K is the conjugacy class of involutions.
In this case, (K) = (D).

Let G = 216#88 = (a, b, ¢ |3 =1, a* =1, a®> =b>, b* =b7!, a® = a7,
cla lea beb =1, ¢ 'ale W lea b =1, b lca e tabe = 1) = (Z3 x Z3) x
7Z3) x Qg. The conjugacy class K = (@®)9 satisfies that K2 = 1U D where D = ¢©.
Moreover, 0(a?) = 2, o(c) = 3, |K| = 9 and |D| = 24. This is an example of Case 2.a in
which (D) is a non-abelian extraspecial 3-group of order 27 and exponent 3.

Case 2.b. Let (a) = Zs and let (b) = Zg acting on {a) by a? = a?. Let G be the associated
semidirect product (a) x (b) and take K = (b*a)®. We have K> = 1 U D where D = a©,
o(b*a) = 10, 0o(a) = 5, |K| = 4 and |D| = 4. This shows Case 2.b of Theorem A with
(D) = Zs and (K) = Zyp.
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We get another example for the case in which the order of the elements of K is a prime.
Take G = (Z3 x Z3) X Qg = PSU3,2) = (a, b, ¢, d|a* = =d> =1, a* =
b2, ab =al, ¢ =cd?, d* =c2d?, P =d, d° = c2) and K = ¢%, with ¢ an element
of order 3. This class satisfies that K2 = 1 U K with |K| = 8. Furthermore, (K) = Z3 x Zs.

Observe that both examples satisfy |K| = |D|, as it is explicitly showed in the proof of
Theorem A.

Now we prove the characterization of the property stated in Theorem A in terms of
irreducible characters. For our purposes, we use the following result which characterizes
when the product of two conjugacy classes is again a conjugacy class.

Lemma 5 Let G be a group and let a, b, ¢ € G be non-trivial elements of G. The following
conditions are equivalent:

(a) a®p% = O
(b) x(a)x(b) = x(c)x (1) forall x € Irr(G).

Proof See for instance Lemma 1 of [11]. O

Proof (of Theorem B) Suppose that K? =1UD andlet x € Irr(G). Notice that K is real.
By applying problem 3.12 of [9],

1
X2 = x0x) = XS e,
geG

We can divide the sum into two parts, so the above formula is equal to

1
%I) 2. x&ETHO+ D xxGTH
§€C(x) 4€G\Ca (x)
1
N %('CG(’C)'X“) + (G| = ICc () Dx (d)).

We obtain (b) by simply multiplying by | K|.
Suppose now that (b) holds. Again by problem 3.12 of [9] we have that for every & € G,

1 1
% 3 x M) = xx G = X(X)2=%(ICG(X)IX(1) + (G = ICeDX @),
geG
Thus,
3 2 (6M) = [CW (1) + (1G] — ICo )N x (@), ()

geG

Let h € G and suppose that xx" ¢ D. We will prove that xx" = 1. By Eq.(1) and taking
into account the second orthogonality relation,

DY x@GMHX@ =ICel Y x(Hx(d)
ge€G xelr(G) x€lir(G)

+(GI = 1CcWD Y x(dx(d)

x€lrr(G)
= (G| = ICg(x)DICs(d)I.
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On the other hand, since xx” ¢ D, then

DY xeMHOHx@+ Y Y xGE&MHHx@

geCq (xh) x€lir(G) g€G\Cq (xh) x€lrr(G)

= Y. D xxe"HHx@.

geG\Cq (x) x€lir(G)

Therefore,

Yo ) x&@MHx@) = (1G] - |Ce()DICG ).

2€G\Cq (xM) x€lrr(G)

Again by using the second orthogonality relation, we deduce that there are exactly (|G| —
|Cg(x)]) elements g € G\ Cg (x™) such that

D xxa"MHx@) = Cad).

x€lrr(G)

So, forevery g € G \ Cg (x™), we have x(x")8 € D. Now, if we come back to Eq.(1), we
have

DM+ DT (™M) =ICe)x (D)
geCq(xM) g€G\Cs(xM)
+(G] = ICcWDx () Vx € r(G).

As a result,

IC6 (x")x (xx™) + (|G| — ICc () x(d) = |Cq(x)x(1)
+ (G| = ICc)Nx ) Vx €Irr(G).

This implies that X(xxh) = x(1) for every x € Irr(G), that is, xx" = 1. Therefore, we
have proved that for every i € G, either xx" = 1 orxx" € D, thatis, K2 € 1 U D. Since
K? is a G-invariant set, the only possibilities are K> = D or K> = 1 U D. However, if
K?=D, by Lemma 5, we have x ()2 = x(1)x(d) and by replacing in the equation of (b),
we get |[K|x (D) x(d) = )((1)2 + (IK| — Dx(1)x(d) for every x € Irr(G). This forces that
x(d) = x(1) forevery x € Irr(G), sod = 1, a contradiction. Then K?% = 1U D, as wanted.

O

Proof (of Corollary C) For every non-central element x € G, we know that (x9)2 = 1U D
for some conjugacy class D. Then x2 € (D) and (D) is nilpotent by Theorem A. Thus,
x% € F(G) for every x € G. Consequently, G/F(G) is 2-elementary abelian. ]

Proof (of Corollary D) Tt may occur that K2 is a conjugacy class and then, by applying
Theorem 2, (K) is solvable. Otherwise, it happens that either K2 = A U A> U ---U A, or
K?=A;UAyU---UA, U D with A; a central class for every i and D a non-central class.

If we consider G = G/Z(G), it follows that either K> =TorK> =TUD. In the former

case, (K) is cyclic of order 2 and as a consequence, (K) is solvable. In the second case, by

applying Theorem A, (K) = (K)Z(G)/Z(G) is solvable, so (K) is solvable too. O

Proof (of Corollary E) We can easily prove that the hypotheses are inherited by factor groups
and we work by induction on the order of G. If O,/(G) # 1, it easily follows by induction
that G = G/0,/(G) is nilpotent. So we can assume that O,,/(G) = 1. For every p € m,
we choose 1 # x, € Z(P) for some P € Syl,(G). The hypotheses imply that (xl(f)2 is
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a conjugacy class and, by applying Theorem 2, |xg| = |[xp, G]| and hence, [x,, G] has
/
p’-order.
Let K /[xp, G] := O (G/[x), G])) which is a p’-group. Since [x,, G] is p’-group,
then Ky € O,/(G). By induction,

G/lxp, G1/0x(G/lxp, G) = G/K )y
is nilpotent. Now, we consider the natural homomorphism
¢:G— G/Kpi XX G/Ky

where 7 = {pi, ..., ps}. Since (i_; K,y € j=; 0,/(G) = O,/(G) = 1, we conclude
that ¢ is injective and thus G is nilpotent. m}

Proof (of Corollary F) The hypotheses are inherited by quotients. Let us see that we can
assume Z(G) = 1. Indeed, if we consider G = G/Z(G), we have

02(G/F(G)) = 02(G/F(G)) = 02(G/F(G)) = M/F(G) = M/F(G).

If Z(G) > 1, arguing by induction on the order of G, we obtain that G/M = G/M is
nilpotent and then the theorem is proved. Thus, we can assume Z(G) = 1, as wanted.

We assume first that there exists a 2'-element x € G \ F(G) such that (x9)?% is not a class.
However, (x%)? is union of conjugacy classes, all of them central except at most one. As
Z(G) = 1, we have (x9)2 = 1 U D, where D is a non-central class of G. By Theorem A,
we conclude that x2 € (D) C F(G) and, since (x) = (x2), we get a contradiction.

Therefore, if we conAsider G=G /F(G), we can assume that every non-trivial 2’-element
T € G satisfies that ()2 is a conjugacy class of G. Observe that we can certainly assume
that x is a 2’-element of G such that x ¢ F(G) and that (x©)?2 is a conjugacy class. We apply
Corollary E with 7 = {2} in order to deduce that G /02(6) is nilpotent, which implies that
G /M is nilpotent, and the proof is finished. O
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