Annali di Matematica (2018) 197:233-259 @ CrossMark
https://doi.org/10.1007/s10231-017-0677-9

On derivations of subalgebras of real semisimple Lie
algebras

Paolo Ciatti' . Michael G. Cowling?

Received: 24 August 2016 / Accepted: 21 June 2017 / Published online: 28 June 2017
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag GmbH Germany 2017

Abstract Let g be a real semisimple Lie algebra with Iwasawa decomposition ¢ @ a @ n.
We show that, except for some explicit exceptional cases, every derivation of the nilpotent
subalgebra n that preserves its restricted root space decomposition is of the form ad(W),
where W e m @ a.

Keywords Lie theory - Semisimple Lie algebras and their representations - Nilpotent Lie
algebras

Mathematics Subject Classification 17B40 - 22E60 - 30L10

1 Introduction

Let g be a semisimple Lie algebra, with Iwasawa decomposition g = € @ a @ n, where
€ is compact, a is abelian, and n is nilpotent, and let m be the centraliser of a in £. Then
n= Zy ex+ 8y, Where > is the set of positive restricted roots and g, is the restricted root
space corresponding to the restricted root y.
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We study the derivations of n which preserve its root space decomposition, that is,
the derivations D such that D(g,) < g, for each positive restricted root y. By defini-
tion and the Jacobi identity, if W € m & a, then [H, W] = O for all H € a, and so
[H, [W, X]] = [W,[H, X]] = y(H)[W, X] forall X € g,; thus ad(W) preserves the root
space decomposition. The main point of this paper is that, unless g contains a simple sum-
mand of the form so(n, 1) or su(n, 1), every root-space-preserving derivation D of n is of
the form ad(W), where W € m @ a, and more precisely the symmetric part of D is in ad(a)
while the skew-symmetric part of D is in ad(m).

The root-space-preserving derivations are known for real rank-one simple Lie algebras.
Indeed, Kordnyi [16] showed that in the rank-one case, n is an H-type Lie algebra, and the
Lie algebra of derivations and the automorphism group of an H-type algebra were found by
Riehm [20] and Saal [21]. Our work may be viewed as a development of the ideas of these
authors.

Here is our strategy. First, the algebra g splits into a sum of simple ideals, and we show that it
suffices to consider the case where g is simple. As noted, the real rank-one case is understood;
we treat the algebras of real rank two by considering the possible restricted root systems
separately, and using a detailed analysis of several H-type algebras contained in n in each
case. A key argument at this stage is showing that each derivation is the sum of a symmetric and
an antisymmetric derivation. To treat the general case, we again show that it suffices to treat
symmetric and an antisymmetric derivations separately. The symmetric derivations act by
scalars on each restricted root space, and belong to ad(a), but the skew-symmetric derivations
are trickier. We handle these by introducing identities (D, 5) and (Ey, 5), where v, § € =+,
which involve the interplay of a derivation with the Cartan involution 6, and show that these
identities characterise derivations in ad(m) in simple Lie algebras of arbitrary real rank. We
prove these identities for the simple algebras of higher rank by reducing to subalgebras of
real rank one and two, and then using our analysis of these algebras.

This paper is a step towards the classification of the derivations and automorphisms of
n, which is interesting for a variety of reasons. One reason is to find the derivations of
(minimal) parabolic subalgebras of semisimple Lie algebras, which has been a lively field
in recent years; see, for example, Chen [2] and Wang and Yu [22]. Every derivation of a
parabolic subalgebra induces a derivation of its nilradical; if we can show that these are
Lie multiplication by elements of the subalgebra, then we are well on the way to finding
the derivations of the whole subalgebra. Another reason is the question of classification of
nilpotent Lie algebras: In general, this is an impossibly tedious matter, but one might hope
to do better with algebras with lots of symmetry; to see whether this is viable, we need to
understand some examples.

Next, to carry out harmonic analysis on the simply connected nilpotent Lie group associ-
ated with n, which has applications in diverse areas including theoretical physics and linear
partial differential equations, it is important to understand its symmetries; see, for example,
the study of Folland [12].

A fourth reason for studying the automorphisms of n is the theory of quasiconformal map-
pings of “Carnot groups”. Indeed, as defined by Pansu [19], the derivative of a quasiconformal
mapping of an Iwasawa N group is an automorphism, and restrictions on the automorphisms
give rise to restrictions on the quasiconformal mappings. Further, it was shown by Yamaguchi
[24], using the theory of Tanaka prolungations and the Borel-Bott—Weil theorem, and Cowl-
ing et al. [8], using more elementary arguments, that the space of “multicontact mappings”,
that is, mappings whose differentials preserve the simple root spaces, is finite-dimensional
when all the derivations that preserve the root spaces are of the form ad(m @ a). The result
presented here leads to the same conclusion in an even simpler way. Indeed, unless n has

@ Springer



On derivations of subalgebras of real semisimple Lie... 235

dimension 1 or 2, the Tanaka prolongation of n through ad(m & a) is finite-dimensional;
see Ottazzi and Warhurst [18], and this implies that multicontact mappings form a finite-
dimensional Lie group. While a more abstract approach, for instance via cohomology, might
well also establish our main result for Iwasawa algebras, our more concrete analysis also
provides tools that should apply to more general algebras that do not arise as subalgebras of
semisimple algebras.

It is also of interest to consider derivations that preserve the grading of n, that is, the
subspaces ), go Where we sum over all « of the same height, and to consider derivations
of nilradicals of more general parabolic algebras; we will return to these questions in future
work.

This paper is organised as follows. In Sect. 2 we analyse the derivations of an H-type
algebra. We start by showing that every derivation is the sum of a symmetric derivation and
a skew-symmetric derivation; we then describe symmetric and skew-symmetric derivations
separately.

In Sect. 3, we consider real semisimple Lie algebras. First, we reduce matters to the case
of simple Lie algebras, and then we show that these contain various H-type algebras. We
also see how the geometry of root systems is reflected in the structure of various subalgebras
of g. Most of the ideas behind this section may be found in Ciatti [3-7].

In Sect. 4, we consider the grading of a semisimple Lie algebra associated with a choice
of positive roots, and grading-preserving derivations of g, of m @ a & n and of n. We find
a simple Lie algebraic criterion for a skew-symmetric grading-preserving derivation of n to
extend to a derivation of g; this extended derivation is not only grading preserving but also
root space preserving.

Finally, in Sect. 5 we apply the results of Sects. 2 and 3 to the study of the derivations of
n that preserve the root space decomposition. These are sums of symmetric derivations and
skew-symmetric derivations. The main idea is to show that our assertion is true when the real
rank of g is 1 or 2, and then apply this result to the rank-two subalgebras of a general simple
Lie algebra, deducing from these the full result.

Main Theorem [f no simple summand of g is isomorphic to so(n, 1) or su(n, 1) for any
n, then all the derivations of n that preserve the root spaces are of the form ad(W), where
W € m @ a. Otherwise, there are derivations of n that preserve the root spaces that do not
arise in this way.

2 Derivations of an H -type Lie algebra

In this section, we first define H-type Lie algebras, which arose in the work of Kaplan [14],
and then describe their derivations. These are always the sum of a symmetric derivation and a
skew-symmetric derivation. In Corollary 2.6, skew-symmetric derivations are decomposed as
the sum of two components, one of which is trivial on the centre. The symmetric derivations
are classified in Corollary 2.8 by a diagonalisation process.

Let h be a two-step nilpotent Lie algebra, endowed with an inner product (-, -). We denote
by 3 the centre of h and by v the orthogonal complement of 3; given a subspace s of hj, we
write I for the identity map on s. Then

g=0vD3
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236 P. Ciatti, M. G. Cowling

(throughout this paper, @ denotes a vector space direct sum; in general, the summands need
not be Lie algebras). For each Z in 3, we define Jz in End(v) by

(JzX,Y)=(Z,[X,Y]) VX,Y ev. (2.1)

Then Jz is trivially skew-symmetric, that is, J; = —Jz, where T denotes the transpose
relative to the inner product. We say that b is of Heisenberg type, or just H-type, when

I3 =—1Z|*1, 2.2)

for all Z € 3. Equivalently, for each X € v of length 1, the map ad(X) is an isometry from
ker(ad(X))T onto 3. For the rest of this section, we assume that b is an H -type algebra.
By polarisation, (2.2) implies that

Jzdzy + Iyl ==2(2,2')1, VZ,Z €;. (23)

Thus the Jz generate a Clifford algebra.
Recall that a derivation of a Lie algebra b is a linear endomorphism D : h — b such that

D(X,Y])=[DX,Y]+[X,DY] VX,Y eb;

every derivation of a Lie algebra automatically preserves the centre. We say that a linear
endomorphism D of § preserves the grading if D(v) C v and D(3) € 3, and write D(h)
for the Lie algebra of all grading-preserving derivations of . We denote by D™ () the
subspace of D(h) of all symmetric derivations and by D*®¥(h) the Lie subalgebra of all

skew-symmetric derivations. We also write D(S)ym (h) and Df')kew(b) for the subspaces of these

spaces of derivations that vanish on 3.

Proposition 2.1 Let D be a grading-preserving linear endomorphism of ). Then D is a
derivation if and only if
Jpi, =DV +J;D VZ €3 (2.4)

Suppose moreover that D|; = 0. If D is skew-symmetric, then D is a derivation if and only
if D commutes with all the Jz and if D is symmetric, then D is a derivation if and only if D
anticommutes with all the Jy.

Proof From (2.1), it follows that D is a derivation if and only if, for all Z in 3 and X, Y in v,
(Jp12X. ¥)=(DTZ,[X, Y1) = (Z, DIX. Y]
=(Z,[DX,Y]) +(Z,[X, DY])
= (70X, Y) + (DT Iz X.¥),

proving the result. O
The next result is known, but we give a proof for completeness.

Lemma 2.2 (Riehm [20]) For every pair of orthogonal vectors Z' and Z" in 3, the grading-
preserving linear map ® 7171, defined by

Spp(X+2)=JplpX+2(2,2)2"-2(2",2)7

forall Z € 3and all X € v, is a skew-symmetric derivation of h.
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Proof Itis evident that ® 7 7 is skew-symmetric. By Proposition 2.1, it suffices to show that
Jq;z,z,,(Z)X =iz X —Jz;Pp7nX VX €v.
We consider the right-hand side of the equation, and use (2.3):
Tz dzndzX — 70y dpX = =2(2,Z")JpX — Iz Jz 70 X
+2(Z, 2 Ip X+ Iz dzdzn X
=2(Z'.2)JpX -2(2".Z) Iy X
=Nz 27227202/ X
=Jo, )X,
as required. O
We define R(h) to be the vector subspace of D(h) of all grading-preserving derivations of
b spanned by the ® /7. As observed by Riehm [20], the subspace R(h) is a subalgebra of
D(b). To see this, we take an orthonormal basis {Z, ..., Z,,} for 3, and write ®;; in place
of ®z,7,. Since @77+ depends linearly on Z’ and on Z”, every element of R(h) is a linear
combination of the ®;;. Moreover,
0 if{i, j}nik, 1} =2,
D;i Dy — Oy =
ij ¥kl kl™ij 2q>j] ifi =k

which shows that R(h) is closed under taking commutators. We omit the proof of these
commutation relations, as we do not need this result.

Corollary 2.3 Suppose that D is a grading-preserving derivation of §). Then we may write
D as Do + Dy, where Dy € D(h) and Dyly is symmetric, and Dy € R(b).

Proof The skew-symmetric part of the restriction D|; of D to 3 decomposes as a linear
combination of the ®;;|; defined above; we take D; to be the same linear combination of
the ®;;, and Dy to be D — Dy. The result follows immediately. ]

Corollary 2.4 Suppose that D € D(b) and D|; is symmetric. Then DT € D).

Proof Since D|; is symmetric, itis diagonalisable. Take an eigenvector Z in 3 with eigenvalue
2. By Proposition 2.1,

2udz = Jpz = Jpr, = D"Jz + J;D,
whence multiplication on both sides by Jz gives
—2ulZI7Jz = —1ZIPJz DT —|ZI* Dz,
and
Jpz =DJz+ JzD".

This holds for all eigenvectors Z of D, and so for all Z € 3 by linearity, so D7 is a derivation,
again by Proposition 2.1. O

Corollary 2.5 Suppose that D is a grading-preserving endomorphism of ). Then D € D(h)
if and only if DT € D(h). Hence if D € D(b), then we may write D as D* + D*, where
D’ € DY™(h) and D* € DV (p).
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238 P. Ciatti, M. G. Cowling

Proof For the first part, it suffices to suppose that D € D(h) and show that DT e D(h). In
light of Corollary 2.3, by subtracting off an element of R(h) if necessary, we may assume
that D|; is symmetric. It follows that D' e D(b), as required.
For the second part of the corollary, take
D’ :l(D+DT) and D“:l(D—DT);
2 2
the conclusion is obvious. O

Hence, to describe the elements of D(h), we can study symmetric and skew-symmetric
derivations separately. First we consider the skew-symmetric derivations.

Corollary 2.6 Each D in D**¥(h) decomposes as a sum Dy + R, where Dy € D5V ()
and R € R(). In particular, Do\, commutes with all the maps Jz.

Proof This is a consequence of Corollary 2.3 and Proposition 2.1. O

Now we consider a symmetric derivation D, which is diagonalisable with real eigenvalues.
Since D preserves v and 3, these spaces decompose into eigenspaces for D. We take v, to
be the eigenspace of D|, for the eigenvalue A, and, given a subspace s of ), we write P for
the orthogonal projection of f onto s.

Proposition 2.7 Suppose that D € D™ (). Then D|; = 2ul; for some p in R. Moreover,
if X € vy, then

DJzX = QRu—ANJzX and DJzJz X =7JzJz X 2.5)
forall Z and Z' in 3.

Proof Fix an orthonormal basis {Z, ..., Z,} of 3 such that DZ; = 2u;Z; when i =
1,...,m, with u; € R. From (2.4), it follows that

DJZ[X = JDZ[X - JZiDX = (2ui - )\)JZ[X
when i = 1, ..., m, and the first formula of (2.5) is established, and similarly,
DIz, Jz7, X = Qu; —2ui +1)Jz, Jz, X (2.6)

wheni,k=1,...,m.
If dim(3) = 1, then D|; = 2u1; for some p in R and the second formula of (2.5) is trivial,
so we suppose henceforth that dim(3) > 1. By interchanging i and k in (2.6), we see that

DIz Jz; X = Qui — 2 + M) Iz, Iz, X,
which yields
DJz,Jz, X = Quik —2ui +1)Jz,Jz, X

when i # k, since Jz,Jz, = —Jz,Jz; by (2.3). This equality, compared with (2.6), shows
that ;; = g, and the lemma follows. O

Corollary 2.8 Let D be a derivation in DY™(h). Denote by 2 the eigenvalue of D on 3,
and by {A1, ..., A} the distinct eigenvalues of D on v, listed in decreasing order, and by v;
the corresponding eigenspaces. Then \; + Ar41—; = 24, and we may write
Lr/2]
(2P + Po) + Z hi = 1) (Po; = Po,y )
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On derivations of subalgebras of real semisimple Lie... 239

all the maps (Py, — Py,,,_,) and 2P; + Py are derivations.

Proof This follows from Propositions 2.7 and 2.1. O

3 Structure of semisimple Lie algebras

In this section, we describe the restricted root structure and the standard Iwasawa and Bruhat
decompositions of a semisimple Lie algebra. Then we exhibit a number of H -type subalgebras
of the Iwasawa n subalgebra. Next, we analyse the structure of g and n in more detail.

3.1 Semisimple Lie algebras of the noncompact type

Take a real semisimple Lie algebra g with Killing form B and Cartan involution 6, and let
£ & p be the corresponding Cartan decomposition of g. Fix a maximal subalgebra a of p; its
dimension is known as the real rank of g. Given an element & of Hom(a, R), we define the
(possibly trivial) subspace g, of g by

9o ={Xeg:[H, X]=a(H)X, VH € a}.

Then « is said to be a restricted root if « # 0 and g, # {0}. We denote by X the restricted
root system, that is, the set of all restricted roots. Note that [gy, gg] € ga+p forall o, B €
Hom(a, R), because ad(H) is a derivation for each H € a. Hence if & and g are roots, then
a + B is also aroot, unless o + 8 = 0 or [gy, gg] = {0}. Since a is f-invariant, so is go, and
it follows easily that go = m @ a, where m = go N £. Then

g:m@a@Zga.

aeX

Henceforth, in this paper, unless stated explicitly otherwise, we write rank and root rather
than real rank and restricted root for brevity; this should not create any confusion.

We recall that X is said to be decomposable if ¥ = X1 U X,, where X and X, are disjoint
nontrivial subsets of ¥ and (y,8) = 0 for all y € X1 and all § € X5, and indecomposable
otherwise. It is standard (see, for instance, Helgason [13] or Knapp [15]) that ¥ is indecom-
posable if and only if g is simple, that is, cannot be written as a direct sum of nontrivial
pairwise commuting ideals. We recall also that ¥ is said to be reduced if the only multiples
of aroot y that also lie in ¥ are .

A Weyl chamber is a maximal open subset of a in which no root vanishes. We choose one
of these, C say, and say that a root y is positive, and write y € £, when y (H) > 0 for all
H e C.Then £ 7 is closed under additionand ¥ = £ TU(—XT). We write A for the smallest
subset of £ such that the boundary of C is a subset of the set | J, A {H € a: a(H) = 0};
the roots in A are called simple. Set

n= )
aext
Then we obtain the Bruhat decomposition of g, namely,
g=n®mdadn

Each root y in ¥ may be written uniquely as a sum
nonnegative integer. The positive integer Y

wea Moo, Where each ng is a

wea e 1s called the height of y, and written
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240 P. Ciatti, M. G. Cowling

height(y). Clearly the height of a simple root is 1, and moreover
height(y + §) = height(y) + height(5)

forall y,8 € 7 such that y +8 € 1. Then n is graded by height; more precisely, we may
write n =), 7+ gn, Where [gn, gk] € On+k-

3.2 Reduction to the simple case

Our first simplification is a reduction of the problem to the case of the Iwasawa n subalgebra
of a simple Lie algebra g.

Proposition 3.1 Suppose that g = g' ® g*> ® --- ® g/, where J > 1 and each g’ is a
nontrivial simple ideal, and thatw = 0\ @02 @ - - - @0’ is the corresponding decomposition
of n into subalgebras. Then

J
D(n) = ZD(nj)‘
j=1

Remark 3.2 This is to be interpreted in the sense that each root-space-preserving derivation
of n preserves each of the subalgebras n/, and the restriction to each subalgebra is a root-
space-preserving derivation thereof, and vice versa.

Some of the simple summands g/ may be compact. In this case, the corresponding space
n/ is {0}; we define D({0}) = {0}.

Proof Since D in D(n) preserves the root spaces, it preserves each g, and hence each n/.
So one direction of the assertion is proved. The other is obvious. O

Remark 3.3 If we replace the root-space-preserving assumption by a grading-preserving
assumption, and add the hypothesis that no summand is isomorphic to so(n, 1) for any n,
then the result still holds. Indeed, when there is no abelian summand, n is “totally nonabelian”
in the language of Cowling and Ottazzi [11], and the conclusion follows from [11, Corollary
2.4].

3.3 The simple case

In light of Proposition 3.1, we may and shall assume that g is simple in the rest of this paper.

Two observations underpin our approach to the study of derivations. First, derivations
are local, in the sense that if D is a root-space-preserving linear endomorphism of n, then
linearity implies that D is a derivation if and only if

D[X,Y]=[DX,Y]+[X, DY] VX eg, VY €gs,

as y and § range over X . This identity holds trivially if y + § is not a root, for then both
sides are 0. If y + § is a root, then the subalgebra n{?-%}, defined by

D D
eeTTN(Ry +R3)

is the Iwasawa n subalgebra of a simple subalgebra of g, whose rank is 1 if y = § and 2
otherwise. Then we can understand D provided we understand its restriction to Iwasawa n
algebras of simple Lie algebras of rank one and rank two.
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The second observation is that n may be equipped with a natural inner product so that,
in the rank-one case, n itself is an H-type algebra, while in the rank-two cases, n has many
H -type subalgebras. We will use what we know about the derivations of H-type algebras,
but first we need to find H-type subalgebras of n.

3.4 Subalgebras of n of H-type

If ¢ > 0, then the symmetric bilinear form (-, -) on g, given by
(X,Y) = —cB(X,0Y), 3.1)

is an inner product, which induces an inner product on the dual of a, also written (-, -); we
denote the corresponding norms by || - ||. We fix ¢ so that the length of the longest roots is
/2. In the vector space decomposition m @ a D Za e, 8o of g, the distinct summands are
orthogonal.

Now the Killing form satisfies the well-known identity

B(Z,X],Y)+BX,[Z,Y])=0 VX,Y,Z €y,
and so ad(Y)T = —ad(0Y), that is,
(X, [Y,Z]) =—([0Y,X],Z) VX,Y,Zeg. (3.2)
IfyeXand X,Y € g,,then[0X, Y] € go. Further, forall H € a,
(H,[0X,Y]) = —([X, H],Y) =([H,X],Y) =y(H) (X, Y). (3.3)

On the one hand, if X | Y, then (H, [60X,Y]) =0,andso [0 X, Y] € al, whence [6X,Y] e
m. On the other hand, 0[0X, X] = —[0X, X], so [0 X, X] € a. We write H,, for the unique
element of a such that §(H, ) = (8, y) for all § € Hom(a, R), or equivalently for all § € X.
Now (3.3) implies that

5([0X, X]) = (8, ) IXI* and [6X,X]=|XI|*H, (3.4)

for all X € g, . For future purposes, note that

a= Y RH,: (3.5)

aext

in general, this sum is not direct.
Our next results allow us to find various subalgebras of n that are H-type algebras, or
nearly so.

Lemma 3.4 Suppose that y, 8, and y + 8 are positive roots. For all Z in g, 15, we define
the linear operator Jz on g, ® gs by

Jz =ad(Z)o6. (3.6)

Then Jz maps g, into gs and g5 into g,,; further
(JzX,Y)=(Z,[X,Y]) VX,Y €g, Dgs. (3.7)
Proof The mapping properties of Jz are consequences of the orthogonality of distinct root

spaces, while (3.7) follows from the definition of Jz and (3.2). O
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242 P. Ciatti, M. G. Cowling

Lemma 3.5 Suppose that y, §, and y + § are positive roots, and that Jz is defined as in
Lemma 3.4. Suppose also that neither 2y + & nor y + 28 is a root. Then

[X,JzX]1=(y +8, ) IIXI*?Z VX € g, ®gs (3.8)

and
J2X = —(y +8, ) IZIPX VX €g) ® gs, 3.9)

Thus if Z # O, then Jz is a linear isomorphism of g, @© gs that exchanges gs and g,.
Moreover, if y = 8, then g, @ g2, is an H-type algebra, while if neither 2y nor 28 is a root,
then g, @ gs ® gy 15 is an H-type algebra.

Proof When 2y +é§isnotaroot, [X, Z] = O forall Z in g, 45 and all X in g,,. Hence, from
the Jacobi identity and (3.4),

[X.JzX]=[X.[Z,0X]]
=[[X,Z],0X]1+[Z,[X,0X]]
=(y+8) (6X.X) Z
=(y+8.7) IXI°Z,

and similarly,

Jz (UzX)=1[Z,0[Z,0X]]

=[2,10Z. X]]
=[X,[0Z, Z1| +[6Z,(Z, X]]
=—(y+8MIZI°X.

By exchanging the role of y and § in the last two formulae, we see that
Y. JzY] = (y +8.8) IV I’Z
and
JzUzY) =~y +8.8) |1 ZI*Y

forall Z € g5 andall Y € gs when y + 28 is not a root. Hence (3.8) and (3.9) are proved,
and Jz is a linear isomorphism from g, ® g5 onto gs ® g, when Z # 0.

Either y = 6 or the roots y and § span a root system of rank 2. By inspection of the
possibilities, we see that the hypotheses that y, §, and y + § are roots and 2y + § and y + 2§
are not roots imply that ||y || = [|§| and (y +6,8) = (y + 6, y) > 0. Now (3.8) and (3.9)
follow immediately. Further, if y = § or neither 2y nor 24 is a root, then (y + 6, y) = 1,
and so

J2X =—|Z|’X VX e€g, ®gs VZ € g,s,

as required. o

Remark 3.6 We have just shown that the Iwasawa n algebras of real rank one simple Lie
algebras are H-type. Further, inspection of the root systems of rank one and two shows that
if y, 8, and y 4 & are roots and 2y + 6 and y + 2§ are not roots, then either 2y and 2(y + §)
are both roots, or neither is a root.
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On derivations of subalgebras of real semisimple Lie... 243

Corollary 3.7 Suppose that y, §, and y + 8 are positive roots, and that neither 2y + § nor
y + 28 is a root. If D is a root-space-preserving derivation of g whose restriction to g, s is
symmetric, then

DX, Y] = [DTX, Y] n [x, DTY] VX eg, VY egs. (3.10)

Proof The proof is a mild generalisation of the proof of Corollary 2.4. Observe first that
if E is a root-space-preserving linear endomorphism of g, @ gs ® g, 45, then E[X, Y] =
[EX,Y]+[X, EY]if and only if

(Jpr,X,¥) = <ETz, X, Y]>

=(Z,E[X,Y])

G.11)
—(Z,[EX,Y]) + (Z,[X, EY])
— (JZEX.Y) + <ETJZX, Y>,

forall X € g,,allY € gs,and all Z € g, 5.
Since Dlg,,, is symmeltric, it is diagonalisable. Take an eigenvector Z in go4p With
eigenvalue 2i1. By (3.11),

2udz = Jpz =Jpr, =D Jz + JzD,
whence composition on both sides by Jz gives
—2ulZJz = —1Z|*Jz DT — |Z)*DJz,
and
Jpz =DJz +JzD".

This holds for all eigenvectors Z of D, and so for all Z € 3 by linearity, so (3.10) holds by
(3.11). O

We are supposing that g is simple, so ¥ is indecomposable. In particular, ¥ contains just
one highest root (see Bourbaki [1, p. 165, Proposition 25]), which we denote by w. We fix
the constant ¢ in (3.1) by requiring that lw||? = 2. Then for each y € X, the number (y, w)
is one of 2, 1 and 0; further, it is £2 if and only if y = .

Define

Zi={yeX: (y,o)=1} and Zo={y € Z: (y,0) =0},
and write E(')" for ¥+ N 2. Then, by Ciatti [6, Lemma 2.1],
Tt =3 UZ Ulo.

Further, define

0= Zgy, h=v®g, and ng= Zgy;

yex yesy
then
n=n@ovdg,=n0Ph.
Following Ciatti [6], for Z in g, we define the operator Jz: v — v by
JzX =1[Z,6X]. (3.12)
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Then by definition and (3.2),
(JzX,Y)=([Z,0X].Y)=(Z,[X,Y]) VX, Yeo

Lemma 3.8 (Ciatti [3]) The pair (0 @ 3, (-, -)) is an H-type algebra with centre g, that is,
[v, 0] = g, and
I2X = —||Z|”X (3.13)

forall Z in g, and X in v.
Proof This follows from Lemma 3.5. O

Now we list some H-type subalgebras of the Iwasawa n algebras of rank-two simple Lie
algebras. When the root system is of type A», then nis itself an H-type algebra. When the root
system is of type By, say ¥ = {o, B, a + B, 2o + B}, then gy ® go+p @ goa4p is an H-type
subalgebra (and moreover gg @ ga+g D goo+p is abelian and hence a degenerate H-type
algebratoo). When the root systemis of type BCy,say ¥ = {«, 2, B, a+p8, 20+, 20+28},

then go ® @20 and g B o+ D20+ p B P2a+2p are H-type subalgebras, and go ®ga+p Dg2a+p
is close to an H-type subalgebra (see Lemma 3.5). Finally, when the root system is of

type G2, say ¥ = {a, B, a + B, 20 + B, 3 + B, 3 + B}, then gy @ @20+ 8 D P30+ and
98 D gatp D 92048 D@ 930+ D 930424 are H-type subalgebras.

3.5 The fine structure of g

We now study g in more detail.

Lemma 3.9 Suppose that y, 8, and y + § are positive roots, and that y — § and y + 26 are
not roots. If U € gs\{0}, then

{lU.X1: X eg,} =gy4s5 and {[0U.Y]:Y €g,45} =g,. (3.14)
Consequently, dim(g, ) = dim(g, ys) and ad(U) is bijective from g, to gy 4.
Proof The hypotheses imply that (y 4§, ) = % (8,68) # 0. Evidently, if Y € g, 15, then
[0U,Y] € g, and
[U. 10U, Y]] = [[U,0UL Y1+ [0U,[U. Y11 = (v +8) ((U.0UN Y = — (y +8.8) |U|*Y

by (3.4), and it follows that Y is in the range of ad(U). This proves the left hand formula of
(3.14) and hence dim(g,, ) > dim(g, +5). The right-hand formula and the opposite inequality
dim(g,) < dim(g, 4s) may be shown similarly.

The bijectivity of ad(U), and of ad(AU), follow. O

Lemma 3.10 Suppose that y, §, y + 8 and y + 28 are positive roots, and that y — § and
y + 38 are not roots. If U € g, \{0} and X € gs\{0}, then

[U,X]#0 and [[U,X], X]#O0.

Proof First, [U,0X] = 0 since y — § is not a root.

The hypotheses imply that y and § span a root subsystem of type B, or BC», whence
2y + 4 is not a root, and that (y + 6, 5) = 0 while (y,§) # 0 (see Bourbaki [1, p. 148,
Théoreme 1]). Now [U, X] # 0, by Lemma 3.9 with the roles of y and § exchanged.

Next, by the Jacobi identity and the facts that (y 4+ §,§) = 0and [U,0X] =0,
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(LU, X], X1,0X] = [[0X, X], [U, X]] + [[[U, X], 0X], X]
=(y +8 (06X, XD U, X]1+IllU, X],0X], X]
= (y +8.8) | XU, X]+ [[U. [X. 0X]], X] + [[[U. 0X], X] . X]
= (v, 8) IXIP[U. X1 #0,
which ensures that [[U, X], X] # 0 if neither U nor X is 0. ]

We are going to analyse general simple Lie algebras by looking carefully at subalgebras
of rank 1 or 2. Given a subset E of =, we write gF for the subalgebra of g generated by the
root spaces ge where € ranges over span E.

We define, for any root y, m” =mn g{V} and

m” = span {[X,0Y]: X,Y €g,.(X,Y)=0}.
Lemma 3.11 Suppose that y, § and y + § are positive roots. Then

{[X.Y]: X €gy, Y € g5} = gyss;
{U e g, :ad(U)lg; =0} = {0}.

Proof We observe that ad(m @ a) is irreducible on g, for any positive root €. Indeed, we
know that ad(m @ a) maps g, into itself, while from Kostant’s double transitivity theorem
[17], ad(m!€}) is transitive on the unit sphere in g., whence ad(m @ a) takes any nonzero
vector in g, to any other nonzero vector. (For an alternative approach to this, see Cowling et
al. [9]).

It follows that the subspace [m & a, [g,, gs]] is either g, s or {0}. Hence, to prove the
first equality, it suffices to show that

[gy. 851 # {0}. (3.15)

To do this, we consider the subset (Zy + Z3§) N X of X, which is a root system in its own
right.

If this root subsystem is of rank one, then necessarily § = y, and y + § = 2y. In this
case, g, ® g2y is an H-type algebra, and (3.15) follows.

If the root system is of type A3, then we are done, since g, @ gs @ gy +s is an H-type
algebra.

If the root system is of type B, or BC3, then (3.15) follows from Lemma 3.10.

If the root system is of type G», then the algebra is split or complex, and in this case the
result is well known.

Finally, suppose that U € g,,\{0} and [U, X] = 0 for all X € gs. Then

[ad(W)U, X] = ad(W)[U, X]—[U,ad(W)X] =0

forall X € gsand all W € m @ a, and hence [V, X] = Oforall V € g, and all X € g5,
which is impossible. o

Lemma 3.12 The following hold:

(1) ify is aroot, thenm™" =m?,

(ii) ify is a root, then [m, m¥] C m?,
(iii) ify, 8 and € are roots and € € Ly + 78, then m¢ € m? 4+ m°,
(iv) if y is a root, then m¥ € wl¥} with equality if y /2 is not a root,
(v) m= ZVEA m’ = ZyeE‘*‘ m’.
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Proof Observe thatif X,Y € g_,, then [X,0Y] = —[0Y,0(0X)],and Y, 6X € g,, so (i)
holds.
Now we prove (ii). If Z e mand X, Y € g,,, then

[Z,[X,0Y]l=11Z, X],0Y]+[X,[Z,0Y]].

Both summands lie in m?. Thus m” is an ideal in m, and in particular, is a subalgebra.
Next, we prove (iii). First, if y, § and y + § are roots and W, Z € g, 45, then there exist
X egyandY € g5 suchthat [X, Y] = Z, by Lemma 3.11. Then

[W,0Z] = [W,[6X,0Y]] = [[W,0X],0Y] +[6X,[W,6Y]]
=[W,0X],0Y]—[[W,6Y],0X] € m’ +m°.

To prove (iii), we use (i) and the observation above repeatedly.

To prove (iv), observe that if 2y and %y are not roots, then g_, @ m¥ ® RH, @ g,
coincides with the subalgebra g!?}, whence m? = m!}. Similarly, if y and 2y are both
roots, then m%¥ C m”, by (i), so g2, ® g, ®m” @ RH, ® g, ® g2y coincides with the
subalgebra g{?}, and again m? = m{"!. Finally, if y and %y are both roots, m¥ € m”/2, and
m?” C m!”}, This inclusion is strict when gt is su(n, 1) (where n > 1) or sp(n, 1) (where
n>1).

To prove (v), we use (i) and (iii) repeatedly. ]

4 Derivations of semisimple Lie algebras

In this section, we discuss the height of roots and the associated grading of the Lie algebra g,
and prove a number of results on height-preserving derivations. Then we prove a localisation
result for derivations of g. Our final result is a necessary and sufficient condition for a skew-
symmetric root-space-preserving derivation of n to be of the form ad(Z) for some Z € m.

Lemma 4.1 Suppose that W € go. Then W = 0 if and only if ad(W)|g, = 0 for all B € A.

Proof One implication is obvious. To prove the other, suppose that ad(W)|g, = 0 for all
B € A. Then ad(W) vanishes on n, whence ad(@ W) also vanishes on n since ad(6 W) =
—ad(W)T.

Now if X € n, then

[W,0X]=06[0W, X]=0.

Since g is simple, and ad(W) is a derivation that vanishes on n @ 6n and hence on the algebra
that this generates, that is, g, we conclude that W = 0. O

We are interested in the derivations D of n that preserve the root space structure, that is,
are such that D(gy) C g for all @ € 1. We write D(n) for the space of these mappings.

Recall that the height of the positive root o, written height(e), is defined to be Z;: 1M,
where a = Z;‘=1 nja;j and a; € A. Note that there is an element Hp of a such that
[Hp, X] = height(a) X for all X € gy and all @ € A. We may extend the height function to
all roots: we set height(y) = h when [Hy, X] = hX for all X € g,,. When & is a nonzero
integer, we write g, for Zy gy, where we sum over the y in X such that height(y) = h. We
defined g to be the “null root space” m @ a, which fortunately coincides with the subspace of
g of elements of height 0, and so go may also be used to describe the latter space, consistently
with our g;, notation.
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Proposition 4.2 The Lie algebra g is graded: more precisely, g = Y, .7 9n, and [gn, gn'] €
Onri- Next, nis stratified, that is, [gn, g1] = gn1 forall h € ZT, so g| generates n. Finally,
if 0 < h < height(w), then {X € g;, : ad(X)|g, = 0} = {0}.

Proof The linear operator ad(H) on g is diagonalisable, whence g decomposes as a sum of
eigenspaces; given that the simple roots correspond to eigenvalue 1 and all positive roots are
sums of simple roots (with multiplicities), all eigenvalues are integers. Further, ad(Hp) is a
derivation and so [gn, gn'] < Gptn'-

If height(y) = h + 1 where & > 0, then there exists « € A such that y — « is a root, by
[8, Lemma 3.1]. Lemma 3.11 shows that [g4, g, —«] = gy, and it follows that g, < [g1, gr].
This applies to all y of height 7 + 1 and so gi+1 < [g1, grn]. The converse inclusion has
already been established.

Finally, suppose that X € g; and ad(X)|g, = 0. Write X as Zy X, , where X,, € g, and
height(y) = h. Now

0=I[[H,X].Y]=[[H Y], XI+[H [X, Y]] VYeg,

whence ad([H, X])|q, = Oforall H € a. The algebra of operators generated by the operators
ad(H) forall H € ais closed under transpose and hence spanned by its minimal projections,
which are precisely the projections onto the root spaces g, as y varies over . We deduce
that ad(X, )|g, = O for all y of height 2. By Lemma 3.11, each X, is zero. ]

We are now going to work with derivation identities.

Definition 4.3 Suppose that D is a derivation of n. For y, § € %, let (D, 5) be the formula
D[X,0Z] =[DX,0Z]+[X,6DZ]
forall X € g, and all Z € gs, and (E,, 5) be the formula
DI[[X,0Y],Z]1=[[DX,0Y], Z]1+[[X,0DY], Z]1+ [[X,0Y], DZ]
forall X,Y € g, and all Z € g;.

Note that if D were a derivation of g such that 6D = D@, then these formulae would
follow from the Jacobi identity. At this point, we are not asserting their truth!

Theorem 4.4 Suppose that D is a skew-symmetric height-preserving derivation of n, and
that (Ey s), as in Definition 4.3, holds for all y, § € A. Then the following statements hold.

(1) There is a unique well-defined linear map D: g0 — go such that
D[X,0Y]=[DX,0Y]+[X,0DY] VX,Y €g.

(ii) The range of the linear map D is contained in m.
(iii) The linear map E : go & n — go D n, defined by

EW+X)=DW+DX VWegy VX en,

is a derivation.
@iv) Ifh > k > 0, then

E[U,0V]=[EU,0V]+[U,0EV] YU eg, YV € g
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Proof To prove (i), we first claim that if o, 8 € A and @ # S, then
[DX,0Y]+[X,0DY]=0 VX eg, VY €gg. 4.1
To see this, take W in gg of the form [U, 8V], where U, V € g,, for some y € A. Since D

is a skew-symmetric derivation,
(IDX,0Y]+[X,0DY], W) =— (DX, [W,Y]) — (X, [W, DY])
(X, D[W,Y]) — (X, [W, DY])
=(X,[[DU,8V]+[U,6DV], Y])
—([X,0Y],[DU,8V]+[U,60DV])
= 07

since [X, Y] = 0 because o — B is not a root; the third step uses (E,, g). Since g is spanned
by elements of the form [U, 8 V], our claim is established.

Now we define L : UaEA Oa X UaeA go = go by L(X,Y) =[X,0Y]. Then L extends
automatically to a linear map, also denoted L, from g; ® g; to go. Take X;,Y; € gy, and
suppose that 3 ;[X;,0Y;] = 0in go. Write each X; as ), X o and each Y; as } 5 Y g,
where X o € gy and Y; g € gg; here o and B range over A. Then

Do[x5.6v]= ) [Xjw V)]
J e
since [X 4, 0Y; g] = 0 because o« — Bisnotarootifa # B.If y € Aand W € g, then
> [[x).07;], W] =0 and Z [[x;.0Y;].DW] =0
J
by hypothesis. Thus by (Eg ),

0= DZ [[x;.07] DZ ja Y], W]

= Z [[DXj,av 0Yja] . W]+ [[Xj,ou 0DYj o], W]+ [[Xja. 0Y)a], DW]
—Z Xjw:0Yja] + [Xja 0DYja], +Z [X;.6Y;], DW]

= Z [[DX .« 0Yp]+[Xja 0DYjp]. W],
Jj.a.p

and this shows that
Y [[DX)a 0 p] +[Xja. 0DY; ], W] =0.
J
From Lemma 4.1, we see that
D [DXj, 07 5] + [X), DY 5] = 0.
J
It follows immediately that D, given by

DY [x.0¥;] =3 ([DX,. 0%;] +[X;,0DY}]),

J
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is well defined; clearly D is also unique.
To prove (ii), note that if X, Y € g, where @ € A, and H € a, then

(IDX,0Y]+[X,0DY], H) = (DX, [H,Y]) + (X, [H, DY])
=(DX,[H,Y])+ ([H, X], DY)
=a(H) (DX, Y) + (X, DY)
= O’

since D is skew-symmetric. This equality now holds for all X, Y € g; by linearity and (4.1),
and so the range of D is contained in m.

We now extend D and D to a linear map E on go + n by setting E(W 4+ X) = DW + DX
for all W € gp and all X € n. Since D is a derivation on n, to show that E is a derivation it
suffices to show that

DIW, X] = [DW, X] +[W,DX] VYW ego VX en. (4.2)

and
DIW, U] = [DW, U] n [W, DU] VW, U € go. 4.3)

To prove (4.2), observe that
DIW, X] — [[)w, x] — W, DX] = ([D, ad(W)] — ad (Dw)) X

and [D, ad(W)] — ad(DW) is a derivation. To show that it is 0 on n, it suffices to show that it
vanishes on gg for all simple roots 8. By linearity, it suffices to take W of the form [X, Y]
where X, Y € gy and o € A; this case follows from (Eq g).

To prove (4.3), we may suppose by linearity that U = [X, 8Y] where X, Y € g, for some
a € A.Now 6 D6 = 15, SO

D[W,[X,0Y]1=DI[[W, X],0Y]+ D[X,[W,6Y]]
= DI[[W, X],0Y]1+ D[X,0[6W, Y]]
=[D[W, X],0Y]+[[W, X],6DY]

+[DX,[W,0Y]]+[X,0D[OW, Y]]

:[[DW, X] ] [[W, DX1,0Y] + [[W. X],6DY]
+ (DX, [W, 6Y]]+[ [DHW Y]] +[X,6[6W, DY]]
- [[[)w, X] ] [[W, DX1,0Y]+[[W, X],6DY]
+ DX, [W,0Y]] + [x [DW, QY]] + X, [W,6DY]]
= [DW.1X,0Y1] + (W, [DX,0Y1]+ [W, X, 0DY]]
- [DW, X, QY]] + [W, DX, 9Y]] ,

and (4.3) holds.
Finally, we prove (iv), using induction on / and k. We need to prove the identity (Dp k),
given by

E[X,0Y]=[EX,0Y]+[X,0EY] VX egp VY €gr.
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First we suppose that k = 1. The identity (Dj_1) is equivalent to
[E[X,0Y],Z] = [[EX,0Y], Z] + [[X, 0 EY], Z]

forall X € gy, allY € gy and all Z € gj, by Proposition 4.2. Write W for [X, Z] in gp41.
Since E is a derivation, from the Jacobi identity and the definition of E
[E[X,0Y],Z]1—[[EX,0Y],Z]—[[X,0EY], Z]
=E[[X,0Y],Z]—[[X,0Y],EZ]—[[EX,0Y],Z]—[[X,0EY], Z]
=E[[X,Z],0Y]+ E[X,[0Y,Z]]|-[[X,0Y], EZ]—[[EX,0Y],Z]—[[X,0EY], Z]
=FE[[X,Z],0Y]+[EX,[0Y, Z]] + [X,[OEY, Z]1 + [ X, [6Y, EZ]]
—[[X,0Y],EZ] - [[EX,0Y],Z] - [[X,0EY], Z]
=EI[[X, Z],0Y]1+[0Y,[EX, Z]| + [OEY, [ X, Z]] + [0Y,[X, EZ]]
=E[W,0Y]—-[EW,0Y]—[W,0EY].
We deduce that if (Dj1,1) holds, the last line vanishes; hence the first line vanishes, and
(Dp,1) holds. Since (D, 1) holds for large positive /i (because there is nothing to prove as
gn = {0}), (Dp,1) holds for all positive k.
Now suppose that (Dy,1) and (Dp k) hold where 1 < k < h. Take X € g;, Y| € g and
Y> € gi. Then
E[X,0[Y1, 2]l — [EX, 0 [Y1, Y211 — [X, 0E [Y1, Y2]]
= E[[X,0Y1],0Y2]+ E [0Y1., [X, 0Y2]] — [[EX, 0Y1], 0Y2] — [6Y1, [EX, 6Y2]]
— [X,[0EY,,0Y2]]1 — [X, [0Y1,0EY>]]
=[E[X,01],02] +[[X,0Y1],0EY>] + [0EY), [X, 0Y2]] + [0Y1, E[X, 0EY,]]
—[[EX,0Y1],0Y2] — [0Y,, [EX, 0Y2]] — [X, [0EY1, 0Y2]] — [X, [0Y1, 0 EY>]]
=[[EX,0Y1],0Y2] + [[X, EOY1], 0Y2] + [[X, 0Y1], O EY>2] + [0 EY), [X, 6Y2]]
+[0Y1, [EX, 0Y2]]1 + [0Y1, [X, 0EY2]] — [[EX, 0Y1],0Y2] — [0Y1, [EX, 6Y2]]
— [X,[PEY1,0Y2]]1 — [X, [0Y1, EOY>]]
=[[X, EOV1],0 2] + [[X,0Y1],0EY2] + [O0EY1, [X, 0Y2]] + [0Y1, [X, 0 EY>]]
—[X,[0EY,, 0Y2]] — [X, [0Y), EY>]]
=0.
By Proposition 4.2, (Dj, x+1) also holds. By induction, (Dj, x) holds whenever h > k > 0.0

Theorem 4.5 Suppose that D is a skew-symmetric height-preserving derivation of n. Then
the following are equivalent:

(i) there exists a height-preserving derivation D of g whose restriction to n coincides with
D;
(i) D = ad(W) for some W € m;
(iii) (Ey.s) holds forall y, 8 € £7.
(iv) (Ey s) holds forall y,§ € A.

Further, if any of these conditions hold, then D is root space preserving.

Proof Suppose that (i) holds. Since all derivations of g are inner, D = ad(W) for some
W e g. Evidently ad(W) preserves height if and only if W € go. Thus W € m @ a. Since D
is skew-symmetric, W € m, and (ii) is proved.
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If (ii) holds, then the Jacobi identity and the fact that OW = W imply that

DI[[X,0Y], Z]
=ad(W)[[X,0Y], Z]
= [[ad(W)X,0Y], Z] 4+ [[X ad(W)OY], Z] + [[ X, 0Y], ad(W)Z]
= [[ad(W)X,0Y], Z]+ [[X,0ad(W)Y], Z] + [[X,0Y],ad(W)Z]
=[[DX,0Y],Z]1+[[X,0DY], Z]+[[X,0Y],DZ],

and (iii) holds.

It is trivial that (iii) implies (iv).

Suppose that (iv) holds. We are going to construct a derivation E that extends the derivation
E of Theorem 4.4 to the simple Lie algebra g and preserves heights.

When X € go & n, we set EX = EX.When X € go D On, we define

EX = 0E©X). 4.4)

These definitions agree when X € gg by part (ii) of Theorem 4.4. It follows from the definition
that ~ 5
OEO = E. 4.5)

Finally, to show that Disa derivation, we have to verify that
DU, V)= [[)U, V] + [U, [)V] VU,V eg.

By linearity, it suffices to demonstrate this for U € g;, and V € gy, for all possible heights &
and k. There are various cases to consider. We label the relevant identity (Dj, x):

DU, V]:[[)U, V]+[U,[)v] VU e gy VV € gr.

Case 1: h > 0 and k > 0. This case is trivial as E coincides with E on go D n.

Case 2: h < 0and k < 0. In this case, we take X, Y € go ® 6n,s00X,0Y € go d n, and
then

E[X,Y]=0E[0X,0Y] =0[EO0X,0Y]+0[0X, EOY]
- [EX, Y] + [X, EY],
and (D, k) holds.
Case 3: hk < 0. We need to show that

EIX.Y] = [EX, Y] n [X, EY] VX €gr VY € gi. (Dhx)

If h + k > 0, this follows from part (iv) of Theorem 4.4 and (4.5); otherwise, we conjugate
by 6, as in Case 2.

We conclude with the observation that if £ = ad(Z) for some Z € m, then E is root
space preserving. O
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5 Derivations of n

We are now able to consider a nilpotent Lie algebra n that arises in the Iwasawa decompo-
sition of a real simple Lie algebra g. We write D(n) for the space of root-space-preserving
derivations of n.

Theorem 5.1 If g is simple and not isomorphic to so(n, 1) or su(n, 1), then every D in D(n)
is given by

D = ad(W),
where W € m @ a.

The main theorem follows from this and Proposition 3.1.

We prove Theorem 5.1 by showing that every derivation is the sum of a symmetric and a
skew-symmetric derivation, and treating these separately. The symmetric derivations are han-
dled using the following lemma, which reduces matters to showing that symmetric derivations
act by scalars on the root spaces.

Lemma 5.2 If a derivation D of n acts by a real scalar hy on each root space g, where
o € A, then D = ad(H) for some H € a.

Proof Since D is a derivation, it is determined by the A, where « is simple; further, the
simple roots form a basis of Hom(a, R) and so there exists H € a such that «(H) = X, for
each simple root. Hence D = ad(H). ]

Remark 5.3 A similar observation is valid when g is complex and D acts by a complex scalar
on each root space, since every derivation of a complex Lie algebra is complex linear. Hence
Theorem 5.1 is trivial when g is a split or complex Lie algebra. In fact, in the split case (that
is, when all the roots have multiplicity 1) it follows that D(n) = ad(a). In particular, Theorem
5.1 holds for the algebras with root system D,, (where n > 4), E¢, E7, Eg or G», since these
are either split or complex, by the classification.

The skew-symmetric derivations are treated using Theorem 4.5, which shows that a skew-
symmetric derivation D lies in ad(m) when the identity (E,g) holds for all simple roots o
and B. For convenience, we recall this identity:

D[[X,0Y],V]=I[[DX,0Y],VI+I[[X,0DY],V]+[[X,0Y],DV] (Eq,p)

forall X,Y € gy and all V € gg.

Another key ingredient of our proof, which we use in parallel with the previous observation,
is a reduction to Lie algebras of rank at most two. Recall that if E is a subset of £, then gF
denotes the subalgebra of g generated by all the spaces g, where € € E. We also denote by
mE and nF the algebras m N gF and n N gF, and by X F the root subsystem = N span(E).

Now we come to the proof proper. We first consider the rank-one case; this is known, and
we just state what we need. Next, we consider the real rank-two case, and the third step is to
consider the case where the real rank is higher than two.

5.1 The rank-one algebras

The algebras are well known (see, for instance, Weyl [23]) and the root-space-preserving
derivations are well known. We summarise the results in the following proposition for the
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convenience of the reader. As the simple algebras for which D(n) # ad(m @ a) are rank one,
a case-by-case analysis is appropriate.

Proposition 5.4 (Riehm [20], Saal [21]) Let g be a simple Lie algebra of real rank one. Then
D(n) = DY™(n) @ D*¥ (n). Moreover,

(1) ifg=s0(1,n+ 1), then D(n) = sl(n, R) ® R;

(i) ifg=su(l,n+ 1), then D(n) = sp(n, R) ® R;
(iii) ifg=sp(l,n+ 1), then D(n) =sp(n — 1) & sp(1) ® R;
(iv) if g = f@4,—20), then D(n) = s0(7) D R.

In all cases, the summand R corresponds to ad(a). In the first two cases, D™ (n) strictly
contains ad(a); in the last two cases, D™ (n) coincides with ad(a). In all cases, D™V (n)
coincides with ad(m).

Remark 5.5 In the first two cases, n is not rigid enough to prevent the occurrence of deriva-
tions that are not in ad(m @ a).

Proof This follows from the work of Riehm [20] and Saal [21]; see also Folland [12] and
Pansu [19]. Alternatively, the reader may combine the results about H-type algebras with
the description of the rank-one simple Lie algebras in terms of H-type algebras by Cowling
et al. [10]. m]

Corollary 5.6 Suppose that g is a simple Lie algebra of arbitrary rank, and D is a skew-
symmetric root-space-preserving derivation of n. Then the identity (Ey o) holds for all
positive roots o.

Proof Forallroots o, therestriction D, («} is a skew-symmetric root-space-preserving deriva-
tion, and from Theorem 5.1 we deduce that D| ;o) € ad(m{®}). Then ( Ey «) holds by Theorem
4.5. O

5.2 The rank-two algebras

Let g be a simple Lie algebra of rank two and denote by n an Iwasawa subalgebra of g.
We shall prove that each root-space-preserving derivation of n is the sum of a symmetric
and a skew-symmetric derivation, that the symmetric derivation lies in ad(a), and that the
skew-symmetric part satisfies (Eq,g) for all & and fin .

Before we analyse the various cases, we need a general result about derivations which we
will use when the root system is of type B, or BC».

Lemma 5.7 Suppose that o, B and o + B are positive roots while o — 8 and o + 28 are not
roots, and that D € D(n). Then

DU, X] = [DTU, x] n [U, DTX] VU € gg VX € ga. (5.1)

Proof By Proposition 5.4, the skew-symmetric part of the restriction of D to gg coincides
with ad(Z) for some Z in m#. Write Dy for D — ad(Z). Since ad(Z) is a skew-symmetric
derivation, D satisfies (5.1) if and only if Dy does. Thus, by replacing D by Dy if necessary,
there is no loss of generality in assuming that the restriction of D to gg is symmetric.

We need to show (5.1). The eigenvectors of D|g, span gg, and so by linearity it will suffice
to show (5.1) when U is an eigenvector of D and X is arbitrary. Take U in gg\{0} and A € R
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such that DU = AU.By Lemma 3.9, ad(U) : go — ga+p 1s surjective, and so it will suffice
to show that

(DT U, X1,[U, Y]> - <[DTU, X] U, Y]) 4 <[U DTX] U, Y]>

for the eigenvector U in gg and arbitrary X and Y in g,. Now, by the hypothesis that D is a
root-space-preserving derivation, the choice of U, (3.2), the Jacobi identy, and the fact that
o — f is not a root, the left hand side is equal to

(U, X1, DU, Y]) = (U, X],[DU, Y]) + ([U, X], U, DY])
(lU, X1, AU, Y]) = (X, [0U, [U, DY)
(AU, X1, U, YD) — (X, [[6U, U], DY]) — (X, [U, [0U, DY]])
(AU, X1, U, YD) — (X, (18U, U]) DY)

[DTU, X] . Y]> —a([6U, U] <DTX, Y>

and similarly ([U, DTX], [U, Y1) is equal to
- <DTX, [0U, [U, Y]]> . (DTX, 16U, U1, Y]> - <DTX, U, [0U, Y]]>
=—(p"x. a0, U Y)
— —a ([0U, U)) <DTX, Y>.

The result now follows. ]

5.2.1 The case Ay

Until further notice, we assume that g has root system A», the simplest indecomposible root
system of rank 2. We label the simple roots o and B, so that the highest root is & + 8 and
=+ = {a, B, a + B}. With the notation of Lemma 3.8, £| = {«, 8} and £y = @. We shall
use the result of Ciatti [6, Proposition 4.1] about the structure of n, giving a proof for the
convenience of the reader. We first recall that n is an H-type algebra, and for Z € gy g, the
map Jz on gy @ gg is determined by the condition that

(JzX,Y)=(Z,[X,Y]) VXY € ga D gp.
Lemma 5.8 For every nontrivial X in g,
9 =1{JzX : Z € go1 8} (5.2)

and

9o =2 JzX : Z,Z' € goip}- (5.3)
Proof We may and shall assume that X is a unit vector, and take ¥ € gg. By (3.12) and the
Jacobi identity,

Jvx1 X =Y, X],0X]=[[6X, X], Y] = B(6X, XY =7,

which proves that Y € {JzX : Z € go44}.
Now, by (3.13), Jz is a linear isomorphism that exchanges gg and g, for all nonzero Z
in gg4 8, 0 (5.3) follows from (5.2). ]
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Proposition 5.9 Every root-space-preserving derivation of w is the sum of a symmetric and
a skew-symmetric derivation.

Proof By Lemma 3.8, nis H-type. The result follows from Corollary 2.5. O
Proposition 5.10 Every symmetric root-space-preserving derivation D of n lies in ad(a).

Proof From Corollary 2.8, D is the sum of a symmetric derivation Dy that vanishes on gqg
and ad(H) for some H in a. Since Dy is symmetric and preserves root spaces, we may take an
eigenvector X of Dy in g, with corresponding eigenvalue A. By Proposition 2.1 and Lemma
5.8, D¢ anticommutes with the maps Jz and so acts as —A on gg, and hence as A on g,. This
implies that Dy lies in ad(a) by Lemma 5.2. O

Proposition 5.11 The basic derivation identity (E, 5) holds as y and & range over the set
{a, B} of simple roots. Consequently, every derivation D in D*®¥ (n) is equal to ad(Z) for
some Z inm.

Proof Recall the basic derivation identity (Ey s), that is, the identity
DI[X,0Y],Z] =[[DX.0Y,Z] + [[X,0DY], Z] + [[X,0Y], DZ]

forall X,Y € g, and all Z € gs. By Theorem 4.5, it suffices to prove (E, s) as y and &
range over {c, B}. The identities (Ey,¢) and (Eg g) hold by Corollary 5.6.
Now we prove (E, g). Suppose that X, Y € g, and Z € gg. Since 8 — « is not a root,

DI[X,0Y],Z]-I[[DX,0Y],Z]—[[X,6DY], Z] - [[X,0Y],DZ]
= DI[X, Z],0Y] - [IDX, Z],0Y] - [[X, Z],0DY] —[[X, DZ],0Y]
=DI[X, Z],0Y] - [DI[X, Z],0Y] —[[X, Z],6DY]
=D[W,0Y]—-[DW,0Y]—[W,6DY],

where W = [X, Z] € gq+4; it will suffice to prove that this is O for all W € gy and all
Y € gq. By the definition of Jw, for W € gy, we may rewrite the last expression as

and since D is a skew-symmetric derivation, this is 0 by (2.4).

We exchange the roles of & and $ to prove the remaining identity. O

5.2.2 The case B>

Until further notice, we assume that g has root system B,. We denote by « and § the simple
roots, with 8 longer than «. Hence @ = 2 + B and ©F = {a, B, a + B, 2a + B}.

The first proposition is the basic result: it establishes that every element of D(n) is a sum
of a symmetric and a skew-symmetric derivation.

Proposition 5.12 [f D is in D(n), then its transpose DV is also in D(n).

Proof By Lemma 3.8, the algebra go @ go+p @ goa+p is H-type. By Corollary 2.5, the
restriction of DT to this H-type algebra is a derivation. Hence it suffices to show that

D'[U,X]=[D"U, X]+[U, DTX]

for all X in g, and all U in gg. The proposition now follows from Lemma 5.7. O
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Now we describe the symmetric derivations.
Proposition 5.13 Every derivation D in D™ (n) is equal to ad(H) for some H in a.

Proof By Lemma 3.5, go ® gu+p ® g2+ is an H-type algebra. In light of Corollary 2.8,
we may assume that D vanishes on gz g, by subtracting ad(H) for a suitable H in a.

The derivation D, being symmetric, may be diagonalised with real eigenvalues. We fix
eigenvectors U in gg with eigenvalue A and X in g,, with eigenvalue u. Since D is a derivation,

DU, X],X]= X +2w (U, X], X].

Now « and p satisfy the hypotheses of Lemma 3.10, and so [[U, X], X] is nonzero. Since
D vanishes on goq 48,
A4+2u=0.
We vary the eigenvector U, holding X fixed: This shows that X is independent of X.
Similarly, p is independent of U. By Lemma 5.2, this implies the proposition. O

Proposition 5.14 The basic derivation identity (E, 5) holds as y and § range over the set
{a, B} of simple roots. Consequently, every derivation D in DY (n) is equal to ad(Z) for
some Z in m.

Proof Recall the basic derivation identity (£, s), that is, the identity
DI[X,0Y],Z] =[[DX.0Y,Z] + [[X,0DY], Z] + [[X,0Y], DZ]

forall X,Y € g, and all Z € gs. Again by Theorem 4.5, we need to prove (E, s) as y and
d range over {c, B}. The identities (Eq o) and (Eg g) hold by Corollary 5.6.
Now we prove (Eg o). Suppose that X, Y € gg and Z € g,. Since f — « is not a root,

DI[X,0Y],Z]-[[DX,0Y],Z] - [[X,6DY], Z] - [[X,0Y],DZ]
=DI[X, Z],0Y] - [IDX, Z],60Y] - [[X, Z],0DY] - [[X, DZ], 0Y]
=DI[[X, Z],0Y] - [DI[X, Z],0Y] —[[X, Z],6DY]
=D[W,0Y]—-[DW,0Y]—[W,0DY],

where W = [X, Z] € gq4p; it will suffice to prove that this is O for all W € gy and all
Y € gg. By Lemma 3.9, ad(Y) maps g, onto g4, so it will suffice to prove that

DI[[U,Y],0Y]—[D[U,Y],0Y]—[[U,Y],6DY] =0

forall U € gy and all Y € gg. Since « — B is not aroot, [[R, ST, 0T] = [R, [S, 6T]] for all
R e gyandall S, T € gg, whence

DI[U,Y],0Y]|—[D|U,Y],0Y]—[|U,Y],0DY]
=DIJU,Y],0Y]—[[DU,Y],0Y]—[IU, DY],0Y]—[[U,Y],6DY]
=DI[U,[Y,0Y]]—-[DU,|Y,0Y]] — U, [DY,0Y]]—[U,[Y,0DY]]
= (o, B) IYII*DU — (e, B) |YI*DU — [U, [DY, 0Y]] — [U, [Y.6DY]]
= [[DY,0Y]+[Y,0DY],U].

Now if X L Y, then [X,0Y] € m and hence
[X,0Y]+[Y,0X]=0[X,0Y]+[Y,0X]=[0X,Y]+[Y,0X]=0.

Applying this with X equal to DY finishes the proof of (Eg q).
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It remains to prove (Eq g). Take X, Y € g4 and U, Z € gg. Then

(D[[X,0Y],Z] - [IDX,0Y],Z]—-[[X,6DY], Z] - [[X,0Y],DZ], U)
= —([[X,0Y],Z],DU)+([DX,0Y],[U,6Z])
+([X,0DY],[U,0Z]) + ([X,0Y],[U,6DZ])
={([X,0Y],[DU,6Z]) —(DX,[[U,6Z],Y])
—(X,[lU,6Z],DY]) — (X,[[U,6DZ],Y])
=—(X,[[DU,0Z],Y])+(X.DI[[U,6Z],Y])
—(X,[[U,0Z],DY]) — (X.[[U,60DZ],Y])
=(X,DI[[U,0Z],Y]1-[IDU,6Z],Y]—[[U,6Z],DY]—[[U,6DZ],Y]).

This shows that (Ey, g) and (Eg ) are equivalent, so we are done.
Note that we have not used the fact that 2« and 2(« + ) are not roots, so this argument
holds in the BC; case too. m]

This completes our discussion of the algebras with root system B;. We remind the reader
that C» is the same as Bj. The algebras with root system G, are covered by Remark 5.3. It
remains to consider the algebras with root system BC>.

5.2.3 The case BC,

Until further notice, we assume that g has root system BC»>. Denote by « and B the simple
roots, with « orthogonal to the highest root w. Then % = {a, 2o, B, a+ B, 2a+ B, 2a +28}
and w = 20 + 28.

Note that {£2«, 8, = 2o + B), (2o +28)} is a root subsystem of type By, write ngyp
for goo @ gp ® goa+p @ g2a+2p- The results of the previous subsection apply to the root-
space-preserving derivations of the subalgebra ng, to give us information about derivations
of n.

The first step is to establish the analogue of Proposition 5.12.

Proposition 5.15 If D is in D(n), then its transpose DV is also in D(n).
Proof By linearity, it suffices to show that

DX, Y] = [DTX, Y] + [X DTY] VX g, VY eg. (5.4)

as y and § range over £ 1. As D and hence also DT preserve root spaces, this is trivial unless
¥ + 8 is a root. Moreover, by Corollary 2.5, the restrictions of DT to the H-type algebras
98 D Jatp D 920+ D G20+2p and gy @ g are derivations, and by Proposition 5.12, the
restriction of DT to 98 D 920 D goa+p @ Goa+2p 1S a derivation.

Thus it suffices to prove (5.4) when (y, §) is either («, 8) or (o, @ + ). Lemma 5.7 takes
care of the case when y = o and § = S.

Since 2(2a + B) is not a root, Proposition 5.4 implies that there exists Z in m2**+#
that agrees with the skew-symmetric part of D on gy 4. By subtracting ad(Z) from D if
necessary, we may suppose that D is symmetric on gz4+s. Now Corollary 3.7 gives (5.4). O

Once again, we consider the symmetric derivations.
Proposition 5.16 If the root system of g is BCy, then every derivation in D™ (n) is given

by ad(H) for some H in a.
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Proof By Proposition 5.13, the restriction of D to ngy is given by ad(H) for some H in
a. By subtracting ad(H) if necessary we may suppose that D vanishes on ngyp; it will then
suffice to show that D is trivial.

To do this, we pick an eigenvector X of D in g, with eigenvalue A and U € gg\{0}. Since
D is a derivation and DU =0

DI[[U, X], X1 =2X1[[U, X1, X].

However, D[[U, X], X] = 0, since [[U, X], X] lies in g2+ C Ngup. Since [[U, X], X] # 0
by Lemma 3.10, A = 0, and D is trivial on g,. Since D is also trivial on gg, it is trivial on
ga+p, and hence trivial on all the root spaces. O

‘We conclude our discussion of the rank-two case with a description of the skew-symmetric
derivations.

Proposition 5.17 The basic derivation identity (E, s) holds as y and § range over the set
{a, B} of simple roots. Consequently, every derivation D in D*®¥ (n) is equal to ad(Z) for
some Z inm.

Proof This follows from Proposition 5.14, which also holds in the root system BC;, and
Theorem 4.5. O

5.3 The general case

Now we prove Theorem 5.1. Henceforth, g denotes a real simple Lie algebra of rank at least
3, and n is an Iwasawa nilpotent subalgebra of g.

Proposition 5.18 Suppose that D is a derivation of w. Then D7 is also a derivation of n.
Proof By linearity, this follows provided that
PTIX,¥]=[DTx,v|+[x.DTY]

forall X € g, and all Y € gs where y and § range over . This is obvious if y + § is not
aroot, while if y + § is a root, then it follows by restricting D to nlr:8}, O

Proposition 5.19 Suppose that D is a symmetric derivation of n. Then D lies in ad(a).

Proof Again, by restricting to rank-two subalgebras, we may show that D acts as a scalar on
each root space. By Lemma 5.2, D € ad(a). O

Proposition 5.20 Suppose that D is a skew-symmetric derivation of n. Then D lies in ad(m).

Proof Let D be a skew-symmetric root-space-preserving derivation of n. Again, by restricting
to rank-two subalgebras, we may show that D satisfies the basic derivation identity (£, s)
whenever y and § are positive roots. Hence D € ad(m) by Theorem 4.5. O
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