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Abstract This paper is concerned with the existence and stability of time periodic traveling
curved fronts for reaction—diffusion equations with bistable nonlinearity in R3. We first study
the existence and other qualitative properties of time periodic traveling fronts of polyhedral
shape. Furthermore, for any given g € C°(S') with minp<g<2z g(0) = O that gives a convex
bounded domain with smooth boundary of positive curvature everywhere, which is included
in a sequence of convex polygons, we show that there exists a three-dimensional time periodic
traveling front by taking the limit of the solutions corresponding to the convex polyhedrons
as the number of the lateral surfaces goes to infinity.
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1 Introduction

Traveling fronts have been extensively studied since the last decade, one can refer to [2,3,12,
40] and references therein for the study of planar traveling fronts to the following autonomous
reaction—diffusion equation

du(y, 1)

ot
in one or multidimensional space. Recently, the study on nonplanar traveling fronts among
mathematicians has attracted an increasing attention and many new types of nonplanar trav-
eling fronts have been observed of (1.1). For instance, Brazhnik and Tyson [6], Hamel and

= Au(y, ) + fuy.n), yeRY, >0 (1.1)
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Nadirashsili [15], Hamel and Roquejoffre [16], El Smaily et al. [11] considered nonplanar
traveling fronts of (1.1) with monostable nonlinearity for N > 2 (i.e., f(0) = f(1) = 0,
f'(0) > 0, f/(1) < 0); Bonnet and Hamel [5], Hamel et al. [17] examined the V-shaped
traveling front of (1.1) with the combustion nonlinearity (i.e., f(s) = 0 fors € [0, 0] U {1},
f(s) > 0in (0, 1)); Chen et al. [9], Gui [13] studied the existence and qualitative properties
of cylindrically symmetric traveling fronts of (1.1) with the balanced bistable nonlinearity
(i.e., f(0) = f(a) = f(1) =0, f/(0) <0, f/(1) <0, f'(a) > 0 and fol f(s)ds = 0);
Hamel et al. [18,19], Ninomiya and Taniguchi [28,29] studied V-shaped traveling fronts of
(1.1) for the unbalanced bistable case (i.e., £(0) = f(a) = f(1) =0, f/(0) <0, /(1) <0,
f'(a) > 0 and fol f(s)ds # 0). Additionally, Hamel et al. [18,19] considered cylindrically
symmetric traveling fronts of (1.1) for N > 3; Taniguchi [35,36], Kurokawa and Taniguchi
[23] studied pyramidal-shaped traveling fronts of (1.1) for N > 3. More recently, Wang
[41] and Wang et al. [45] developed the arguments of [28,29,35,36] to reaction—diffusion
systems. See also Haragus and Scheel [20,21] for the study of almost planar traveling fronts.
Very recently, Taniguchi [37] studied multidimensional traveling fronts of (1.1) for N = 3.
For the study on the nonconvex and nonconnected traveling fronts, we refer to del Pino et al.
[10]. Other related works on traveling fronts for autonomous reaction—diffusion equations
can be referred to [7,8,14,26,27,32,34,38,39,43].

It is well known that in population dynamics interactive species may live in a fluctuating
environment, for instance, physical environment conditions such as temperature, humidity
and the available of food, water and other resources usually varies in time with seasonal
or daily changes [46]. Therefore, in nature, another more realistic model might be of the
following form

du(y, t)

> = Au(y, 1) + f(u(y,0),1), yeRY, t>0. (1.2)

When the data of (1.2) are functions with commensurate time period, we call (1.2) a periodic
equation. Recently, there are a lot of works devote to the study of traveling fronts of (1.2). One
can refer to [1,4,22,25,30,31,47] for the study of time almost periodic and time periodic
planar traveling fronts. Nevertheless, a very little attention has been paid to the study of
nonplanar traveling fronts for nonautonomous reaction—diffusion equations, even for the
time periodic case. As far as we know, Wang and Wu [44] proved that there exists a two-
dimensional time periodic V-shaped traveling front. Moreover, they showed that such a
traveling curved front is asymptotically stable. Sheng et al. [33] addressed the existence
and asymptotic stability of time periodic pyramidal-shaped traveling fronts. Very recently,
Wang [42] showed the existence of time periodic cylindrically symmetric traveling fronts by
appealing to the method of comparison principle and the asymptotic speed of propagation.

However, the issue of the existence and stability of multidimensional time periodic travel-
ing curved fronts for reaction—diffusion equation with bistable nonlinearity is still open. The
main contribution of the current study is to give an affirmative answer to this issue. Actu-
ally, motivated by [33,37,42,44], we first consider the existence, uniqueness and stability
of three-dimensional time periodic traveling fronts of polyhedral shape. Then, for any given
geC™(s 1y with minp<g<2z g(0) = 0 that defines a convex domain with smooth boundary
of positive curvature everywhere, which is included in a sequence of convex polygons, we
show that there exists a three-dimensional time periodic traveling front by taking the limit
of the solutions associated with the convex polyhedrons as the number of the lateral surfaces
goes to infinity.
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Time periodic traveling curved fronts of bistable reaction... 619

In this paper, we study traveling curved fronts of the following reaction—diffusion equation

u(x,y,z,t)
ot

under the following hypotheses:

= Au(x,y, 2, 1) + fulx,y,z,0,1), (x,y,2)€R® >0 (1.3)

(H1) There exists T > 0 such that f(u,t) = f(u,t + T) forall (u, 1) € R2.
(H2) The period map P(a) := w (e, T) has exactly three fixed points @, «®, & such that
a~ <o < at, where w(a, t) is the solution of

= f(w,t), teR, w(@0)=ack.

Furthermore, they are nondegenerate and o are stable, i.e.,
d d
—P@@®) <1 <—P@".
i ™) <1< i (a”)
(H3) There exists vy > 0 such that vT +v~ + fu(Wi(t), t) > v forany ¢ € [0, T], where

1 T
vE = ——/ Fu(WEQ), )d,
T Jo
and
WE@) = w™, 1), W) = w@®, ).

(H4) There exist constants ro > 0 and € € (0, minsejo,7)(W°(r) — W™ (¢))) such that
fu,t) > rou(e—u)foranyu € (0, €)andt € [0, T],where f(u,t) = f(WO(t), t)—
FOVO@) —u,n).

A typical example of f satisfying (H1)—(H3) is the cubic potential f = (1 — u?)Qu — p(1)),

where p(t) € (—2,2) is T-periodic, which is the particular case of the following more

general example (see Alikakos et al. [1])

flu, 1) = p)(p'w) — p(1)),

where p € Cl and p € C? satisfy p(- + T) = p(-), and p(£1) = 0, p(-) > Oin (-1, 1).
Moreover, by taking |p (¢)] < 24/5/5, then such a function f satisfies (H4) (see Wang [42]).

It is known from [1] that when f'(u, t) € C21(R x R) satisfies (H1) and (H2), there exists
a unique solution pair (c, U) of (1.3) such that

Ui +cUs —Usgg — f(U, 1) =0, (§,1)€R?,
U(£oo,1) = limg 100 UE, 1) = W), 1 €R, (1.4)
UE,t+T)=UE, 1), U0,0) =a,

where the function U(-, -) : R x R — R is the wave profile and the constant ¢ € R is the
wave speed. In addition, (c, U) enjoys the following properties:

(i) U (&, t)is monotone increasing with respect to the moving coordinate for each ¢. Namely,
Us(§,1) >0inR x R.
(ii) There exist positive constants C| and B satisfying

\U(£E, 1) — WE@)| + |Ug (£, 0| + |Usge (££,0)| < Cre P, £ >0,1 R

That is, U exponentially approaches its limits as § — o0.
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620 W.-J. Sheng

Without loss of generality, we assume that the solutions travel toward z-direction. Set
ux,y,z+1t, 1) =vx,y,z1,1), z1=z+It.
For simplicity, we denote v(x, y, z1, ) by v(x, y, z, t). Substituting v into (1.3), we have
LIv] i= v — Vxx —Vyy — vz +Hlv, — f(0, 1) =0, (x,y,2) € Rt > 0,
v(x,y,2,0) = vo(x, y,2), (x,y,2) €R. (1.5)

Hereafter, we always assume ! > ¢ > 0. The objective of this paper is to seek for the solution
Vix,y,z,t)of

LIVI=V, = Vi = Voy = Voo +IV. — f(V,1) =0, (x,y,2,1) €R* xR, (1.6)
Vix,y,z,t) =V, y,z,t+T), (x,y,2) € R3, te[0,T]. (1.7)

Let

12 —¢c?
T =— " >0.
c

Given n > 3 be an integer. Assume that {6;} <<, satisfy

0<6 <6 <--<0,<2xr and max 041 —6;) <m,
I<j<n ° ’

where 0,11 = 61 + 2. Given, [; with

min /; >0 forl <j<n.

I<j<n
Then,
T Ccost);
Vi=———| t8inb;
J Tt X J

is the unit normal vector of a surface {z = 7(x cos6; + ysin6;)}. Putting
hj(x,y) :=t(xcosf; + ysin€; —1[;),

h(x,y) = max hj;(x,y) =1 max (xcos®; + ysinf; —[;), (1.8)
I<j=n 1<j=n

then {(x,y,z) € R —z > h(x,y)} is a convex polyhedron. If (/1,02,...,l,) =
0,0, ...,0), the polyhedron becomes a pyramid in R3.

Denote
O - . l; sin(0.j+1 —0j-1)— le] sin(fj41 — 6;) - lj41sin(0; — 0‘,-,1). (19)
2<j<n—1 sin(@j41 —0;) +sin(@; —0;_1) —sin(0;41 — 6;-1)
Forj=1,2...,n,define
Q= {(x,y) € R?|h(x, y) = hj(x, y). h(x, y) = 10} .
We note that 2; # @ forall 1 < j < n.Here Qp, 2, ..., 2, are located counterclockwise.
Set
Sj={(x,y.2) eR| —z=hj(x,y), (x,»)eQ;}, j=1...,n
Let

[j={(x,y,2) €R —z=h;(x,y) =hj41(x,y) >0}, j=1,...,n
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Time periodic traveling curved fronts of bistable reaction... 621

be a part of an edge of a polyhedron {(x, y, z) € R3| —z>h(x, LI, b, ... ) =
0,0,...,0) and ©® =0, then I"; and U;:] I"; stand for an edge and the set of all edges of
a pyramid, respectively. For each y > 0, we define

n
dist | (x, y, 2), U Ljl>vy
j=1
Theorem 1.1 Let ] > ¢ > 0 and h(x, y) be given by (1.8). Under the assumptions (H1)—
(H3), there exists a solution V (x, y, z, t) of (1.6)—(1.7) such that

D(y):=13(x,y,2) € R3

lim sup ‘V(x,y,z, t)—U(E(z—i—h(x,y)),t)‘ -0,  (1.10)
Y= (v )eD(y),1€[0,T] l
lim sup V(x,y,z,t) — max E;j(x — X;(p),y = Y;j(p),z+10,0)| =0,
R—00 x|>R,1€[0,T] 1<j<n
(1.11)
W@ > Vinyzn = U (@ +hG ). ) > W0, (y.2) eR 10,
(1.12)

inf V.(x,y,z,t) >0 foré > 0small enough, (1.13)
W= ()+8<V (x,y,z,t) <W+(1)—8,1€[0,T]

lim sup [V.(x,y,z,t)| =0. (1.14)
R—=00 124 h(x,y)|>R,1€[0,T]

Moreover, if

max ¥ (x = X;(=D), y = ¥; (-, 2 71,0)

I<j<n
<vo(x,y,2)
< min V(x = X;(p),y — Yj(p), 2+ 1p,0), (1.15)

I<j=n
then, the solution v(x, y, z, t; vo) of (1.5) satisfies

lim sup lv(x,y,z,t +kT;v9) — V(x,y,z,t)| =0, (1.16)

k=00 (x,y,2)eR3,1€[0,T]

where [ = maxi<j<ylj > 0, E; is the two-dimensional V-shaped traveling front defined
in (2.6), V is the pyramidal traveling front given in Theorem 2.2, X ; (—i), Y,(—i) and
X;(p), Y;(p) satisfy h(X j(=I), Y;j(=I)) = —tl and h(X;(p), Y;(p)) = Tp, respectively.
Furthermore, V enjoys the following properties:

(i) Let h(x,y) be defined in (1.8), h(x, y) := T maxj<,<p(xcos6; + ysin60; — ;) with
min|<j<p Zj > 0 and V(x, t) be given in Theorem 1.1, V (X, t) be the traveling fronts
of polyhedral-shape associated with h. If h(x, y) > h(x, y) for any (x, y) € R?, then it
holds V(x, 1) > V(x, 1) for all (x, 1) € R*.

(ii) There holds

aVv
— >0 inR*
av

for

1 n

: 2 2 1
| with/]+1 <.
Ji+g+2 \1 t

V=
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622 W.-J. Sheng

(iii) Ifh(x,y) = h(|x|, |yl), then one has

Vi y,z,0) = Vxl Iyl 2,0, (k5,20 € RY,
Ve(x,y,2,1) >0 for(x,y,z,1) € (0,00) x R,
Vi, y,z,t) =0 for(y,z,t) € R,

Vy(x,y,z,t) >0 for(x,y,z,t) € R x (0,00) x R?,
Vy(x,0,z,t) =0 for(x,z,1) € R3.

An immediate consequence of this theorem is the following corollary.

Corollary 1.2 Let V (X, t) be the time periodic traveling curved front defined in Theorem 1.1.
If there is a time periodic solution w(x, t) of (1.6) and (1.7) satisfying (1.10), then it holds

w(x,t) = V(x,t) forall(x,1) e R*.

In what follows, we treat the three-dimensional traveling fronts of (2.1) for any given
g € C®(Sh), where

Cc(S") = {g € C¥M)|g(6 +27) = g(6)}

for any 6 € R. We identify S! with R/27Z. Let g € C*®(S 1) be any given function with
ming<g<2z g(0) = 0 and r, > 1 be large enough such that

2 : /" : 2 4 2 "
i min (2g60) —g"(©) + min (6)+2¢'0)" ~ g(0)¢"(©)) > 0.

Setting
R©) :=r,+g0) for0 <6 < 2m,
then,
C :={(R(O)cosO, R(9)sinh)|0 <6 < 2m}
is a smooth convex closed curve such that

R(O) = R(2n), Ogrreuinh R@O)=re, 0< Oirreuinznlc(e) < oé%ién'((g) < 00,

where « (0) is the curvature of C given by

R(©)2+2R' ()% — R(O)R(0)

k(@) = 3 , 0¢€]0,2n].
(R(0)> + R'(6)*)2
Define
D :={(rcosf,rsinf) € R*|0 < r < R(0),0 <6 < 2x}. (1.17)
Then, C is the corresponding boundary to D. Let
Kmin = Oilgifnzﬂic(e) and Kmax = 0;1612%);7116(9).

Then, we have 0 < Kpin < Kmax < 00. Set

Rmax ;= max R(0) € [1,00) and ry < Rpax < 00.
0<6<2m

Let R, € (Kmin, oo) be large enough such that, for each 6 € [0, 2r), there is a circle of
radius R, that circumscribes C at (R(6) cos8, R(0)sinf). Let (£,(0), n«(0)) and B(6) be
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Time periodic traveling curved fronts of bistable reaction... 623

the center and the interior of this circle for each 6 € [0, 27r). It is obvious that D C B(6) for
all 0 € [0, 2x).

Theorem 1.3 Assume that (H1)—(H4) hold. Let g € C®(S') be any given function such
that ming<g<ox g(0) = 0 and R(O) = ry + g(©). Then, there exits a solution W (X, t) €
C2I(R3 x R) of (1.6)~(1.7) satisfying

max_ W (/ (= £(0)2 + (v = 74(0)2, 2 — TR, z)

0<0<2m

< W, 1) < og)lignzn )4 (\/(x — R(0) cos6)? + (y — R(9)sin0)?, z, t) (1.18)

forall (x,y,z,t) € R*. Morevoer, one has

lim sup (W(x,y,z.0)
A=00,21 12422542 1€]0,T)

— min V¥ (\/(x — R(#)cos0)? + (y — R(©)sinh)?, z, r)) =0. (1.19)

0<6<2m

Furthermore, such VT/(x, v, z, t) is uniquely determined by (1.6) and (1.19). Moreover, if

max_ W (J(x — 607+ (v = 1.(0)%, 2 — TR., o)

0<6<2m

<wvo(x,y,z) < 0<rgi<nz W (\/(x — R(9) cos )% + (y — R(9) sin6)2, z, 0) (1.20)

forall (x,y,z) € R3, then the solution v(x, t; vo) of (1.5) with initial value vq satisfies

lim sup |v(x, 1; vo) — W(x, 1) = 0 (1.21)
t_)OOXER3
or equivalently
lim sup lv(x,t + kT; vy) — W(x, 1) =0, (1.22)

k=00 4 cR3 re(0,T]

where WV is the cylindrically symmetric traveling front defined in Theorem 2.4.

The rest of this paper is organized as follows. In Sect. 2, we state some preliminaries
including two-dimensional time periodic V-shaped traveling fronts, three-dimensional time
periodic pyramidal-shaped traveling fronts and cylindrically symmetric time periodic trav-
eling fronts. Section 3 is devoted to the existence and stability of time periodic traveling
curved fronts with polyhedral shape, that is, we prove Theorem 1.1. In Sect. 4, we show
Theorem 1.3.

2 Preliminaries

In this section, we recall some results established by Wang and Wu [44], Sheng et al. [33] and
Wang [42] about two-dimensional time periodic V-shaped taveling fronts, three-dimensional
time periodic pyramidal traveling fronts and time periodic cylindrically symmetric in R,
respectively. In the sequel, we write (¢, U) be the planar traveling front defined by (1.4).
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624 W.-J. Sheng

2.1 Two-dimensional V-shaped fronts

Let 0(&, n, t; o) be the solution of the following equation
O — Dge — Oyy + 10y — £(D,1) =0 for(£,n) e R%, 1 >0,
0(&,7.0) = do(&,n) for (£, n) € R%.

Then, from [44, Theorem 1.1], we have the following theorem.

Theorem 2.1 Assume that (H1)—(H3) hold and | > ¢ > 0. Then, there exists a unique
V (&, n, t) such that

Vi—Vie = Voy + 1V, — f(V,1) =0 for(§,n) € R* and 1 € R,
and
VEnt+T)=V(E n,t) for(E,n) eR?® and ¢ eR.

Moreover, there holds

Jim sup (V(s,n,r) —U(% (r}—f—rlél),t)‘ —0. @.1)
T 024> R2,1€[0,T]
One also has
U (; n+TlE]). t) <V, g1 for(e,n) eR:1eR 2.2)
inf Vn(‘f, n,t) >0 fords > 0small enough,

W= () +8<V (E.0.0)<W(1)—8,t€[0,T]
Ve€,n,1) >0, V(E 1,1) € (0,00) x R,
VE+E,n.0 < VEn+m0.0), YE 01 eR, &, neR withny > tlél.

(2.3)
2.2 Three-dimensional pyramidal traveling fronts
Consider the following problem:
Uy — Uy — Vyy — Vg + 10, — f(@,1) =0, (x,y,2) €R’, 1>0,
U, y,2.0) =To(x, y,2), (x.y.2) R’ (2:4)
Set
pj(x,y) = 1t(xcosf; + ysinb;),
p(x,y) ;=1 max (xcosf; + ysin6;) 2.5
1<j<n
and
kj := cos e e X >0, ¢; :=L+J, 1<j<n.
2 2
Define
~ — Tk; . N
Ej(x,y,z,t) =V | xsing; — ycos¢;, 2 wkjlxcosd; + ysmqu)’t . (2.6)

/1 +12ka.
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Time periodic traveling curved fronts of bistable reaction... 625

Substituting E;(x, y, z, t) into (2.4), we obtain that every E;(x, y, z, t) is a time periodic
V-shaped traveling front with speed L > c. By Sheng et al. [33, Theorems 1.1—

242
1+t kj

1.2 and Lemma 4.6], we get the following theorem.

Theorem 2.2 Assume that | > ¢ > 0 and (H1)-(H3) hold. Let p(x, y) be given by (2.5).
Then, there exists a solution V (x,y, z, t) of (2.4) such that

¢ % + 3
U(7<z+p(x,y)>,r) <V y.2t) < WHE), (x.y.z.0) € R3 x [0, T],

Vx,1)=Vx,t+T), V.(x,7)>0 forall(x,t) € R*

and
. ~ C
lim sup Vo2 -U(Se+pernd)| =0 @)
Y=+ (4 y.2)eD(y).1€[0,T] l
lim sup V(x, t) — max E;(x,1)|=0, lim sup |171(x, )| =0,
R—00 |x|>R,1€[0,T] I<j=n R—00 |24 p(x,y)|=R.1€[0,T]

(2.8)

B inf Vz(x, v,z,t) >0 ford > 0small enough,
W=()+8<V(x,y,2,0)<W+(1)—=8,1€[0,T]

U (%(z—l—p(x,y)),t) < 1max Ej(x,t) < V(x, 1), X€ R, re [0, 71, .9
=j=n

lim sup

c
max Ej(x,t) —U (*(Z + p(x, y), t)
Y= xeD(y),1€[0,T) !

I<j<n

=0. (2.10)

Lemma 2.3 There exists positive constants 8y, o and (B < %0) such that, for any § €
(0, 80), the functions w* defined by

wEx, 1) =V (x,y,z2£08 (1 —e P 1) £8a(t)

are a supersolution and a subsolution of (2.4)onx € R3 and t € [0, 00), respectively, where

t t
at) = exp[(v+ 4 — @) ‘ +/ Fu(WH (D), 1)dT +/ Fu(W™(2), r)dr]
4 0 0

and

t t
Ko = max exp [(v+ + vt +/ fu(WT (1), T)dr —I—/ fu(W™ (), r)dr] >1
tel0,7T] 0 0

with the constants vo, vt and v= are defined as in (H3).

2.3 Cylindrically symmetric traveling fronts
Let

@2.11)

2(j —1 2(j — 1
p('")(x,y):r max lxcosu+ysinu], m=1,2,....
1<j<om

m m
Clearly,

2(j — Dm . 2(j—Dm
I=T xcosT—i-ysmT
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626 W.-J. Sheng

is tangent to

7=14/x%+y?

foranym € Nand 1 < j < 2™, Replacing p(x, y) by p(m)(x, y) in Theorem 2.2, we obtain
a sequence of time periodic pyramidal traveling fronts of (2.4), namely,

where

70 = lim T (x AT ) T 0 = U (S + p ™ 5).0)

Denote the edge of the pyramid —z = p“™ (x, y) by I'”" and put

n
dist | (x, y, 2), U F;-" >y fory > 0.
j=1

D" (y) = 1(x,y,2) € R3

Owing to 'ﬁ(')”’_(x, 0) is nondecreasing on x € (0, c0) and y € (0, co) and is even on x € R
and y € R, respectively. It then follows from Theorem 2.2 that

Vi<VZ<...<V"<..., V¥xeR? teR,

0 ~
Py m =0, Vxe(0,00) xR?, teR,
X

0 ~
8—V’”>0, Vx e Rx (0,00) xR, teR,
y

9 ~
8—V’" >0, VxeR? reR,
v

Vi
where v = —L vy | with ./ v12 + v% < L Thanks to
‘/1+v]2+v§ 1 T
T 1 1 b1
P (x,y) = p™ (x €08~ + ysin Sm=T» "X SNy + ycos 2’1171) ,
one infers
VI x, 1) = V(X 1) = V"B - (x,¥),2.1), V(x, 1) €R*,
where

g . T
B _ COS W Sin W
m — P T T :
SN 5. —  COS m—T

Let z” € R be such that
2" > 7" and V"(0,0,7",0) = 6 (2.12)
for a given constant 6y € (o™, «Y). Denote

V', y,z0) = V" (x,y, 2+ 2" 1), Y(x, 1) € R
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It then deduces from the parabolic estimate [24] and Theorem 2.2 that there exists a solution
W(x, 1) € CEHR3? x R) of (2.4) (even if up to an extraction of some subsequence) such that

V' (x. 1) > W(x, 1) in |-

||CIZACI(R3XR) asm — oQ.
Define
W(r,z,t) =W(H/x2+y2,2,1) = W(x,1), r=,/x2+y2 (2.13)

forany (x, y,z,t) € R*. Then, one has
a 3 3 19 3
————— ———+[— )V - f(Y(r,z,0),1) =0, V 0, eR, teR.
(8t arz 972 For 8z) F(¥ez0.9 T s
(2.14)
For a given constant 6y € (a ™, o), we define ¢ (r) € R by
W (r, ¢(r),0) = 6o. (2.15)

By a shift, one can assume U (0, 0) = 6y without loss of generality. Then, Wang [42] estab-
lished the following results.

Theorem 2.4 Assume that (H1)—(H4) hold. Suppose ¢ > 0. Then, VY (r, z, t) defined by (2.13)
satisfies (2.14) and V(r, z,t + T) =V (r, z,t) forall (r,z,t) € R3. Moreover, there hold

() LW(r.z.0) > 0and LV (r.z.1) > 0 for any (r.z.1) € (0, 00) x R%.
(i) lim o0 W, 2, ) = WHO ey = 0, lim s oo W (-, 2, 1) =W (D¢, w2) = O
(iii) a%kll(r, z,t) > 0 foranyr >0,z >0, t € R, where

1 / 1
Vzi(v) withv > ——.
V1+v? 1 T

@iv) lim, o ¢'(r) = —1.
(V) hmr—)OO ||lIJ(x +rz +¢(r)v t) - U(%(Z + ‘L'x), t)”CIZD-CI(RZXR) =0.

3 Proof of Theorem 1.1

In this section, we study the existence and asymptotic stability of traveling fronts with convex
polyhedral shapes, that is, we prove Theorem 1.1.

Firstly, note that {(x, y,z) € R3| — z > h(x,y)} is a convex polyhedron. Indeed, if
—z; > h(x;,y;) fori = 1,2, then —z; > hj(x;,y;) forall 1 < j <nandi = 1, 2. It then
follows from (1.8) that

—azy — (1 —a)za > ahj(xy, y1) + (1 —a)hj(x2, y2)
= hj(ax; + (1 —a)xz, ay1 + (1 —a)yz)

forall 1 < j <mandanya € (0, 1). Then, one has
—(az1 + (1 —a)z2) = max hj(ax; + (1 —a)xz,ay; + (1 —a)y2)
I<j=n
= h(ax1 + (1 —a)xz, ay1 + (1 — a)y2).

Hence, {(x, y,2) € R3| —z > h(x, y)} is a convex polyhedron.
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On the other hand, forany { e Rand 1 < j < n,let (X;(¢), Y;(¢)) be such that
hj(X;j(2),Y;(&) =h;11(X;(), Y;() =1¢.
Direct computations give

(Xj(é“)): 1 ( (& +cj)sinbjp1 — (& +cjt1)sind; )
Y;i(¢) sin(@j41 —0;) \ = +c¢j)cosbj1+ (& +cjy1)cosb; )

Here, we would like to point out that, for every ¢ € R, the set {(x, y) € R2|A(x, y) < ¢}
is either an empty set or a nonempty convex closed set in R2. Indeed, if (x;, y;) satisfies
h(xi,y;) < ¢fori =1,2,thenh;(x;,y;) <¢foralll < j <nandi =1,2.In view of
(1.8), we have

ahj(xy, y1) + (1 —a)hj(xz, y2) = hjlax; + (1 —a)xz,ay;1 + (1 —a)y2) <¢
forall 1 < j <nandanya € (0, 1), whence

h(ax; + (1 —a)xz,ay1 + (1 —a)y) = 1111;;2&" hjlaxi + (1 —a)xz, ay1 + (1 —a)y2) < ¢.
If ¢ < —maxi<j<,!; with [; given in (1.8), then {(x, y) € R2|A(x, y) < ¢}is an empty
set. Moreover, it derives from [37, Lemma 3.1] that the set {(x, y) € R2|h(x, y) < tp}

is a convex n-polygon in the x-y plane with vertices {(X;(p), Y;(0))}1<j<n for any fixed
number p € (0, c0).

Proof of Theorem 1.1 Thanks to h(X;(p),Y;(p)) = zp forall 1 < j < n, one infers that
h(x,y) <tp+ px — X;(p), y — Y;(p)) forall(x,y) € R*,1 < j <n,
where & and p are defined in (1.8) and (2.5), respectively. Set

vy, 2 ) = U (%(z +hix, ), z) = max U (%(z +hix ), t) R

Write the solution of (1.5) with vo(x, y,z) = v~ (x, y, z,0) by v(x, ; v (x, y, z, 0)). Call

V(x, 1) = klirgo v(X,t +kT; v (x,y,2,0)) in Clzoc1 (R4).

Then, the function V (x, 1) € C=1(R?) is a solution of (1.6). Since
v,y ) =v (x,y,z,1+T),
then, we have

v(X, t +kT; v (x,y,2,0) =v(x, t +kT; v (x,y,z,T))
=vXx,t+T+kT; v (x,y,2z,0)).

Letting k — oo, we arrive at
V(x,t) =V, t+T), forallxeR> and ¢ € [0, T].

Moreover, a similar discussion to Sheng [33, Lemma 3.1] yields that there is a supersolution
v that converges to v~ far away from the set of edges of the given polyhedron. Thus, (1.10)
follows.
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Notice that the function v~ defined in (3.1) is a subsolution of (1.6) and the pyramidal
traveling front V defined in Theorem 2.2 is solution of (1.6). As a result of the comparison
principle, we have

vy, 2 t) < Vi = X;(p),y — Yi(p), 2+ Tp, 1) 3.2)
forall (x, y,z,7) € R*and 1 < j < n. This shows that

min V(x — X;(p),y = Yi(p), 2+ 1p, 1)

I<j<n

is a supersolution of (1.6) for any (x, y,z) € R3 and ¢ € [0, T]. It then follows from the
comparison principle that

V70,20 < V(x,y,2,0) < min Vx —Xj(p).,y = Yj(p).z+ 0, 1) (3.3)
=j=n
forall (x,y,z) e R3and s € [0, T].
On the other hand, since
max{h;(x, y), hjp1(x, )} < h(x,y) inR?

forall 1 < j < n, then
c
U (j(z—i—max{hj(x,y),th(x,y)},O)) <v (x,y,2,0), (x,y,2) € R, 1< Jj <n.

We consider the left-hand side and the right-hand side as an initial value of (1.5), respectively.
Then the comparison principle yields that

v (x 1+KT: U G(z + max{h; (x, ¥), hj1 (x, ) 0))) < v (Xt +KT; v (x, y.2,0)
34
forall 1 < j < n. Notice that
hj(x,y) =pjx —X;j(p), y—Y;j(p))+1p.
Sending k — oo in (3.4), it then follows from Theorem 2.1, (2.10) and (2.6) that
Eji(x—X;(p),y—Yj(p),z+tp,0) <V(x,y,2,1), (x,y,2) R’ 1€[0,T].
This together with (3.3), we arrive at

max E](x_X/(P),y_Y](P),Z‘i‘TP’t) S V(xsy7Z9[)

I<j<n

< min V(x — X;(p),y = Yj(p), 2+ 1p, 1) (3.5)

T 1<jzn

for all (x, y,z) € R3andz € [0, T']. As a consequence, (1.11) and (1.12) follow from (2.8),
(2.2) and (3.5).
By (2.3) and (1.11) and applying the Schauder interior estimate to the following equation:

9 92 92 92 9
( —————— —+l—)(V—Ej)=f(V,t)—f(E,-,t),
z 0z

we get

inf V.(x,t) > 0 foranyé$ > 0small enough,
W= ()+8<V(x,1)<W+(1)—8,t€[0,T]

that is, (1.13) holds.
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Notice that |z 4+ h(x, y)| — oo implies dist(x,I';) — oo for 1 < j < n. In light of
(1.10), we have

hm Sup ‘V(xayvz5t)_U(E(Z‘f'h(x,y)),t)‘ —)O
R1—00 |2 4h(x,y)|= Ry ,t€[0,T] l

By the interpolation || - [|c1 < 2,/ - lcoll - [Ic2, we get (1.14) due to

lim sup ‘Uz (E(z—l—h(x,y)),t)’ ~0.
R1=00 |2 4 h(x,y)|= Ry ,1€[0,T] l

Now, we show that the time periodic curved front V is asymptotically stable. Set

Then, there holds
—tl+ px = X;(=D),y = Y;(=D) < h(x,y) forl<j<n,
whence
c ~ A ~ C .
U (7= rl+pee = X;(=D.y = ¥;(=D)).0) <U (T +hr.y).0) forl < j=n.
(3.6)

Considering the left-hand side and the right-hand side of (3.6) as initial values of (1.5), we
have

v (x,t—i—kT; U (%(z —tl 4 px — Xj(=D), y - Yj(—i))70)))

<v (x t+kT; U (§(z T h(x, y)),o))

from the comparison principle. Passing k — o0, one derives that

Ve = X;(=D),y = Yj(=D),z—tl,t) < V(x,y,z.1), (x,y,2) €R}, 1€[0,T]

(3.7)
for 1 < j < n.Combining (3.5) and (3.7), we have
]2?;(” V(x N Xj(_i)’ y - Yj(_i)7 - Ti, t)
=Vernh = o, Vi = Xj(p).y = Yj(p).z +1p.1) 3.8)

for all (x, y,z) € R3ands € [0, T].
In view of (3.8), we have

Vr,y,2,0) < min V(x=Xj(p),y=Yj(p), 2 +70,0), (x,y,2) €R’.
<jsn
Forall (x, y,z) € R3 andt € [0, T, set
V¥*(x,t) := lim v (X, t+kT; min V(x — Xi(p),y—Yj(p),z+ 10, O)) .
k—o00 I<j=n
Then, the comparison principle gives that

Vey. 20 = Vi y 2.0 < min V= X;(0),y = Yj(p).z+p.0)  (39)
=j=n
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and
Vi(x,y,2,t) =V*(x,y,2,t +T)
for all (x, y,z) € R3,and € [0, T]. By (1.11) and (2.8), we infer

lim sup }V*(x,y,z,t)—V(x,y,z, l)} =0.
R—00 |x|>R,1€[0,T]

On the other hand, owing to (1.13), there exists a positive constant o such that

o inf Vo(x,y.2,1) > 2Ko sup [ fulu, )],
W= (0)+8<V (x,1)<W*(1)-48,t€[0,T] W= (1) +8<u<W+(1)—8,€[0,T]

where 0 < § < § is small enough, &p, 8 and K¢ are given in Lemma 2.3, f, (u, t) denotes
the partial derivative of f with respect to u. For 0 < § < §p, it follows from Lemma 2.3 that

% (x, v,z + 08 (1 - e*f“’*”)) o+ kT) +8a(t + kT)

is a supersolution to (1.6) on R3? x [0, 00). In light of the boundedness of V*(x, v, z, t) and
the monotonicity of V (x, y, z, t) with respect to z, we can take A > 0 large enough such that

Vi, 5,200 S V(x,y.2+2,0)+8, (x,y.2) €R’.
Then, the comparison principle implies

VE(x, y, 2,6 +kT) < V (x, v,z 4+ A+ab (1 - e—ﬁ<’+’<“) ,t—i—kT) 4 8a(t + kT)

for (x,y,z) € R?, 1 € [0, T] and k € N. Sending k — o0, we get
Vi, y,2,0) S V(x, y,2+A+08,1)

forall (x,y,z) e R¥and s € [0, T].
Define

A :=inf {) € (=00, +00)[V*(x, y,2,0) < V(x,y,z+ 4,0) forall(x,y,z) € R’}.

It is evident that A > 0 from (3.9). If A = 0, then V* = V in R*. We prove A = O by a
contradiction argument. Assume that A > 0. Then, we have

VX, 5,200 < V(x,y,2+ A,0), (x,y,2) €R’.
It then follows from the strong maximum principle that

Vix,y,2,0) < V(x,y,z+ A,0), (x,y,2) €R>.
By (1.14), there exists a constant Ry > 0 large enough such that

20 sup [V.(x,y,z,1)] < 1.
|z+h(x,y)|=Ro—A—1,t€[0,T]

. 1 A
ki € (O,mm {80, — —])
4o 4o

be small enough. If |z + h(x, y)| < Rp — A — 1, we have

Let

V¥(x,y,2,0) < V(x, y, 2+ A — 20k, 0). (3.10)
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If |z + h(x, y)] > Rp — A — 1, we have
V(x,y,2+A,0—-V(x,y,z+ A =20k, 0)

1
:20k1/ Vox,y,24+ A =200k, 0)d0 < k. 3.11)
0

Combining (3.10) and (3.11), we get
V¥x,y,2,0) < V(x,y,z+ A —20k;,0) + k;
for all (x, y, z) € R3. It then follows from the comparison principle and Lemma 2.3 that
V*x,y,z,t +kT) <V (x, y,2+ A =20k +0k; (1 — e_’s(’+kT)) ,t —I—kT)
+kia(t +kT)
for all (x, y,z) € R re [0, T] and k € N. Letting k — oo, we have
V¥, y,2,0) < V(x,y, 2+ A —oki, 1), (x,y,2)€R’ 1e[0,T]

This contradicts with the definition of A. Thus, V = V* in R%. Namely,

lim |jv (x, t+kT; min V(x - Xj(p),y—=Yj(p),z+1o, O)) —Vx,y,z,1) =0

k— 00 I<j=n L®RY)
By a similar argument to

v (x t+ kT; max \7(x — Xj(—i), y— Yj(—i), - ti, 0)) s
I<j=n

we have
lim ||v (x, t+kT; max \7(x — Xj(—f), y— Yj(—i), 7 — ti, O))—V(x, V,2,1) =0.
k— 00 I<j=n L (R*)

Note that for any fixed x € R3and ¢t > 0, v(x, ;) is a continuous mapping in BU (R?)
with BU (R?) standing for the set of bounded and continuous functions. By this continuity,
Theorem 2.2 and the comparison principle, we obtain

lim ||'U(X, t +kT, 'U()) - V(X, t)||L°C(R3><[O,T]) =0.
k—o00

In other words, the desired result (1.16) holds. The proof is complete.

4 Proof of Theorem 1.3

Set
Ao =& n [P < BEE R}

=[<s,n)eR2

\/(x — 62+ (y—m? < R if(x,y) 6(?]
and
Ani={En [P c{en|pm -y -n <]

—{Em e pma—ty-m =R i@y ec|
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for every m > 2, where D and p are defined as in (1.17) and (2.11), respectively. Since
(&4(0), nx(0)) € Ap forall & € [0, 2m), and d B(0; R,) is the inscribed circle of a polygon
{(x,y) € R2|p(m)(x, y) = tR,}, then we have

mli_r)noo dist(Ay, Ag) = 0.
For any ¢ > 0 there holds
dist((¢,7n),C) < R, +¢ forall (¢, n) € A, and sufficiently large m,
namely,
dist(Ap,C) < Ry +¢

as m large enough. It then follows that

\/52"'772 < Rmax + R« +¢ forall(¢,n) € A,

for m sufficiently large.
Proof of Theorem 1.3 Define

R, y) = sup p™(x =& y—n) — TR,
& meAn

Since dB(0; R,) is the inscribed circle of a polygon {(x, y) € R?|p™(x, y) = TR}, then
one arrives at

2mj . 2 27
(m) — _ _
h (x,y)_tlg}zgm (xcos o + ysin o R( R.).

Moreover, it holds
P (x — &,y —n) — TRy < p™ (x — R(0) cosO, y — R(0) sin6)
for all (¢,7n) € A, and 0 € [0, 2], whence

sup p"™(x—£&,y—n) — TR,
EmeA,

< inf p"(x — R(®)cosh,y — R()sinf) forall (x,y) € R%.
fel0,27]

It then follows that
P (x =&,y — 1) — TR < h"(x,y) < p™ (x — R(6) cosb, y — R(6) sin6)
forall (¢,n) € Ay, 0 €[0,27] and (x, y) € R2. As a result, one infers that
V' (x =&y —nz+2" — TR 1) S V(x,y,2+2" 1)
< V" (x — R(@)cos,y — R(O)sinb, z + ", 1) 4.1)

forall (§,n) € A, and 0 € [0, 2], where z™ is defined as in (2.12) and V™ is the pyramidal-
shaped traveling fronts corresponding to p®’. Combining this inequality ‘with parabolic
estimates [24] and Sobolev imbedding theorem, we obtain that the function W (x, ¢) defined
by

"®Y).

C

W, 1) = lim V(x.y.z+2"0) in ce
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is a solution of (1.6). Moreover, it holds W(x, t) = W(x,t + T). On the other hand, by
letting m — oo in (4.1), one derives from Theorem 2.4 that

v (\/(x =&+ —m%z— TRy, t) <W(x.y.2.0

<y (\/(x — R(0)cos60)2 + (y — R(9)sin )2, z, t) 4.2)

for all (¢,n) € A, and 0 € [0, 27]. Thus (1.18) follows. Furthermore, we have
W.(x,y,z,1) >0 forall(x,y,z 1) € R*

and
oW
— >0 forv = (v,1) with|y| < !

ov

from the definition of W(x, ¥, 2, 1).
In view of Theorem 2.4 (ii), (iv) and (v), we get

lim (\1/ (\/(r cosf — R(0) cos0)2 + (rcosf — R(0)sin )2, 2, t)

r24z2—00

—v (\/(r cosf — £,(0))2 + (rcos@ — n4(0))%, z — TR, t)) =0 uniformly inz€[0, T]

for all & € [0, 2x]. It then follows that

lim sup
A—00 1241121 25 42 1e[0,T]

~ max v (/(x —s*<0))2+<y—n*(e»z,z—rR*,r)’ = 0.

0<0<2m

min ¥ (\/(x — R(0)cos0)2 + (y — R(9)sinh)?, z, r)

0<0<2m

Thus, (1.19) follows. _
It remains to prove that such W is the unique solution of (1.6) under (1.19) which is also
stable. We first show that

_inf W.(x,y,2,1) >0 (4.3)
W= ()+8<W X, 1) <W*(1)—8,t€[0,T]

for 6 > 0 small enough. We only sketch the proof here, for details one can refer to [33,
Lemma 4.6]. Indeed, we have Wz > 0 in R*. Hence, Wz has a positive minimum on any
compact subset of R*. Thus, we need only to study WZ(X, t) as |x| — oo. Assume that
x; = (xi, yi, zj) satisfies lim; ,  [X;| = coand W~ (1) + 6 < W(X,’, 1) < WH(t) — 6 forall
t € [0, T]. It suffices to prove lim inf;_ o0 re[0, 7] VT/Z (x;, 1) > 0. It then follows from (1.19)
that

lim sup W (xi, yi, 2is 1)
A=00,91 121225 A2 1€[0,T)

~ min W . —R 24 (yi — R(O)sin0)2, 2.1 ) | =o0.
min (J(x, (6) cos6)? + (i (9)81n9),z,,t)’ 0
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Namely,
lim sup W (xi, yis Zis 1)
=0 |x;|eB(x;:2),t€[0,T]
— min ¥ (\/(x,- — R(0)cos0)? + (y; — R(0)sin6)2, z;, t) ’ =0.
0<6<2m
By the interpolation || - [|c1 < 2/l - coll - [ c2, we have
0 W(x;, 1)
2 Wix;.
0z '
.9 .
— min —WV \/(x,- — R(#)cos0)?2 + (yi — R(0)sinh)2, z;, ¢ —0.
0=6=2m 9z CO(B(x;:2)x10.T])

This together with (2.9) and Theorem 2.4 yields
lim inf W,(x;,1) > 0.

i—o0t€[0,T]

Consequently, (4.3) holds. For 0 < § < 8o with &g given in Lemma 2.3, it follows from (4.3)
and Lemma 2.3 that

W (x, y,Z2+ 06 (1 — efﬁ’) , t) + Sa(t)
is a supersolution of (1.6), where 8 > 0O sufficiently small and o > 0 large enough such that

op inf W.(x,y,2,1) > 2K sup | fueCua, 1)
W= () +8<Wx,HD<WT()=5 W= (1) +8<u<W+(1)—8,1€[0,T]

with K given in Lemma 2.3.

Suppose that W(x, t) satisfies (1.6) and (1.19). We now prove that W(x, 1) = W(x, t) in
R*. Assume that this is not true. Without loss of generality, we assume that W (x,0) < 1% (x,0)
but W(x, 0) # W(x, 0). We can choose a constant A > 0 large enough such that

W(x,0) < W(x,y,z+A,0) +6. (4.4)

Indeed, (4.4) is obviously true if |x|> < A2 for some constant A > 0 sufficiently large. If
|X|2 > A2, (4.4) follows from (1.19) and W, (x,y,z,t) > Oforall (x,y,z,¢) € R*. It then
follows from Lemma 2.3 and the comparison principle that

Wx, 1 +kT) < W (x, V.2 A+ a8 (1 - e—ﬂ<f+kT>) t kT) 4 Sa(t + kT)

for all (x, y,z) € R re [0, T] and k € N. Sending k — oo, we have
Wx, 1) < W, y,z+ A +08,1)

for all (x, y,z) € R3ands € [0, T].
Define

Ay :=inf {k € (—00, 00)|W(x, 0) < W(x, v,z+X,0) forall(x,y,z) € RS}.

If A1 =0, we get W(x, 0) < W(x, 0). Similarly, we can obtain W(x, 0) > W(x, 0). Thus,
VT/(x, 1) = W(x, t)forall (x,y,z) € R3ands € [0, T]. We prove A1 = 0 by a contradiction
argument. Assume that A1 # 0. Without loss of generality, we assume that A > 0. It then
follows from the strong maximum principle that

W(X,O) < VT/(x, v,z+ A1,0) forall(x,y,z) € R3.
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Fix Ry > O sufficiently large such that

20 sup |WZ(X, 0) <1,
lz+¢ (/X2 4+y2) =R —A1—1

where ¢ is defined in (2.15). Define
7+ ¢ (,/x2 + yz)

O:=[<x,y,z)eR3

fR]—A]—]]

For (x, y, z) € O, we have

v (,/x2+y2,z+A1,0) - v (\/x2+y2,z, 0)
> Ay inf w, (\/Jm z, 0) >0,

a”+8<W<at—§

+

where o™ are given in the assumption (H2). Then, we have

inf (\IJ (,/)c2 +y2, 74+ A1 — 206, 0) — v (,/x2 +y2,z,0)) > 0.

(x.y,2)€0
If x € O and [x] is large enough, say |x| > Rq for some Ry > 0, by (1.20), we get
W(x,0) < W(x,y,z+ Ay — 20¢,0)
for & > 0 small enough. If x € O N B(0; Ryp), we have
Wx, 0) < W(x,y.z+ A —20¢,0)

for sufficiently small 0 < ¢ < g due to the compactness of the set O N B(0; Rp) in R3.
Thus, we obtain that

W(x,0) < W(x,y,z+ A1 —20¢,0) inO. (4.5)

InR3 \ O, we have

W(x, v, 2+ A1 —20¢,0) — W (x, v, 2+ A1,0)

= 208/01 —W.(x,y,z+ A1 —200¢,0)d0 > —.

This yields

Wx,0) < W(x,y, 2+ A —20e,0)+¢ inR>\ O. (4.6)
Combining(4.5) and (4.6), we have

Wx,0) < W(x,y, 2+ A —20¢6,0)+¢ inR>.

It then follows from Lemma 2.3 that

1% (x, v, 2+ A1 —20e+o0¢ (1 — e_ﬁ’) , t) + ¢ea(t)
is a supersolution of (1.6) on R? x [0, co). Hence, we have

Wt +kT) < W (x, v, 2+ A — 208 + o6 (1 - e*ﬁ““‘“) 4 kT) +salt + kT)
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forallx e R3¢+ € [0, T]and k € N. Letting k — oo, we have
Wx, 1) < W, y, 24+ A —oe,1)

for all (x, B z) € R¥and ¢ € [0, T']. This contradicts the definition of A. Thus, A = 0 and
W(x, 1) = W(x, t) in R* follows.
Now we prove that (1.21) holds. Define

W(x.y.z,0) == max W (\/(x — &) + (y — n:(0)%, 2 — TRy, t)

and

W, y,2,1) = . rrelin W (\/(x — R(©)cos6)? + (y — R(9)sinh)2, z, t)

<0<2rm
forall (x, y,z,t) € R*. Then, Wi(x,y,z,t)and W (x, v, z, t) are a subsolution and a superso-
lution of (1.6), respectively. Thus, lim;—, ~ v(X, t; W(x, y, z, 0)) and lim;_, oc v (X, t; W(x, v,
z,0)) are solutions of (1.6) between W(x, y, z,t) and W(x, y, z, t). By the uniqueness
of the solution bounded between W and W, we have lim,_ o v(x, t; W(x, y,z,0)) =
limy o v(X, ; W(x, v,2,0) = W(X, t). Thanks to the continuity of v(x, ¢; vg) with respect
to vg, we get the desired result from the assumption (1.20). The proof is complete. O
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