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Abstract Let A be an Abelian variety of dimension n. ForO < p < 2n an odd integer, Samp-
son constructed a surjective homomorphism : J?(A) — A, where J” (A) is the higher Weil
Jacobian variety of A. Let @ be a fixed form in H!(JP(A), Q), and N = dim(J”(A)). He
observes that if the map 7 @NPLA ) HENJP(A), Q) — H' PP (A, Q) is injective,
then the Hodge conjecture is true for A in bidegree (p, p). In this paper, we give some clar-
ification of the approach and show that the map above is not injective except some special
cases where the Hodge conjecture is already known. We propose a modified approach.
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1 Introduction and results

A compact complex manifold X is projective if it is a submanifold of a complex projective
space PV . The Hodge conjecture is the following statement

Hodge conjecture Let X be a projective manifold. If u € H?P(X, Q)N HPP(X) then u
is a linear combination with rational coefficients of the classes of algebraic cycles on X.

There have been a lot of works on the conjecture; however, it is still very largely open (see
[2]). The case of Abelian varieties, on which the cohomology groups are explicitly described,
have been extensively studied, see Appendix 2 in [2]. In this case, also, the Hodge conjecture
is still open, even though many partial results have been obtained.
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Sampson [3] (see also Appendix 2 in [2]) proposed one approach toward proving the
Hodge conjecture for Abelian varieties using Weil Jacobians. He suggested that the Hodge
conjecture would follow if a certain map is injective. In this paper we show that in general
this is not the case. The main idea is that instead of showing that the map is not injective,
we show that the map is not surjective. It turns out that this conclusion is also valid for a
more general class of surjective homomorphisms of Abelian varieties. We also give some
clarification on the construction in Section 10 of his paper and propose a modified approach.

We will first recall some basic definitions.

1.1 Abelian varieties

Let A = V/L be an Abelian variety of dimension n. Here V = R?" is equipped with a
complex structure J: V — V with J 2 — _1, and L is a lattice of rank 2n. There is one
alternating bilinear form E:V x V — R such that E(Jx, Jy) = E(x,y), E(x,Jy) is a
symmetric and positive definite bilinear form on V, and E(L, L) C Z. There is associated
an integral Kdhler form on A, given by the following formula

w= ZE(ei, ej)dxi Adx/.
ij
Here ey, ..., e, are a basis for V, and x! is the real coordinate corresponding to e;. The

Kihler form w does not depend on the choice of the basis.
There is also associated a Hermitian metric

Hx,y)=Ex,Jy)—iE(x,y).

For more on Abelian varieties, see [1].

1.2 Weil Jacobians

Letey, ..., ez, be abasis for the lattice L. Let 0 < p < 2n be an odd integer. Define

p
v=AV.

We define L C V to be the lattice generated by the elements e; = Ajere;, where [ is a
multi-index of length p.

J defines a complex structure f onV by the formula T (er) = NierJe;.

E defines a bilinear form E on v by the formula E(e;, eyj) = det(E(e,, e])),gl jed-

It can then be checked that E is alternating, E(]x Jy) = E(x ¥), E(L L) C Z, and
E (e, Je J) is symmetric and positive definite. Thus J”(A) = v / L is an Abelian variety.

There is an injection f: H'!(J?(A), Z) — HP'P(A, Q), see Proposition 7 in [3].

1.3 Sampson’s construction
Starting from the Kéhler form o associated with the bilinear from, Sampson defines a sur-
jective homomorphism 7: V — V, which is C-linear and preserves the lattice L. Thus it

descends to a homomorphism 7: J”(A) — A.
The construction of Sampson is to assign directly

2n
w(er) = Y bje;.
j=1
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where b; comes from the coefficients of the form

P/,

and the inverse of the matrix (E(e;, e;)). Then he uses explicit computations to show that
the map 7 is surjective and C-linear.

First comment Here is our first comment. If we consider what happens with the pullback
map *: H LA, R) - H!(JP(A), R), then the above construction will look more transpar-
ent. In fact, let x' be the coordinate corresponding to ¢;, and x! the coordinate corresponding

to e;. Then we have
2n )
n(leel) = Z(Zb?x’)ej.
I

=1\ 71
Hence x/ = 3", b x!. From this, we obtain

7 (dxl) = bjdx!.
1

Here we recall that given a basis (v;) for a vector space, with corresponding coordinates 7,
then the form dz/ is given by dz/ (v;) = §;.

Now we make the following identification : H'(J?(A), R) — HP”(A,R). We assign
¥ (dx’) = Ajesdx’. Then, by using a quasi-symplectic basis ey, ..., ez, for L, we obtain a
very simple formula

Vo ¥ (dx!) = cdx! A 0PV/2,

Here c is a non-zero constant. Thus we see that ¥ o 7w * is, up to a multiplicative constant, the
Lefschetz map.

By the Lefschetz isomorphism theorem (see Lecture 11 in [2]), ¥ o 7™ is injective, and
hence 7 is surjective. The property that 7 is C-linear can also be checked by choosing the
basis Jey, ..., Jey, in the definition of the map ¥ o 7*.

1.4 Non-surjectivity of the pushforward

Let the notation be as in the previous subsections. Sampson’s proposed approach is as follows.
Let Z C JP(A) be a subvariety of appropriate dimension. If the map

ra e HPP(A, Q) — f(a) € HY'(JP(A), Q) > m.(f(@).Z) € HP'P(A, Q)

is injective, then it is also surjective and the Hodge conjecture follows.

A clarification By the Poincare theorem, the map 7 is, up to isogeny, of the form
pra:Ker(mw) x A” — A, where the projection from A" — A is an isogeny. In Section
10 in [3], Sampson proposed to use Z = Z’ x A’, where Z’ is a subvariety of Ker(r).
However, we can see easily from a dimensional consideration that such a choice cannot be
appropriate. In fact, if f(«) is a hypersurface in J?(A) which intersects Z’ x A, then f(«)
will intersect p x A’ for at least one point p € Z'. But then f(«a).Z’ x A’ has dimension at
least f(a).p x A’, and the latter has dimension at least dim(A) — 1. Hence the projection
of f(a).Z' x A’ to A contains a hypersurface of A, and is not of the desired codimension.

From the discussion given in Section 10 in [3], and given that in general we do not know
much about H**(A, Q) and H**(J?(A), Q) except the existence of an ample class, a natural
choice of Z is to be the self-intersection of an ample class on J” (A). We now show that in this
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case, the map ¢ is in general not surjective, and hence it is also not injective (by dimensional
considerations). While it is not easy to see directly whether the map ¢ is surjective or not
(since the definitions of the maps 7w and f are highly transcendental), it turns out that the
answer to a more general question is available.

Theorem 1.1 Let 7: A = V/Z — A = V/L be a surjective homomorphism of Abelian
varieﬁes. Let @ be a ﬁlc\ed form in HV1(A, Q). Let J and J be the complex structures on A
and A. Let N = dim(A) and n = dim(A). Let g be any integer with 1 < g < n.

1. Ifo(u, Ju) # 0 forall 0 # u € Hi(A, R), then
dim(z,@" "' A H" (A, Q) < dim H"' (A, Q).
2. Forany ®

n—q
7@ T A Y (A, Q) cRez \ HY (A, Q).

In particular; if diim H"~9"~4(A, Q) > dim A\"~? H"“!(A, Q), then the map
7@V A ) HY (A, Q) — H' 1A, Q)
is not surjective.

Proof 1. Let A= f/\/ Land A = V/L. Let E be the alternating form corresponding to @.
We define W C V to be the kernel of the map 7: V — V. Because the map 7 is C-linear, it
follows that JW = W. Moreover, since 7 is surjective, dim(W) = 2N — 2n.

We observe that if 7*(du) € 7*H'(A,R) and v € W, then

7 (du)(v) = du(w (v)) = du(0) = 0.

We let W to be the orthogonal complement of W, with respect to E.Because E(x, Jx) >
Oforall 0 # x € V, we have W N W+ = 0. Therefore, we have the decomposition

V=waew
We note that dim(W) = 2n.

We choose a basis eq,...exn—2, for W, and fi,..., fo, a basis for WL, We let
x!, o, x®¥ "2 and y!, ..., y*" be the corresponding coordinates. Then we have the corre-
sponding 1-forms dx!, ..., dx?N=21 gnd dyl, A dyz” onV.

By definition, we have

dy/(ei) =0

foralli, j. Comparing with the above computations and taking dimensions into consideration,
we conclude that 7*H' (A, R) is generated by dy!, ..., dy?".
From the discussion above, the form

® =Y E(ei.ep)dx’ ndx/ + > E(fi. fj)dy' Ady/ + > E(e;. f)dx' Ady’
= Zf(ei, ej)dxi Adx/ + Zf(fl-, fj)dyi /\dyj
has no cross terms. By point 5) we see that we can write ® = w| + wp, where w; involves
only dx’, and wy = 7*(a) € 7*H?*(A, R).
Moreover, we see that w; is the restriction of @ to W, and 7 * () is the restriction of @ to

W, Since W and W+ are both invariant under the complex structure 7, both forms w; and
* () are of type (1, 1). Then « is of bidegree (1, 1) also.
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We also have that both w; and « are rational. This again follows easily from the fact that
w1 and 7*(«) are the restrictions of @ to W and W+, and both LNWand LN W have
maximal ranks.

We now estimate the dimension of the image of the map

7@V A ) HYYA, Q) — HTTT(A, Q).

Let ug € H99(X, R). Then, for any divisor D € H"1(A, Q)

N—q—1 N—q—1

Ty (@ A D) Aug = 4 (D A *(ug) A D).

Using ® = w; + 7*(«), we have

NIV A T o) A D = (w1 + 7 @)Y I A 7 (ug) A D
= chwiv_q_l_j AT*(e)! A T* () A D.

J

Here c; € N are constants. Then, we have that the jth summand in the above sum is zero,
unless j +¢ <nand N —qg — 1 — j < N — n. Hence there are only two terms left

N N-n—1

oN I A (o) AD = c1w) AD AT @™ Aug) + Qw{v*”

AD A 5" 97 A ug).

This shows that
@V IV A D) = " A (10l T A DY A a4 a0} T A D))
We note that

mu(c1o)f VA D) Aa + (@) " AD) e HYY(A, Q).

From this it follows that 7, (@V—7—1 A HI! (Z , Q)) is contained in the image of the linear
map

oA HY (A, Q) > H'TYTU(AL Q).
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Therefore

dimg . @V~ A H"(A, Q) < dimg H"' (A, Q).

2. Now we consider a general form @ € H I’I(A\, Q). We can write

a == hm a[.
t—0

Here for ¢t # 0, then the bilinear form E of w; satisfies the condition E (x, 7> x) # 0 for

0+#xeV.Let De H'!(A, Q). We have

7@V A D) = lim @) 7' A D).
t—0
By the proof of 1), for each t # 0

n—q
m@, "'AD) e \ H'(A Q.

Therefore,

n—q
7@ AD) eR@z [\ H'' (4, Q.

Remark 1.2 The proof of Theorem 1.1 shows that even if we choose
_ ~N—g—1
Z = z w; ,
J

the map proposed by Sampson is not injective in general.
The following modification of the approach, requiring that
T (AVTTHDN P (4), Q) = H' 1" 9(A, Q)

may work.
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