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Abstract In this article, we give the integrability conditions for the existence of an isomet-
ric immersion from an orientable simply connected surface having prescribed Gauss map
and positive extrinsic curvature into some unimodular Lie groups. In particular, we discuss
the case when the Lie group is the euclidean unit sphere $* and establish a correspondence
between simply connected surfaces having extrinsic curvature K, K different from 0 and
—1, immersed in $3 with simply connected surfaces having non-vanishing extrinsic curva-
ture immersed in the euclidean space R3. Moreover, we show that a surface isometrically
immersed in $° has positive constant extrinsic curvature if, and only if, its Gauss map is a
harmonic map into the Riemann sphere.
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1 Introduction

In the classical theory of surfaces, the existence and uniqueness of a surface with prescribed
Gauss map and for which the first fundamental form is a conformal metric were deeply
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studied. For instance, in the euclidean case R3, Kenmotsu [9] gave a remarkable represen-
tation formula for arbitrary surfaces with non-vanishing mean curvature, which describes
these surfaces in terms of their Gauss map and mean curvature function. For the hyperbolic
space H3, the study of such surfaces and their geometry was done in [1], and for the euclid-
ean unit sphere $3, this topic was treated in [15]. The Gauss map of minimal surfaces also
was studied in some tri-dimensional homogeneous spaces; for instance, the Gauss map of
minimal surfaces immersed in H? or in the solvable Lie group Sols is a harmonic map into
%2 endowed with a certain Riemannian metric, see [8] and [10], respectively. For minimal
surfaces immersed in the Heisenberg Lie group Nilz, the Gauss map is a harmonic map into
the upper half sphere $> equipped with the Poincare metric, see [7]. Recently, for surfaces
having non-constant mean curvature immersed in a tri-dimensional homogeneous space, this
topic was treated in [6]. In particular, those surfaces having constant mean curvature were
object of a huge amount of investigation.

It is well known that surfaces immersed in a space form having nonzero constant mean
curvature are parallel to surfaces having positive Gaussian curvature (see, for instance [16],
Sect. 3). Under this framework, the natural question which arises is about the description
of surfaces in terms of their Gauss map and extrinsic curvature function. In this line, for
the euclidean case R3, the problem of existence of an immersion from a Riemann surface S
having a given Gauss map and a prescribed extrinsic curvature was treated in [5]. The study of
this problem for the hyperbolic case H3 was treated in [14]. Finally, in [2] was treated the case
of immersions in the euclidean sphere $* having negative extrinsic curvature K, K < —1
and —1 < K < 0.Inall these works, the key is to find a partial differential equation involving
the Gauss map and the extrinsic curvature which is equivalent to the integrability conditions.

In this article, in order to define a Gauss map we work on Lie groups, and we focus
our attention on unimodular Lie groups. More precisely, we are interested in the following
unimodular Lie groups, the euclidean space IR3, the canonical sphere $3, the Berger spheres,
the space T’EZZ(JR, 7), the Heisenberg space Nil3(t), the space Sols, see Sect. 3.1. The left
invariant Gauss map for surfaces in Lie groups, with bi-invariant metric, was treated in [13].

Using the group structure, we are able to find a partial differential equation involving the
Gauss map of the immersion and the extrinsic curvature which is equivalent to the integrability
equations for positive extrinsic curvature, see Theorem 3.5. When the extrinsic curvature K is
negative, there is an additional restriction on the values of K, see Theorem 4.4. In particular,
we prove that a surface isometrically immersed in the euclidean sphere $3 has constant
positive extrinsic curvature K if, and only if, the Gauss map g is a harmonic map into the
Riemann sphere $°.

In the case when the unimodular Lie group M is the euclidean sphere $°, we also prove that,
under some hypothesis, there exists a correspondence between simply connected surfaces
immersed in $3 having positive (negative, different from —1) extrinsic curvature K with
simply connected surfaces immersed in IR? having positive (negative) extrinsic curvature
K*, see Proposition 3.10 for K positive and Proposition 4.8 for a negative K. We apply these
results to construct an immersion in $3 having constant extrinsic curvature K = —2.

The outline of the article goes as follows. In Sect. 2, we deal with surfaces immersed in
a Riemannian manifold having positive extrinsic curvature. Taking a conformal parameter
for the second fundamental form, we establish a relationship which enable us to recover the
immersion from the normal vector, the extrinsic curvature and the basis point, see Proposition
2.1.1In Sect. 3, we define the Gauss map and we present the Lie groups which we are interested
in. We show the PDE involving the Gauss map and the extrinsic curvature which is satisfied
by an arbitrary immersed surface. Also we give the integrability conditions for the existence
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of such immersion, see Theorem 3.5. We finish Sect. 3 considering the case where the Lie
group is the euclidean sphere $. In Sect. 4, we consider orientable isometric immersion
having negative extrinsic curvature. Finally in Sect. 5, we construct an example of a surface
having constant extrinsic curvature K = —2.

2 Surfaces with positive extrinsic curvature

Let ¥ be a Riemannian surface and ¢ : ¥ — M be an isometric immersion in an oriented
three-dimensional Riemannian manifold M. Assume that ¢ has positive extrinsic curvature K ,
that is, such that the determinant of its shape operator is positive. Then, £ must be orientable
and we can choose a global unit normal vector field N such that the second fundamental
form 71 is positive definite. Given a local conformal parameter z for the Riemannian metric
11, the first and second fundamental forms of the immersion can be written as
I := (dg.dg) = Edz* 4+ 2F |dz|* + E dz°,
11 := (—=dN,dg) = 2p|dz|?,
where p is a positive function and 7 denotes the conjugate of z. The extrinsic curvature of X
2
is given by K = —%, where D = |E|*> — F? < 0.
Thus, the Weingarten equation remains

Vo N = %(F&Z—E%), 2.1

where, for instance, d, denotes g—,
Since z is a conformal parameter for the second fundamental form, 9, is simultaneously
orthogonal to N and to V3 N, and so

9, =a N x, VyN,

for some complex function «, where X, denotes the cross product at the tangent space T M
of M at the point ¢(z). Considering the inner product of 9, with V3_N, we obtain

—p = (8, VaN) = (N x, Vo.N, V5_N) = a K(N, 8, x d)
= aK|d, xy 0| =i« K /=D,

that is )
9, = —— N x, Vy.N.

VK

Thus, the integrability equation of the immersion, 0 = [9;, dz], is given by

0=V, (\/_—’f N x, vgz,N) — V. (ﬁ

1 1
= (=) N %, (vaz (\/—?v%zv) + V. (ﬁv;,zN)) :

Summarizing, we have

N x4 VaZN)

Proposition 2.1 Let ¢ : ¥ —> M be an isometric immersion from a Riemannian surface
Y into a three-dimensional Riemannian manifold M. Assume that ¢ has positive extrinsic
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curvature K, and let N be a unit normal vector field. Then,

i
3. = — N x, Yy N, 2.2)
Z \/? ¢ Z
where z is a local conformal parameter for the second fundamental form.
Moreover; the integrability equation, 0 = [9,, dz], is equivalent to

N x, (vaz (%V%N) + V. (%vazjv)) = 0. (2.3)

Observe that when M = IR, the cross product does not depend on the point ¢(z) and so
the immersion can be recovered, from (2.2), as

% JK N x N,

(see also [4,5]). Moreover, if K is a positive constant, then the integrability equation is
equivalent to N x Nz = 0, thatis, N : ¥ —> $2 is a harmonic map for the conformal
structure induced by the second fundamental form.

For a general ambient space M, the cross product depends on the point ¢(z) and so the
same process cannot be followed as in R?. However, when M is a Riemannian Lie group, an
alternative procedure can be used in order to recover the immersion ¢ in terms of its Gauss
map and extrinsic curvature, using (2.2).

3 The Gauss map

From now on, we assume that M is a Riemannian Lie group with a left invariant metric,
and let us choose a left invariant orthonormal frame {E1(q), E2(q), E3(q)}, g € M. For
simplicity, {E1, E2, E3} stands for {E(e), Ea(e), E3z(e)}, where e is the identity element
of M; that is, E;(q) = q E;, where we are using the product of the group M. A vector
w = w1 E| +wyE> + w3 E3 in the Lie algebra m of M will be denoted by w = (w1, wa, w3).

Let¢ : ¥ — M be an isometric immersion with positive extrinsic curvature, and N be
the normal vector to X such that the second fundamental form is positive definite.

Given a point p € X, we extend the normal vector N (p) € T, M, to a unique left invariant
vector field. Then, N (p) is associated with a vector N¢(p) in the Lie algebra m of M given
by

3
N(p) = D (N(p). Ei(p(p)E:.

i=1

or equivalently, using the group structure of M, N¢(p) = ¢(p)~' N(p).

N¢ : Y —> 82 C m is called the Gauss map of the immersion. As usual, we will also
call Gauss map to the composition g : ¥ —> C U {oo} of the stereographic projection (with
respect to the north pole) and N¢, that is,

_Ni+iN; G.1)
1= N3 '
Conversely, N¢ can be recovered from g as
1 . _
N® = (N1 N Ns) = s (s+28 —ig—2). —1+Ig). (3.2)
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Now, let z be a local conformal parameter for the second fundamental form and write

3
o(p) " 9(p) = D {9:(p), Ei(@(P)) Ei =: a1 E\ + a2E2 + a3 E3,

i=1

where ¢, denotes 9, in the Lie group M.
Since M is a Riemannian Lie group, we can rewrite (2.2) as

i
(ar, a2, a3) = — (N1, Na. N3) | (N)z + > Nia;T};, (Na).
iJ

+> Nia;T} . (N3): + > Nia;T} | . (3.3)
i,j i,j

where Fl].‘j are the Christoffel symbols associated with the orthonormal basis, that is,

VeEj(@) = 22:] Ff‘j Ei(g). Observe that I‘l{‘j are real constants since {E1(q), E2(q),
E3(g)} is a left invariant basis. Here, x denotes the standard cross product in the Lie algebra
m.

So, (3.3) can be considered as a system of linear equations in the unknowns ay, az, as.
Hence, as long as the discriminant of the above system is different from zero, we can determine
o(p)~' @.(p) in terms of the Gauss map and the extrinsic curvature of the immersion. As
we will see, once ¢(p)~! ¢, (p) is calculated we can compute the immersion ¢, up to left
translations. Thus, we will say that the immersion is determined in terms of its Gauss map
and its extrinsic curvature.

Moreover, note that N and K must satisfy the integrability condition (2.3), which can
again be rewritten in terms of N¢ and K using left translations in the Riemannian Lie group

M. That is, if we denote by V = (vy, v2, v3) the left translation of V,, (ﬁ%fN) to the

identity element e, then (2.3) is equivalent to

1
N is parallel to Re(V), withvy = [ —= [ (N)z + D @N,T};
VK Py

Zz
1
+—= > (Wwz+@N ) arh,, G4
\/f i,jl,m
where fRe(-) denotes the real part of a complex number.

Therefore, the Gauss map and extrinsic curvature of the immersion ¢ must satisfy (3.3)
and (3.4). Conversely, we obtain

Theorem 3.1 Let M be a Riemannian Lie group, and {E1(q), E2(q), E3(q)} a left invariant
orthonormal frame with associated Christoffel symbols Flkj Consider a simply connected
Riemann surface ¥, and let N¢ © ¥ —> $% C m be a map, and K : & — R be a positive
function. Assume that (ay, az, az) is a smooth solution to (3.3), so that (3.4) is satisfied.

Then, there exists a unique immersion ¢ : ¥ —> M, up to left translations, such that N¢
is its Gauss map, K is its extrinsic curvature and the conformal structure of X is that of the
second fundamental form induced by ¢, with

¢0(p) = a1(p)E1(p(p)) + a2(p) E2(¢(p)) + a3(p) E3(p(p)). (3.5)
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Proof First, assume the existence of an immersion ¢ satisfying (3.5). If we consider the

vector field N(p) = Ni(p)E1(p(p)) + N2(p)E2(p(p)) + N3(p)E3(¢(p)), then (3.3) is
equivalent to (2.2), that is,

9. = —— N x, Y, N.

VK

Hence, N is a unit normal vector field and so N¢ is its Gauss map. Moreover, K must be its
extrinsic curvature, and the conformal structure of X is that of its second fundamental form
because

i

(@7, —Vy.N) = R(N Xg Vo.N, —=Vy N) = 0.
Finally, we want to show existence and uniqueness to the first-order PDE
¢(p)"'¢:(p) = a1(p)E1 + az(p)E2 + a3(p) E3, (3.6)

in the simply connected surface X. To do this, we apply the classical Frobenius Theorem,
and so we need to prove that [¢;, ¢z] = 0. But, as we have shown previously, this condition
is equivalent to (3.4). Hence, once we prescribe an initial condition ¢(pg) = qo € M,
there exists a unique immersion ¢ : ¥ —> M such that (3.6) (or (3.5)) is satisfied with

®»(po) = qo- |

Remark 3.2 From the comments previous to the above theorem, it should be observed that if
there is no solution (ay, az, a3) to (3.3), so that (3.4) is satisfied, then there is no immersion
such that N¢ is its Gauss map, K is its extrinsic curvature and the conformal structure of ¥
is that of its second fundamental form.

3.1 Unimodular Lie groups

Since the Lie bracket and the cross product in the Lie algebra m are skew-symmetric bilinear
forms, they are related by a unique endomorphism L : m — m satisfying L(X x Y) =
[X, Y], forall X,Y € m.

The Lie group M is called unimodular if L is self-adjoint ([11], Lemma 4.1).

From now on, let us assume that M is unimodular. Then, since L is self-adjoint, there
exists a positively oriented orthonormal basis {E1, E2, E3} of m of eigenvalues of L, that is

[Ez, E3]l =c1Ey, [E3, E1]l=cE2, [E1, E2] =c3E3, (3.7)

for constants c1, ¢2, c3 € RR. Throughout this section, we will work with the left invariant
frame {E1(q), E2(q), E3(q)} of M, such that E;(e) = E;, i = 1, 2, 3 satisty (3.7), where e
is the identity element of M.

As usual, we define

_—catota 1=+ i tc—c3
M= M= M=
In terms of these new constants, we can write the connection of M as
Ve E1(q) =0 Ve E2(9) = m1E3(q) Ve g E3(q) = —pn1E2(q)
Vi) E1(q) = —2E3(q) Vi, E2(q) =0 Ve, E3(q) = m2E1(q)  (3.8)

VesE1(q) = n3Ea(q)  Viyg) E2(q9) = —u3E1(q) VEyg) E3(q) = 0.

In [12], Sect. 2.6 the authors classified, in terms of u;, i = 1, 2, 3, the simply connected
unimodular Lie groups. Here we present some of them:
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e R3 forpuy = pr = puz = 0.

o $3 forpuy = po =p3 = 1. )

e The Berger spheres, for u; = o =7, u3 = _277:, with 7 > 0.
T
__ 1+212 .
e PSLH(R,7),foru; = po = —1, u3 = , with 7 > 0.

T
Nil3(7), for w1 = up = 7, u3 = —t, with t > 0.
e Sols, foru; = —1,u2 =1, u3 =0.

These spaces are simply connected homogeneous three-dimensional manifolds. With excep-
tion of the Berger spheres, these spaces belong to the eight Thurston’s geometries. For further
details about them, see [3].

As a consequence, we obtain the following result for unimodular Lie groups.

Proposition 3.3 Let ¢ : ¥ —> M be an isometric immersion on a simply connected
unimodular Lie group M and {E1, E3, E3} be a positively oriented orthonormal basis of m
satisfying (3.7). Assume that ¢ has positive extrinsic curvature K and Gauss map g © ¥ —>
C U {o0}. Let z be a conformal parameter for the second fundamental form and denote

¢ "o, = a1 E1 + mEy + a3E3 = (a1, a2, a3).

Then,
a = 2.(ABVK —i((A +2)(B —2)u2 +2gCu3)) — g:(ABVK — i (A +2)(B — )iz +28Cu3))
B(B?K — C?papu3 + 11 (C2uz — (B — 2)% ) — iv/K (AP + |A + 2112 + 41817 143))
i — B (AB =2 — iBVK(A+2) —2gCu3) — g.(A(B — 2)iu1 + i BVK (A +2) +2gCus)
B(B2K — C2uaps + p1(C?uz — (B — 2)2u2) — ivK(APp1 + 1A + 2202 + 41g1213))
o= i (1 — 12)(8(8: — 8°8.) — 28, — 8°8)) + LB(sg, — 882)

B(B2K — C?paps + 1 (C2u3 — (B = 2)2p2) — i/K (AP + |A + 212 + 4122 u3) |
(3.9

where, A=g>—1, B=1+|g|?>, C=g—73, 5:g+§, L =2ivK + u + pa.

Proof A straightforward computation gives us that the discriminant of the system of linear
equations (3.3) is

B K — C?uaps 4 w1 (—(B — 2)%ua + C2u3) — ivVK (AP + 1A + 2P ua + 41gu3)
B2K

)

where N¢ is written in terms of g and the Christoffel symbols F,kj are obtained from (3.8).
Since this function does not vanish anywhere, we have a unique solution in the unknowns
ai, az, az. Thus, a long, but straightforward, computation gives (3.9). O

From the previous expression of the functions a;, we can compute the first and second
fundamental form of the immersion ¢ : ¥ — M. Bearing in mind that the expressions are
too long, we will write this calculation for the specially interesting case of simply connected
unimodular Lie groups with an isometry group of dimension larger than or equal to four. In
this case, we can assume (1 = 2.

Corollary 3.4 Let ¢ : ¥ —> M be an isometric immersion in a simply connected unimod-
ular Lie group M such that vy = wo. Assume that ¥ has positive extrinsic curvature K and
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1700 A. Folha, C. Peiiafiel

Gauss map g : ¥ —> CU{oo}. Let z be a conformal parameter for the second fundamental
form. Then, the coefficients of the first fundamental form are written in terms of g and K as
(8 Ri +8:2i B*VK + R2))(g: R +8.QiB>’VK + R2))
(B(B2K —4|g|* i3 — (B = 2)2uf — iv/K R2))?
8@ RiRy+ g R3) + gz(g: RaR1 + 2 R3))
IB(B2K —4igPpips — (B —2)*ud —ivK Ry

Moreover, the second fundamental form 11 = «/—D K |dz|? where D := |E|* — F% is
given by

— 2
4B* (Ralgl? = [2.P) + VK (.8: R1 — 8.8 R)
|B(B2K —4g|2mips — (B —2)2u? —iv/KRy)|*

Here, A, B, C and C were defined in Proposition 3.3 and

Ri = A%y — (A+2)%u + 4¢3

Ry = |APp1 + 1A+ 2y +4lg1Pus

Ry = 2B*K + A ui + |A +2* i + 81g1*(B — 2)* i3 + 16]g[*u3 — 2C°CP i
Ry = B’K +4)gl*uips + (B —2)%u?.

Once a1, ay, a3 are computed in terms of the Gauss map and the extrinsic curvature, observe
that N¢ and K must satisfy the equation (3.4). For instance, in the case of RR3 this fact
determines K in terms of N¢, up to a positive constant, (see [5], Theorem 3). Let us study
this equation for unimodular Lie groups with an isometry group of dimension larger than or
equal to four.

Theorem 3.5 Let ¢ : ¥ —> M be an isometric immersion in a simply connected uni-
modular Lie group M. Assume that ¢ has positive extrinsic curvature K and Gauss map
g X —> CU{oo}. Let z be a conformal parameter for the second fundamental form. Then,
when |11 = |12, the Gauss map satisfies

8:z=G18:871+G28:87: +G38,87+ G48.87: + G5K 87+ G6K 87 + G1Kzg, + GgKzg,,

(3.10)
i=4

here G; := G;(K) where, for Puu, m;.my,m3,ms) = Zmi|g|2i,

2%(BSx2 4+ 2B2x(P 2. p i:OP 2y —321g*(B -2 3
g(B°x* +2B~x(Po,42.1, )17 + P1,-5.13.0 1143 + P0,53,0,0013) lgl"( VL1 A3)

Gi(x) =
B3(B4x2 + p2((B — 202111 + 41g1213)2 + 2x (P1,0,6,0,) 13 + P0.4,—8.4,0) 11143 + 8g1413))
_ 2gpa (A + 61g1% — 1g1* P13,-10,3.0,1) )43 + 2(B — 2) P(—1,6,18,2,3) LT 13 + P(0,2,66,—18,14) L1 43)
B3(B*x? 4 117 (B — 2211 + 41g12113)? + 2x(P(1,0.6.0,) 47 + P0.4,-8.4.0)41 143 + 8gl*13))
o) 2ig(B = 2)(us — ) 2Bx? + Bxpf — i B2/x(x 4+ 1) Py 2003,00.0.0) = BTPC, s -2y 110,09
2(x) = :
2 2
B3x(x + pp) (B4x + P(mA;q—zm,m,o,O))
Gat) 2ig(B —2) (i1 — 3) @B ¥ + Bhapud + iVaAB2(x + 1) Py 203011000 = P, s a10s 11.0.0))
3(X) = 3
2 2
B/x(x + K1) (B4x + P(u1<4u372u1~u1~0~0)>
3 2 2
4¢°(B —2)(u1 — p3) (—33 x+ P(u%.smm—éuiuiom)
Ga(x) = —

2 2
B + uy) (34" + P(u|.4u3*2u1»u1,0,0))
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B2x + 11 Pluy dps—2p11,101.0,0)
4x(ﬁ +ipur) (BZ«/E + ip(m Az —2u ,;L],0,0))
B ig*(u1 — 13)
\/;(\/;4’ i) (BZ\/;“‘ iP(;LlA;L;fZ;Ll,;L[,O,O))
Moreover, the integrability equation (2.3) is equivalent to the equation (3.10).

Gs(x) = G7(x) =

Ge(x) = Gg(x) =

Proof First, once we have the immersion from X to M the vector field U = (u1, uz, u3) =
i~ '[¢,, p=] in the Lie algebra m of M is a null vector field, in particular, satisfies trivially
the complex equation u| + ius + guz = 0. Then, using this equation and its conjugate we
have a system in the unknowns {g.z, gz}, whose discriminant
16B2K
(BAK? + ui (B =221 + 4182 13)? + 2K (P(1,0,6,0.) KT + Po.4,-3.4,0 1113 + 8814 13))

is different from zero. After a tedious computation, we can solve the system obtaining equation
(3.10). So we proved that if (p" [oz, pz]1 = (0, 0, 0), then g satisfies equation (3.10).

Reciprocally, observe that it is easy to check that a real vector w = (wy, wp, w3) € m
satisfies that

w is parallel to N€ if, and only if, (|g|2 — D(w; +iwy) —2gw3 =0. 3.11)

Hence, if we consider w = fRe(V) in (3.4), then we obtain a unique complex equation in
the unknowns {g.z, g,z}. A direct computation shows that if g satisfies (3.10), then g solves
equation (3.11). O

From Theorem 3.1, we note that Proposition 3.3 and Theorem 3.5 also give the sufficient
conditions for amap N¢ and a positive function K to be the Gauss map and extrinsic curvature
of an immersion ¢ : ¥ — M, for the simply connected Riemann surface X.

Though the previous equations look like difficult to handle, they take an easier form when
we fix M. Thus, we will particularize for the three-sphere and obtain some consequences.

3.2 The canonical Sphere

In this section, we focus our attention on the canonical sphere $3. From the classification of
unimodular Lie groups, u; = py = uz = 1.

We consider a left invariant orthonormal vector field E;(g), i = 1,2, 3, in $3 such that
E;(e) = E;, where E; satisfies (3.7) and e is the identity element of $>.

Let ¢ : © —> $3 be an isometric immersion in $3. As before, we denote by

ai(p) = (Y(p), Ei(¥(p))), i=123.
Then, as a consequence of Proposition 3.3 and Corollary 3.4, we have

Corollary 3.6 Let  : ¥ —> $3 be an isometric immersion in $> with positive extrinsic
curvature K and Gauss map g : ¥ —> C U {00}. Let 7 be a conformal parameter for the
second fundamental form, then we have

(1 —gHg. +(g*— g,
(U +1gP2WEK —i)
i +8g+ 1 +¢H7)
A+ 1gP2WEK —1)
L= 2(g8: — 88)
(1+[g2(WEK — 1))

(3.12)
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Moreover; the first and second fundamental forms of the immersions are given by

P 4¢.3. e 2(1g:1* + Ig.1») 2
(1+1g1)2(—i + VK)? (1+1g1»%( + K)
4g78= d7
S+ g2 +~F>2 ’
12 _
174 f(|gz| |gz| ) |dZ|2.

(14 1g2(1 + K)
On the other hand, the integrability condition [/, ¥z] = 0 gives us how the extrinsic
curvature can be recovered in terms of the Gauss map,

Proposition 3.7 Let  : & —> 83 be an isometric immersion in $°. Assume that ¥ has
positive extrinsic curvature K and Gauss map g : ¥ —> C U {o0}. Let 7 be a conformal
parameter for the second fundamental form. Then, |gz1*> — |g:|*> > 0 and the equation
[V;, ¥z] = 0 is equivalent to

log 1-K-2%/K SN (Eg*—ggf-i-zé’?iggf_ggz)
VK o lgel? — g T T TR g2
(3.13)

Proof Since the second fundamental form of the immersion is positive definite, we have
from Corollary 3.6 that |g=|> — |g.|> must be positive.
On the other hand,

beZWZ Zalezofﬂ‘l‘Za,ajrlek o Q.
i i,j.k

Moreover, from (3.8), the Christoffel symbol I‘f‘j = =1 when {i, j, k} = {1,2,3} and
vanishes otherwise. So,
=y~ W, Yzl = @1, — a1z + 20005 — 2a3a@3, @, — arz + 2a3ay
—2aya3, a3; — a3z + 2a1a; — 2azay).
If we denote by V = (Vy, V2, V3) the previous vector and use (3.12), then the equality
Vi 4+iVa + gV3 = 0is equivalent to
] K
4 = l+f)K,+d2MKg+d3=0, (3.14)
K(z+f) K (=i +VK)

where
di = (1+|gPgz
dy = (1+1g)g:
d3 = 8g gz g. — 4g=(1+ Ig|*)

Thus, taking equation (3.14) and its conjugated, we obtain a system of linear equations in
—i+VE) . (+VEK)
KGi+VEK) = K(—i+VK)

1—-—K —2ivK (—i ++/ )
211 _— 3.15
(°g( NG )) K+ VB G-19

the unknowns

K7. Bearing in mind that
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The Gauss map and second fundamental form of surfaces... 1703

and that the discriminant of the system is (1 + |g|>)3(/g:|*> — |g=|?), which is different from
zero, we obtain (3.13).
Finally, it is easy to show that if (3.13) is satisfied, then the vector V vanishes identically,

that is, [¢;, ¥z] = 0. O
As an interesting consequence, we have:

Corollary 3.8 Let y : ¥ —> S° be an isometric immersion in $3, with positive extrinsic

curvature K, and Gauss map g : ¥ —> C U {oo}. Then, K is a positive constant if, and

only if, g is a harmonic map for the conformal structure induced by the second fundamental

form.

. . e — — _ 887 — 887

Proof From(3.13)and (3.15), K is constantif,and onlyif, g, 8.7 —8.8.7+28:8. TIIZ =
' - ' 8

0. Thus, considering this equation and its conjugate in the unknowns g,z and gz, K to be

constant is equivalent to

)

gz — 28872 =
D AR

as we wanted to show. O

From Theorem 3.1 and Proposition 3.7, we obtain necessary and sufficient conditions for
the existence of an immersion with positive extrinsic curvature in $3 in terms of its Gauss
map and the conformal structure of the second fundamental form. More concretely:

Corollary 3.9 Let X be a simply connected Riemann surface and g : ¥ —> C U {o0} a
differentiable map. Then, there exists an isometric immersion y : & —> 83 with Gauss map
g and such that the conformal structure induced by the second fundamental form is that of
¥ if, and only if,
|8zl — 1g:I* > 0 (3.16)
and there exists a positive function K solving the equation (3.13).
Moreover, ¥ is unique up to left translations.

It is well known that there exists a correspondence between isometric simply connected
surfaces having constant mean curvature Hj in R? and constant mean curvature H» in $°,
with le = Hz2 + 1. On the other hand given a surface ¥ having positive constant mean
curvature in R3 or constant mean curvature in $°, there exists a surface ¥/ parallel to ¥
having positive constant extrinsic curvature (probably, with singularities). As a consequence,
one can find a correspondence between simply connected surfaces having positive constant
extrinsic curvature in R? and simply connected surfaces having constant extrinsic curvature
in $3. The following result is a generalization of this correspondence.

Proposition 3.10 Ler : ¥ — $3 be an immersion having positive extrinsic curvature K
and Gauss map g. Assume

K
R ) . 3.17
(2«/1«1 + K))Z G4

Then, there exists an immersion y* : ¥ —> R> having the same Gauss map g, the same
conformal structure for the second fundamental form, and positive extrinsic curvature K*,

where K* is a solution of
. K)4
(log K*), = (log((l—’_;(/j)) . (3.18)
z
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1704 A. Folha, C. Peiiafiel

Conversely, let ¥* : ¥ —> R3 be an immersion having Gauss map g and positive
extrinsic curvature K*. If there exists a positive function K : ¥ —> R, such that (3.18)
is satisfied, then, there is an isometric immersion ¥ : ¥ —> $3 having positive extrinsic
curvature K, the same Gauss map g, and the same conformal structure for the second
fundamental form.

Proof In[5], Theorem 3 the authors gave a necessary and sufficient condition for the existence
of an immersion from ¥ in R? having a given Gauss map and conformal structure for the
second fundamental form. So, if we want to obtain an immersion ¥* : ¥ —> R3 having
the same Gauss map g and the same conformal structure for 7/, then g must satisfy

lgzl* — Ig:1* > 0; (3.19)

4 _ _ _ 887 — 887
Jm(\ —5—5 | 8827 — 88z +28:8, 5 =0, (3.20)
((|gz|2—|gz|2 ( e R

where Jm(-) denotes the imaginary part of a complex number.
Note that from Proposition 3.7, the equation (3.19) is satisfied. Using equation (3.13), we
show that (3.20) is equivalent to (3.17). In fact, by (3.13) and (3.15), for R = VK, we have

R—i 4 _ _ _ 887 — 887
Jm .72R,) ) = Z‘m((i (g 87— 8:8.:1+28:8, ~—=
((R<z+R> ) lgz1?—lgzI? "% T 41812 ) )

R—i
3 A § = 2RR:R,) — (1 + R®)R,z =
Jm ((R(i—i—R) Z)Z) 0 = ( 7R — (1 + )Rz 0

= R: =0
1+R2):

The last equality is equivalent to equation (3.17).
The converse is a direct consequence of Corollary 3.9. O

and

4 Surfaces with negative extrinsic curvature

This section is devoted to surfaces having negative extrinsic curvature. Let X be an orientable
smooth surface and ¢ : ¥ — M be an isometric immersion in an oriented three-dimensional
Riemannian manifold M. Assume that ¢ has negative extrinsic curvature K, that is, such that
the determinant of its shape operator is negative. Then, the second fundamental form is a
Lorentzian metric and ¥ can be considered as a Lorentz surface. So, there exist local proper
null coordinates (u, v), and we can choose N, a global unit normal vector field to ¥ such
that the first and second fundamental forms of the immersion can be written as

I := (dg, dg) = Edu® + 2Fdudv + Gdv?,
Il := (—dN,dy) = 2fdudv,

where f is a positive function. We will say that the unit vector field N is compatible with

such coordinates if f is a positive function.
2

The extrinsic curvature of the surface X is given by K = D where D = EG — F? > 0.

And, proceeding as in the previous case, we have
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Lemmad4.1 Let ¢ : ¥ —> M be an isometric immersion from an orientable Riemannian
surface ¥ into a three-dimensional Riemannian manifold M. Assume that ¢ has negative
extrinsic curvature K. Then, the Weingarten equations are

£ £
Vo N = 5 Fou —Egy) and Vo, N = 5(=Gou +Fop,). .1

where N is a unit normal vector field compatible with local proper null coordinates (u, v)
for the second fundamental form. Moreover,

1 1
Oy = jN X V(PMN and Oy = _?N X V‘ﬂvN’ (42)

VK VK

and the integrability equation [¢,, ¢,] = 0 is equivalent to

N X (VB“ (J%TVBI}N) + Vav (J%Tva“ N)) =0. (43)

In order to recover the immersion ¢ in terms of its Gauss map and its negative extrinsic
curvature, we assume that M is a simply connected Riemannian Lie group with a left invariant
vector field {E1(q), E2(q), E3(¢)}, g € M. Again, for simplicity, we set E; := E;(e), i =
1,2, 3, where e is the identity element of M.

Let (u, v) be a proper null coordinates for the second fundamental form, and N be a unit
normal vector field compatible with such coordinates. Considering the Lie group structure,
we write

3
o(P) " 9u(p) = D _{eu(p), Ei(p(p)) Ei =: a1 E1 + a2 E + a3 Es,
i=1
3
o(p) ' pu(p) = Z(%(p), Ei(p(p)) Ei = A1E1 + A2Ey + A3 E3,
i=1
3
N(p) = (N1, N2, N3) = D (N (p). Ei(p(p)) E:.
i=1

So, we can rewrite (4.2) as

1
(@1, 2. 23) = ——(N1. No, N3) x | (N1)u + D> Nia; T} (No),
/— K Iy,

+ZNiajF[2j, (N3)u + ZNia./'rgi
i,j i,J
—1

A, A, A3) =
(A1, A2, A3) Va4

(va N27 NS) X ((Nl)v

1 2 3
+ZNiAjFl‘j . (N2)y + ZNI‘A]‘FU » (N3)y + ZNiAjFij
i,j L] L]
4.4)

where Ff‘j are the Christoffel symbols associated with the orthonormal basis {E, E2, E3}.
Here, x denotes the standard cross product in the Lie algebra m.
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1706 A. Folha, C. Peiiafiel

The equations in (4.4) can be considered as a system of linear equations in the unknowns
ay, ay, az. Hence, as long as the discriminant of the above system is different from zero, we
can determine ¢(p)~! ¢, (p) and (p)~! ¢, (p) in terms of the Gauss map and the extrinsic
curvature of the immersion. As in the case when the extrinsic curvature is positive, the immer-
sion ¢ can be computed, up to left translations, if we have ¢( )" ou(p) and o(p) ! @y (p).
Thus, we will say that the immersion is determined in terms of its Gauss map and its extrinsic
curvature.

The unit normal vector N and the extrinsic curvature K must satisfy the integrability
condition (4.3) which can be rewritten in terms of N¢ and K, using the left translations in the

Riemannian Lie group M. Thatis, if we denote by V' the left translation of Vj, (ﬁ Va, N ) +

Va, (ﬁ Vo, N ) to the identity element e, the equation (4.3) is equivalent to

N¢€ is parallel to V. 4.5)

Then, the Gauss map and extrinsic curvature of the immersion ¢ must satisfy (4.4) and (4.5).
Proceeding as in the case of positive extrinsic curvature, we obtain the following results
which we will omit their proofs since they are analogous.

Theorem 4.2 Let M be a simply connected Riemannian Lie group, and {E1(q), E2(q),
E3(q)} a left invariant orthonormal frame with associated Christoffel symbols l"lk] Consider
a simply connected Lorentz surface £, N¢ : & —> $2 C w a differential map and K
¥ —> Ranegative function. Assume that (ay, ap, a3) and (A1, Ay, A3z) are smooth solutions
to (4.4), so that (4.5) is satisfied.

Then, there exists a unique immersion ¢ : ¥ —> M, up to left translations, such that
N¢ is its Gauss map, K is its extrinsic curvature and the structure of X is that of the second
fundamental form induced by ¢, with

ou(p) = a1(p)E1(p(p)) +ax(p)E2(p(p)) +a3(p) E3(p(p)), (4.6)
oo (p) = A1(P)E1(0(p)) + A2(p) E2(9(p)) + A3(p) E3(@(p)).

Now, we focus our attention on unimodular three-dimensional Riemannian Lie groups M
with isometry group of dimension larger than or equal to 4.

Proposition4.3 Let ¢ : ¥ —> M be an oriented isometric immersion on a simply
connected unimodular Lie group M with uy = o, and {E1, E», E3} be a positively oriented
orthonormal basis satisfying (3.7). Assume that ¢ has negative extrinsic curvature K, with

(=14 1g1»%u1 +4lgl*n3)?
1+ 1g»H*

K#-pi K#-

’

where (u, v) are proper null coordinates for the second fundamental form and g a Gauss
map of ¥ compatible with such coordinates. Denote

¢ oy = a1E| + ayEy + a3 Es,
¢ gy = AVE| + AyE> + A3 E;.
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Then,

i(V=KB(Agy—Ag,)+(B—2)(—(A+2)gu+(A+2)g, )11 + 2C(ggu + g8, )13)

"= B(/=K — 1) (V=K B2 — (B — 2)21 — 4g13)

ay — —V=KB(g(A+2)+8,(A+2) + (B —2)(Ag, + A, i1 +2C (g8 + 88,143
B(V=K — i) (V=K B — (B — 22111 — 41g]113)

ay = 2i(—88u +884) 7

V=KB?— (B —2)2u; — 4|g|*us

A = _i(«/jB(ng—AEU)—F(B —2)((A+2)gy — (A +2)g )1 — 2C(88y + 88, 13)
B(W=K + pu1)(W—=KB2 + (B — 2)%u1 + 4|g>13)

Ay = YKB@A+D +8,(A+2) + (B = 2)(Agy + AZ, )1 +2C@eu + 88,003

B(V—K + u))(W—=KB? + (B —2)%uu; + 4|g|?113)
As = 2i(—88v +88,)

VKB4 (B -2 +4gPus’

where A=g>—1, B=1+|g]*>, C=g—-35 C=g+g

Now, let us present a partial differential equation involving the Gauss map and the nega-
tive extrinsic curvature for the case when the ambient Riemannian manifold M is a simply
connected unimodular Lie groups with an isometry group of dimension larger than or equal
to four.

Theorem 4.4 Let ¢ : ¥ —> M be an oriented isometric immersion in a simply connected
unimodular Lie group M. Assume that ¥ has negative extrinsic curvature K with

(=14 1g1%u1 +4lg>n3)?

K - 23 K - )
#omn KF (L + 5P

where (u, v) is a proper null coordinates for the second fundamental form and g : ¥ —
C U {oo} a Gauss map of ¥ compatible with such coordinates. Then, when |, = Wy, the
Gauss map satisfies

8w = G18ugv+G2848, +G38,8v +G48,8, — G5 Kugy —G6Kugy — G1K v 84 — G Ky 8,
4.7
here G; := G;(K), where G;(x) is defined in Theorem 3.5.

Again we will particularize for the case when M is the three-sphere $°.

4.1 Surfaces with negative extrinsic curvature in $°

In this section, we work with surfaces immersed in $; for this, let us fix a left invariant
orthonormal frame {E(p), E2(p), E3(p)} on $3, as before, E; stands for E; (e), where e is
the identity element of $3, and {E\, E», E3} satisfies (3.7).

Lety : ¥ —> $3 be an orientable isometric immersion in $> having negative extrinsic
curvature K, K # —1. Let (u, v) be a local proper null coordinates for the second funda-
mental formand g : ¥ — C U {oo} a Gauss map of X compatible with such coordinates.
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1708 A. Folha, C. Peiiafiel

Then, the first fundamental form of X is given by
4gu§u 2
153 = du
(I = V=K)*(1 +[g»)?
4(§ugv +gu§U2) > udv + 4gvgv de‘
I+ K)(1+1g19) (I + V=K1 +[g*)?
In the next proposition, the integrability condition [y, ¥,] = O gives a relationship
between the negative extrinsic curvature and the Gauss map.

Proposition 4.5 Let  : & —> 83 be an orientable isometric immersion in 8. Assume
that ¥ has negative extrinsic curvature K, K # —1. Let (u, v) be a proper null coordinates
for the second fundamental formand g : ¥ —> CU{oo} a Gauss map of = compatible with
such coordinates. Then, i (8,8, — 8,8v) > 0, and the integrability equation [, Y] = 0 is
equivalent to

(1+V=-K* _ 4 _ - 288y — 88
log\ ———— == \ 8uluv — 8uBuy + 218ul” =75
- . Bu8v— 8uBy 1 +1gl

(—1+v=K)* 4 _ _ 8%, — 88\
log\ ——¢ = ————— | ot — 88w + 2 5
- ; 8u8v — 8u8y 1+ gl
(4.8)

As a consequence, we obtain a corollary which also was proved in [2], Theorem 3.1.

Corollary 4.6 Lety : & —> 83 be an oriented isometric immersion in $°. Assume that ©
has negative extrinsic curvature K, K # —1. Let (u, v) be a local proper null coordinates
for the second fundamental form and g : = — C U {00} a Gauss map of ¥ compatible
with such coordinates. Then, K is a negative constant if, and only if, g is Lorentz harmonic
map for these proper null coordinates.

From Theorem 4.2 and Proposition 4.5, we obtain necessary and sufficient conditions for
the existence of an immersion with negative extrinsic curvature in $3 in terms of its Gauss
map and the proper null coordinates determined by the second fundamental form. More
precisely:

Corollary 4.7 Let X be a simply connected Lorentz surface and g : ¥ —> C U {0} a
differential map. Then, there exists an isometric immersion  : & —> 8 having Gauss
map g, negative extrinsic curvature K and such that the Lorentz structure on X is that one
induced by the second fundamental form if, and only if,

i(gugv - gugv) > 07

and there exists a negative function K : ¥ — R — {—1} solving the equation (4.8).
Moreover,  is unique up to left translations.

Finally, we present a correspondence between simply connected surfaces having negative
extrinsic curvature in R? and simply connected surfaces having negative extrinsic curvature
@3
in$-°.

Proposition 4.8 Let T be a simply connected Riemannian surface and  : £ —> 83 be
an oriented isometric immersion having negative extrinsic curvature K, K # —1. Let (u, v)
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be a proper null coordinates for the second fundamental form of  and g : ¥ — CU {o0}
a Gauss map of ¥ compatible with such coordinates. Assume

(7_41(“ ) =0 4.9)
V-K1+K)), '

Then, there exists an isometric immersion ¥* : & —> R3 having the same Gauss map
g. The parameters (u, v) are proper null coordinates for the second fundamental form of ¥,
and g is compatible with such coordinates. Moreover, the immersion has negative extrinsic
curvature K*, where K* is a solution of

1++/—K)*
(log(( +_K ) )) = (log (K*)),
u (4.10)

—14/-K)* '
(log((tl())) = (log (K*),

Conversely, let y* : & —> R3 be an oriented isometric immersion from a simply
connected Riemannian surface, having negative extrinsic curvature K*. Let (u, v) be a
proper null coordinates and g a Gauss map compatible with such coordinates. If there exists
a negative function K : ¥ — R — {—1}, such that (4.10) is satisfied, then there is an
isometric immersion ¥ : ¥ —> 8> having negative extrinsic curvature K and the same
Gauss map g. Moreover, the parameters (u, v) are proper null coordinates for the second
fundamental form of ¥ and the Gauss map g is compatible with such coordinates.

5 Example

In this section, we construct an example of a surface ¥ immersed isometrically in the canon-
ical sphere $3, having constant negative extrinsic curvature K = —2. In order to do that,
we identify $3 with SU(2), the group of 2 x 2 unitary matrix with determinant 1. The
identification is given by

Z

zw e $Pc R =2 ( ’;’) e SUQ).

A basis of the Lie algebra su(2) of 83 satisfying (3.7) is

0 1 0 i i 0
El:(—l 0)’ Ez:(i 0)’ E3=(0 —i)'

We use Proposition 4.8 to construct a surface in $> having negative constant extrinsic
curvature. So, we take the pseudosphere in R? parametrized by

wR= sech v-u cos m , sech v-u sin viu s
2 2 2 2

v_u—tanh v .

2 2

The pseudosphere in R? has extrinsic curvature K* = —1, and the parameters (u, v) are
proper null coordinates for the second fundamental form. The unit normal vector compatible
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1710 A. Folha, C. Peiiafiel

with this proper null coordinates is

—(u+v) _
N = (N1, N2, N3) = 1/eLH»v(eM — eU)Z (—e cos (u —; U) sech (v ) M) s

2

ety 4y vV—u 2
— sin > sech 5 g |-

The Gauss map of the pseudosphere is

. (14D (u+v)
Ni+iNy, e 2 (e" — eV)y/ etV (et — ev)?
g= = :

1— N3 - e2v — p2u +2 eu+v(eu _ ev)Z

Note that any negative constant K different from —1 satisfies the equation (4.10), since
K* = —1. In particular, Proposition 4.8 ensures the existence of an immersion v in $>
having extrinsic curvature K = —2 and the same Gauss map g of the pseudosphere. From
Proposition 4.3, the vector fields

v = a1E) + ayEy + a3 B3,
V"W = AVE1 + Ay Ep + A3E3,

are determined by

0+ V2)e' T (" = ") cos (“52) + (¢ + e*) sin (“4Y))

a]
(et + ev)2
_ _ I+ \/E)eu;zrv ((eu + e?) cos ("'5”) — (e — ¢Y) sin (u—;v))
a = (eu +ev)2
2= LEYD (“3Y)
2 2

Al = (=1 ++/2)e'T" (=" + ¢”) cos (“£2) + (¢* + ) sin (“42))
(e + ev)?

A2 _ _(_1 + \/E)e"? ((ell +€v)COS (%) + (eu _ ev) sin (MT_H)))
(eu +ev)2

A3 = _L\@) tanh2 (u) )

2 2

We consider the change of variables 2t = v 4+ u, 2s = v — u. Then
Y = b1Ey + byEy + b3Es,
Y'Y, = BIE| + ByEy + B3 E3,
where b; = A; —a;, B; = A; +a;, i = 1, 2, 3. Note that the immersion ¥ is a revolution
surface and since b3 does not depend on 7, we can assume that
Y (s, 1) = (sin(a(s)) sin(B(s)) cos(r), sin(a(s)) sin(B(s)) sin(7),
cos(a(s)) sin(B(s)), cos(B(s))),

for some real functions o, 8. Recall that the vector field ¥~ in the Lie algebra of $3
is the left translation of v to the identity of $3. As we identified $° with SU(2), the left
translation is the product of matrices. So, the functions «(s), B(s) solve the system ¥/ (s, 0) =
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Y (s, 0) - ¥y(s, 0), with initial condition «(0) = %, BO) = E. We use the stereographic

2

projection in order to plot such a surface, see figure below.
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