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Abstract Let M be a complete, simply connected Riemannian manifold with negative cur-
vature. We obtain some Moser—Trudinger inequalities with sharp constants on M.
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1 Introduction

Moser [14] found the largest positive constant By such that if €2 is an open domain in R”,
n > 2, with finite n-measure, then there exists a constant Cp which depends only on n such
that if u# is smooth and has compact support contained in €2, then
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/ exp(Blul" " D)dx < ColQ] (L)
Q

for any B < Bp when u is normalized so that

/ |[Vu(x)|"dx < 1.
Q

In fact, Moser showed Sy = nwrl,/_(;'_l), where w,_1 is the surface measure of the unit sphere
in R”. This inequality sharpened the result of N. S. Trudinger [18]. In 1988, D. Adams
extended such inequality to high-order Sobolev spaces in R” via a quite different method. In
the case of unbounded domains, Ruf [16] and Li-Ruf [11] obtained the following inequality:

n—2

n/(n—1) B lu|*/ =1
) — — |Jdx < C 1.2
/R” exp(Bolul =2 < (12)

k=0

for any u € C3°(R") when u is normalized so that

/ (IVu@)|" + Ju(x)|")dx < 1.
RV[

The constant By in (1.2) is also sharp.

There has also been substantial progress for Moser—Trudinger inequalities on Riemannian
manifolds. In the case of compact Riemannian manifolds, the study of Trudinger-Moser
inequalities can be traced back to Aubin [3], Cherrier [4,5], and Fontana [6]. In particular,
the following Moser-Trudinger inequality is held in n-dimensional compact Riemannian
manifold (M, g) (see [6]):

sup / exp(ﬂ0|u|”/("_l))dvg < 0. (1.3)
Sy udvg=0. [, |Veul"dvg<1JM

The constant By in (1.3) is also sharp. In the case of complete noncompact Riemannian man-
ifolds, Yang [19] has showed that if the Ricci curvature has a lower bound and the injectivity
radius has a positive lower bound, then Trudinger-Moser inequality holds. However, the con-
stant obtained in [19] is not sharp. Furthermore, if M is the hyperbolic space H?, Mancini
and Sandeep [12] (see also [2]) proved the following inequality on H2:

6471142 -1
sup / ————dx < o0, (1.4)
ueCy (B2), fy2 |Vuldx<1J/B? (1= [x[»)?

where B2 is the unit ball at origin of RZ2. Furthermore, the constants 47 is sharp. Later,
inequality (1.4) has been extended by themselves and Tintarev [13] to any dimension.

To our knowledge, much less is known about sharp constants of Moser—Trudinger inequali-
ties on complete noncompact Riemannian manifolds except Euclidean spaces and Hyperbolic
spaces. The aim of this paper is to look for the sharp constants of Moser—Trudinger inequal-
ities on a complete, simply connected Riemannian manifold M with negative curvature. In
fact, the optimal constants turn out to be the same for every such M as they are in Euclidean
space. For simplicity, we also denote by A the Laplace-Beltrami operator on M and by V
the corresponding gradient. Let €2 be a domain in M. The Sobolev space Wé’"(Q) is the
completion of C§°(£2) under the norm

([ warav)" ([ wrav).
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One of our main results is the following
Theorem 1.1 Let M be a complete, simply connected Riemannian manifold of dimension
n > 2 and Q be a domain in M with |2| = fQ dV < oo. There exists a positive constant
C1 = Ci(n, M) such that for all u € Wol’n(Q) with fQ |Vu|"dV < 1, the following uniform
inequality holds

1
7/ exp(Bolul”""Dav < Cy. (1.5)
2] Jo

Furthermore, the constant By in (1.5) is sharp.

Next we consider the Moser—Trudinger inequalities on the whole space M. The basic idea
of the proof is given by Lam and Lu [8,9], and the main result is the following

Theorem 1.2 Let M be a complete, simply connected Riemannian manifold of dimension
n > 2 and t be any positive number. There exists a constant Co = Co(t, n, M) such that for
allu € WOI’" (M) with fM(IVuI” + tu|")dV < 1, the following uniform inequality holds

X n—2 ﬁ(1§|u|kn/(nfl)
/ exp(Bolul"/ "Dy = D" )av < C,. (1.6)
M

k!
k=0

Furthermore, the constant By in (1.6) is sharp.

2 Notations and preliminaries

We begin by quoting some preliminary facts which will be needed in the sequel and refer to
[7,10,17] for more precise information about this subject.

Let M be an n-dimensional complete Riemannian manifold with Riemannian metric ds>.
If {xi}lfisn is a local coordinate system, then we can write

d,S2 = Z g,-jdxidxj

so that the Laplace-Beltrami operator A in this local coordinate system is

1 o 0
A= e 117. B
Vg ox (ﬁg axf)

where g = det(g;;) and (g = (g,-.,-)’l. Denote by V the corresponding gradient.

Let K be the sectional curvature on M. M is said to be with negative curvature (respectively,
with strictly negative curvature) if K < 0 (respectively, K < ¢ < 0) along each plane section
at each point of M. If M is with negative curvature, then for each p € M, M contains no
points conjugate to p. Furthermore, if M is simply connected, then the exponential mapping
Exp, : TpyM — M is a diffeomorphism, where T, M is the tangent space to M at p (see e.g.
[7D).

From now on, we let M be a complete, simply connected Riemannian manifold with
negative curvature. Let p € M and denote by p(x) = dist(x, p) for all x € M, where
dist(-, -) denotes the geodesic distance. Then p(x) is smooth on M \ {p} and it satisfies

Vel =1, x e M\ {p}.

By Gauss’s lemma, the radial derivative 9, = % satisfies

0, f1 <IVfl, fecC (M. 2.D
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462 Q. Yang et al.

For any § > 0, denote by Bs(p) = {x € M : p(x) < 8} the geodesic ball in M. We
introduce the density function J, (0, t) of the volume form in normal coordinates as follows
(see e.g. [7], page 166-167). Choose an orthonormal basis {6, e>, ..., e,} on T, M and let
c(t) = Exp pt6’ be a geodesic. {Y; (?)}2<i<n are Jacobi fields satisfying the initial conditions

Yi(0)=0, Y/(0)=e¢;, 2<i<n

so that the density function can be given by

Jp@, 1) = 17" Jdet((Yi (1), Yj (1)), > 0.

We note that J,, (6, t) does not depend on {e», ..., e,} and J, (0, t) € C*°(T, M\{p}) by the
definition of J,, (6, t). Furthermore, if we set J,(6,0) = 1, then J,(6,t) € C(T,M) and

Jp@,0) =14+ 0(@?) as t — 0, (2.2)

since Y; (¢) has the asymptotic expansion (see e.g. [7], page 169)

3
Yi(e) = te; — %R(c’(t), e (1) + o),

where R(-, -) is the curvature tensor on M.
By the definition of J, (0, t), we have the following formula in polar coordinates on M:

[ o= [T [ 50,0 0000, e L,
M 0 sn—1

where do denotes the canonical measure of the unit sphere of 7),(M).

If M is with constant sectional curvature, then J, (6, t) depends only on ¢. We denote by
Jp(t) the corresponding density function if K = —b for some b > 0. It is well known that
Jo(t) = 1 fort > 0 since in this case M is isomorphic to the Euclidean space.

Finally, we recall a useful fact of J, (6, ) which play an important role in the study of
Moser—Trudinger inequalities. If the sectional curvature K on M satisfies K < —b, then (see
[7], page 172, line -2, the proof of Bishop-Gunther comparison theorem)

L 00,00 _ (0
T, ot T (@)

> 0. (2.3)

Therefore, since M is with negative curvature, we have
’
1 . 9J,(0,1) - Jo () _
Ip0.0) 8 T Jo)

which means J,, (6, t), as a function of # on [0, +00), is monotonically increasing.

)

3 Proof of Theorem 1.1

We firstly show the following pointwise estimates for f € C5°(M).
Lemma 3.1 There holds, for any f € C5°(M) and p € M,

=Y G.)
wn—1 Jm p"=1J,(0, p)

where wy,_1 is the surface measure of the unit sphere S"~! in R".

lf(p)l =
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Proof Since f has compact support, taking the radial derivative in an arbitrary direction, we

have
9
—f(p) =/ aldp
0o 9p

Integrating both sides over the unit sphere yields

(L) =] L e

Using polar coordinate and (2.1), we have

1 o0
e / / 19, f1dpdo
wn 1 sn-1
/ / IV fldpdo
Wp—1 gn—1

:wnl/' 7l "IJ(ep)

This concludes the proof of lemma 3.1.

=

We now recall the rearrangement of functions on M. Suppose F' is a nonnegative function
on M. The non-increasing rearrangement of is defined by

F*(t) = inf{s > 0: Ap(s) <t}, (3.2)

where Ap(s) = |[{x € M : F(x) > s}|. Here we use the notation |X| for the measure of a
measurable set ¥ C M.

Lemma 3.2 Let g = be in the Lemma 3.1. Then

1
P"17,(0.0)

—(n—1)/n
t
g*(t)s(n ) , t>0.
Wp—1

Proof Define, for any s > 0,

Ag(s) =/ dv =/ dv. 3.3)
{xeM:g(x)>s} {(p,@)eM:p"*]Jp(9,p)<x*'}

We note that p”’lj,,(e, p), as a function of p on [0, 400), is strictly decreasing since
Jp(8, p), as a function of p on [0, +00), is monotonically increasing. Therefore, for every
0 eSS lands > 0, the equation p”_lJp 0, p) = s~! has only one solution in (0, +00)
and we denote it by pg (s). Then pg (s) satisfies

po(s)" 1 Tp(6, po(s)) =5~

and

po(s)
Ag(s):/ dV:/ / p" 1,6, p)dodp.
{(p.0)eM:p"=17,(60.p) <5~} s=1.Jo

Therefore, since g*(t) = inf{s > 0: A,(s) < 1},
po(g* (1)) |
r=a o= [ [T 0,6, 0o, (3.4)
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where pg (g™ (1)) satisfies

po (& (1)~ T, (6, po(g* (1)) = (3.5)

g’
For simplicity, we set pg () = pp(g*(t)) in the rest of proof. Then,

po (1)
== [ [T 0 e

and py (1) satisfies

n—1 _
P ()" Jp(0, pp(1)) = 0

Thus, since J,(8, p), as a function of p on [0, +00), is monotonically increasing and
Jp(0, p) = Jp(6,0) = 1, we have

po (1)
= / / p" 1,6, p)dodp
Sn—] 0

po (1) .
< /S | / P10, pp(1))dodp
= 0

po(t) .
/ Jp0, po(1)) / " ldp |do
sn-l 0

1
_! / 7o, po() ol (1)do
n Sn—l
1 _
- / 1D @, (1)l (1) do
n Sn—l

n/(n—1)
] do

1 n—1
_! / [ 756, o5~ @)
Sn—]

n
1
= &' O Doy,

The desired result follows.

Define F**(t) = % f(; F*(t)dt, where F* is defined in (3.2). Before the proof of Theo-
rem 1.1, we need the following lemma from Adams’ paper [1].

Lemma 3.3 Let a(s, t) be a nonnegative measurable function on (—o00, +00) x [0, 4-00)
such that (a.e.)

a(s,t) <1, when 0 <s <t,
1/n

0 ’ 00 ’
sup (/ a(s,t)" ds +/ a(s, )" ds) =b < 00,
t>0 —00 t

where n' = . Then there is a constant ¢y = co(n, b) such that if for ¢ > 0 with

n—1°
o
/ e FWgr < co,
0
!

[, ¢ (s)"ds < 1, then
F(it)=t— (/OO a(s, t)qb(s)ds) ]

where
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Proof of Theorem 1.1. The proof use ideas from [1] and the main tool is O’Neil’s lemma
([15], Lemma 1.5). Letu € C§°(£2) be such that fQ [Vu|*dV < 1. Without loss of generality,
we may assume u > 0. By Lemma 3.1 and O’Neil’s lemma, for r > 0,

o0
u*(t) < (IIWI**(t)g**(t)Jr/ IWI*(S)g*(S)dt), (3.6)
n—1 t
_ 1
where g = TG0 By Lemma 3.2,
—(m—1)/n 1 —(n—1)/n

t 1 t
g < ( - ) L) = 7/ g*(s)ds < n( . ) NN

n—1 tJo Wp—1

Combining (3.6) and (3.7) yields

| (n=1)/n ot 00 1
u*(t) < (1/(”1)) (nt_n%/ |Vu|*(s)ds +/ |Vu|*(s)s_”%ds). (3.8)
nw,” 0 t

Following [1], we set

o (s) = (120e™) V" |Vul*(1Q2]e™). (3.9)

00 12
/ ¢ (s)"ds :/ (|Vul*)"ds :/ [Vu|"dV < 1.
0 0 Q

The auxiliary function a(s, t) is defined to be

Then

0, s < 0;
a@s,t)y =11, s <t (3.10)

i=s
nen ,t<s <00,

where n’ = n/(n — 1). It is easy to check

0 o0 1/n'
sup (/ +/ a(s, )" ds) =n.
t>0 —00 t
By Lemma 3.3,

/ e F gy = / " exp [—r + ( / " ats, z)¢>(s)ds) }1; < o0,
0 0 —00

t

> ;o [1S2e” o] )
/ als, D (s)ds = n|Q| =" !/ / |vu|*(s)ds+/ Vul*(s)s~ /" ds.
0 '

—c0 Qe

where

On the other hand, by (3.8),

1€2]
/ exp(Bolul"/"~)dv = / exp(Bolu* ()" "~ V)ar
& 0
)n/(nfl)

—1 —1
o] %(m—"T JEIVul ($)ds+ [ [Vul*(s)s™ T ds

< / e"“n—1 ds

0
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)n/(n—l)

ds.

—1 —1
/'Ql e(nf"T JE IVl (5)ds+ [ |Vul*(s)s~ "7 ds
0

Using the change of variables t — |2|e™, one can check that

)n/(n—l)

1 | |Gl (s)s~
7/ exp(ﬁ0|u|"/(7l71))dv < 7/ e(nt Jo IVul*(s)ds+ [ [Vul*(s)s ds ds
12 Ja 1€2] Jo

o0
=/ e FOgr < .
0

This concludes the proof of the first statement of the theorem.
To prove the second statement, we let 2 = By = {x € M : p(x) < 1}. Set, for each
e € (0,1),

. (Ine="H~'In p, on By \ Bg;
Jex) = [1, on B,,

where B, = {x € M : p(x) < ¢}. We compute

1 1
/ n—=T 1 Jy(0, n—T1
195elly = (Jyp, IVA1AV) ™ = ol (s f) o 222 pdo )

&
|B,| =/ dV:/O /S_l 0" 1,6, p)dpdo.

By the asymptotic expansion of J, (6, p) (see (2.2)), it is easy to check

and

—1
lim VA" e =V lim IniB:|" _ @3.11)
e—0+ n n—1 e—0+ Ine~!

Now assume that

I 1l )"
w/zge"p[’g(nmnn) }dvfcl

for some B > 0. Using the fact f; = 1 on B,, we have

| Be | 1
exp\ B ) =C1.
|B| IV fellz

B < (InCi+In|B|+In|B| ™) IV Ll
Passing the limit ¢ — 0+ and using (3.11) yields
1/(n—=1)
n—1 .

B <nw

This concludes the proof of Theorem.
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4 Proof of Theorem 1.2

The proof of Theorem 1.2 follows closely Lam and Lu’s proof (see [8], section 2 or [9], section
5). Letu € C3°(M) be such that fM(|Vu|" + t]u|")dV < 1. Without loss of generality, we
may assume u > 0.
1
Set A(u) = 2~ »=D rnl lull, and Qu) = {x € M : u(x) > A(u)}, where |u|, =
J [3y lul"dV . Then

Aw)' = 2_"]TIT||M||" <tlull, =7t / lul"dV < 1; 4.1)
JM
1
[€2(u)] =/ dv < lu|"dV
Q) AW Jaw)
< / u["dv =217l 4.2)
Aw)" [y

We write

n=2 pk, tkn/(n—1)
nfn— Bolul
/m(wm&mu“ RED N )dv
M :

k=0
n=2 nk 1kn/(n—1)
:/ exp(lg0|u|ﬂ/('t*1))_ZM dv +
Q) =0 k!
n=2 pk, kn/(n—1)
/ eXp(ﬂ()'uln/(n_]))_ZL dv
M\Q(w) pard k!

=11 + Db,.

By @), M\ Qu) ={xeM:0<ux) <Aw} Cc{xe M :0 <u(kx) <1}
Therefore,

n—2

J1) ’3(/;|u|kn/(n—l)
b= [ (et - 3 PR av
M\Q () Z k!

k=0

/ ’30| |/<n/(n l)dV
M\Q(u)k —n—1 !

IA

/ ﬂol |kl’l/(n—l)dV
{xeM:0<u(x)<l} k=n—1 "

Bs
/{xe Z k,| ul"dv

O<u(x)<l1} k=n—1

(k1 )/|mv
(k > ) | @3

@ Springer

IA
S

IA

MgQMg

IA



468 Q. Yang et al.
Now we will show I is also bounded by a constant C3(z, n, M). Set
v(x) =ulx) — A(u), x € QLu).
Then v € W, " () and
ul” = @+ A@)" < PI" + 22" (" T AW + Aw™), 4.4
where we used the following elementary inequality
(a+b)? <al+q29 @9 b+ b7, g=1, a,b>0.
By Young’s inequality,
, , AW 1
ol A = o~ A 1 < MEAWT L 4.5)
n n
Combing (4.4) and (4.5) yields
/ ! /zn/_lA n ! ! ! ’
|u|n E |v|n + n (M) |U|” +2n —1 +n/2n —IA(u)n
n
2" A" :
_ (1 n '(”)') ol + Ca, 4.6)
n—1
where
Cy=2"""4n2"TAW)". 4.7
Set
4 n—1
2V A"\ "
_ (1 L 2Aw) ) ,
n—1
Since v € Wol‘" (2), so does w. Moreover, by (4.6),
ul” < [w]" + Cq. 4.8)
We compute
on '—1 A n
/ vy = (14 2 AWE \Vol"dV
Q) n—1 Q(u)
2n71 A n
Y P Ol |Vu|"dV
n—1 Q(M)
2" AWl
l+ —— |Vu| dv
n—1
on '—1 |A(u)|n
1+ =" |u| dv ). 4.9)
n—1
Therefore,
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= on '—1 n o
(/ |Vw|”dV) 1+ AW )(1—r/ Iul"dV)
Q) n—1 M
1
)(1 _ r/ |u|”dV) "
M

H*/ y dv)(l_,/ urav)”
o) (55 o)

(4.10)

1+
(5
<
s

IA

To get the second inequality in (4.10), we use the following elementary inequality
(I-a)<l-gqga, 0<a<l1, 0<g<1

By Theorem 1.1, there exists a constant Cs = Cs(n, M) such that

exp(Bolw|"/"~)dV < Cs. (4.11)
12| Jaw

We have, by (4.8), (4.11) and (4.2),
n=2 pki 1kn/(n—1)
11=/ exp(ﬁo|u|"/("*“)—ZM dv
Q(u) =0 k!

< / exp(Bolul"~)av = / exp(Bolul” AV
Q(u) Q(u)

<e ex 0| w
C4/ p(Bolw|")dV
Q(u)
< “Cs|Qu)|
C P
< 0521t 4.12)

This concludes the proof of the first statement of the theorem.
To prove the second statement, we employ the following Moser function sequence:

(In 8*1)(”*1)/", on Bgs;
ge(x) = —7o x 1 (Ine=H) =" In(8/p). on Bs \ Bes:
Wn 0, on M \ Bs,

where § > 0 and ¢ € (0, 1). We compute

1 —1\n—1 &8
/ g I"dV = %/ / "1 1,(0, p)dpdo +
M wWp—1 0 gn—1
1 1)
e [ [ w0 5,6, pidoder
a)n,IIHE 8 Jsn—1

Ing~! 9 J, (0,
/|Vgg|”dV= ne // LACY e
M Wn—1 Jes Jsn—1 P

By the asymptotic expansion of J, (0, p) (see (2.2)), we have

1
/ lg:"dV = 0" (ne™"y") + 0 ( 1) :
M Ine—
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/ Vg |"dV = 1 + 0(2).
M

1

Letg, = g5/||g6||W3 "y It follows that, for 8 > By = nwl/(q’ ,

Thus

_ 3 Br|ge[kn/ =D

/ exp(BIg. "/ ") — 27 av

M k=0

ki3 jkn/(n—1)
z/ exp(BIg.|"/" V) — ZL v
BsB k=0
1 ‘/<” v om —1\n—2 # n—1
=11 “n—1 + O0((ns™H"%) NG Jp(0, p)dpdo
0 N

_ B
1\ ,7&=D
(g) n—1 0(1)+0((1n8—1)n—2) wn718n8n(1+0(82))—> +00

as ¢ — 0+. This shows

ky,, 1kn/(n—1)
sup [ ((exp(plup ) - 275 i 4V = too

ueWy" (M)’ M k=0

if B > Po. The proof of Theorem 1.2 is thereby completed.
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