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Abstract We consider the nonlinear problem

Tu=f(x,u) in ,
(P) [u=0 on RV\Q

in an open bounded set 2 C RV, where I is a nonlocal operator, which may be anisotropic
and may have varying order. We assume mild symmetry and monotonicity assumptions on
I, Q and the nonlinearity f with respect to a fixed direction, say x1, and we show that any
nonnegative weak solution u of (P) is symmetric in xj. Moreover, we have the follow-
ing alternative: Either # = 0 in , or u is strictly decreasing in |x|. The proof relies on
new maximum principles for antisymmetric supersolutions of an associated class of linear
problems.
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1 Introduction

In this work, we study the following class of nonlocal and semilinear Dirichlet problems in
a bounded open set @ C RV:

Tu= f(x,u) in Q;
(P) ‘u:O on RM\Q.

S. Jarohs - T. Weth ()
Goethe-Universitit, Frankfurt, Germany
e-mail: weth@math.uni-frankfurt.de

S. Jarohs
e-mail: jarohs @math.uni-frankfurt.de

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-014-0462-y&domain=pdf
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Here, the nonlinearity f : 2 xR — Ris a measurable function with properties to be specified
later, and 7 is a nonlocal linear operator. Due to various applications in physics, biology
and finance with anomalous diffusion phenomena, nonlocal problems have gained enormous
attention recently. In particular, problem ( P) has been studied with I = (—A) 3 , the fractional
Laplacian of order & € (0, 2). In this case, special properties of the fractional Laplacian have
been used extensively to study existence, regularity and symmetry of solutions to (P). In
particular, some approaches rely on available Green function representations associated with
(—A) 3 , (see, e.g., [6,7,10-12,14]), whereas other techniques are based on a representation
of (—A)% as a Dirichlet-to-Neumann map (see, e.g., [8,9,17]). These useful features of the
fractional Laplacian are closely linked to its isotropy and its scaling laws. However, in the
modeling of anisotropic diffusion phenomena and of processes which do not exhibit similar
properties, it is necessary to study more general nonlocal operators /. In this spirit, general
classes of nonlocal operators have been considered, e.g., in [2,3,15,16,19,25].

In the present work, we consider (P) for a class of nonlocal operators 7, which includes
the fractional Laplacian but also more general operators which may be anisotropic and may
have varying order. More precisely, the class of operators / in (P) is related to nonnegative
nonlocal bilinear forms of the type

1
S, v) = 3 / /(M(X) —u(y)(v(x) —v(y)J(x —y) dxdy (1.1)
RN RN

with a measurable function J : RN\{0} — [0, c0). We assume that J is even, i.e., J(—z) =
J(z) for z € RV\{0}. Moreover, we assume the following integral condition:

JD /min(l, 1z?) J(2) dz < 00 and / J(z) dz = oo.
RN RN
By similar arguments as in the recent paper [16], we shall see in Sect. 2 below that this

assumption ensures that _¢ is a closed and symmetric quadratic form in L%(Q) with a dense
domain given by

2(Q) = {u : RY — R measurable : HJ(u,u) <oo and u=0on RN\Q}. (1.2)

Here, and in the following, we identify L2(2) with the space of functions u € L2(RN) with
u = 0 on RV\Q. Consequently, ¢ is the quadratic form of a unique self-adjoint operator 1
on L2(), which also satisfies

[1u)(x) = lim / (@) —u()J(x —y)dy for ueC*(Q), xeRY
ly—x|ze

see Corollary 2.4 below. One may study solutions « of (P) in strong sense, requiring that u is
contained in the domain of the operator /. However, it is more natural to consider the weaker
notion of solutions given by the quadratic form _¢ itself. More precisely, we call a function
u € 2(R) a solution of (P) if the integral fQ f(x,u(x))p(x) dx exists forall ¢ € 2(2) and

F(u, ) :/f(x,u(x))go(x) dx forall ¢ e 2(Q).
Q

We note that the fractional Laplacian [ := (—=A)¥/2 corresponds to the kernel J(z) =

~N/29a-2F 5%

cnelzl VT with ey = a2 — a)n re-9)-

Our paper is motivated by
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recent symmetry results for nonlinear equations involving the fractional Laplacian (see
[4,6,10,11,14,20]). More precisely, we present a general approach, based on maximum prin-
ciples for antisymmetric functions, to investigate symmetry properties of bounded nonnega-
tive solutions of (P) in bounded Steiner symmetric open sets 2. We claim that this approach
is simpler and more general than the techniques applied in the papers cited above. In partic-
ular, it also applies to anisotropic operators and operators of variable order. To state our main
symmetry result, we first introduce the following geometric assumptions on J and the set €2.

(D) Q@ c RV isan open bounded set which is Steiner symmetric in x, i.e., for every x € Q
and s € [—1, 1], we have (sx1, x2,...,xy) € Q.

(J2) Thekernel J is strictly monotone in |x1], i.e., forall 7’ € RY=1 5,1 € Rwith |s| < |f],
we have J (s, 7)) > J(t, 7).

Note that (J2) in particular implies that J is positive on RV \{0}. We may now state our main

symmetry result.

Theorem 1.1 Let (J1), (J2) and (D) be satisfied, and assume that the nonlinearity f has
the following properties.

(F1) f: QxR — R, (x,u) — f(x,u) is a Carathéodory function such that for every
bounded set K C R, there exists L = L(K) > 0 with

sup | f(x,u) — f(x,v)] < Llu —v| for u,vek.
xeQ

(F2) fissymmetricin x| and monotone in |x1|, i.e., foreveryu € R, x € Qands € [—1, 1],
we have f(sx1,Xx2,...,xn,u) > f(x,u).

Then, every nonnegative solution u € L°°(Q2) N 2(2) of (P) is symmetric in x|. Moreover,
either u = 0 in RN, or u is strictly decreasing in |x1| and therefore satisfies

esi(inf u >0  forevery compact set K C Q. (1.3)

Here, and in the following, if 2 satisfies (D) and u : 2 — R is measurable, we say that u is

o symmetric in x1 if u(—xy, x’) = u(xy, x’) for almost every x = (x1, x") € Q.
e strictly decreasing in |x1| if for every A € R\{0} and every compact set K C {x € Q :

2L > 1} we have

essinf [u(2A — X1, X2, ..., XN) — u(x)] > 0.
xekK

Remark 1.2 We wish to single out a particular class of operators satisfying (J1) and (J2).
Leta, B € (0,2), c > 1 and consider a measurable map k : (0, oo) — (0, co) such that

o N

Cc

<k(p) <cp™ % forp<land k(p)<co NP for p=>1.

Suppose moreover that k is strictly decreasing on (0, 00), and let | - | denote a norm on RN
with the property that |(s, z')|z < |(z, 2')|; for every s, ¢ € R with |s| < |t] and 7’ € RN-L
Then, the kernel

J R0} > R,  J(2) = k(|z]2) (1.4)

satisfies (/1) and (J2). As remarked before, the case where | - |3 = | - | is the euclidean
norm on RV and k(p) = cN,ap_N % corresponds to the fractional Laplacian I = (—=A)2/2,
The class defined here also includes operators of order varying between 0 and o € (0, 2).
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In particular, zero-order operators are admissible. Moreover, the choice of non-Euclidean
norms | - |4 leads to anisotropic operators. In particular, for I < p < oo, the norm

N 1/p
x|z = |x]p = (leil”) for x e RN (1.5)
i=1

has the required properties. We also remark that the very recent work [19] of Kassmann and
Mimica shows that harmonic functions with respect to the operator in (1.4) are continuous (a
probabilistic definition of harmonicity is used in [19]). We therefore conjecture that in this
case, solutions u € L (2) N Z(2) of (P) are also continuous if we assume in addition that
f is locally bounded in u uniformly in x € Q. Up to now, this seems open.

As a direct consequence of Theorem 1.1, we have the following. Here, e; € RY denotes
the j-th coordinate vector for j =1, ..., N.

Corollary 1.3 Let J(z) = k(|z|p), where k is as in Remark 1.2, 1 < p < ocand |- |, is
given in (1.5).

(i) Let Q C RY be Steiner symmetric in X1, ..., Xy, i.e., foreveryx € Q, j =1,..., N
ands € [0, 2], we have x —sxje; € Q. Moreover, let f fulfill (F1) and be symmetric and
monotone in xi, ..., xy, Le., foreveryu e R, x € Q, j=1,...,Nands € [0,2], we
have f(x —sxjej,u) > f(x,u). Then, every nonnegative solution u € L ()N 2(Q2)
of (P) is symmetric in x1,...,xN. Moreover, either u = 0 in RY or u is strictly
decreasing in |x1|, ..., |xy| and therefore satisfies (1.3).

(ii) If p =2, Q C RY isaball centered in 0 and f fulfills (F1), (F2) and is radial in x, i.e.,
fx,u) = f(lxle1, u) for x € Q, then every nonnegative solution u € L*(2) N 2(Q)
of (P) is radially symmetric. Moreover, either u = 0 in RN or u is strictly decreasing
in |x| and therefore satisfies (1.3).

In the special case where I = (—A)%, a € (0,2), Theorem 1.1 has been obtained by

the authors in [20, Corollary 1.2] as a corollary of result on asymptotic symmetry for the
corresponding parabolic problem. While some of the parabolic estimates in [20] are not
available for the class of nonlocal operators considered here, we will be able to formulate
elliptic counterparts of some of the tools from [20] in the present setting. Independently
from our work [20], a weaker variant of Theorem 1.1 in the special case I = (—A)%,
restricted to strictly positive solutions, is proved in the very recent preprint [4, Theorem 1.2],
where also related problems for the fractional Laplacian with singular local linear terms are
considered. Corollary 1.3(ii) for I = (—A)%, a € (0, 2) has been proved first by Birkner,
Lépez-Mimbela and Wakolbinger [6] for I = (—A)% and a nonlinearity f = f(u) which
is nonnegative and increasing. In the very recent papers [10,14], Corollary 1.3(ii) is proved
for strictly positive solutions in the case I = (—A)? under different assumptions on f. The
proofs in these papers rely on the explicit form of the Green function associated with (— A)%
in balls.
In order to explain the difference between considering nonnegative or positive solutions, we
point out that the conclusion (1.3) can be seen as a strong maximum principle for bounded
solutions of (P) in open sets satisfying (D), which has no counterpart in the context of the
corresponding Dirichlet problem

(1.6)

—Au= f(x,u) in
u=>0 on 0RQ.
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Note that we do not assume €2 to be connected in Theorem 1.1, but even in domains Q C
RV the assumptions (D) and (F1), (F2) do not guarantee that nonnegative solutions of
(1.6) are either strictly positive or identically zero in €2, see, e.g., [21] for examples for
nonnegative solutions of (1.6) with interior zeros. The positivity property (1.3) can be seen
as a consequence of the long-range nonlocal interaction enforced by (J2). Note that (J2) is
not satisfied for kernels of the form

2> J(@) =10l ™V with «€(0.2), r>0. (1.7)

It is therefore natural to ask whether a result similar to Theorem 1.1 also holds for kernels of
the type (1.7), which vanish outside a compact set and therefore model short-range nonlocal
interaction. Related to this case, we have to follow result for a.e. positive solutions of (P) in
Q.

Theorem 1.4 Let Q2 C RN satisfy (D), and let the even kernel J : RN \{0} — [0, 00) satisfy
(J1) and

(J2) Forallz e RN=L st e Rwith|s| < |t| we have J (s, z') > J(t, Z'). Moreover, there
is ro > 0 such that

J(s,2) > J(t,2) forallZ e RV "Vands,t € R, with|Z'| < roand|s| < |t] < ro.

Furthermore, suppose that the nonlinearity satisfies (F1) and (F2). Then, every a.e. positive
solution u € L*° () N 2(R) of (P) is symmetric in x| and strictly decreasing in |x| on 2.
Consequently, it satisfies (1.3).

Note that the kernel class given by (1.7) satisfies (/1) and (J2)'. We recall that Gidas, Ni
and Nirenberg [18] proved the corresponding symmetry result for strictly positive solutions
of (1.6) under some restrictions on 2 which were then removed in [5]. These results rely on
the moving plane method which, in other variants, had already been introduced in [1,24]. For
nonlocal problems involving the fractional Laplacian, the moving plane method was used in a
stochastic framework by Birkner, Lépez-Mimbela and Wakolbinger in the above-mentioned
paper [6]. Chen, Liand Ou [11] used the explicit form of the inverse of the fractional Laplacian
to prove symmetry results for / = (—A)Z and f(u) = u™+0/NV=2) jn RN For this, they
developed a variant of the moving plane method for integral equations. Similar methods were
used in the above-mentioned papers [10, 14].

The results on the present paper rely on a different variant of the moving plane method
which partly extends recent techniques of [13,20,23] and, independently, [4]. More pre-
cisely, we show that (J 1) and (J2)—or, alternatively, (J2)'—are sufficient assumptions for
the bilinear form _¢# to provide maximum principles for antisymmetric solutions of associ-
ated linear operator inequalities in weak form, see Sect. 3. Here, antisymmetry refers to a
reflection at a given hyperplane. Combining different (weak and strong) versions of these
maximum principles, we then develop a framework for the moving plane method for non-
negative solutions of (P), which are not necessarily strictly positive. The approach seems
more direct and more flexible than the ones in [10, 11, 14] since it does not depend on Green
function representations.

The paper is organized as follows. In Sect. 2, we collect useful properties of the nonlocal
bilinear forms which we consider. Section 3 is devoted to classes of linear problems related
to (P) and hyperplane reflections. In particular, we prove a small volume type maximum
principle and a strong maximum principle for antisymmetric supersolutions of these prob-
lems. In Sect. 4, we complete the proof of Theorem 1.1, and in Sect. 5, we complete the proof
of Theorem 1.4.
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2 Preliminaries

We fix some notation. For subsets D, U C RN, we write dist(D, U) := inf{jx — y| : x €
D,y e U}. If D = {x} is a singleton, we write dist(x, U) in place of dist({x}, U). For
U c RY and r > 0, we consider B,(U) := {x € RY : dist(x,U) < r}, and we let, as
usual B,(x) = B,({x}) be the open ball in RY centered at x € R" with radius » > 0. For
any subset M C R", we denote by 13, : RV — R the characteristic function of M and by
diam(M) the diameter of M. If M is measurable, | M| denotes the Lebesgue measure of M.
Moreover, if w : M — R is a function, we let wT = max{w, 0} and w~ = — min{w, 0}
denote the positive and negative part of w, respectively.

Throughout the remainder of the paper, we assume that J : RV\{0} — [0, co) is even
and satisfies (J1). We let ¢ be the corresponding quadratic form defined in (1.1), and for
an open set 2 C R, we consider 2(2) as defined in (1.2). It follows from (J1) that J is
positive on a set of positive measure. Thus, by [16, Lemma 2.7], we have 2(Q2) C L3(Q)
and

MA@ = inf 28

weP @ ul}s g

for every open bounded set 2 c RY, (2.1)

which amounts to a Poincaré-Friedrichs type inequality. We will need lower bounds for
A1(L2) in the case where |2] is small. For this, we set

A1(r) ;== inf{A1(): Qc RN open, || =r} for r>0.
Lemma 2.1 We have A1(r) - ocoasr — 0.
Proof Let
Joo={zeRV\{0} : J(@) >¢} and J¢:={zeRV\{0}: J(2) <c}

for ¢ € [0, co]. We also consider the decreasing rearrangement d : (0, co) — [0, co] of J
given by d(r) = sup{c > 0 : |J.| > r}. We first note that

|Jagyl = r  forevery r >0 2.2)

Indeed, this is obvious if d(r) = 0, since Jo = RV\{0}. If d(r) > 0, we have |J.| > r
for every ¢ < d(r) by definition, whereas |J.| < oo for every ¢ > 0 as a consequence of
the fact that J € L! (RN\& (0)) by (J1). Consequently, since Jy() = ﬂKd(r) J., we have
[Ja| = infecq¢) | Je| = r. Next we claim that

A(r) > / J()dz for r > 0. 2.3)
jd(r)

Indeed, let » > 0 and  C RY be measurable with |Q2| = r. For u € 2(2), we have

1
F ) = E//(u(x) w2 (x — y) dxdy

]RN ]RN
= %//(u(x) —u(y)*J(x —y) dxdy+/u2(x) / J(x —y)dydx
QQ Q RV\Q
sir( [ s0rar) kg, 4
RM\Qy
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Symmetry via antisymmetric maximum principles 279

with Qy = x + Q. Let d := d(r). Since |Jg| > r = || by (2.2), we have |J7\ Q| >
|2x\J4|, and thus, for every x € Q,

/ J(y) dy = / JO)dy + / J(y) dy - / J(y) dy

RM\Q, RN\ J, RN 2\
> [a0dy+ (a2 - 120dul)d = [ 1) ay.
Jd Jd

Combining this with (2.4), we obtain (2.3), as claimed. As a consequence of the second
property in (J 1), the decreasing rearrangement of J satisfies d(r) — oo asr — 0 and

J(y)dy > 00 as r— 0.

Jdr)
Together with (2.3), this shows the claim. ]

Proposition 2.2 Let Q@ C RN be open and bounded. Then, 2(R2) is a Hilbert space with the
scalar product 7.

Proof We argue similarly as in the proof of [16, Lemma 2.3]. Let (1), C Z(£2) be a Cauchy
sequence. By (2.1) and the completeness of LZ(Q), we have that u,, — u € L%(Q) for a
functionu € L?(S2). Hence, there exists a subsequence such thatu,, — u almost everywhere
in  as k — oo. By Fatou’s Lemma, we therefore have that

S (u,u) < liminf 7 (uy,, up,) < sup & (un,, Uy,) < 00,
k— o0 keN

so that u € Z(2). Applying Fatou’s Lemma again, we find that
F e — s upy —u) < himinf 7 (up, — b, Upy — tty;)
J—> 0

< sup Z (un, —Up;, Un, —u”i) for ke N.
Jj=k ’
Since (u,), is a Cauchy sequence with respect to the scalar product ¢, it thus follows that
lim u,, = u and therefore also lim u, = u in Z(2). This shows the completeness of
k—o00 n—00

D(R2). O

Proposition 2.3 (i) We have 2" (RN) c 2(RY).
(ii) Letv € <g02 (RN)Y. Then, the principle value integral

[Iv](x) :== P.V. /(v(X) —v(yNJ(x —y)dy = slg)l}) / (&) —v(y)J(x —y)dy
RN [x—y|=e
(2.5)
exists for every x € RN. Moreover, Iv € L®(RN), and for every bounded open set
Q c RN and everyu € 9(L2), we have

j(u,v):/u(x)[lv](x)dx.

RN
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Proof (i) Letu € KQ’I(RN), and let K > 0, R > 2 be such that supp(#) C Br—_2(0),
@ <K and [u(x) —u()| < Klx—y| for x, yeRN, x#y.
Then, as a consequence of (J 1),
2.7, u) = / / U(x) —u())*J (x = y) dxdy
Br(0) Br(0)
+2 / u?(x) / J(x —y) dydx
Bg(0) RN\ B(0)
< K2 / / v — yI2J(x — y) dxdy

Br(0) Br(0)

+ 2K? / / J(x —y)dydx

Br—2(0) RN\Bg(0)

< 2K?|Bx(0)| /|z|21(z)dz+ / Iy dz | < oo
Bar(0) RN\ B (0)

and thus u € 2(RV).
(>i1) Since v € (562 (RM), there exist a constant K > 0 such that

2v(x) —v(x +z2) —v(x — )| < K min(|z|2, 1) forall x, ze RV, (2.6)

Hence, by the first inequality in (J 1), we have

/|2v(x) —v(x+2)—v(x —2)|J()dz < K = K/min(|z|2, 1) J(z)dz < o0.

RN RN

2.7
Put A(x, y) := (v(x) —v(y))J (x — y) forx, y € RN, x # y. For every x € RN, e >0, we
then have, since J is even,

/ h(x,y)dy = / [v(x) —v(x +2)]J(z)dz = / [v(x) —v(x —2)1J(2)dz

ly—x|>¢ |z|>e lz|>e

= % / Rux) —vix +2) —v(x — 2)]J(2) dz. (2.8)

lz|>e

By (2.7) and Lebesgue’s theorem, we thus conclude the existence of the limit

1) = lim / hx.y)dy = %/m(x) (k42 — v — DR dzs
RN

|z]=e

whereas |[/v](x)] < % for every x € RN. Hence, Tv € L®(RV). Next, let @ ¢ RY be
open and bounded and u € Z(2), so that also u € L%(). Since, by (2.7) and (2.8),

K
> forevery x € RN, >0,

‘/ h(x,y)dy‘§

ly—x|=¢
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Lebesgue’s Theorem implies that

1
S vy = 3 lim / W(x) — u(yDh(x, y) dx dy

|x—yl=e
= lin})/u(x) / h(x,y)dydx :/u(x) lin}) / h(x,y)dy | dx
E—> E—>
RN ly—x|=e RN ly—x|=e
= /u(x)[lv](x)dx.
RN
The proof is finished. O

Corollary 2.4 Let Q C RN be open and bounded. Then, Y is a closed quadratic form with
dense form domain 2(R) in L*(Q2). Consequently, J is the quadratic form of a unique
self-adjoint operator I in L>(2). Moreover, CCZ(Q) is contained in the domain of I, and for
everyv € %’CZ(Q), the function Iv € L3(Q) is a.e. given by (2.5).

Proof Since %Q’I(Q) C L%() is dense, 2() is a dense subset of L2(£2) by Proposition
2.3(i). Moreover, the quadratic form _¢ is closed in L?() as a consequence of (2.1) and
Lemma 2.2. Hence, ¢ is the quadratic form of a unique self-adjoint operator I in L*(Q)
(see, e.g., [22, Theorem VIIL.15, p. 278]). Moreover, for every v € <KCZ(Q), u € 2(2),
we have |J (u, V)| < Q[T oo (@) lull 2 by Proposition 2.3(ii). Consequently, v is con-
tained in the domain of I and satisfies J (u, v) = fRN u[lv]dx for every u € #(£2). From
Proposition 2.3(ii), it then follows that /v is a.e. given by (2.5). O

Next, we wish to extend the definition of _# (v, ¢) to more general pairs of functions
(v, @). In the following, for a measurable subset U’ C RV, we define 2 (U’) as the space
of all functions v € L2(RN) such that

o, U = //(v(x) — v(y))zj(x — y)dxdy < oo. 2.9)
U u

Note that Z(RV) N L2(RY) ¢ #(U’) for any measurable subset U’ C RY, and thus also
2(U) C s(U'") for any bounded open set U C RY by (2.1).

Lemma 2.5 Let U’ C RN be an open setand v, ¢ € s (U’). Moreover, suppose that ¢ = 0
on RN\U for some subset U C U’ with dist(U, RN\U") > 0. Then,

[v(x) —vMIlex) —e(IJ(x — y)dxdy < o0, (2.10)
RN ]RN
and thus,
1
9= / / (0(x) — v @) — (NI (x — y) dxdy
RN RN
is well defined.
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282 S. Jarohs, T. Weth

Proof Since J satisfies (J1), we have K := f]RN\B,(O)‘I(Z) dz < oo with r =
dist(U, RN\U’) > (. As a consequence,

/ lv(x) —vllex) — oIS (x — y)dxdy

]RN ]RN
= // [v(x) — v lex) — eI (x —y) dxdy
U u’
+2/ / () — v lPCOIT (x — y) dydx
U RN\U/
1
<5100 00 40 U]+ [ [ [P + wP) + o] = ) dya

U ]RN\U/
1 ’ i 2 2
= E[p(vs U ) + p((p7 U )] + K 4||v||L2(]RN) + ”(p”LZ(]RN) < Q.
]

Lemma 2.6 If U’ C RN is open and v € #(U’), then v* € (U’ and p(v*F,U’) <
p(, U").

Proof We have vE e L2(RY) since v € LZ(RY). Moreover, v (x)v~(x) = 0 for x € RV,
and thus,

P, U =p@™, UN+p~, U’)—2//(v+(X)—v+(y))(v_(X)—v_(y))J(x—y) dxdy

U u’
= o™ U+ o™, U + 2//[v+(x>v—<y> F ot (01 (x — y) dxdy
U v’
> pt, U+ p™, U).
The claim follows. [}

We close this section with a remark on assumption (J2).

Remark 2.7 Suppose that (J2) is satisfied. Then, for every fixed z/ € RY, the function

t— J(, 7') is strictly decreasing in |¢| and therefore coincjdes a.e. on R with the function

t+— J(,7') ;= lim J(s, 7). Hence, J and the function J differ only on a set of measure
§—>1"

zeroin RN . Replacing J by J if necessary, we may therefore deduce from (J2) the symmetry
property
J(=t,7)=J(t,7) forevery 7 eRV7! reR. (2.11)

This will be used in the following section.

3 The linear problem associated with a hyperplane reflection

In the following, we consider a fixed open affine half space H C RY, and we let Q : RV —
RY denote the reflection at 9 H. For the sake of brevity, we sometimes write x in place of
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Q(x) for x € RV, A function v : RNV — RY is called antisymmetric (with respect to Q) if
v(X) = —v(x) for x € RY. As before, we consider an even kernel J : RN\{O} — [0, 00)
satisfying (J1). We also assume the following symmetry and monotonicity assumptions on
J:
JG—3y) =Jx—y) forall x,yeRY; (3.1)
Jx—y)>Jx—y) forall x,yeH. (3.2)

Remark 3.1 If (J1), (J2) and (2.11) are satisfied and
H:{xeRN D xy > A} or H:{xeRN DX < —A}

for some A € R, then (3.1) and (3.2) hold. In this case, J even satisfies the following strict
variant of (3.2):
Jx—y)>J(x—y) forall x,yeH. 3.3)

We will need this property in Proposition 3.6 below.

Lemma 3.2 Let J satisfy (J1), (3.1) and (3.2). Moreover, let U' C RN be an open set with
QWU =U', and let v € s#(U'") be an antisymmetric function such that v > 0 on H\U for
some open bounded set U C H with U C U'. Then, the function w := 1y v~ is contained
in 2(U) and satisfies

S (w,w) < —_7{,w) 34

Proof We first show that w € J#(U’). Clearly, we have w € L*(RV), since v € L>(RV).
Moreover, by (3.1), the symmetry of U’, the antisymmetry of v and (3.2), we have

p(,U") = / / () —v(y)*J (x — y) dxdy

UNHUNH

4 / / (0(x) — V(I (x — y) dxdy
UNH UN\H

12 / / (0(x) — V(2 (x — y) dxdy
UNH U'NH

=2 [ [ [ow - vonte -3+ @6+ 0Pt - )] dxdy
U'NH UNH

> / / [(v(x)—v(y))21<x—y)+[(v<x>—v(y))2

UNHUNH

+ @) + 0N (- )| dady

> [ [ [ww - 000206 -9+ 20200 - )] axdy
U'NH U'NH

= [ v — w002 = ) dxdy = p(1a v U (5)
u v

andthus p(1y v, U") < co.Hence, 1y v € 2 (U’) and thus alsow € 2 (U’) by Lemma 2.6.
Since w = 0 in RV \U, the right-hand side of (3.4) is well defined and finite by Lemma 2.5.
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To show (3.4), we first note that
[w+v]lw =[lgvt + IRN\HU]IHU_ =0 onRY
and therefore
[w(x) — w) P + [ex) — v wx) — w(y)]
= — (W) + VW] + v M) + v0)])

for x, y € RV. Using this identity in the following together with the antisymmetry of v, the
symmetry properties of J and the fact that w = 0 on RV \ H, we find that

Fw.w)+ £, w) = —// W) + v (x — v) dydx

H RN

- —// W H V) + g go(1 (x — ¥) dydx

H RN

= —//w(X)[v+(y)J(x —y) —v(MJ(x —yldydx < 0,
H H

where in the last step, we used the fact that v (y) > v(y) and J (x — y) > J(x — y) > 0 for
x,y € H.Hence, (3.4) is true, and in particular, we have _# (w, w) < oo. Since w = 0 on
RM\U, it thus follows that w € 2(U). |

In order to implement the moving plane method, we have to deal with the class of anti-
symmetric supersolutions of a class of linear problems. A related notion was introduced in
[20] in a parabolic setting related to the fractional Laplacian.

Definition 3.3 Let U C H be an open bounded set and let ¢ € L°(U). We call an antisym-
metric function v : RY — RY an antisymmetric supersolution of the problem

Iv=c(x)v in U, v=0 on H\U 3.6)
if v e s#(U’) for some open bounded set U’ ¢ RN with Q(U') = U’ andU Cc U’,v >0
on H\U and

I, ) > /c(x)u(x)go(x) dx forall ¢ € 2(U),¢ > 0. 3.7
U

Remark 3.4 Assume (J1) and (3.1), and let © C R be an open bounded set such that
0(Q N H) C Q. Furthermore, let f : 2 x R — R be a Carathéodory function satisfying
(F1) and such that

fx,t)> f(x,r) forevery 7eR, xe HNQ. (3.9)

If u € 2(Q) is a nonnegative solution of (P), then v := u o Q — u is an antisymmetric
supersolution of (3.6) with U := QN H and ¢ € L*°(U) defined by

SOu@)—fu) )
c(x) = 20 ff v(x) # 0;
if v(x)=0.

Indeed, since u € 2(Q), we have v € Z(RY) N LERY) and thus v € s (U’) for any
open set U’ € RY. Moreover, v > 0 on H\U since u is nonnegative and # = 0 on H\U.
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Furthermore, if ¢ € Z(U), then ¢ o Q — ¢ € 2(R2) by the symmetry properties of J and
since Q(U) C Q. If, in addition, ¢ > 0, then we have, using (3.1),

/(w):/(qu—u,m:/(u,gooQ—@=/f<x,u)[<ooQ—w]dx
Q

- / F g o Qdx — /f(x,uo«))«»dx
o) U

Z/[f(i,u(i)) — [ u(x)]e)dx = /c(x)vco dx.
U

U

Here, (3.8) was used in the last step. The boundedness of ¢ follows from (F'1).

We now have all the tools to establish maximum principles for antisymmetric supersolu-
tions of (3.6).

Proposition 3.5 Assume that J satisfies (J1), (3.1) and (3.2), and let U C H be an open
bounded set. Let c € L (U) with ||c+||Loo(U) < A1 (U), where A1(U) is given in (2.1).
Then, every antisymmetric supersolution v of (3.6) in U satisfies v > 0 a.e. in H.

Proof By Lemma 3.2, we have that w := lyv™ € Z2(U) and Z(w,w) < — 7 (v, w).
Consequently,

MG, < Fwow) < = 7 @,w) < —/C(x)v(x)w(X) dx

U

= / cw? (@) dx < et @) lwlFa -
U

Since ||c+||Loo(U) < A1 (U) by assumption, we conclude that [|w|| ;2(;y = 0 and hence v > 0
ae.in H. O

We note that a combination of Proposition 3.5 with Lemma 2.1 gives rise to an “antisym-
metric” small volume maximum principle which generalizes the available variants for the
fractional Laplacian, see [13, Proposition 3.3 and Corollary 3.4] and [23, Lemma 5.1]. Next,
we prove a strong maximum principle which requires the strict inequality (3.3).

Proposition 3.6 Assume that J satisfies (J1), (3.1) and (3.3). Moreover, let U C H be an
open bounded set and ¢ € L°° (U). Furthermore, let v be an antisymmetric supersolution of
(3.6) such that v > 0 a.e. in H. Then, either v =0 a.e. in RN, or

es%inf v >0 forevery compact subset K C U.

Proof We assume that v # 0 in RY. For given xo € U, it then suffices to show that

essinf v > 0 for » > 0 sufficiently small. Since v # 0 in RN and v is antisymmetric with
By (x0)

v > 0 in H, there exists a bounded set M C H of positive measure with xo ¢ M and such
that
§:=infv > 0. 3.9
M
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By Lemma 2.1, we may fix 0 < r < J—ldist(xo, [RV\H] U M) such that A1(Ba(xp)) >
llcll Lo (v)- Next, we fix a function f € %E(RN) such that 0 < f < 1 on RN and

|1, for |x —xo|l <,
fo) = [0, for |x — xo| > 2r.

Moreover, we define

wiRY SR, w@) = f) - f@) +a[ly@) — Ly)].

where a > 0 will be fixed later. We also put Uy := By, (x0) and U(’) 1= B3, (x0)U Q(B3,(x0)).
Note that the function w is antisymmetric and satisfies

w=0 on H\(UyUM), w=a onM. (3.10)

We claim that w € %”(Ué). Indeed, by Proposition 2.3(i), we have f — f o Q € 2R N
LXRN) c H(U}y), whereas 1y — 1oy € (Up) since M is bounded and [M U Q(M)]N
Uy=9.

Next, let ¢ € 2(Uyp), ¢ > 0. By Proposition 2.3(ii), we have

() < c/mx) dx 3.11)

Uy

with C = C(f) > 0 independent of ¢. Since

F@Eex) = 1y )ex) = Loan(x)g(x) =0  forevery x € RY,

we have

)= 70— F(Fo0.0)+al s (o) — 7 Uown. 9]
< c/<p<x> dx +/ / o) f () (x — y) dydx

Uo Q(Uo)

—a[//w(xw(x—y)dydx—/ / (I (x — y) dydx]

Uo Q(M)

E(C-l— sup / J(x—y)dy)/q)(x)dx

xely
Qo) Uo

- a/w(x)/w(x — ) — T — )] dydx

Uy M

< Ca/w(x) dx

Uy

with

xely
(Uo)

C,:=C+ sup / J(x—y)dy—ainé/(](x—y)—](x—y))dyeR
xelUy
M
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Since Ug C H, (3.3) and the continuity of the function x fM(J(x —y)—=J(x—=y)dy
on U imply that

inf /(J(x ) =) dy >0
M

Consequently, we may fix a > 0 sufficiently large such that C, < —||c|lL> ). Since
0 < w < 11in Uy, we then have

F(w,p) < _”C”LOO(UO)/‘P(X) dx < /C(X)w(xw(x) dx. (3.12)

Uy Uy

We now consider the function v := v — %w 1S %(Ué), which by (3.9) and (3.10) satisfies
v > 0 on H\Up. Hence, by assumption and (3.12), v is an antisymmetric supersolution of
the problem

Iv=c(x)v in Uy, v=0 on H\Up (3.13)

Since ||cl| 2o vy) < A1(Uo), Proposition 3.5 implies that v > 0 a.e. in Up, so that v > gw =

% > 0 a.e. in B, (xp). This ends the proof. ]

4 Proof of the main symmetry result

In this section, we complete the proof of Theorem 1.1. So throughout this section, we assume
that J : RV\{0} — [0, 00) is even and satisfies (J1) and (J2), @ c RN satisfies (D)
and the nonlinearity f satisfies (F) and (F,). Moreover, we let u € L>®(R2) N 2(RQ) be a
nonnegative solution of (P). For A € R, we consider the open affine half space

0o (xeRY : x;>1} if A>0;
T l{xeRYN i x;<a} if A<O.

Moreover, we let Q) : RY — R¥ denote the reflection at dH;, i.e. 0y (x) = A — x1, x').
By Remark 2.7, we may assume without loss of generality that (2.11) holds. As noted in
Remark 3.1, J therefore satisfies the symmetry and monotonicity conditions (3.1) and (3.3)
with H replaced by H,. Let £ := sup,q X1. Setting 2, := H, N Q for A € R, we note that
0,(2;) c Qforall » € (—£,¢) and Qp(2) = Q as a consequence of assumption (D).
Then, for all A € (—¢, £), Remark 3.4 implies that v; :=uo Q) —u € 2@®RYYyN LA2RY) is
an antisymmetric supersolution of the problem

Iv=c(x)v in Q, v=0 on H\Q, “4.1)
with
SO, u(Q3 ()= f(x,u(x)) .
e € L(Q,) givenby ¢ (x) = i, (X) o u) #0;
0, vy (x) = 0.

Note that, as a consequence of (F'1) and since u € L>°(2), we have

Cooi= Sup |leallLog,) < oo.
re(—L,0)

We now consider the statement

(S essKinf vy, >0  forevery compact subset K C ;.
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Assuming that u # 0 from now on, we will show (S,) for all A € (0, £). Since |2,| — 0
as A — ¢, Lemma 2.1 implies that there exists € € (0, £) such that A1(2)) > ¢ for all
A € [€, ). Applying Proposition 3.5, we thus find that

vy >0 ae.in H, forall X e€]e,{). 4.2)
We now show

Claim 1 Ifv, > 0a.e. in H) for some ) € (0, £), then (S,) holds.

To prove this, by Proposition 3.6, it suffices to show that v; # 0 in RY. If, arguing by

contradiction, vy = 0 in RY, then 8 H;, is a symmetry hyperplane of u. Since A € (0, £) and

u = 0in RN\, we then have u = 0 in the nonempty set 2_g425. Setting A’ = —£ + A, we

thus infer that vy, = 0 in ;. Consequently, vy = 0 in RV by Proposition 3.6. Thus, u has

the two different parallel symmetry hyperplanes d H, and d Hy,. Since u vanishes outside a

bounded set, this implies that u = 0, which is a contradiction. Thus, Claim 1 is proved.
Next, we show

Claim 2 If (Sy) holds for some A € (0, £), then there is § € (0, L) such that (S,) holds for
allip € (A — 6, 1).

To prove this, suppose that (S;) holds for some L € (0, ). Using Lemma 2.1, we fix
s € (0, |2,]) such that A1(s) > coo, Which implies that A1(U) > c for all open sets
U c RY with |U| < s. Since 2 is bounded, we may also fix §p > O such that

(2, \Q2y 450 <s5/2  forall u > 0.

By Lusin’s Theorem, there exists a compact subset K C €2 such that |2\ K| < s/4 and such
that the restriction u|g is continuous. For i > 0, we now consider the compact set

Ky o= Quis VKN Qu(K) C KNQy

and the open set U, := ,\K,. Note that
s
Ul <1820\ Rp450 |+ 1K HI2A\Qu (KD = 2 + 2I80\K| <5 forp 0. (4.3)

As a consequence, for 0 < pu < A, we have |[K,| > [Q,] —s > |Q;] —s > 0, and thus,
K, # @.Property (S3) and the continuity of u|g imply that ming, vy > 0. Thus, again by
the continuity of u|g, there exists § € (0, min{A, §p}) such that

HI}invu >0 forallu e[r—6, Al

"

Consequently, for 1 € (A — §, 1), the function v, is an antisymmetric supersolution of the
problem

Iv=cy,(x)v inU,, v=0 on H,\Uy,,

whereas A1(U,) > coo by (4.3) and the choice of s. Hence, v, > 0 in H, by Proposition
3.5, and thus, (S,,) holds by Claim 1. This proves Claim 2.
To finish the proof, we consider

Ao :=inf{X € (0, ¢) : (S,) holds forall » € (A, £)} € [0, ).

We then have vy, > 0in H,,. Hence, Claim 1 and Claim 2 imply that 1o = 0. Since the
procedure can be repeated in the same way starting from —¢, we find that vg = 0. Hence,
the function u has the asserted symmetry and monotonicity properties.
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It remains to show (1.3). So let K C € be compact. Replacing K by K U Qo(K) if
necessary, we may assume that K is symmetric with respect to Q. Let K’ := {x € K :
x1 < 0}. Since for A > 0 sufficiently small Q; (K’) is a compact subset of €2, the property
(S,.) and the symmetry of u then imply that

essinf u = essinf u > essinf v) > 0,
K K’ 0,.(K")

as claimed in (1.3).

5 Proof of a variant symmetry result

In this section, we prove Theorem 1.4, which is concerned with the class of even kernel
functions satisfying (J2)" in place of (J2). Throughout this section, we consider a symmetric
kernel J : RVM\{0} — [0, c0) satisfying (J1). We fix an open affine half space H C RV, and
we consider the notation of Sect. 3. Moreover, we assume the symmetry and monotonicity
assumptions (3.1) and (3.2), so that Lemma 3.2 and Proposition 3.5 are available. In order to
derive a variant of the strong maximum principle given in Proposition 3.6, we introduce the
following strict monotonicity condition:

There exists ro > 0 such that J(x — y)>J(x — y) forall x, ye H with |[x — y| <rg (5.1)
We then have the following.

Proposition 5.1 Assume that J satisfies (J1), (3.1), (3.2) and (5.1). Moreover, let U C H
be a subdomain and ¢ € L*°(U). Furthermore, let v be an antisymmetric supersolution of
(3.6) such thatv > 0 a.e. in H.

Then, either v = 0 a.e. in a neighborhood of U, or

essinf v > 0  for every compact subset K C U.
K

We stress that in contrast to Proposition 3.6, we require connectedness of U here.

Proof Let W denote the set of points y € U such that essinf B.(y) v > 0 forr > 0
sufficiently small, and let rp > 0 be as in (5.1). We claim the following.

If xo € U is such that v # 0 in B%o (x0), then xg € W. 5.2)

To prove this, let xo € U be such that v % 0 in B 2 (x0). Then, there exists a bounded set
McCHNB 2 (xp) of positive measure with xo ¢ ‘M and such that
§:=infv >0 (5.3)
M
By Lemma 2.1, we may fix 0 < r < %min{ro, dist(xg, []RN\H] U M)} such that
A1(Ba,(x0)) > llcllLoowy. Next, we put Up := By, (xp) and Ué := B3, (x0) U Q(B3,(x0)).

Moreover, we define the functions f € Cf. (RN) and w € # (U(’)), depending on a > 0, as
in the proof of Proposition 3.6. As noted there, w is antisymmetric and satisfies

w=0 onH\(UyU M), w=a onM. 5.4)

As in the proof of Proposition 3.6, we also see that

I (w, ) < Ca/go(x) dx forall ¢ e 2(Uy),p >0
Uo
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with

Cy :=C + sup / J(x —y)dy —a inf /(](x—y)—](x—y))dy
xely o) xelUy
0

Since Ug C HN B 9 (xo)and M C HN B 9 (x0), (5.1) and the continuity of the function
x> [,,(J(x —y) = J(x — ¥)) dy on Ug imply that

inf /(J(x — V) = I, ) dy =0

xelUy

Hence, we may proceed precisely as in the proof of Proposition 3.6 to prove that v > 2 >0
a.e. in B, (xp) for a > O sufficiently large, so that xo € W. Hence, (5.2) is true.

From (5.2), it immediately follows that W is both open and closed in U. Moreover, if
v#0in{x € H : dist(x,U) < ’70}, then W is nonempty and therefore W = U by the
connectedness of U. This ends the proof. O

Next, we complete the proof of Theorem 1.4. So, throughout the remainder of this section,
we assume that J : RV\{0} — [0, co) is even and satisfies (J1) and (J2)’, 2 C R" satisfies
(D) and the nonlinearity f satisfies (F}) and (F>). Moreover, we let u € L>®(2) N 2(R)
denote an a.e. positive solution of (P). For A € R, we let H,, Q;, 2, ¢, and v, be defined
as in Sect. 4, and again, we put £ := sup,.q x1. As a consequence of (J1) and (J2)', we
may assume that J satisfies (3.1) (3.2) and (5.1) with H replaced by H, (the argument of
Remark 3.1 still applies). As in Sect. 4, we then consider the statement

(S essKinf vy, >0  forevery compact subset K C ;.

We wish to show (§;) forall A € (0, £). As in Sect. 4, we find € € (0, £) such that
vy >0 ae.in H) forallX € [e, £). (5.5)

We now show
Claim 1 [fv, > 0a.e. in H) for some ) € (0, £), then (S,) holds.

To prove this, we argue by contradiction. If (S;) does not hold, then, by Proposition 5.1, there
exists a connected component ' of 2, and a neighborhood N of €’ such that vy = 0in N.
However, since A € (0, £), the set N = 0, (N\2) N Q has positive measure and v, = 0 in
N by the antisymmetry of v,. However, v = —u on N,sou =0ae.onN, contrary to the
assumption that # > 0 a.e. in Q2. Thus, Claim 1 is proved.

Precisely as in Sect. 4, we may now show

Claim 2 If (Sy) holds for some A € (0, £), then there is § € (0, L) such that (S,) holds for
alljp € (A — 6, 1).

Moreover, based on (5.5), Claim 1 and Claim 2, we may now finish the proof of Theorem 1.4
precisely as in the end of Sect. 4.
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