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Abstract This paper considers the equations of the steady viscous, compressible, and heat
conducting magnetohydrodynamic flows in a bounded three-dimensional domain. By an
approximation scheme and a weak convergence method, for any y > %, the existence of
a weak solution to the three-dimensional steady full magnetohydrodynamic equations with
large data is obtained. Here, y describes the heat capacity ratio.
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1 Introduction

We consider the full system of partial differential equations for the three-dimensional viscous
steady compressible magnetohydrodynamic flows in the Eulerian coordinates [14,15]

div(pu) =0, (1.1)
div(pu®u) + VP(p,0) = (V x H) x H 4+ div¥ (u) + pF, (1.2)
diviu(®’ + P)) =div((u x H) x H+ vH x (V x H) + u¥ (u) + «(6)V6), (1.3)
Vx@mxH)=Vx @V xH), divH = 0. (1.4)

where p is the density, u € R3 is the velocity, H € R3 is the magnetic field, and 6 is the
temperature; F is the external force; W is the viscous stress tensor given by

VY (u) = uD(u) + Adivul,
and @ is the total energy given by
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<P—p(€+§|ll| )+§|H| and & —p(€+EIUI ),

with the internal energy e(p, 0), the kinetic energy % plu|?, and the magnetic energy %|H|2.
D(u) = Vu+ Vu? is the symmetric part of the velocity gradient, Vu” is the transpose of the
matrix V xu, and L is the 3 x 3 identity matrix. The viscosity coefficients A, i of the flow satisfy
2+ 32 > 0and n > 0; v > 0 is the magnetic diffusivity acting as a magnetic diffusion
coefficient of the magnetic field, x > 0 is the heat conductivity. Equations (1.1), (1.2), (1.3)
describe the conservation of mass, momentum, and energy, respectively. It is well known that
the electromagnetic fields are governed by Maxwell’s equations. In magnetohydrodynamics,
the displacement current can be neglected [14,15]. As a consequence, Eq. (1.4) is called the
induction equation, and the electric field can be written in terms of the magnetic field H and
the velocity u,

E=vwW xH—-uxH.
The pressure P(p, 0) is determined through a general constitutive equation:

P(p,0) = pe(p) + Opo(p) (1.5)

with certain functions p., pg € C[0, 00) N CI(O, 00). The basic principles of classical
thermodynamics imply that the internal energy e and pressure P are interrelated through
Maxwell’s relationship:

1
dpe = — (P —00pP), dge =090 = cv(6),
0

where ¢, (0) denotes the specific heat and Q = Q(0) is a function of 8. Thus, the constitutive
relation (1.5) implies that the internal energy e can be decomposed as a sum:

e(p,0) = P(0) + Q(0), (1.6)

where

P ([ 0
Pu(p) = / = Lar. 0e) = / co(t)dr. (1.7)
1 0
We impose the slip boundary condition
u-n=0, - - (T(P,u)n)+ fu-7. =0, atoQ,

where 7 (k = 1, 2) are two perpendicular tangent vectors to d€2, n is the outer normal vector,
and T(P,u) = —PI + W(u) is the stress tensor. The friction coefficient f is nonnegative
(if f = 0 we assume additionally that €2 is not axially symmetric).

For temperature, we assume that

K(@)%-{-L(Q)(G—Q()):O, at 0<2, (1.8)

where 6y : 92 — R is a strictly positive sufficiently smooth given function, and there
exist 8,6 € R such that

0<6<6)<6 < +oo foralmost all (a.a.) x € Q,
and

L©®)=c(1+6"), I eR". (1.9)
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Large data existence result 3

We also add the prescribed mass of the gas

/ pdx =M > 0, (1.10)
Q

and the heat conductivity depending on the temperature
K (0) = ko(1+60™), Ko, m > 0. (1.11)

The study of steady flows of compressible fluids is also intriguing mathematical questions.
Lions [16] proved the existence of weak solutions to the steady compressible Navier—Stokes
equation under the assumption that the heat capacity ratio y > 1 in two dimensions and
y > % in three dimensions. Meanwhile, he got rid of the smallness of the data. Roughly
speaking, the condition on y comes from the integrability of the density p in L”. The higher
integrability of p has, the smaller y can be allowed. If there is potential, then weak solutions
are shown to exist for any y > %, see [20]. Frehse, Steinhauer, and Weigant [6] established
the existence of weak solutions to the Dirichlet problem in three dimensions for any y > %.
Also, the existence of a weak solution to the steady compressible Navier—Stokes equation
with periodic or mixed boundary conditions was obtained in the two-dimensional isothermal
case (y = 1) [7]. Mucha and Pokorny [17] modified the method in [20] to reduce the
number of technical tricks; then, they obtained the existence of weak solutions to the steady
compressible Navier—Stokes equations in the isentropic regime.

The steady compressible Navier—Stokes—Fourier system is also considered in [18] with
the slip boundary condition (y > 3andm > ;1;—:;). The method from [18] has been extended
toy > % for both no-slip and slip boundary conditions in [19]. The condition for m remains
the same. However, as the integrability of the density and velocity gradient is lower than
for the case y > 3. Recently, Novotny and Pokorny [22] extended the method in [18,21]
and obtained the existence of weak solution and variable entropy solution to Navier—Stokes—
Fourier system for y > % and y > %ﬂ’ respectively.

In fact, one of important restriction to the value of y is due to the priori estimates. In
the present paper, inspired by the work of [18,22], we will prove that the steady viscous,
compressible, and heat conducting magnetohydrodynamic flows (1.1)—-(1.4) have a weak
solution for y > % by working with suitable priori estimates (see Lemma 2).

If the solution is smooth, multiplying the momentum Eq. (1.2) by u and the induction
equation by H, and summing them together, we obtain

div (%p|u|2u) + VP -u=div(u)-u+(VxH)xH-u
+Vxu@xH -H-Vx@®VxxH)-H (1.12)
Then using
div(vH x (V x H)) = v|V x H|2 —Vx WV xH)-H,
and
diviuxH) xH) =(VxH) xH-u+V x (uxH)- -H,
subtracting (1.12) from (1.3), we get the internal energy equation
div(pue) + (diva) P = v|V x H|> + W(n) : Vu + div(k (§)V6). (1.13)
It follows from multiplying the continuity equation (1.1) by (op.(p))’ that

div(pup.(p)) + p.(p)diva = 0.
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4 W. Yan

Then, subtracting above equation from (1.13), we obtain the thermal energy equation
div(k (9)VO) — div(p Q(O)u) + W(u) : Vu+v|V x H|? — 6pg(p)diva = 0, (1.14)

where

2

% > oul  du’ 2
Yu): Vu=— Aldivual~.
( ) 2ijzl(8xj+axi) + | |

There have been much work on magnetohydrodynamics by mathematicians because of its
physical importance, complexity, and widely application (see [1,14,15,23]). Magnetohydro-
dynamics (MHD) is a combination of the compressible Navier—Stokes equations of fluid
dynamics and Maxwell’s equations of electromagnetism. Duvaut and Lions [4], Sermange
and Temam [24] obtained some existence and long-time behavior results for incompressible
case. For compressible case, Ducomet and Feireisl [3] proved existence of global in time
weak solutions to a multi-dimensional nonisentropic MHD system for gaseous stars coupled
with the Poisson equation with all the viscosity coefficients and the pressure depends on
temperature and density asymptotically, respectively. Hu and Wang [8] studied the global
variational weak solution to the three-dimensional full magnetohydrodynamic equations with
large data by an approximation scheme and a weak convergence method. In [9], by using
the Faedo—Galerkin method and the vanishing viscosity method, they also studied the exis-
tence and large-time behavior of global weak solutions for the three-dimensional equations
of compressible magnetohydrodynamic isentropic flows (1.1)—(1.3). They [10] showed that
the convergence of weak solutions of the compressible MHD system to a weak solution
of the viscous incompressible MHD system. Jiang, et all. [11,12] obtained that the con-
vergence toward the strong solution of the ideal incompressible MHD system in the whole
space and periodic domain, respectively. Recently, Yan [26] showed the weak-strong unique-
ness property for full compressible magnetohydrodynamics flows. After that, he [27,28]
obtained that the existence of time-periodic weak solution for compressible magnetic flu-
ids in three-dimensional torus, and the existence of weak solution for the three-dimensional
density-dependent generalized incompressible magnetohydrodynamic flows, respectively.

The main difficulty of the study of MHD is the presence of the magnetic field and its
interaction with the hydrodynamic motion in the MHD flow of large oscillation. This leads
to many fundamental problems for MHD are still open. For example, the global existence of
classical solution to the full perfect MHD equations with large data in one-dimensional case
is unsolved. But the corresponding problem about Navier—Stokes equation has solved in [13]
a long time ago. In present paper, we study one of the fundamental problem about MHD,
that is, the existence of weak solution for the equations of the steady viscous, compressible,
and heat conducting magnetohydrodynamic flows in a bounded three-dimensional domain.
Inspired by the work of [2,5,8,16,18], we will overcome a lack of a priori estimates on
MHD and the large oscillation to establish the existence of weak solution for the steady full
compressible MHD for any y > %.

The paper is organized in the following way: In the next section, we provide the precise
definition of the notion of weak solution to system (1.1)—(1.2), (1.4), and (1.14) after intro-
ducing the appropriate function spaces. The main result of this paper is also stated. In Sect. 3,
we introduce the corresponding approximation system and prove the existence of solution
about it. In last section, an important quantity: the effective viscous flux is introduced; then,
the convergence of the approximation solution is proved.
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Large data existence result 5

2 Some notations and main results

Before given the definition of the weak solution to the problem (1.1)—(1.2), (1.4), and (1.14)
with the boundary condition (1.8) and (1.9), we state the following notation of relevant
Banach spaces of functions defined on a bounded domain & C R3. For any p € [1, oc],
L7 () denotes the Lebesgue spaces with the norm || - ||Lr(@) and , W7 () denotes the
Sobolev spaces with the norm || - ||[wa.r(). We do not distinguish between function spaces
for scalar and vector valued functions. Generic constants are denoted by C; their values may
vary in the same formula or in the same line.

Definition A vector (p, u, 6, H) is said to be a weak solution to the problem (1.1)-(1.2),
(1.4), and (1.14) of the full compressible steady MHD equations if the following conditions
hold:

e Thedensity p € LP(Q), p > y, the velocityu € W!2(), The temperature 8 € W'2(),
0"V6 € L'(Q), and the magnetic field H € Wy () satisfy the Eqs. (1.1)~(1.2), (1.4),
and (1.14) in the sense of distributions, and

/ pu - Vedx =0,
Q
for any ¢ € C®(Q).
e The temperature nonnegative 6 function, the velocity function u, and the magnetic field
H satisfying
/ (—pu®u: Ve +2uD() : D(¢) + Adivu - divp — P(p, 0)dive)dx
Q

1
+/(HTV<pH+ 7V(|H|2)'<p)dx+f/ WO 1) (p©r)do
Q 2 a0
:/ PoF - pdx,
Q

/ &k (O)VO - Vo — pQO)u- Ve)dx —I—/ L(6)(0 — 6p)pdx
Q a0

= / 2ulD@) P + A(diva)®p + v|V x HI> - ¢ — Opg(p)divu - ¢) dx,
Q

/ (veurlH - curlp + (divu+u-VH- 9 — (H- V)u-¢)dx =0,
Q

forany ¢ € C*°(Q), ¢ -n=0and u-n = 0 at dQ in the sense of traces.
The aim of this paper was to establish the following result.

Theorem 1 Ler Q C R? be a bounded domain of class C* which is not axially symmetric if
f=0,F e L®Q) and % <m =141 <m™, where m™ is given in (3.48). Suppose
that the following conditions hold:

(i) The pressure P(p, 0) is given by (1.5), where p,, pg € C'10, c0) and

pe(0) =0, pe(0) =0,
pL(p) = a1’ ph(p) =0, (2.1)
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6 W. Yan

Y
3

Pe(p) <axp?, po(p) <azp3,

with some constant y > %, a; > 0,ar > 0andaz > 0.
(ii) The specific heat c,(0) satisfies

0<cy<cp(@) <cy < +oo, (2.2)
where Cy and ¢, are two positive constants.

Then, the steady full compressible MHD has a weak solution (p,u, 6, H) such that for
1<p<oo

peL®(Q), ue W'2(Q), 6 e WhP(Q), He WH3(Q).
Moreover, the temperature 0 > 0 a.e. in SQ.

Remark 1 The assumption on the specific heat ¢, () in (ii) means that it can be controlled
by a positive constant. Moreover, by (1.7), we can get that ¢,0 < Q(6) < ¢,6. This is used
in deriving (3.8) in Lemma 1. In addition, this assumption on ¢, () is the same as the work
of [8,9].

Finally, note that, in order to simplify the presentation, we will puta; = a; = a3z = 1.

3 The existence of solution for the approximation system

In this section, we first introduce an auxiliary function K (-) defined by number k£ > 0 as
follows

1 fort <k—1,
K@) :=1¢€[0,1] fork—1<t <k,
0 fort > k.

Moreover, we assume that K'() < 1 fort € (k — 1, k), where k € R™. Then, an approxi-
mation problem which consists of a system of regularized equations can be showed

div(K (p)pu) + €p — e Ap = €hK(p), 3.1
%div(K(p)pu ®u)+VP(p,0) =(VxH) x H+div¥(u) + K(p)pF, (3.2)

. m, (€ +6) . . r
—div((1 +6 )TVO) + div(K (p)pQ(H)u) + div (upg (/ K(t)dt)) 0
0

—K (p)ubpj (/Op K(t)dt) Vp

=v|V x H? + ¥(u) : Vu, (3.3)

Vx@uxH) =Vx WV xH), (3.4)

P p
Pi(p.6) = pe ( /O K(z)dr) + 9pp ( /0 K(r)dr) = () +0pe(p).  (3.5)
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Large data existence result 7

To estimate the temperature, the entropy is introduced by
s =1In6.

Then, the corresponding entropy equation of (3.3) can be reformulated

(e +¢€%) . sy =8 I8
TVS) + div(K (p)pw)Q(e’)e ™ + K(p)puQ'(e’)Vs

+div (upg (/p K(t)dt)) — K(p)up(’,(/p K(t)d)Vp
0 0

=1+ e")(e+e)|Vs|Pe™ +v|V x He™ + (¥ : Va)e ™. (3.6)

—div((1 +€*™)

We consider the boundary condition at 9€2 for the approximation system (3.1)—(3.4):

(1+0™) (e + 9)2*51 + L(#)O —6y) +es =0,
- (T(P,wn) + fu-5u =0, k=1,2, 3.7)
ap

— =0, u-n=0, Hjjo=0.
on

The main tool of solving (3.1)—(3.4) is by the standard Leray—Schauder fixed point theorem.
Firstly, the solvability of the continuity equation (3.1) is taken from [20] (also can be found
in [17,18]). Denote

X? ={ue W>P(Q):u-n=0at d$}.

Lemma 1 Let p > 3. Then, for any fix u € XP, the continuity equation (3.1) with the
boundary condition g—ﬁ = 0 has a solution p € W>4(K). Furthermore, for 1 < q < 00, the
operator

F:XP — WH(Q)
is a well-defined continuous operator from X? to W24(Q2) such that F(u) = p. Moreover,

lollwia@y < Ck.€) (1+ llullLae). 1 <g < oo,
lollwa < Ck, €) (14 l[ullwrag( + lulsg)). 1<g<3, (3.8)

lolweag < €l o) (14 Tullygq)) - 3=q < oo

Before showing the approximation system (3.2)—(3.4) is solvable, we derive a priori esti-
mates. We recall the following basic theory to the stationary Stokes system (see [20] for
details). Consider the following problem:

dive = pp(p) — pr(p), x € L,
=0, xedQ,

where pp(p) = ﬁ faﬂ pb(p)dx. Then, above problem possess a solution ® such that
10110 < Cllon(P) ey (3.9)
Furthermore, using the interpolation inequality and (1.10), we deduce that for any § > 0,

po(p) = 8llpp(P)lIL2(g) + C 6. M).
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8 W. Yan

Lemma 2 Under the assumptions of Theorem 1, let (pe,ue, 6, He) be the solution of
approximation system (3.1)—(3.4) in WZP(Q) x W2P(Q) x W2P(Q) x WL2(Q), for any
p <00, and § > 0. Then,

0<p <k, /pdst
Q
and

lull g1y + 1K (0ol ) + 1P (0. D)2y (@) + 1013 ) + ||V9||L%(Q)

+||H”H1(Q) +/ (es + e_s)dU + ”VS”LzV(Q)
Q2
= C(IFllL= (), M), (3.10)
where C(||F||L> ), M) is independent of €, k, s, and m.

Proof The proof of the estimate of p is similar with [17]. Hence, we only prove (3.10).
Multiplying the approximative momentum equation (3.2) by u, integrating over €2, we get

/(2MD2(u)+/\div2u)dx+/ f|u®r|2dx+/ u- Vp,(p)dx
Q Q Q
=/(V x H) ><H-udx—|—/ K(p)qudx+/ Op.(p)divadx. 3.11)
Q Q Q

Denote Pr(p) = 0'0 @dt. Using (3.1) and (3.5), we have

/QwVpb(p)dx —/QuK(p)pVPf(p)dx

- [ vk @or s
—c (=K@ P+ e [ VTP
= [0 hKE)Pr e [ poTpVInpdr. G12)
Note that
- /Q(V < H) x H - udx = /Q(HTVuH+ %V(|H|2) ~wydx. (3.13)
Thus, by (3.11)(3.13), we derive
/pr(u) Vudi 4 fluo 2dx + € [ (0= nK @) Prpax + e/g PL(P)VpV In pdx
—I—/Q(HTVUH—i- %V(|H|2) w)dx —/erc(p)divudx
< C(1+/Q|K(p)pu-F|dx). (3.14)

Multiplying the approximative equation (3.2) by H, integrating over 2, and using the bound-
ary condition and divH = 0, we get

/Vx(uxH)~de:/Vx(viH)-de. (3.15)
Q Q
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Large data existence result 9

Direct calculations show that
1
/ V x (u x H) - Hdx = / (H” VuH + 5V(|H|2) -u)dx,
Q Q
/VX(UVXH)-de:v/ |V x H|?dx.
Q Q
Thus, by (3.1), it has
2 T 1 2
v [ |[VxH*dx = | (H VuH + -V (|H|") - u)dx,
Q Q 2
which together with (3.14) yields
/ W(u) : Vudx +/ flu o t|?dx +€/ pPr(p)dx +6/ PL(p)VpV In pdx
Q Q Q Q
—|—v/ |V x H|?dx — / 6p.(p)divadx
Q Q
<C(l +/ |K (p)pu - F|dx). (3.16)
Q
Furthermore, by Holder’s inequality, we obtain
i3 g + VIHIG g + e/Qpr(p)dx +e /Q Pe(p)VpV In pdx
=cd +/ IK(p)pu'FldX+/ |0pc(p)|*dx). (3.17)
Q Q
In what follows, our target is to estimate the temperature 6, the term pj(p), the velocity u,
and the magnetic field H. We notice that the estimation of last three term is related to the
temperature 6, so we first estimate it.
Integrating (3.3) and by the first boundary condition of (3.7), we get

/ (L(0)(0 — 6p) + es)do = / WV x H? + ¥ : Vu)dx
02 Q

—/Q(K(p)pQ(G))divudx. (3.18)

Denote s+ and s~ as the positive and negative parts of the entropy, respectively. Summing
up (3.16) and (3.18) yields

/ (L(0)0 + €s+)da+e/ ,on(,o)dx—l—e/ PL(p)VpV In pdx
Q2 Q Q
+ /Q (K(p)pQ(0) — 0pc(p))divadx

5/ es‘da—i—C(l—i—/ |[K(p)pu - F|dx). (3.19)
aQ Q

Integrating the entropy equation (3.6) over €2, we have

/ (w + eseﬂ) do — / K (p)upy ( / ' K(r)dz) Vpdx
Q2 0 @ 0

1406m 0)|Vs|? VxH? wv:V
:/((+ )e+O)VsI” IV xH u)dx,
Q

3.20
0 0 0 (520)
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10 W. Yan

which implies that

/ (14 6™)(e 4+ 6)|Vs|? IVxH? W:Va
+v +
Q 0 0 0

+/ <M+e|s—||ef|))dg§/ (L©®) +esTe™ )do. (3.21)
90 0 aQ

P
- K(p)upé(/0 K(t)dt)Vp) dx

It derives from (3.19) and (3.21) that

1+ 6™)|Vo|? VxH? W:Vu L(6)6
/(( 02' -~ - )dx+/( ©% , spdo
Q 0Q

6 6 %
p
< /Q((Qpc(p) —K(ppQ©®) — Pe(/o K (1)dr))divadx
+C(1 +/ |K (p)pu - Fldx). (3.22)
Q

Using generalized Holder inequality, for ﬁ + ﬁ = %, we derive

/ 6pe(p)divads| < ull 1oy | PP e @ 1911 - (3.23)

Q

/Q K (0)p0@)divudx| < [ull 10 IK (0ol @ | 0@ llragy,  (3.24)
o ) P

/Q P ( /0 K(r)dr)dwudx < lull gy o /0 KN 2. (3.25)

/ K(p)ou-Fx| < luliso K0l ¢ IFlis). (3.26)

Q ()

Thus, by (3.22)—(3.26) we obtain

1 +6™)|Vo|? VxH? WV:V L(6)6
/(( HOIVOE IV XHE u)dx+/ ©% . s)do<N. (327
o 02 0 0 90 0

where
N = lull g1 ) lpc (@) ILe @ 102 @) + 1K () ol @) | Q@) e (o)
P
+llpo (/0 K(t)dt) li2@) +CA+ ||u||L6(g)IIK(p)pIILg(Q)IIFIILw(m)- (3.28)

It follows from (1.9) and (3.27) that

I+1 l%l l%l
c(/ 9+dx) 5(/ L(e)edx) < N&T,
I Q2
1 1
m n 1+ 6™)|Vo|?
o[ wotpar)” < ([ FEET 0" <
Q Q 62

By Poincaré type inequality [ufly,1q) < C(Q)([ullL1q) + lIullg1g)), we derive

-

1 1 1
(/ |9%|2dx)m < C(Q)((/ |V9%|2dx)m + (/ 9’“010)1+ )
Q Q Q2
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Large data existence result 11

Then, it derive from W12(Q) < L°(Q) that

1
(/Q |93’"|2dx) Y NT N (3.29)
Multiplying (3.2) by ©, using (3.9) and (3.16), we conclude after standard estimates that
s (P Iz < € (1 + /Q K (p)pu ® ul?dx + /Q |9pc(p)|2dx) . (330)
Note that

/Q K (p)pu @ ul’dx < Cllulg o IK (0)0 6
2(y—1) 10y
3Q2y—1 3Q2y—1
< Cllullf o) 1K 0Pl ||K<p>p||Lé:(Q;

62y—1)

< 81po (P2 + CE M) ull,l g (3.31)
where we use (getting by the form of pp(p) and (2.1))
P
1Po(Plizg = € ( | &k@prrass [ (f K(r)dr)zydx) 6
Q Q JO
Thus, by a suitable choice of §, it deduce from (3.30)—(3.31) that
6Q2y—1)
s (P2 < € (1 + il g, dx + /Q |9pc(p>|2dx) : (3.33)

Combining (3.32)—(3.33), we get

P
1K (0ol o + | /0 K (0)dtll2r o

32y-1 AL
< C(1+ IIulll,f(yQ;‘der (/ 10pc(p)] dx) y)- (3.34)

Using (2.1) and the Interpolation between 1 and 2y, we have for m > %

1
1
) Y
(/ 0pe(0)| dx) < ||9||Lgm(m||pc(p)|| m(m

S O

3m— Z(Q)
4my —3m+2 2y (m—2)

snenw(mn/ K(z)dr||§,”;§;“” ”||/ K(r)dr||f;';(§;;” U (339)

=% we derive

This combining with (3.34), by Young inequality, for m > 3 —>

P
1Kol @ + | /0 K@)tz 0

32y—1 (Bm—=2)2y—1)

c (1 +lull g + ||9||{§‘L;"(gf”“““°>) : (3.36)
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Now we estimate N. By the Interpolation inequality, for 1 < p; < 2y and 1 < p> < 3m,
we derive

lull g1 (@)l pe (o) ||LP1 @l ||LP2 (sz)

e vy e sy
) =D m— Bm—1)

lull g1 1K (@) pllLe @) | Q@)L @)

2y—pjp 2y(p1 =1 2(3m—pp) 6m(py—1)
Q2y—1 Qy—-1 (Bm—1) Bm—1)

p 1
||u||Hu<9>||pe(/ K(r)dr)llem)<C(y)(||u||H.(Q)+|| /0 K]0

Sy
3(2 D) 32y-D
< Co)(lull; (Q)+|| / K(r)drnL.(m I K(r)dran;(Q)), (3.39)

lullo 1K (o)l ¢ o IFlL <C||u||H1<Q>||K<p>p||;§;(g;;. (3.40)

Let/ + 1 = m in (3.29). By (2.2), (3.28)—(3.29), and (3.37)—(3.40), using standard Holder
inequality, it derive

2y(p1—1) 2y(p1—1)

P
mpyy—1) mpy 2y —T)
1llsm ey < CC1+ [l g (I / KO3 + 1K 0ol

Y Y
+HIK ()l gy ) + Il o) + 1 / K(r)dr||§”§f(g)”). (3.41)

Inserting (3.41) into (3.36), by Holder inequality and direct computation, we conclude that

P
1K (0ol + | /0 K (0)dtll2r @

1 T
y 3y— m(4my —3m—4y +6)(y —
which implies that
Y
16 m gy < CL+ llull i ), (3.43)

where m > 0 for y € (%,y*),mg <m fmar fory > y* and

37y =14y +6) — VA 4y —6

my = < <1,
6(4y — Dy =1 4y =3
3(7y% — 14y + 6) + VA
mg = 2T EOEVA (3.44)

64y — Dy —1
A = 153y* — 876y + 1632y% — 1224y + 324,

< y* <3 is the zero solution of A =0.

\S)

Here, we use the restriction
Bm-=2)2y —1) 32y —1
< - 9
m(@my —3m —4y +6)(y — 1) y3y —4

4
f =.
ory >z
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Large data existence result 13

Furthermore, by (3.26), (3.35), (3.40), and (3.43), we derive

2 2 ’ WD
/Q|9Pc(p)| d-x S ”9”]_‘%1(9)”/ K(t)dt||L2y(Q)
2y + 12y (m—2)
<cC (1 +lulfs g ‘”*““"“”) , (3.45)
3y-3
/ K (p)pu - Fldx < C (1 + ||u||;§/gm) (3.46)

Combining (3.45)—(3.46) with (3.17), we obtain
31 gy + VIHI g, < CUFlL=), M),
where C(||F||L~(g), M) is positive constant depending on ||F|p<(q) and M. Here we need

2y 12y (m —2)
m(y —1) Gy —4HGm —2)

<2. (3.47)

In fact for y > 4, there holds 3]%—}:4 < 1. So for any m > 0, it is easy to check

2y 12y(m —2) 2y 6(m —2)
< + < 2.
m(y —1 @By —-4GBm—-2) mly—1 3m —2
Next, we prove that (3.47) holds for % < y < 4. Note that
4 2y
— < ———— < —, for m >0,
3m  m(y —1)
12y (m —2) 48(m —2) 4 16
< < (11— ) , for m > 0.
By —-43CBm-2) @y —-—4HQ@Bm-2) 3m —2"3y —4
Thus, to make (3.47) hold, we need
4 16
(- ) <1,
3m —2"3y —4
which gives that
4—y)3y -2 2
O<memt=G=VCY=D+VA 2y (3.48)

6(4—y)y—1 3()/ -1
with
= —63y* +372y° — 524y% + 160y + 64.

Note thatm = 1+1,1 € R(’; . Finally, we conclude that the result holds for 1 < m < m™.
This completes the proof. O

To solve the approximation system (3.2)—(3.4), we need to use the Leary-Schauder fixed
point theorem. Define the operator

G: XP x WHP(Q) x WH(Q) — XP x WHP(Q) x W (Q)
such that

G(u, s, H) = (v,z,m).
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14 W. Yan

Here, (v, z, m) is the solution to the system

—div¥ (v) = —%div(K(,o),ou Qu)—VP(p,e’)+(VxH) xH+ K(p)pF, (3.49)

P
—div((1 + ™) (e +¢*)Vz) = —div(K (p) p Q(e*)u) — e*div(upy (/ K (t)dr))
0

P
+ 'K (p)up,, (/0 K(t)dt) Vo +v|V x H? + W(u) : Vu, (3.50)

Vx (®wVxm)=Vx(uxH), divm =0, (3.51)
with the boundary condition

A+ e+ e’)Vz+ez+ Le*)( —0)) =0, x € 0Q2
n-Vw) -+ fv-u=0, k=1,2, (3.52)

v-n=0, mlzg=0.
By the identities
V x (V xm) = Vdivm — Am,
and
V x (uxH)=(divH+ H - V)u — (divu +u - V)H.

together with the constraint divm = 0 and divH = 0, the equation (3.51) can be expressed
as

vAm = (divo)H+ (u- VYH— (H - V)u. (3.53)

We notice that the system (3.49)—(3.50), and (3.53) is strictly elliptic for € > 0. wLr(Q)-

space is algebra for p > 3, and the boundary term belongs to w! P (0€2), so the right-hand
side of the system (3.49)—(3.50), and (3.53) belongs to L.? (2). Meanwhile, the coefficient in
the operator in the left-hand side of (3.50) are of the C!*%(Q)-class. Hence, by the standard
elliptic theory, the existence of the solution of the system (3.49)—(3.50), and (3.53) in space
X? x W2P(Q2) x WH2(Q) can be obtained. IVliwzr (o) + lzllwzr @) + #lmllwizg) can
be controlled by the right-hand side of the system (3.49)—(3.50) and (3.53) under suitable
norm. Combining with the right-hand side of the system (3.49)—(3.50), and (3.53) being at
most of the first-order derivative of sought functions, the continuous and compactness of the
operator G is obtained.

Hence, we conclude the following result on the continuous and compact of the operator

g.

Lemma 3 Under the assumption of Theorem 1, let p > 3. Then, G is a continuous and
compact operator from XP x WZP(Q) x Wh2(Q) 10 XP x W2P(Q) x WI2(Q).

To apply the Leray—Schauder fixed point theorem, we also need to verify that all the
solution satisfying for any ¢ € [0, 1]

tG(v,z,m) = (v, z,m) (3.54)
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are bounded in X” x W27 (Q) x W!2(Q). Note that p = F(u) given by Lemma 1. (3.54)
leads us to consider

—divi(v) = —%div(K(p)pV ®V) —tVP(p,e*) +1(V xm) x m+ 1K (p)pF, (3.55)

—div((1 + ™) (e + €*)Vz) = —tdiv(K (p) p Q(€°)V) — te*div (vp(; (/p K(t)dt))
0

P
+ te*K (p)Vp} (/ K(t)dt) Vo4 vt|V x m + 1W(v) : Vv, (3.56)
0

vAm = t(divvm +¢(v-V)m — t(m - V)v, (3.57)
with the boundary condition

(14 €™")(e+e)Vz+ez+1tL(e%)(e* —0)) =0, x € 0Q
n-vy) -+ fv-uu=0, k=1,2, (3.58)

V'n=0, mldQ=0

The same process as in Lemma 1, the following priori estimates of (3.55)—(3.58) can be
obtained.

Lemma 4 Assume that (v, z, m) be the solution of (3.55)—(3.57) with the boundary condition
(3.58). Then,

IVl 1 @) + VelVolizg + 101 + “VOHL%(Q) + [Imll g1y = Ck),
where 0 = e* and C (k) is independent of € and t.
In the following, we state our main result in this section.

Theorem 2 Under the assumption of Theorem 1, let € > 0 and k > 0. Then, the approxi-
mation system (3.1)—(3.4) has a strong solution (p,u, 6, H) such that

p e WP(Q), ue WrP(Q), s e WP(Q), He W'(Q), forl < p < .

Moreover, there holds
0<p<k, /deng, forx e Q,
and
lullwim @) + VelIVollL2 + ||V9||L,37n_11(9) + [Hll 1@y = Ck),
where 6 = €° and C (k) is independent of €.

Proof Define
iz) = / (I4+e"")(e +e¥)dr. (3.59)
0

Then, we can rewrite the approximation momentum equation(3.56) as
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16 W. Yan

P
—ATl(z) = —tdiv(K (p) p Q(e*)v) — te*div(vpy (/ K(t)dr))
0

P
+te*K (p)vpy (/ K(t)dt) Vo + vtV x m|2 +t¥(v): Vv, x e, (3.60)
0

with the boundary condition

all(z)

on +ez+tL(e5)(eF —6y) =0, x €.

From Lemma 3.4, we can conclude that

K (p)pv is bounded in L3 (R),
v is bounded in W3 (Q),

m is bounded in W'2(Q),

o is bounded in W23 (Q),

for some constant C, which is independent of €.
Multiplying (3.60) by IT and integrating over €2, we have
IVI@) 20 + / (e2T1 + 1L(e%)(e" — 6p))do
0Q

= ClIT@) s 1 F (v, 6, m)]| (3.61)

6
L5(Q)

where
F(v,0,m) = —div(K (p)pQ(e*)v) — e*div (Vp(; (/p K(t)dt))
0
+e*K (p)vp), (/p K()dH)Vp 4+ v|V x m)* + W (v) : Vv.
0

We notice that
IM(z) ~ €z for z — —o0,

[1(z) ~ ee™tDz for 7 — 4o0.

Thus,
/a (€T L) — o) [in<ojdo = C1e? 1M n<o) 72 5g) — C2s

(ezIT +tL(e*)(e* — 6p)) [(n=0ydo > CIGHHI{I'IzO}”il(aQ) - Cy.
a0

This combines with Lemma 3.4 and (3.61), we derive
IMlwizg) < Co 10" sy = le™ sy < C.
IVOllL2@) = le°Vzl2g) < C,

where C independent of ¢.

Furthermore, it can derive from (3.60) that for 1 < g < g* = 3 yd ;*

> 3,

3m
||n||w2,p*(g) < C, for p* = min ‘77 2] )

lzllLe @) + 10llLe@) < C, [IVzllLa@) + IVO|lLie) < C.
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Then, from (3.56) and (3.59), and the imbedding theorem, it has
IVllwzar (@) = Cs lzllwaar @) + 10 llw2ax (@) = Cs
IVzliLe@) + IVOlL= ) < C.
Thus, we conclude for 1 < p < oo,
Ioliw2r @) + IVIlw2r @) + HlIlwi2 ) + zllw2r @) + 10lw2r @) < C.

where C independent of 7. This completes the proof.

4 Effective viscous flux and limit passage

To define the effective viscous flux, we introduce the Helmholtz decomposition
u = H[u] + H"[u],
H[u] = Vo, H[u] = curly,
where ¢ is given by the solution to the Neumann problem

A¢ = divu x € Q,
¥ —0xedQ, [ypdx=0,

and ¢ satisfying the following elliptic problem

curlHL[u] =Vu=w, xe€q,
divH{+[u] =0, X EQ,
HEtu]-n=0 x €99.

By the classical theory for elliptic equations [25,29], we can get for 1 < p < o0

IVH[u]llLr @) =< CllollLr@), [[ARu]Lr @) < Cllollwir ),

IVH [ulllLr @) < ClldivullLr @), AR ullLr @) < Clldivuallwi.pq)-

From Theorem 2, we can conclude that for e — 0T
pe —> p weak — x in L°°(Q),
Pu(pe) — pp(pe) weak — % in L(R),
u. —> u weak in W3 (Q), u. —> u in L®(Q),
K (pe) — K(p) weak — s in L®(),
K(pe)pe — K(p)p weak — % in L®(Q),

Pe 4
/ K(t)dt — / K (t)dt weak — % in L°°(Q),
0 0

0, —> 0 weak in WhatT(Q), 6. —> 0 in LP(Q), for p < 3m,
H, — H weak in WI’Z(Q),

4.1)

4.2)

where we use the notation that a weak limit of a sequence u, is denoted by u, as € —> 0.
Taking the limit in the weak formulation of the approximation system (3.1)—(3.4), we have

div(K (p)pu) =0,
div (W(w) = py(0)] = 6pc(p)] ) + (V x H) x H+ K(p)pF =0,

(4.3)
4.4)
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18 W. Yan

—div((1 +6™)VO) + div(K (p)p Q(0)u) + 6 py( ’ K (t)dt)divu
0

= |V x H> + 2u/D(u)|? 4 A(divu)2, 4.5)
Vx@uxH) =V x WV x H), (4.6)

In the following, we give some priori estimates, which is dependent of k.
Lemma 5 Under the assumptions of Theorem I and 2, it has
lpellLeee) <k,
y(Bm—2)
e lwiam gy < C(1 +kT ), 4.7
(4.8)

He llwir) < C(1+

Proof The first estimate on p, follows directly from Theorem 2. We only estimate the second
one. Rewrite (3.2) as

. 1.
—div¥ (ue) = _Ele(K(pe)peue ®ue) — VPi(pe, 0c) + (V x He) x He
+K (pe)peF. (4.9)
Then, we have
e lw1.3m gy < C(IK (pe) pette @ Uellpsm (@) + [1P1(Pe, O) lIL3m (@) + I[(He - V)He ||i3,n(9)

+I/He IILzm(Q) +IK(pe)peFll s (9)) (4.10)

By (2.1), we deduce

Pe Pe
1Py (pe 60 I megy < allpeC / K(0)dn) lam gy + a3ll6ps( / K(0)d1) 1m0

Pe
< al||17e(/ K(l)df)HLz(Q)HPe(/ K(f)df)HLoo(Q)
+a3||9p9(/ K(t)df)HLz(Q) ||9P9(/ K(t)dt)”Loo(Q)
< CkYS (1 + kTS,

By the interpolation inequality, the Sobolev imbedding theorem, and Young inequality, we
derive

2(1—
1K () pette @ uellysm(gy < llpe o @ 10l on gy < oel@ e lf o) e T g

2(1
< llpe ||Loo<m||u€ [P 1 i

<C(1+ §||ue||wlv3m(sz))a

where2<6moe<p<6m<q,%<oz<land

omp(l — o)
=—— > 6m
p — 6ma

Hence, using the Sobolev imbedding theorem and (4.10), we have

1 yBm-2) 2y(3m—2)
[aellwiam@) < € (1 + E”ue”Wlﬁ'"(Q) +hk oo (L+ k7o) + ||He||%v1,z(g)) .
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Note that % > 1fory > % andm > % Thus, we get

y(Bm—2)
lucliwionegy = € (14K75 ).
Next, by (3.4), the interpolation inequality and Young inequality , we have

V[V x HllLr (@) = VIHllwi.r (@) = llu x HllL- (@)

1—
5 ”u”i?m(Q)HH“ 3:31(;-(I—a)
L 3m—ra ()

2(1—a)
3mr(l—a) ’

2 v
“ali, o + = IHI
v 2 L 3n—ra (Q)

L3m ()

3mr(1—a)

1
where§<a<1andl§3m<r< e

. Then, using the Sobolev imbedding theorem
WHP(Q) — LI(Q) for p<qg<oo, m>1.

Thus, we have

2 2y (3m—2)
Il @) = CONMelyrm g = CO) (1+£75 ).
This completes the proof. O

We also need to prove that the limit temperature is positive. This proof is similar with
[18]. For reader’s convenience, we will show it. From Lemma 2, we have

/ (e + e ¥)do +/ Vsedx < C,
aQ Q

which gives that

/ szda —|—/ Vsedx < C.
9Q Q

Note that 2 is bounded. Hence, above inequality means we can choose a subsequence s¢ —>
sinL2(€2).Recall thatf, = e% andf, —> 0 strongly inL”, p < 3m. Using Vitali’s theorem,
we have

e’ — ¢ in LP(Q), p < 3m,
with

6=¢' sel?Q).
Therefore, we conclude the following result:
Lemma 6 There exists a subsequence {s¢} such that

S¢e —> § In L2(Q).
Moreover, it holds

0 —> 0 in LP(Q), p <3m,

with 6 > 0 a.e. in Q2.
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Consider the following problem which is set by the properties of the slip boundary con-
dition:

€ €
—nbwe = curl ((V x H) x H+ K (p0)pF - ShK (po)peve + Epgug)

€
—curl (EA,ogug) , X €,
with the boundary condition

we - T1 = =22 — f/Wue -2 x € 9L,
we Ty =—(2n1 — f/Wue - 11 x € 9.
It deduce from the structure of w, that
we = A1+ Ay + Aj, 4.11)
which satisfying
—uhAA; =0, x € Q,
At =—=CQm— f/mue -2 x € 99,
=@ = f/iue -7 x € 99,
divA; =0 x € 092,
UAAy = curl((V x H) x H+ K (pe)oF

Al -1

€ €
_EhK(pe)peue + ipeue)a x € L,

A2~‘E1:0 x €09,
Ar-1p =0 x € 092,
divd; =0 x € 092, (4.12)

and
pAAz = curl (SApeus), x e,
Ay-11 =0 x € 092,
Ar-1p =0 x € 092,
divA; =0 x € 092.

(4.13)

To solve the first elliptic equation about A, we transform it to the form

—uA(A — B) =pAB, x €,

(A1—pB)-11 =0 X € 0%,

(A1 =pB)- =0 x €99,

div(A; — ) =0 x € 012,

where B satisfying the following stokes problem
—uAB+Vpo=0, x € Q,
divg =0 x e,
B-t1=—Qn— f/rue-1n x € 9L,

B-o=—Cn — f/wuc-11 x €02,
B-n=0 x €09,
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Note that u, € Wl_ﬁ"%m(aﬁ). So we have 8 € W!3(Q) with 1Bllwire <
Cllue ||W1,p(Q), for I < p < 3m. Furthermore, as done in [18,25,29], we can get

||A1||W11’(Q) < C”llgnwl Q) = < C(l +k ) for1 < p = < 3m.

Lemma 7 The vorticity we written in (4.11), it holds

2;/(3»1 2)

IAtlwioi + I142llwing < C (14575 ) for 2= p <3m,
lA3llLe@) < C(k)€7 for 1 <gq <2
Proof 1t derive from (4.8) in Lemma 4.2 and the interpolation inequality that

”(V X H) X H”LP(Q) =< ”H”L2(Q) ”Hllwl ()

2y (3m—2)
= M0 IHlg Y o = € (14475 ),
wherel < p <3m <¢q,0<a < landq:w.
Hence, by above estimate, (4.12) and Lemma 4.2, we have for 1 < p < 3m

€ €
|42llwir (@) < Clleurl ((V x H) x H+ K (0)0F = ShK (pe)petie + 5 petie) w10y

< C(I(V xH) x H|lLr(@) + 1K (0e) oFllLr () + 11K () pec|lLr ()
+ll petellLr ()

2y(Bm—2)
=c(1+6757).
Finally, we estimate the term A3. Note that by Lemma 3.4
Velpelipg < Ch).

Thus, for any test function x € wlhp (2), we derive
I43l1re < Cellapetliy-1aqa) < Cesup| /Q Apeuexdal.
Combining above two estimates and (4.7) in Lemma 4.1, we obtain
143 lre < Ce (IVpelliaay el + 1V el I Vel gy) < CR)e?.

This completes the proof. O

To introduce the effective viscous flux G, we first use the Helmholtz decomposition to the
approximation momentum, and get

€ € €
VGe = pAH[v] + (V x H) x H+ K (pe) oF — EhK(pe)peue + Epeue - EApeua

where
Ge = —Qu + Mdivue + P(pe, 6¢).
G as the limit version of G¢ is defined as
G =—Qu+ndivu+ P(p,0)

The quantities G is in the theory of compressible Navier—Stokes equations known as the
effective viscous fluxes. Due to the special structure of the steady full compressible magne-
tohydrodynamic system, we can derive the bound of G.
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Lemma 8 Let ¢ — 0. Then we have
G — G strongly in LZ(Q).
Moreover,

2y(Bm—2)
IGllLe@) < C (1 e ) .

Proof Decompose the function G¢ as
GE = G16 + G267
with

/ Gredx =0 and VGy = —%Apeue — ucurlA,.
Q

Then, using Lemma 4.3, we have for 1 < p <2
1GaellLr () < C(ellApeuc ”W*'vP(Q) + M||CUI'IA2||W71,11(Q))
< C(k)er.
Recalling calculations from Lemma 4.3, we have
2y(Bm—2)
1G1cllwirg = € (14k75 ).
Thus, there exist a subsequence (denoted by itself) such that

Gie — G in L®(Q),
Gae —> 0 in L2(Q).
Ge=Gic+Grp — G, inLP(Q), 1 <p<2.

Furthermore, we obtain

2y (Bm—2)
IG L@ = CPIGlwir@) = C(P)sup [Gellwirigy = Cp) (1+K757 ).
€>0
This completes the proof. O

By the small modification of Theorem 3 in [18], we can prove the pointwise convergence
of the density.

Lemma 9 There exist a sufficiently large number ko > 0 such that for k > ko,

k—3
— k=3~ lGl=@ 21

and for a subsequence € —> 07 it holds

m+|{er:p€(x)>k—3}|:0.

li
e—0
Moreover, K(p)p = p a.e. in Q2.

Now we will adopt the technique in [17,18] to show the pointwise convergence of the
density. By Lemma 4.5, we can omit K (p) in the limit system (4.3)—(4.6).
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Lemma 10 Ler 0 < p < oo. Then,

/P(p,@)pdxs/Gpdx, /P(p,@)pdx:/ Gpodx.
Q Q Q Q

Furthermore, there holds

P(p,0)pdx = P(p,0)pdx,
and up to a subsequence ¢ —> 07,

pe —> p strongly in LV ().

Proof By (3.8),wecansett = || p|l1,>(q)+1. Choosing atest functionIn(p+38) foré € (0, 1).

Then, we have

|Vp€|2
Pn+9

/ eApc(nt —In(pe + 6))dx = e/
Q Q

It follows from the approximation continuity equation and above equality that

/ (div(peue) + €pe — €h)(Int — In(pe 4 8))dx = 0,
Q

which implies that

-V
/(M—i—epeln ! )dx—eh/ln ‘
Q pe+38 Pe+ 3 Q Petd

Let 8§ —> 07, it has

/ Uc - Vpedx > —e/ Pe In de,
Q Q Pe

which implies that for sufficient small € > 0,
—/ pedivucdx > o(e).
Q
From the definition G., we derive
/ P(pe, Oc) pedx < / PeGedx +o(e).
Q Q

Taking € —> 0, we get for y > 3

/P(,o,@)pdxs/Gpdx.
Q Q

Now, we return to the limit continuity equation div(pu) = 0, i.e.,
/ pu-Vodx =0, Vo € C°(Q).
Q
As done in [17], using Friedrich’s Lemma, we have

/ (pdiva +u - Vp)dx = 0.
Q

dx > 0.

(4.14)

(4.15)
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Choosing the test function ¢ = In +3 with § > 0. Then, by (4.15), it has

v
/pu~V1n dx / T /05
Q ,0€+5

Taking € —> 0 and § —> 0T, we have

/P(p,@),odx:/G,odx.
Q Q

It follows from the properties of weak limits that

P(p,0)p > P(p,0)p a.e. in Q.
But (4.14) shows that

/Q(P(p, 0)p — P(p,0)p) < 0dx.

So

P(p,0)p = P(p,0)p a.e. inQ,

ie.,

pPpe(p) +0ppg(p) = ppe(p) +0ppg(p).

However, pp.(p) > pp.(p), O ppo(p) = 0ppo(p) and the temperature & > 0. Hence,

ppe(p) = ppe(p) and ppg(p) = ppe(p) a.e. in Q.

Note that p,(¢) > 0 for ¢+ > 0. We conclude that for a suitably taken subsequence

2&MMM&—W@M@®=L¥ﬂMQ—m%kﬂmMm—ﬁaW@®=Q
which implies that
Pe(P)pe —> pe(p)p strongly in L*(Q).
Thus, by the pointwise boundedness of p, p. and p.(t) > 0 for t > 0, we can get
pe —> p strongly in LP(2) for 0 < p < oo.
This completes the proof. O

In what follows, we study the limit of the energy equation and the induction equation. We
recall that

pe — p in L? () for p < oo,

u. —> u in Wh?(Q) for p < 3m,

H. — H in WH2(Q),

0 —> 0 in LP(Q) for p < 3m,

0. —> 6 weakly in WL atT (Q). (4.16)

Since the strong convergence of the density and temperature, and Lemma 10, then

Pe(pe) —> pe(p) strongly in L*(S),
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Po(pe) — pe(p) strongly in L2 (),
P(pe,0c) —> P(p,0) strongly in LZ(Q).

The strong convergence of the effective flux G, in Lemma 4.4 implies that
diva, — divu strongly in LZ(Q).
Moreover, due to the Helmholtz decomposition, we have
curlu, — curlu strongly in L2(Q).
It follows from the regularity of (4.1)—(4.2) that
Y(ue) : Vug — W (u) : Vu strongly in Ll(Q).
For a smooth function ¢, we consider the weak form of (3.3)—(3.4) as

0
/((1 s e)veé.w)dwr/ L(6) (6. — 6)go +e/ 6, - pdo
Q O aQ a0

- /Q (K(pe)psQ(Ge)ue Vo +uepe(/opé K(t)dr) - V(Gew)) dx
+ /ng (/Ope K (1)d1)V (u 0 p)dx
= /Q (vIV x He|* - ¢ + (W (ue) : Vue) - ¢) dx,
and
/Q (veurlH, - curlg + (divu, + u, - V)H, - ¢ — (He - V)u, - @) dx = 0.

Then, by (4.16) and Lemma 4.2, we deduce that

(e +6¢)
96

0. —> 0 strongly in L™ (092), x € 0%,
In6, —> In6 strongly in L2(8§2), x € 092,
curlH, — curlH strongly in L% (),
(divuo)He — (diva)H strongly in LZ(Q),
(ue - VYH, — (u- V)H strongly in L*(Q),
(Hc - Vyue — (H- V)u strongly in L*(Q).

VO, —> (1 4+60™Vo in LY(Q),

(I+6M

Lete —> 0. We have
- [ 006w o+ upio)- Vo) x + [ po(p)Twprds
= /Q (Po(p)09Vu — pQ(6)u - Vo) dx.
Hence, let e —> 07, we obtain
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/ (1 +0™V0 - Vodx + / L©)® — fo)pdo + / (00 ()8 Vu — pQ©)u - V) dx
Q IQ Q
:/ (vIV x H* - ¢ + (¥(u) : Vu) - ¢) dx, 4.17)
Q
and

/ (veurlH - curlp + (divu+u-VH- 9 — (H- V)u-¢)dx = 0.
Q

Finally, recall the definition of IT in (3.59), we introduce I[1(0) = fg (1 + ¢")dt. Then, it
follows from (4.17) that € L*®°(2) and u € W7 () for 0 < p < oo. Using the energy
equation again, we obtain that § € W'-7(Q) for 0 < p < oco.
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