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Abstract We consider the problem of finding the optimal constant for the embedding of the
space

Wx () = {u € Wy (Q) | there exists {ux} C C°(Q) s.t. | Aug — Aully — 0)

into the space L'(2), where @ C R” is a bounded domain with boundary of class C!-1.
This is equivalent to find the first eigenvalue A{ | (€2) of the clamped 1-biharmonic operator.
In this paper, we identify the correct relaxation of the problem on BL((£2), the space of
functions whose distributional Laplacian is a finite Radon measure, we obtain the associated
Euler-Lagrange equation, and we give lower bounds for A{ | (€2), investigating the validity
of an inequality of Faber—Krahn type.
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1 Introduction
Let 2 C R” be a bounded domain, and let Wi’l(Q) be defined as
2.1 o 1.1 1
Wil @ = {uewy @laue L' @)

This function space turns out to be strictly larger than the Sobolev space W2 !(£2) N Wol‘ ! (),
in which all second-order derivatives are taken into account. This is in contrast to the case
p > 1 where one always has Wi’p(Q) = WP N Wol’p(Q), provided 02 is sufficiently
smooth: The equivalence between the full Sobolev norm and ||Aul|, can be achieved by
standard elliptic regularity theory, see [11, Lemma 9.17]. This difference is highlighted by
the corresponding sharp Sobolev embeddings: in particular, in the so-called limiting case
n=2(p=1= %), one has W21 (Q) < L>®(Q) (see e.g., [1]), while this embedding fails
for the larger space Wx'' (%), which embeds only into L., (S2) (see [], [2]).
In [18], the authors addressed the minimization problem

| Aully

wew @0y llull ’

A11(R2) = ey

which is strictly related to the optimal constant for the embedding of Wi’ ! () into L1(Q). A
physical interpretation of A 1 (€2) was given in terms of the L°°-norm of the torsion function,

and a Faber—Krahn-type result was proved. Actually, the infimum is not attained in Wi’ L),
but in the broader space

BLo(R) := {u € Wy () | |Au|(Q) < o0},

consisting of all functions u € Wé’l(Q) such that Au is a Radon measure with finite total
variation. The minimizers satisfy, in an appropriate sense, the (formal) eigenvalue problem

2 u :
Afu=r— in 2,
|ul
Au
U= =0 onof2,
[Aul
where we denote by A%u the 1-biharmonic operator A%u = A (‘ﬁ—z‘), which can be seen as

the limiting case, for p — 1, of the p-biharmonic operator A%u := A (|Au|P~*Au). The
1-biharmonic operator, hence, can be interpreted as a ‘higher-order’ case of the well-known
1-Laplacian operator Aju = div(%) which has been widely studied in recent years due
to its numerous applications.

How does problem (1) change if we replace Wi’ ! (€2) with the subspace of the smooth com-
pactly supported functions, C2°(£2)? The aim of this paper is to investigate the minimization
problem

CU) = _in Jg|1u] )
b ueCE@\(0) [ lul
which can be seen as the L!-counterpart of the minimization of the quotient
. Jo 18ul?
n1(82) = inf = 3

ueWZ(@)\{0} Jo lul?
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Functional inequalities related to the clamped 1-biharmonic operator 1837

The value | coincides with the first eigenvalue of the clamped plate equation; when the
domain €2 is a ball, its value can be expressed as the smallest positive root of a functional
equality involving Bessel functions.

Investigating the minimization problem (2) is equivalent to determine the value of the
quantity

Au
inf Ja| ',
ueW2 | (@\(0) Jo lul

“

where Wi”lo(Q) denotes the closure of C2°(2), with respect to ||A - |1, that is,
w2l = {u e Wl (@) | there exists {ux} € C(Q) sit. | Aug — Aully — 0] ,
Hence, A€,1 (2) is the inverse of the optimal constant for the embedding
Wao(@) = L1 ().

Embeddings of Wi”lo (£2) into other function spaces were investigated in [5] and more recently
in [10]. However, the method used in this paper, which avoids looking for particular mini-
mizing sequences when computing the value of A{ | (£2), is new in this context.

Set in the space Wi’ylo(Q), the minimization problem (4) resembles the analogous one,
(3), in Wy (). Nevertheless, while the existence of a minimizer for (3) in Wy () is
easily shown, the quotient (4) does not admit minimizers in Wi’,lo(Q), but in the broader
space B Ly (£2). Of course, one needs to find the relaxation of the functional in B L((2), and
therefore, the main difficulty is its correct identification. Observe that we cannot relax the
functional simply replacing ||Aull; by |Au|(2), the total variation of Au measured in €2,
since this would give the infimum of the quotient on Wi’l (£2), as shown in [18]; therefore,
one can think to penalize the numerator by adding the L'-norm of the normal derivative u,,
on 0€2, in order to “force” the functions to have zero normal derivative, that is, to consider
the new minimization problem

. [Aul(2) + llunll L1 ae)
ueBLy(\(0} llully '

This intuitive approach turns out to be correct, but it requires some work in order to give it a
precise mathematical meaning. First of all, we have to make sure that functions in B L (2)
admit a normal derivative on 92 which belongs to L' () and that an integration by parts
formula holds; this question was addressed by Brezis and Ponce, [4, Theorem 1.2], who
also showed that the numerator in the previous ratio is nothing but the total variation of Au
calculated in the whole space R”, that is,

[Aul|(R") = [Au|(2) + llunll L1 5

so that one can equivalently consider one of the following minimization problems

. Au Au|(R"
¢ (@ = inf IAulls _ o [Aul(R")
’ wew2 oy Nl ueBLo@\(OF  lully

(&)

-, lAulls + llunllLrog)
uew ! (@)\(0) lluells
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1838 E. Parini et al.

Analogously to the eigenvalue problem studied in [18], a minimizer satisfies formally

A( Au ) AL inQ
= A— 1n 2,
|Au| |u] (6)
u=20 on 0%2.

Observe that this boundary value problem seems under-determined, since the boundary con-
dition u#,, = 0 does not appear; indeed, minimizers in BLy(£2) need not have zero normal
derivative on 0€2. This feature is actually shared with the eigenvalue problem for the 1-
Laplacian operator: in that case, one minimizes the Rayleigh quotient

|Du|(R") — [Dul(R2) + llull 1 ae)
lluell 1 lluells

among all non-trivial functions u € BV (2). Since minimizers are given by characteristic
functions of Cheeger sets, whose boundary always intersect d€2, the Dirichlet boundary
condition # = 0 is never satisfied on the whole boundary; we refer to [13] for further details
on the eigenvalue problem for the 1-Laplacian and to [17] for general properties of Cheeger
sets.

Let us now go back to the first eigenvalue of the clamped plate Eq. (3). A long-standing
conjecture (see Payne [19]) states that, for any bounded domain €2, the ratio

n1(52)
1 (2%)

is bounded from below by 1, where Q* denotes the ball in R” having the same volume of €.
The question was first investigated by Talenti in [22] and then solved in the case n = 2 by
Nadirashvili [16] and for n = 3 by Ashbaugh—Benguria [3], but it is still an open problem
for n > 4. One of the major difficulties is the fact that the associated first eigenfunction
may be sign-changing, as is, for example, the case when 2 is a square. Here, we address the
analogous question for the first eigenvalue of the ’clamped’ 1-biharmonic operator: does a
Faber—Krahn-type inequality hold? The answer is affirmative in the case n = 1 and n = 2,
whereas we give a (non-optimal) lower bound for the ratio

Ai,l(Q)
AT (@)

if n > 3, and we leave the question as an open problem.

We are now ready to state our main theorems that summarize the results described above.
The following theorem provides equivalent formulations for the minimization problem (4),
(2), the existence of a minimizer in BLy(2) and the associated Euler-Lagrange equation.
We denote by D!-2(R") the closure of C2°(R™) with respect to the norm ||u| := ||Vul|» (see,
for instance [14]).

Theorem 1.1 Let Q@ C R” be a bounded domain with boundary of class C\. Consider the
minimization problem

1 : [l Auelly
M ' ©)
uew? @iy llulh
Then,
' Aul|(R" Al o
c@= g AIED I Aul + llunll ooy ®)
: ueBLo(@\(0}  [lully wew? L @\0) T
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Functional inequalities related to the clamped 1-biharmonic operator 1839

Moreover,

(i) the first infimum in (8) is attained: There exists v € BL(2) \ {0} such that | Av|(R") =
AS L@l
(i) the minimizer satisfies formally

Au u .
A =A— in
[Au| |u]

u=20 on 092;

in the sense that for any measurable sign selection s € Sgn(u) there exists
z € DY2(R™Y) N LR such that
o |zl = 1, supp Az C 2, Az € L"(Q);
o |Aul(R") :/ uAz;
Q

. . |Au|(R")

e Az = As almost everywhere in Q, with A = W
Uil

AL

The next theorem provides a lower bound for the ratio )
1,1

and states a Faber—Krahn-type
inequality when the minimization problem is restricted to the positive cone of Wi”lo(Q). We
recall that, by Theorem 1.3 in [18],

AL > Ay @ = 2"
1,1(82) > Ay i( )—ﬁ

where QF is the ball of radius R having the same measure of Q : |Q| = |Q¥| = v, R", w,
being the measure of the unit ball.

Theorem 1.2 For any bounded domain Q with boundary of class C"!,
AT Q) = A @D =2-A11(@Y  ifn=1,2

©))
AT = S AL @) ifn =3
Further, if
PR = {ue W@ u = 0}
denotes the cone of positive functions in WZ‘}O(Q), and
A
N U |
’ uew (@ |lulh
then
AT (@) = ATT (@) (10)

and equality holds if @ = Bpg, where By is the ball of radius R, when

4n

.+
AT (BR) = 25
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The paper is organized as follows: after giving the necessary definitions and proving
some preliminary results in Sect. 2, we study the existence and the properties of the normal
derivative for functions in BLy(2) (Sect. 3). In the fourth section, we discuss the well-
posedness of our minimization problem and its relaxation on BL(£2), while in Sect. 5 we
describe the Euler-Lagrange problem satisfied by the minimizers; Sect. 5 ends with the proof
of Theorem 1.1, which summarizes all the arguments introduced above. Section 6 is devoted
to the radial case: when the domain is a ball, we solve the minimization problem when
restricted to the subspace of radial functions. The last section is dedicated to the discussion
on Faber—Krahn-type inequalities for A{ ; (Theorem 1.2).

The authors would like to thank Samuel Littig for providing an earlier version of [15].

2 Definitions and preliminary results

The aim of this section is to recall definitions and results about the space B Ly (£2) proved in
[18], to which we refer for further details.

Let Q C R” be a bounded domain; unless otherwise specified, we will suppose that its
boundary is of class Lipschitz. We define BLo(f2) as the space of functions u € WO]’1 (2)
whose Laplacian Au is representable by a finite measure u, i.e.,

/Vqu):/godu VoeCl(EsR)
Q Q

Recalling that the total variation of a measure p is defined as

|11](£2) = sup [/deu‘w € Ce(9), ll@lloo = 1]

we define the total variation of the Laplacian of u (in Q) the quantity
2k = sup | [ gdnulp e c@. tol < 1
Q
= sup [/ pdiu|p € CE®), ol < 1}
Q

= sup [/ Vuvg g € CEQ), gl < 1]
Q
where we used the fact that C2°(2) is dense in C.(£2). Hence,

BLy(Q) = {u € Wy ()| |Aul(R2) < oo}

For n = 1, the space BL((2) coincides with the space of functions of bounded Hessian
B H (2) introduced in [7], which are functions whose gradient is locally in BV (£2). However,
if n > 2 the latter space is strictly contained in B L (£2), as a consequence of the results in
[6, Theorem 3]; indeed, the authors prove the existence of a function « : [0, 1] x [0, 1] - R
such that u,, and uy, are Radon measures with finite total variation, but the total variation
of uy, is infinite, so that u ¢ B H(2). The space B L(2) was already introduced by Brezis
and Ponce in [4]; using their notation, it holds BLo(2) = W&’l (2) NX.

We will also make use of the total variation of Au in R”, that is,

| Au|(R") = sup ‘/ VUV(P'QD € CERY), gl < 1}
RV!
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Functional inequalities related to the clamped 1-biharmonic operator 1841

and of the space
BLo(R") = {u e WM ®R") | |Aul|(R") < o0} .
Finally, we define the space
W@ = {uew, @] aue L)
and

WX (@) 1= {u e Wy (@) | there exists ux) € C2(R) st | Aug — Aully — 0}

Note that W () € W' (2) € BLo(S): indeed, for any u € Wy (S2) the distributional
Laplacian is given by Au dx, but the inclusion is strict.

We recall the following approximation result, whose proof can be found in [18, Theorem
4.1].

Proposition 2.1 Letu € BLy(S2). Then, there exists a sequence of functions uy € C*°(2)N
BLo(R) such that ug — u in Wy'' (Q), and |Aug| () — |Au|(Q) as k — oo.

Note that, indeed, a function of C*°(£2) N BLy(£2) belongs to WZ’I (2).
In order to investigate the minimization problem (8), we are naturally interested to guar-
antee existence and uniqueness of solution (in a suitable sense) of the equation

—Au=pn in
u=0 onod2

The question is not trivial, as one can see by means of explicit counterexamples. However,
if the boundary of €2 is of class C!'!, uniqueness of distributional solutions in the space
Wol‘1 (£2) holds. More precisely, the following slightly more general result was proven in [18,
Corollary 4.5].

Proposition 2.2 Let 2 be a bounded, convex domain or a bounded domain whose boundary
is of class Ch with o € (0, 1]. Ifu € Wol'l(Q) is harmonic in Q2 in distributional sense,
then u = 0.

This allows a decomposition of a function u € BLy(f2) into its “superharmonic” and
“subharmonic” part as in Proposition 3.1; hence, from now on, we will suppose that the
boundary of  is of class C!-!.

3 Normal derivative and integration by parts

As remarked in the introduction, in order to identify a proper relaxation of the minimization
problem (4) in BLo(£2), we need to guarantee the existence of a normal derivative on the
boundary 9€2, for functions u in B Lo (2). This question was addressed by Brezis and Ponce,
who proved that every function in BLo(2) admits a normal derivative in L' (9Q; 5"~ 1),
the symbol .21 standing for the (n — 1)-dimensional Hausdorff measure ([4, Theorem
1.2]). We observe that our space B Lo (£2) corresponds to X N Wol’ ! (£2) in their notation. For
the sake of completeness, we wish to give a slightly different proof, in order to state more
precisely the regularity assumptions on the boundary, and to show that functions in Wi”]o(Q)
are such that their normal derivative is identically zero on the boundary.

@ Springer



1842 E. Parini et al.

Proposition 3.1 Let Q@ C R” be a bounded domain with boundary of class C"'. Let u e
BLo(2). Then, there exists a unique linear application T, : BLy(2) — L'(3K; 52"~ 1)

such that
/Vquo:—/ gadAu—l—/ (Thu) @
Q Q Q

for all ¢ € CY(Q). Further, it holds

/ |Tnu|s/|Au| (11
a2 Q

Ifu e BLop(R2) N CY(Q), then Tyu = u, on 32 Moreover, ifue Wz”lo(Q), then T,u = 0.

Proof We begin by supposing that u € C®°($2) N W2 () for every p > 1, and —Au > 0.
Then, Vu € C(Q), u > 0 and u,, < 0. Therefore,

/ |un|=—/ un=—/diV(Vu)=/ |Aul. (12)
aQ Q Q Q
/VuV(p:—/(pAu—l—/ Qup
Q Q aQ

for all ¢ € C' (). A similar reasoning applies in the case —Au < 0. Let now u € Wi’l (2)
with f := —Au > 0. Since 3L is of class C'!, we can approximate u by a sequence
up € C®(Q) N WxP(Q) for every p > 1 such that Aup € C°(2) with —Aux > 0
in such a way that uy — u in WOI’I(Q) and Auy — Auin L1(Q). By (12), the sequence
{T,,uy} is aCauchy sequence in L1(3Q; 2"~ 1), and therefore, there exists a (unique) function
g € L'(39; " Y suchthat T,ur — gin L'(992; 7"~ 1). Wewill set Tj,u := g. Moreover,

from
/VukV<p=—/ Auk(p—l-/ (Thup) ¢
Q Q IQ

/ww=—/ Au<p+/ (To) ¢ (13)
Q Q I

for all ¢ € C!(R). Furthermore, the equality

/ |Tnu|=/ ™
a2 Q

holds true. To show uniqueness of T,u, suppose by contradiction that there exists another
g € L1'(9Q; 271 such that (13) holds true. Then,

Moreover,

we obtain

/ (Tyau—2)9 =0 forevery ¢ e C'(Q). (14)
Q2

By Whitney’s extension Theorem [23], for every ¢ € C2°(9S2), there exists ¢ € C L)
such that ¢|3q = 1. Therefore (14) is equivalent to

/ (Tt —2) Y =0 forevery ¢ € C2°(9Q2)
Flo
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Functional inequalities related to the clamped 1-biharmonic operator 1843

which implies g = T,,u. Now, we consider an arbitrary function u € Wz‘l(Q)‘ Let w and z
the solutions of the problems

—Aw = ft inQ —Az=f" inQ
w=20 on 02 z=0 on IQ2

where T and f~ are the positive and negative parts of f, respectively. Then, u = w + z,
and we can define

Tyu = T,w+ T,z.

Relation (13) holds true also for u, and

/ |Tnu|§/ |an|+/ |Tnz|=/ |Aw|+/|Az|=/ |Aul.
a2 Q2 a2 Q Q Q

The extension of the result for functions in BLy(£2) can be proved as in [4, Proposition
4.2] (their extension argument works also for domains with boundary of class ClO. Ifuis
of class C1(Q), it is clear that T}, must coincide with the usual normal derivative. Moreover,
ifue Wi‘,lo(Q), then it is the limit of a sequence of functions u; € C2°(£2). Since T,u; =0
on €2, by continuity we have T,,u = 0 on 02 as well. O

We will now investigate the trivial extension of functions in B L (2). Let us denote with

o Julx) if xeQ,
”(x)'_[ 0 if xeR'\Q.

Observe that if v € WOI‘I(Q), then
871E) = sup | [ va¢]o € CX@). ol < 1]
Q

=sup | [ VoTp[o e CZE. gl < 1]
Q

=sup| [ Vovp|o e Cl@. ol = 1]
Q

In the following, when no ambiguity arises, we will denote by u,, the normal derivative of a
function u € BLy(S2).

Proposition 3.2 Let u € BLo(2). Then, u € BL(R"), and
|AU|(R") = [Aul(Q) + llunll L1 50)-
In particular,
|Au|(R") < 2]Aul|(R2).

Proof We argue as in [9, Section 3.4, Theorem 1]. Since in particular u € WOl o1 (€2), we have
thatw € WHI(RY). Let ¢ € C'() such that ||¢|s < 1; then,

/ Vﬁw:/ww:—/wm”/ Quyd A"
n Q Q aQ

< 1Aul(2) + lunll 1) (15)
Hence, u € BLo(2) implies that u € BL(R") with
[AU|(R") < |Aul(R) + llunll 1 50)-
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1844 E. Parini et al.

To obtain the equality, observe that dA € M (), so that, by the Riesz representation
Theorem, it admits a unique decomposition

/deAﬁ:/(pdujL/ edv  VeeCl(Q)
Q Q Q2

Hence, we obtain that
dp=dAu and  dv = u,d""!

and the first part of the claim follows. The second part is a consequence of Proposition 3.1,
since

lunllpioo) < [Aul(S2).
O

Looking carefully at the proof of Proposition 2.1, one can observe that it is possible to
write | Au|(R"™) instead of |Au|(€2), obtaining the following approximation result.

Proposition 3.3 Letu € BLy(S2). Then, there exists a sequence of functions uy € C*°(2) N
BL((R) (and hence in Wy (Q)) such thatuy — uin Wy’ (), and | Atix|(R") — |A7i|(R")
as k — oo.

Remark 3.4 If u e Wi’l(Q) it is not true, in general, that u € Wi’l(R”). As an example,
one can consider 2 = Bj in R? and the function u(x) = 1 — |x|2 defined on Bj. Clearly,
u e Wz’l(Bl); on the other hand, for any radial ¢ € C2° (R?),

1 1
/ Vi Vgdx =21 / ~2rg/ (ryrdr = 47 g(1) + 87 / ro(r)dr
R2 0 0

:—4ng0(1)+4/ wdx;é/ godx foranygeL'(Rz)
By R2

This proves that u ¢ Wi’l (Rz).

Remark 3.5 If u € Wi’,lo(g)’ then T,u = O and u € Wi’l(]R”) by Proposition 3.1. In

particular,
|Aﬁ|(R”)=/ |Aﬁ|=/ |Aul.
R" Q

From now on, we will not distinguish between a function and its trivial extension.

4 An approximation result: relaxation on B L((f2)

The aim of this section is to obtain the relaxation of our original minimization problem (4)
on BLy(f2), that is, to prove (8)

1Auly _ 1Aul®™)
wew?hngoy lullt  ueBLo@\©O)  lull

11(Q) =

To this end, we will show that each function u in BLy(2) can be approximated by a
sequence {uy} of smooth functions with compact support, in such a way that uy — u
in WO]’](Q) and ||[Auglli = |Aug|(R") — [Au|(R"). Our results are inspired by those
contained in [15]. We will need some preliminary lemmas.
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Lemma 4.1 [15, Lemma 3.4] Let 2 C R”" be an open, bounded subset with Lipschitz
boundary. Then, there exists a Ty > 0 and a family of C*°-diffeomorphisms ®* : R" — R",
0 <t < 10, with inverses W7, such that:

o0 =0 = 14;
O — Id and V' — Id as T — 0 uniformly on R";

DCIDL(x) — Id and DV* (x) — Id as t — 0 uniformly with respect to x on R"
PT(Q) cCc Qfor0 <t <10

Moreover, the higher derivatives of ®% and W* converge uniformly to zero as Tt — 0.

Lemma 4.2 Let u € BLy(R2). Then, there exists a sequence {uy} in C*°(2) N Wz*p(Q)for
every p > 1 such that uy — u in W) and | Aug|(R") — |Au|(R").

Proof Since u € BL((S2), by Proposition 3.3, we can say that there exists a sequence {uy} in
C®(Q) N Wi'(Q) such that uy — u in W' () and [Aug|(R") — |Au|(R"). Therefore,
it is enough to consider a function u € C*°(2) N Wi’l(SZ). Let f = —Au,and let { fy} bea
sequence in C2°(2) such that fy — f in LY(€2). Let uy be the solution of

—Auk = fk in Q
uy =0 ondQ

Since 92 is of class C!+1, one has that uy, € C*®(Q) N WP () for every p > 1. Moreover,
up — win WHI(Q), |Aug|(Q) — |Au|() since || fr — fIl1 — 0, and by Proposition 3.1

/ |Tnuk|_>/ | Thul
aQ Q2

which implies |Aug|(R") — |Au|(R"). O

The following proposition, which is the main result of this section, is an adaptation of [15,
Theorem 3.2].

Proposition 4.3 Let u € BLy(2). Then, there exists a sequence uy € CZ°(2) such that
up — win Wy (Q) and | Aug|(R") — |Au|(R").

Proof We begin by considering a function u € BL((£2) with compact support. Let  be a
standard mollifier, and consider the functions u, := u *n, where n.(x) = ¢ "n(x/e). Then,
ugs € C°(Q) for ¢ > 0 small enough, and u, — u in W(}’l (£2), which implies

|Au|(R™) < liminf |Aug|(R").
e—0
Moreover, for a function ¢ € C2°(R"), we have

/ Vu:Vo =/ V(u*ne)Ve :/ VuV(ne * @) < |Au|(R")
n RYI Rn
since |1 * ¢| < 1. Hence,

lim sup | Aug|(R") < |Aul(R™).

e—0

Now, we consider an arbitrary function u € B L(£2). We notice that, by Lemma 4.2, it is
enough to consider functions in C*°(2) N W2ZP(Q) for a fixed p > n. Then, for ®7 a family
of diffeomorphisms with inverses W* as in the lemma above, one defines

ut (x) = u(W(x)).
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1846 E. Parini et al.

The functions u” have compact support, and satisfy u — u in L' () for t — 0 (see Step
1 in [15, Theorem 3.2]). Moreover,

Vi (x) = V(¥ ()] = [DYT()]" - Vu(¥7 (x)).

For every ¢ > 0, we can choose t so small that IDY™ ()T = Id| < & and
|det D®T (x)| < 2. Therefore,

IVu™ (x) = Vu(x)| = [[DWT(0)]" - Vu(WF (x)) = Vu(x)]
< DY )] - Vu (W™ () — V(W ()] + [Vu(¥™ (x)) — Vue(x)]
< IIDWT()]" = 1d[[[Vu(¥™ ()] + Va7 (x) — Vuu(x)]
< &[Vu(Wr ()| + [Vu(¥' (x)) — Vu(x)|

which implies
/Wu’(x)—wxnfe/ |W(\1ﬂ(x>>|+/ V(W () — Vo).
Q Q Q
Observe that
/QWu(\v’(xmdx=/Q|Vu<y)||detm>’(y>|dysznwnl,

while it can be shown as in Step 1 of [15, Theorem 3.2] that
/ [Vu(¥*(x)) — Vu(x)| = 0
Q

as T — 0. Hence, u® — u in W&’l (R2). It follows that

|Au|(R") < liminf |Au®|(R").
=0

It remains to prove that

lim sup |Au®|(R") < |Aul(R").

=0

For every y € 0%, let v(y) be the normal vector, and let us denote by [Jr(P)](y) the
tangential Jacobian at y (see [12, Definition 5.4.2] and [12, Proposition 5.4.3]), defined as

I (D)1(y) = [[DY (M1 v(y)| - det DD (y).
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It holds

/ Vuf(X)Vgl)(x)dx=/ V[u(\p‘[(x))]vw(x)dx
R R
_ _/QZ Alu(WF (x))]g () dx+/mr (VT ()] - v A 3
= /Q | AL (W7 (x))]] dx +/BQT IV (W7 )| do ! (x)
owT
S/r Z‘ ax;
+/ DT 1 - V(W () dA" (x)
QT

mEW / ‘Z (@) - Du(y) - (<b )

ou
(W () AW (x)| dx
0x; J

+ Z —(y)Aw (<1>f(y>)’ |det DD™ (y)| dy

/ DY (@ (NI - Vu(y)| [Ir (@) (y) A"~ ()

“LIZ5

+/ Z’T(y)mp}(df(y))‘ |det DO (y)|dy
% Xj

(y))’ |det D™ (y)|dy

+ /a . DY (@"(Y)IT - Vu)| [ (®)1(y) d" " (y)
=I{+1L+1I3

For the change of variable in the boundary integral, see [ 12, Proposition 5.4.3]. Since D®* —
Id uniformly, one has that |[det D®*(y)| — 1 and [Jr(®)](y) — 1 uniformly as T — 0.
Moreover,

J

ov 2 2
Z () - D*u(y) - (cb () — e - D*u(y) - e;
ow’?
/‘Z (@) D) e
Xi
d

|det DT (y)|dy

|det DO (y)| dy

u(y)-ei —ei-Du-e

ax,'
_/ Z AV
al< 9

ow’?
+ [ Py ! } - Du(y) e
1

AW
u(y) - [73 (" () — ei]
Xi

|det D®* (y)|dy
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ow’ ow’T
<> / (@7 (y) - Du(y) - (©7(y)) — ei | | |det DT (y)| dy
—Ja ax; 0X;

FAVAS
+Z/Q ‘ [aT,-(‘DT(”’ —ei] -D*u(y) - ¢

Since % converges uniformly to ¢; as T — 0, and D?u € L1 (), we have that
1

J

Similarly, the Izt converges to zero, while I3T satisfies
5= [l
0Q

limsup |Au’[(R") < |Au|(R")

7—0

|det D®T (y)|dy

owr .
(@ (y))‘ldet Do (y)ldy—>/Q|Au|-

> 2 @t () - D2y -
- ax; 0x;

so that finally

which is the claim. ]

5 The Euler-Lagrange problem for the clamped 1-biharmonic operator

In this section, we will derive an Euler—Lagrange equation for the minimization problem (5).
Due to the homogeneity of the problem, A{ | (£2) can also be defined as
A{ () = min{]Au|(R") [ ||uly = 1}.

Since the functionals involved are not differentiable, we will make use of some results from
convex analysis. We will need a suitably modified version of [18, Proposition 5.2]. Let us
define the extension of |Au|(R") to the space L" () forn’ = n%] (observe that BL(2) C

Wyl (@) c LT ()

|Aul(R") if wu e BLo(),

E(”)::( +oo if weL"(2)\ BLo(RQ).

As recalled in the Introduction, we will denote by DU2(R") the closure of C°(R") with
respect to the norm |lu|| := ||Vu||2 (see, for instance, [14].)

Proposition 5.1 Let u € BLy(S2), and denote by 0 E (u) the subdifferential of E at u. Then,
u* € E(u) if and only if there exists z € D2(R") N L™(R") such that:

o [zl = I}
o u* = Az e L"(R"), supp Az C ;
o E(u)= [quAz.

Moreover, ifu # 0, then ||z]lco = 1.

Proof Let us define

M* = {u* € L"(Q) |u* = Az for some z € D">(R") N L¥R"), ||zlloo < 1}.
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The functions in M* will be trivially extended outside 2. We want to show that M* is closed.
To this end, take a sequence {u;} in M™* such that u} — u™ in L"(2); hence, there exists a
sequence {zx} in DL2(R") N L®(R") with the property that ||zx|co < 1 for every k and that
”Z = Az in distributional sense and also weakly, which means

/ ) :/ x Ap = —/ VzkV for every ¢ € C2°(R")
Q n Rn

or equivalently
—/ Vz Ve :/ uj ¢ for every ¢ € DV (R").
n Q

The sequence {zx} is bounded also in DUL2(RM), since {uf} is uniformly bounded in L" (£2);
this follows by testing the equation with —z; in order to obtain

2 n=1
/ IVzil Z/ upzk < llzklloolluglly < luglly < 1207 luglln-
n Q

So there exists a functionz € D2(R")NL> (R") such that, after passing to a subsequence,
2=z in DR,
7% =%z in LR,
which implies
zlloo =< liminf [[zk[loo < 1
k— 00
and

—/ Vngo:/ u* ¢ for every ¢ € DV2(R").
n Q

which means that u™ = Az weakly. Hence, u* € M*.
Let I+ : L"(2) — R be the function defined as

0 ifu*eM*
+o00 otherwise

Iy (u™) = [

The conjugate function to I+ is given by

Iy«() = sup [/ u*u—IM*(u*)]: sup /u*u
ureLr’ (@) L/ weM*JQ

Now take u € BLo(S2) and u* € M*; then, there exists a sequence {u;} in CZ°(£2)
such that uy — u in W&’I(Q) and |Aui|(R") — |Au|(R") as k — oo. Without loss of
generality, due to the embedding of B Ly (£2) into Wol’r () forall r € [1, n’) and the fact that
[Aug|(R") = |Auk|(€2), we can suppose that uy — u in L”/(Q). We have

/u*u:/Azu: lim Azuy = lim/zAuk
Q Q k—o0 Jo k—o0 Jo

< lzlleo lim / [Aug| < lim / [Aug| = lim [Aug|(R") = [Aul(R"). (16)
Hence,

I+ (u) = sup /u*usE(u).
Q

u*eM*
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Now, we have

E(u) = sup /uA¢|<peC§?°(R”), lelleo = 1]
Q

ESW‘/MAMZGWJ@ﬂﬂLm@”J&ELWQ%me<4
Q

= sup /u*ulu*eM*]:I;}*(u).
Q

Since the above inequality is true also for u € L”’(Q) \ BLy(S2), we obtain
Iy« (u) = E(u)

for every u € L"/(Q). M* is closed and convex and thus /). is convex and lower semicon-
tinuous, which implies (see [8, Chapter 1, Propositions 3.1 and 5.1])

I = (Iip)* = E*.

By [8, Chapter 1, Proposition 5.1] one obtains that u* € d E (u) if and only if
/uW=Em+Emm=EWHmem
Q

which implies that u* € 9E (u) if and only if u* € M™* and E(u) = fQ u™ u, which is the
claim. Moreover, if u # 0, then E(u) # 0 by Corollary 2.2 and hence ||z]|oc = 1 from Eq.
(16). O

Letus define G : L" (Q) — R, n' = -, as

n—1°

G(u) :=/ |ul.
Q

Foru € L”/(Q), one has that u™ € dG () if and only if
u* e Sgn(u)
(see [13, Proposition 4.23]). We recall that v € Sgn(u) if and only if:

e v(x) =1lifu(x) > 0;
e v(x)=—1lifu(x) <O
e v(x) e [—1,1]ifu(x) =0.

We are now ready to characterize the first eigenfunctions of the clamped 1-biharmonic oper-
ator.

Proposition 5.2 Let u € BLo(2) be a minimizer of E constrained to the set {u €

L”/(Q) |G(u) = 1}. Then, for every measurable selection s € Sgn(u), there exists
z € DM2(RY) N L®(R") such that:
D) llzlloo = 1;

2) Az € L"(R");
(3) E(u) = |Aul(R") = [qu Az;
(4) Az = As almost everywhere in 2, with A = E(u).
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Proof From [13, Proposition 6.4] (setting u = —u), it follows that for every g* € 9G (u),
there existsae™ € dE(u) anda X € Rsuchthat g* = X e*, which plays the role of a Lagrange
multiplier rule in this non-smooth setting. Multiplying both sides of the equality by u and
integrating on €2, one obtains that A = E(u). The claim follows easily if one remembers how
the subdifferentials of E and G are characterized. O

Proposition 5.2 gives only a necessary condition for u to be a first eigenfunction; therefore,
since u has support in €2, one could state the result with a function z € WLZ(Q) N L®(Q)
satisfying the same conditions. The Euler—Lagrange equation formally reads

Au u .
A =A— in Q,
[Aul lul
u=20 on 0%.

The function s in Proposition 5.2 should be considered as a substitute for the possibly unde-

termined expression while z plays the role of AL If compared with the problem studied

IuI’ IAuI

in [18], we remark that the natural boundary condition £ [ = = 0 has disappeared; indeed, the

\A
function z now belongs to W2(Q) and not necessarily to W0 (Q). However, although we
consider this problem as a “clamped” eigenvalue problem, the boundary condition u#, = 0
is in general not satisfied, as it will be made clear in the following sections. This feature
actually appears also in the eigenvalue problem for the 1-Laplacian operator with Dirichlet
boundary conditions: first eigenfunctions are given by characteristic functions of Cheeger
sets and they never satisfy the condition # = 0 on the whole boundary.
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 Let us consider the minimization problem (7). A direct consequence
of Proposition 4.3, combined with Remark 3.5, is the first part of Eq. (8),

c@= g JAUE)
ueBLo(@\0)  [lullt
On the other hand, by Proposition 3.3
Aul®) L A @)
ueBLo\{0}  [lufls wew> @m0y Nl
which is equal, in turns, to

lAully + llunllLr oo
ueWw(@)\(0) llzell 1

by Proposition 3.2. The proof of (8) is then complete.

The proof of assertion (i) follows the same lines as in [18, Proposition 5.1]. Let {u;} be
a minimizing sequence in W {(22) C BLo(2) such that [lug]|; = 1. By Remark 3.5, there
exists a M > 0 such that |Au () = |Aug|(R™) = || Auglly < M, so that, by [21, Theorem
9.1] (see also [18, Theorem 4.2]) the sequence is uniformly bounded in Wd u (Q) for a fixed

r e (1, P 1) Hence, there exists a function u € Wo (2) (and hence in Wo (Q)) such

that, up to a subsequence, uy — u weakly in WO’ (2) and ux — u strongly in LY(€2); this
implies in particular that ||ux||; = 1. As in [18, Remark 2.1], the total variation |Au|(R") is
lower semicontinuous with respect to the L!-convergence, so that
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|[Au|(R") < liminf |Aug|(R") = liminf || Aug|;.
k— 00 k— 00

This implies that actually u € BLy(2) and, further, that the first minimization problem
in (i) is attained:

: Av Au|(R"?
(1@=inf |Avl _ [Aul®")
vewh@\oy IVl luelly
Assertion (ii) is a consequence of Proposition 5.2. O

6 The radial case

The aim of this Section is to discuss the case of radial domains: One may wonder if the mini-
mizers are radial functions, and a first step in this direction is to investigate the minimization
problem restricted to the class of radial functions. The result we obtain will be applied in the
next section to study Faber—Krahn-type inequalities.

Let B C R” be a ball of radius R, and let us define

Wyad(BR) = {u € Wi”lo(BR) u radially symmetric} .

We have the following approximation result, which states that radial functions may be
approximated by means of radial smooth functions.

Proposition 6.1 Let B C R" be a ball of radius R, and let u € #,q4(Bgr). Then, there
exists a sequence of radially symmetric functions uy € C°(2) such that uy — u in Wol’1 (2)
and |Aup|(R") — |Au|(R™).

Proof The proof is the same as in Proposition 4.3, taking into account the fact that a possible
family of diffeomorphisms in Lemma 4.1 is given for v € [0, 1] by

T
¥ (x) = x0 + (1 - 5) (x — x0),
where x is the center of the ball. o

We can now approach the study of minimization problems on #;.,4(Bg): thanks to Propo-
sition 6.1, we can reduce to radial smooth functions and then apply techniques in the spirit
of [5], [2].

Proposition 6.2 Let B C R" be a ball of radius R. Then,
lAully  4n

1n = 72
ueqa(Br) |ull1 R

Proof For the sake of simplicity, we will suppose that By is centered in the origin. By the
approximation result of Proposition 6.1, we can restrict ourselves to functions u € C2°(S2)
which are radially symmetric. In the following, we will setr := |x|.Ifn = 1, B = (—R, R),
and

R R
[Aully = 2/ " (r)ldr,  Nulli = 2/ lu(r)|dr
0 0
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since u € C2°(—R, R) and it is even. Then, forany 0 <7 < R,

1 /! 1 [R | R N
u'(t) = */ u’(s)ds + */ —u"(s)ds = |u'(t)| < ,/ W' (s)| ds = | Aully
2Jo 2 Ji 2 Jo 4
so that
R A R A
|u(r)|=/ iyt SM/ N VI 1
r 4 - 4
hence

lAuly [* R?
lully =2+ —— A (R —r)dr = —~llAulh

sothatthe case n = 1 is complete. We will now consider the case n > 2. From [5, Propositions

14 and 16], we have
A R
()] < 1200 o (—)
,

4
if n =2, and

| < —MAul R
ulr —
~ 2n(n — 2w, R"2 \ r—2
if n > 3. Remembering that
R 1
lulh =nwn/ ol dr
0

we obtain straightforwardly

. Au 4n
e 1800 0
uetraa U1 R

Let us now prove the reverse inequality. Let u be the solution of the problem

—AMZ(SO in BR
u=0 on Bpg,

where & is a Dirac mass concentrated in 0. Hence, u has the form

1
—(R — if =1,
21( r)R if n
u(}") = E log (7) if n= 2,
1
— (PP —R¥") if n>3.
nn—2)wy

In particular, u € BLo(Br) and
[Aul(2) =1
so that (see also Proposition 3.2)

|Au|(R") = 2.
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On the other hand, if n =1,

Ju —2/RR_rd S
ullp = | 3 r=—.

ifn=2
R
R
|l :/ log (—) -rdr
0 r
/R 1 r2 R2
= _—. — dr = ,
o r 2 4
andifn > 3
1 R
lulli = / (rz_" — Rz_”) L
n—2 0
1 R
= / (r— RZ_”r"_l) dr
n—2 0
1 (R* R*\ R
T n=2\2 n)  2n’
Hence,
lAully _ [Dul  4n
n < =5
u€¥raa(Br) ull1 flulll R

7 Toward a Faber-Krahn-type inequality: proof of Theorem 1.2

In this section, we discuss the validity of a Faber—Krahn-type inequality for A{ ;(€2): does

Ail(Q)

# .
A7 () = AT (Q7)  or, equivalently, m >

hold? As recalled in the Introduction, the question resembles the well-known conjecture
about the validity of a Faber—Krahn-type inequality for the first eigenvalue of the clamped
plate, proposed by Payne (see [19]) and then investigated, among other authors, by Szegd
(see [20]) in the 2-dimensional case, and by Talenti in [22]; the conjecture was solved in the
cases n = 2 and n = 3, as recalled above, but it is still open if n > 4.

The main obstacle in proving a Faber—Krahn-type inequality is that in the clamped case
we cannot assure neither the positivity of the minimizers, nor their superharmonicity; indeed,
itis true that u € BLo = |u| € BLy, but the total variation of A|u| may increase, and also
comparison arguments cannot be applied as in the non-clamped case. Applying a comparison
argument, separately, to the positive and negative parts of the function u#, we can prove the
following result

Proposition 7.1 Let Q C R”" be such that |2| = w, R". Then

¢ 1 4n
1.1() = R a7
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forn>3.Ifn=2,

8
eSS
and equality holds if 2 = Bg. If n = 1 and Q = (—R, R), then

B 4
1,1(Q)=ﬁ-

Proof Letu € Wi"lo (£2), and denote with u™, u™, respectively, its positive and negative part.
We apply the estimates obtained in [10, Theorem 1] for the decreasing rearrangement of u™
and u~; for the sake of clarity, we briefly recall the notations and the proof of the inequality
we need. Let Np, () denote the Green function of the Laplacian in the ball Bg,

r2—n_R2—n
— n>3
nn — 2w,
Npp(r) = O<r<R
1 1 (R) )
—log (—), —
2 £ r "

where w, is the measure of the unit ball in R”. For any bounded domain €2, we denote with
N \?z\ (t) the decreasing rearrangement of the fundamental function N, , associated to the ball
with radius R such that |2| = |Bg| = w, R"; that is,

n—-2 n—2
i (o] e
t\# nn—2w™
Nig(®) ::NZR(t):NBR((aTn) ): ( Jn 0<t<|Q
1 12|
— log (—), n=>2
4 t

The estimates proved in [5] and [2] can be rephrased as
we Wy'(Bp) anduradial = u*(t) < Nj (0] Aully,
and
we Wyo(Bg) anduradial = u*(r) < %N;R 0|l Aull;,

Then, applying Talenti’s comparison theorem to the two problems

—Aw, = (—Auw)T in Q. —Aw, = (—Au)~ in Q,
we =0 on 0%, we =0 on 9%,

where Q; = {x : u(x) > e} and Q, = {x : u(x) < —¢}, and defining u, = (u —¢)|q,, u, =
(—u — ¢)|g, one has

ug (t) < wit) < N‘*m(t)/ frdx;
10 o

here, we have used the monotonicity of the decreasing rearrangement. Now, let ¢ — 0: We
obtain

A
wWhH*@) < NAully ;'llN‘Bﬂ(Z),
= Q=17

as in [10].
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Suppose now that || = w, R}, |Q7| = w, R} and || = w, R". Then, R} + R} < R";

moreover, since
o0
el =/ u*(s) ds
0

we have that

A

- Il Aully R}

1
flu [N+ lh = —lAulli,
4n

- 2
_ | Aully R3
< Niog-1lli = —=||Aully.
Il = = INj- Il = 2| Aully
Hence, if n > 3,
2 2 2 n_ pny: o R2
julh < JERE < Rt R RD» 1aul <25 5 Ay (18)
1 = 1= 1= 1,
4n 4n 4n

since the function g(z) = z2 + (1 — z")% has 2”11;2 as maximum value on [0, 1]. If n = 2 we
have

R} + R} R?
llully < %IIMIH = g 1aulh

and thus

| Aully 8
in > .
wew?l @ llulh R
If 2 = Bg, since
Aulls _ o [Aullr _ 8

< in <
ueWillo(BR) lluells ueraa(Br) ully R?

by Proposition 6.2, so that equality holds. Finally, forn = 1,

2 2 2 _ 2 2
faty = S gy < BERZET g < By,
and thus

"
NPT

wew? @ Nl

4
=R

since the function g(z) = z2 + (1 — z)? has a maximum equal to 1 for z = O or z = 1. Again
by Proposition 6.2, equality holds. O

Remark 7.2 Note that, under dilation, A{ | (€2) scales as follows

c [Aul(R") "2 Av|(RY)
11) = T o
* ueBLo(tQ)  |lu|l veBLo()  t*||vly
1 Av|(R"? 1
= — min 1Av[(RT) = A (Q)
12 veBLy(@  |[v]y 2 h

so that the lower bound (17) can be written in the scaling-invariant form

. 4na),%/ "

Q1P AS Q) > —5
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where w,, is the Lebesgue measure of the n-dimensional unit ball.

As a consequence of Proposition 7.1, we obtain the following corollary, which concludes
the proof of (9) in Theorem 1.2.

Corollary 7.3 For any bounded domain with boundary of class C!,
AT Q) = AT (@) =2-A11(QF) if n=1,2

A?,l(Q)E#'Ai,l(Q#) if n>=3.
Proof If n = 1, 2, the previous proposition states that
L @=2- % =2 Ap(QY
On the other hand, by Proposition 3.2,
AT QY =2- A1 (@)
which yields directly the claim. The case n > 3 follows by the same arguments. O

Remark 7.4 If n > 3, the inequality
[|Aully - 1 4n

wew?h@ llullt 2" R?

is not optimal. Indeed, if it were optimal, looking at (18) one could easily deduce that €2 is
the union of two disjoint, equal balls By and B,. Let u = v{ + v be the optimal function.
Then,

[Aul®™) _ [Av[RY) + [Avp|(RY) _ 4n

24n
Mo
lluelly vl + llvzll T R} R?

a contradiction.

Let us now conclude the proof of Theorem 1.2, discussing the minimization problem (4)
restricted to the positive cone of Wﬁ”lo(fz).
We define

rH@ = ue W@ luzo}.

Proposition 7.5 Let Q C R”, such that |2| = |Bg|. Then,

lAully _ 4n
m 52
uew (@) |lull R

A%

and equality holds if @ = Bg.

Proof The proof follows the same notations as in Proposition 7.1. If u € #7 (), by the
estimates in [5] one obtains

(1) < le* O | Aull
u = 7Ng ul|y
Now, since u > 0,

. 1 Aull 19 I Aully 12" R
||u||1=/u(x>dx=/ w* (1) di < Nigy(Ndt = == ==l Auli.
Q 0 2 0 4n /n 4n

a)n
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Then,
4n
AT = 5
Reasoning as in the previous corollary, the proof can be easily concluded. O
References

1. Adams, R.A., Fournier, J.J.E.: Sobolev spaces, Pure. Appl. Math. 140, Elsevier (2003)

2. Alberico, A., Ferone, V.: Regularity properties of solutions of elliptic equations in R in limit cases. Rend.
Acc. Lincei (9) Math. Appl. 6, 237-250 (1995)

3. Ashbaugh, M.S., Benguria, R.D.: On Rayleigh’s conjecture for the clamped plate and its generalization
to three dimensions. Duke Math. J. 78, 1-17 (1995)

4. Brezis, H., Ponce, A.: Kato’s inequality up to the boundary. Commun. Contemp. Math. 10, 1217-1241
(2008)

5. Cassani, D., Ruf, B., Tarsi, C.: Best constants in a borderline case of second order Moser type inequalities.
Ann. Inst. Henri Poincaré Anal. Non Linéaire 27, 73-93 (2010)

6. Conti, S., Faraco, D., Maggi, F.: A new approach to counterexamples to L! estimates: Korn’s inequality,
geometric rigidity, and regularity for gradients of separately convex functions. Arch. Ration. Mech. Anal.
175, 287-300 (2005)

7. Demengel, F.: Fonctions a Hessien borné. Ann. Inst. Fourier (Grenoble) 34, 155-190 (1984)

8. Ekeland, I., Temam, R.: Convex analysis and variational problems. North-Holland, Amsterdam (1976)

9. Evans, L.C., Gariepy, R.F.: Measure theory and fine properties of functions. CRC Press, Boca Raton,
Florida, USA (1992)

10. Fontana, L., Morpurgo, C.: Optimal limiting embeddings for A-reduced Sobolev spaces in L'. Ann. Inst.
H. Poincaré Anal. Non Linéaire 31(2), 217-230 (2014)

11. Gilbarg, D., Trudinger, N.S.: Elliptic partial differential equations of second order. Springer, Berlin,
New York (2001)

12. Henrot, A., Pierre, M.: Variation and optimisation de formes. une analyse géométrique. Springer, Berlin,
New York (2005)

13. Kawohl, B., Schuricht, F.: Dirichlet problems for the 1-laplace operator, including the eigenvalue problem.
Commun. Contemp. Math. 9, 515-543 (2007)

14. Lions, P.L.: The concentration-compactness principle in the calculus of variations. The limit case. I. Rev.
Mat. Iberoam. 1, 145-201 (1985)

15. Littig, S., Schuricht, F.: Convergence of the eigenvalues of the p-laplace operator, including the eigenvalue
problem. Calc. Var. Partial. Differ. Equ 49, 707-727 (2014)

16. Nadirashvili, N.S.: Rayleigh’s conjecture on the principal frequency of the clamped plate. Arch. Ration.
Mech. Anal. 129, 1-10 (1995)

17. Parini, E.: An introduction to the Cheeger problem. Surv. Math. Appl. 6, 6-21 (2011)

18. Parini, E., Ruf, B., Tarsi, C.: The eigenvalue problem for the 1-biharmonic operator. Ann. Sc. Norm.
Super. Pisa CI. Sci. (5). 13, 307-332 (2014)

19. Payne, L.E.: Isoperimetric inequalities and their applications. STAM Rev. 9, 453-488 (1967)

20. Pdlya, G., Szegd, G.: Isoperimetric inequalities of mathematical physics. Princeton University Press,
Princeton (1951)

21. Stampacchia, G.: Le probleme de Dirichlet pour des équations elliptiques du second ordre a coéfficients
discontinus. Ann. Inst. Fourier (Grenoble) 15, 189-258 (1965)

22. Talenti, G.: On the first eigenvalue of the clamped plate. Ann. Mat. Pura Appl. (4). 129, 265-280 (1981)

23. Whitney, H.: Analytic extensions of differentiable functions defined in closed sets. Trans. Am. Math. Soc.

36, 63-89 (1934)

@ Springer



	Higher-order functional inequalities related to the clamped 1-biharmonic operator
	Abstract
	1 Introduction
	2 Definitions and preliminary results
	3 Normal derivative and integration by parts
	4 An approximation result: relaxation on BL0(Ω)
	5 The Euler--Lagrange problem for the clamped 1-biharmonic operator
	6 The radial case
	7 Toward a Faber--Krahn-type inequality: proof of Theorem 1.2 
	References




