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Abstract This paper proves the existence of weak solutions to the the spatially homogeneous
Boltzmann equation for Maxwellian molecules, when the initial data are chosen from the
space of all Borel probability measures on R3 with finite second moments, and the (angular)
collision kernel satisfies a very weak cutoff condition, namely f _11 x2b(x)dx < +oo0. For the
equation at issue, the uniqueness of the solution corresponding to a specific initial datum has
been recently established in Fournier and Guérin (J Stat Phys 131:749-781, 2008). Finally,
conservation of momentum and energy is also proved for these weak solutions, without
resorting to any boundedness of the entropy.
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1 Introduction and main results

This paper deals with the spatially homogeneous Boltzmann equation for Maxwellian mole-
cules (SHBEMM), commonly written as

0
S fn = / / LF s D f W) — FOv0) f(w, D)]

R3 §2

b(w_v -w)usz(dw)dw, (v.1) € R? x (0, +00) )
lw—v]|
with initial datum f(v,0) = fo(v). Existence and evolution of low-order moments of its
solutions are the main topics at issue, in the event that grazing collisions are significantly
taken into account. Uniqueness of the solution has been established in [15]. In spite of a vast
literature on the subject, very few papers aim at minimizing as much as possible the set of
hypotheses on both the initial datum and the collision kernel, as this work intends to do.
Astothe symbolsin (1), u g> denotes the uniform measure (i.e., the normalized Riemannian
measure) on the unit sphere 52, embedded in R3. The post-collisional velocities v, and w,
are defined according to the @ representation:

Vi =VH[(W—V) @]lw Wy :=W—[(W—V) @]w 2)

where - designates the standard scalar product. The solution f (v, ) is a probability density
function, in the v-variable, which characterizes the probability law of a single molecule’s
velocity, randomly chosen in a chaotic bath of like molecules. See [7,8,36] for an exhaustive
explanation. The (angular) collision kernel b is an even measurable function from [—1, 1]
into [0, 4-00], which plays a central role in the study of the Maxwellian molecules. Originally,
this name was reserved for molecules repelling each other with a force inversely proportional
to the fifth power of their distance, after Maxwell [21] had evaluated the exact expression of
b in this peculiar case. Nowadays, the word Maxwellian indicates the presence of a generic
kernel depending only on ﬁ - w, as in (1). The present work deals with collision kernels
satisfying
1

/xzb(x)dx < 400, 3)
—1

i.e., a very weak angular cutoff, which is the weakest assumption on b considered so far in
the literature, starting from [11]. The motivation for considering assumption (3) is manifold.
It is well known that the form of » may influence the smoothness of the solution f (v, ¢) w.r.t.
the v-variable (the main reason adduced in [11] for studying singular kernels) and governs
the way in which f(v, t) approaches the equilibrium when 7 goes to infinity (as shown in
[12,26]). Therefore, it would be desirable to discover the minimal, essential conditions on
b, which originate the aforesaid mathematical properties of the solutions. As far as physical
arguments are concerned, it is worth noticing that the exact expression of the collision kernel
has been evaluated only for a very narrow class of interactions, the most representative of
which are those of pure repulsive type with potential energy Vi (r) = «xr!' =, where ¥ > 0,
s > 2 and r stands for the relative distance between two interacting particles. See, e.g.,
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Mathematical treatment of Maxwellian molecules 1709

Subsection 1.4 and Section 3 of Chapter 2A of [36], Section 5 of Chapter 2 of [7], and
Chapter 2 of [9]. The specific angular collision kernel relative to Vi, say by, possesses a

unique singularity at x = 0 in such a way that b(x) ~ |x|_% and meets (3) for every
s > 2. In particular, this is true for the Maxwellian interaction, which corresponds to s = 5.
Thus, it can be reasonable to study Eq. (1) with by in place of b as a first approximation
of the true Boltzmann equation with hard or soft interactions (so disregarding the presence
of the kinetic collision kernel, according to the terminology used in Section 3 of Chapter
2A of [36]), to understand the influence of the angular collision kernel on the solutions,
inasmuch it is a common belief among physicists that there is hardly any influence at all.
Finally, condition (3) is equivalent, in the present setting, to the finiteness of the collision
kernel for momentum transfer, a basic quantity in the theory of atomic collisions. The reader
is referred to a specialized text in plasma physics, such as [31], for a precise definition and
explicit computations via experimental measurements. Here, suffice it to say that such a
finiteness has been proved to be a necessary condition for the RHS of (1) to make sense
from a mathematical point of view. See [35], Annex I, Appendix A. The collision kernel for
momentum transfer is also important in regard to the asymptotics of grazing collisions, an
asymptotic regime in which the Boltzmann equation turns into a Landau equation of plasma
physics. This theory, initiated in [10], is developed in [2,17,18,34] whence the need of a well-
consolidated theory of the SHBEMM with a collision kernel satisfying (3). To complete the
presentation, it remains to introduce the proper space for the initial data, to be considered
throughout this paper as the class P»(R?) of all Borel probability measures (p.m.’s) on R3
with finite second moments. Since an element of this space is not necessarily absolutely
continuous and not constrained to any finite entropy condition, the first task of our work
will consist in a weak reformulation of (1). The motivations to aim at such generality are
both theoretical and practical: For example, in [6], it is expressly remarked that “in view of
statistical physics, initial data are best chosen from the largest class, say the positive, finite
Borel measures on R3,” while in [25], the authors underline the importance of dropping finite
entropy conditions “since no control of entropy can be expected in the explicit Euler scheme.”
In fact, some noteworthy papers, such as [1,6,25], proved important facts without assuming
the finiteness of the entropy of the initial datum.

The very weak cutoff condition, in conjunction with a minimization of the hypotheses on
the initial datum, leads to study a larger class of solutions than the usual one, arising in the
context of integrable or at least not too singular collision kernels. Actually, this enlargement
makes the problems of existence and uniqueness more challenging from a mathematical
point of view and introduces new difficulties in determining the properties of such solutions.
For example, a rigorous proof that they preserve momentum and energy, in the absence of
extra condition on fy, is still lacking. This fact has even been doubted in [11], where one
wonders whether the energy may decrease. Besides, general initial data in P, (R?) can be
completely managed when b is summable (Grad cutoff assumption), thanks to a consolidate
knowledge on the subject which started with the works [4,19,23,27,38] and culminated
with [30,33]. The same extension in the weak cutoff case, which corresponds to assuming
fil |x]b(x)dx < 4o00, is treated in [5,32,33]. Coming to the case of kernels satisfying
(3), a general line of reasoning to tackle existence questions was devised by Arkeryd [3],
who considered a sequence of integrable truncations of the kernel b, say {b,},>1, to obtain
a sequence of auxiliary solutions approximating the real (unknown) solution. One of the
main difficulties in this approach is to show some weak compactness of the approximating
sequence, in order to get a converging subsequence. Actually, the more natural form of
compactness in Boltzmann’s equation can be derived from the boundedness of the entropy,

@ Springer



1710 E. Dolera

as successfully done in pioneering works such as [11,14,18,34]. However, when the initial
datum is only an element of 7, (R3), not constrained to a finite entropy condition, the only
available form of compactness ought to be derived from the conservation of momentum and
energy, as first proposed in [30] and then developed in [5]. In the wake of this line of research,
the present work proposes a weak reformulation of (1) which fits the Arkeryd approach, with
the contrivance to corroborate the weak compactness with a form of uniform integrability of
the second absolute moments of the approximating solutions.

To start with this plan, the restricted class of collision kernels satisfying Grad’s cutoff
condition will be dealt with at first. Throughout the paper, this integrability condition will be
written, without affecting the generality, as

1
/b(x)dx =1. 4)
0

Under this condition, the standard weak reformulation, due to Maxwell, reads

d 1
a/w(vm(dv, H = 5///wf(m F W) — ) — Py £ w)
]R3

R3R3 §2
X b (|z::| -w) ug (do)u(dv, t)u(dw, r). )

It is derived from (1) by multiplying both sides by some regular function ¥ : R?> — C,
integrating formally in the v-variable and putting f (v, t)dv = u(dv, t). In this setting, the
initial datum can be any Borel p.m. 1o on R3 (no € P(R?), in symbols), and a solution is
intended according to

Definition 1 (Weak solution, the cutoff case) When b satisfies (4), a weak solution of (1) is
defined to be any family {u(:, )};>0 of Borel p.m.’s on R? such that

D) w1, 0) = pno);
(i) t — fR3 Y (v)(dv, t) is continuous on [0, +00) and continuously differentiable on
(0, 4-00), for all ¥ bounded and continuous (i € Cp (R3; C) in symbols);
(i) (-, t) satisfies (5) for all + > 0 and for all ¢ € Cp(R3; ©).

Coming back to the original aim to study the SHBEMM under hypothesis (3), it has been
easily understood that the RHS of (5) could loose a precise meaning (within the standard
Lebesgue integration theory) in the presence of a too singular kernel b. See the comments
in [18,34] and in Subsection 4.1 of Chapter 2B of [36]. In particular, the key idea contained
in both [18,34] is to define a formal rule to retrieve the aforesaid meaning even when the
integrand in the RHS of (5) is not Lebesgue-summable. This rule is explained in Sect. 2.2,
which also provides a justification for the following

Definition 2 (Weak solution, the singular case) Let b satisfy (3), and let 1o be any element
of P»(R?). Then, a weak solution of (1) is defined to be any family {u(-, 1)};>0 of Borel
p.m.’s on R3 such that

) pu(,0) = po();

(i1) t +— ng Y (v)u(dv, t) is continuous on [0, +00) and continuously differentiable on
(0, +00), for all complex-valued i with bounded derivatives up to the order two
(e C% (R3; C) in symbols);

(iii) [gs IVI*p(dv, 1) < 400 forall t > 0;
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(iv) (-, t) satisfies, for all t > 0 and for all ¢ € C%(R3; O,

1271
—/w(v)p,(dv t) = /////dsd@déu(dv Hpu(dw, ) ll{v # w}

R3R3—10
x b(E)EX(1 — S)[Vlﬂ(v*(SE)) (SE) + VU (Wi (s8)) -

dv,
+ (d ) Hess[¥1(v«(s&)) (*(SS))

X

dw,

+ ((;V ) Hess[ww*(ss))( )] 6)

The RHS of (6) has now a precise mathematical meaning within the standard Lebesgue
integration theory in view of point (iii) of this last definition, as shown in Lemma 6. Further-
more, when fll |x|b(x)dx < +o0 holds, the RHS in (5) is well defined—without invoking
(6)—for any test function ¥ which is bounded and Lipschitz-continuous. Hence, in the weak
cutoff context, any initial datum satisfying fR3 [v|po(dv) < +oois allowed, with the proviso
that condition (iii) of Definition 2 is relaxed to ng vl (v, t) < +oo for all t > 0. See [32].
There are now the elements to state the new results, condensed in

Theorem 3 Let b satisfy (3), and let 1o be any element of P> (R3). Then, there exists a
unique solution {|L(-, t)};>0 of (1) with initial datum o, in the sense of Definition 2. This
solution can be obtained upon defining B, := fol [b(x) A nldx and {p, (-, t)}i=0 as the
unique solution of (1), in the sense of Definition I, with [b(x) A n]/B,, and g as collision
kernel and initial datum, respectively. Indeed, there exists an increasing subsequence {n;};>1
of positive integers such that imy_, ;o [p3 ¥ (V) iy, (AV, Byt) = [p3 ¥(V)u(dv, 1) for all
Yy eCy (R3; ©) andt > 0. Moreover, if R is any orthogonal 3 X 3 matrix and fr(v) :== Ry,
then {u(-, 1) o fr },20 is the solution of (1) with g o fR as initial datum. In addition,
momentum and kinetic energy are preserved, i.e.,

/ vi(dv, 1) = / vig(dv) :=V and / V> (dv, 1) = / V% 120(dv) (7
R3 R3 R3 R3

are in force for all t > 0, and

_ Sis _
lim /uivju(dv,t)—v,-vj =%/|V—V|2,uo(dv) )

1—+00
R3
holds foreveryi, j € {1, 2, 3}, §;; standing for the Kronecker delta. Finally, there exists a pos-
itive constant C (o) and a continuous, non-decreasing function q : [0, +00) — [0, +00),
with limy_, 4 o g(x) = 400, which are both determinable only on the basis of the knowledge
of o, such that

[ivPatvbutev. o = Ciuo) ©
R3

is valid for all t > 0, leading to
lim sup / IvI>u(dv, 1) = 0. (10)

R—+00 ;>0

[vI=R
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1712 E. Dolera

To comment on this statement, it seems to be the first rigorous result of existence for
the SHBEMM, which, at the same time, is valid for kernels satisfying (3) and initial data
restricted to the sole condition of finite energy, and gives a genuine physical meaning to the
solutions, thanks to the conservation of momentum and kinetic energy encapsulated in (7).
The uniqueness of the solution for this general case of the SHBEMM has been established
in the recent paper [15]. The property expressed by (8) can be seen as a weak form of
propagation of chaos, as well as a macroscopic version of the principle of equipartition of
the energy. The validity of (9)—(10) expresses the desired uniform integrability previously
invoked to retrieve the proper form of compactness in the Arkeryd approach. From a physical
standpoint, (10) shows that the amount of energy actually due to the tails of the distribution
remains uniformly small in time. This property is explicitly remarked in [6] with a view to
proving relaxation to equilibrium, but the authors confine themselves to proving its validity
in the presence of smooth kernels with cutoff. The elimination of these extra conditions on
b, to comprehend all the cases of physical relevance, seems a novelty of this paper, which
completes the fruitful line of reasoning set forth in [6].

The proof of Theorem 3 relies heavily on a probabilistic representation of the solutions
recently proposed in [12]. For the sake of completeness, it is also summed up in Sect. 2.1 of
this paper. Though the analogies between kinetic theory and probability are well known in
the case of Maxwellian molecules, starting from the pioneering works by McKean [22,23],
some decisive improvements concerning the properties of the solutions have come only after
the specific formulation of the representation in [12]. In fact, it is slightly different from the
original one in [23] and enjoys the property of being particulary effective for generalizing
inequalities of Povzner-Elmroth-type about the uniform boundedness of the moments. Cf.
Proposition 6 in [12] and Lemma 8 of the present paper. It is also interesting to remark the
role of a very popular formula about the use of the Fourier transform, known as Bobylev’s
identity, in the proof of Theorem 3, since many works on the SHBEMM take advantage
from it. Actually, the Fourier representation has nothing to do with the weak form (6), but is
crucially hidden into the probabilistic representation borrowed from [12], as shown in Sect.
2.1 of that paper.

A last remark is about the placement of these results in the literature. Actually, the main
points of Theorem 3 can be found in various works, which prove them under somewhat differ-
ent hypotheses. See [3,5,11,14,19,23,27,28,30,32-34,38]. Other papers even consider these
statements as folklore. A particular mention is reserved to the recent paper [28], appeared
when the present article was a first draft, as the statements of existence and uniqueness con-
tained therein are rather similar to those in Theorem 3, even if [28] starts from a different
weak formulation. It also contains an adaptation of the Arkeryd strategy to the same context
of Theorem 3. Truthfully, my original aim was twofold: to complete some points expressly
mentioned in [12], and to seize this opportunity to deal with those points within a framework
more general than the required one. [ have decided to carry through my own work even after
the publication of [28] since I found the short proof therein not completely satisfactory. In
fact, it seems not clear what kind of integral the author is adopting: on the one hand, Lemma
2.2 turns out to be false if integrals are of Lebesgue-type (see the remark after Lemma 9 of the
present paper). On the other hand, if they are thought of as improper Riemann integrals, then
there is a crucial—i.e., the core of the proof—exchange of limit with integral, immediately
after (23) therein lacking in explanation. These shortcomings are not easy to restore, since
this would require a kind of uniform convergence of the approximating sequence not yet
proved. In any case, the problem can be solved, as I do here, by following a different strategy
that shows, in addition, that the solutions conserve momentum and energy.
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Mathematical treatment of Maxwellian molecules 1713

The rest of the paper is organized as follows: section 2 contains some complements that,
on the one hand, are aimed at introducing concepts and notation to be used in the real proof
and, on the other hand, provide a justification for (6). Section 3 is devoted to the proof of
Theorem 3 along with the proof of two technical results formulated in Section 2.

2 Complements to the introduction

2.1 The Wild sum and the probabilistic representation

Assume that (4) holds and, on noting that f 52 b(u-wug(dw) = 1forallu e S2, rewrite
the SHBEMM as 2 f (v, 1) = Q[f (-, 1), f(-. H](V) — f(v) with

Qlp. q1(v) = / / POV (Wb (:V::' w) g (dw)dw.
R3 §2

The bilinear operator Q sends the couple (p, ¢g) of probability densities into a new probability
density on R3. Then, to include initial data that are not absolutely continuous p.m.’s, define
the operator Q, which sends a pair (¢, ) in P(R?) x P(R?) into a new element of P(R?)
according to

Q[¢, n](dv) := w-limy, 00 O P, gn1(V)dv (11)

where p, (gn, respectively) denotes the density of ¢, (1, respectively), {¢n}n>1 and {1, }n>1
being two sequences of absolutely continuous p.m.’s such that ¢, (n,, respectively) converges
weakly to ¢ (n, respectively). Recall that a statement as “¢,, converges weakly to ¢” (¢, = ¢,
in symbols) means that [3 ¥ (v),(dv) — [ps ¥ (V)¢ (dv) for every ¢ € Cp (R3; C). The
following result shows that Q[¢, n] is well defined.

Lemma 4 Let b meet (4). Then, the limit in (11) exists and is independent of the choice of
the approximating sequences {{,}n>1 and {n,}n>1, and

/W(V)Q[C nl(dv) = ///Vf(v*)b( vi w) ug2(dw)z(dvin(dw) (12

R3R3 §2

holds with € Cp (R3; C). Moreover, if R and fr are as in Theorem 3, then

of¢ofgtino '] = Qlenlo 7! (13)
The proof of this lemma is deferred to Sect.3.1. A remarkable corollary is the Bobylev

identity [4], namely

¢, i) = / E(E — (& @) - w)w)b(‘E

5] )uSQ(dw), (14)

which is valid for every £ € R3\{0}. Here, " denotes the Fourier transform according to
C(E) = [ps /4% (dx). To proceed, one can put

Q1lwol —Mo
Qulpol =517 3121 Q[Q)luol. Qu—jlnol] forn =2,

to state the following

15)
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1714 E. Dolera

Proposition 5 When b satisfies (4) and g is in P(R3), the unique solution of (1), in the
meaning of Definition 1, is given by the Wild sum

+00

pC0) =D e (=)' Qulpol()  (t 2 0). (16)

n=1

The proof of this proposition is provided in Sect.3.2. The last tool to introduce is the proba-
bilistic representation of 1.(-, ) borrowed from [12]. Here is only a short presentation of both
ideas and notation. The reader is referred to Subsection 1.5 of [12], which shows in addition
how to deduce it by cleverly manipulating the Wild sum and the Bobylev identity. The core
of the representation, valid only upon assuming (4), is encapsulated in the identity

filpu, ) = [¢"®] (peRue st =0 (17)

where S(u) is a random sum of weighted random variables and E; is an expectation, for
every t > 0. To define these two objects, consider the sample space 2 := N x T x
[0, 7] x (0, 27)® x (R?)* endowed with the o-algebra .# := 2N ® 2T ® ([0, 71°) ®
2((0,2m)®) @ Z((R*)>™) where X stands for the set of all sequences (x1, x2, ...) with
elements in X, 2% is the power set and #(X) the Borel class on X. Then, T := X,>T(n)
and T'(n) is the (finite) set of all McKean binary trees with n leaves, whose generic element
will be indicated as t,. Denoting by v, {tx}u>1, {@n}n=1, {Un}n=1. {Valn>1 the coordinate
random variables of §2, consider for any ¢ > 0 the unique probability distribution (p.d.) P; on
(82, #), which makes these random elements stochastically independent, consistently with
the following marginal p.d.’s:

(@ Pilv=nl=e'(l —e )" forn=1,2,..., with the proviso that 0° := 1.
(b) {t4}n>1 is a Markov sequence driven by the initial condition P,[t; = t;] = 1 and the
transition probabilities

1
P,[Tn+1=tn,k|fn=t,,]=; fork=1,...,n
Pt[thrl = J‘nJrl | Ty = tn] =0 iftn+l ¢ G(tn)

where, for a given t,, t, x indicates the germination of t, at its k-th leaf, obtained by
appending a two-leaved tree to the k-th leaf of t,, and G(t,) is the subset of T(n + 1)
containing all the germinations of t,.

(c) The elements of {¢,},>1 are independent and identically distributed (i.i.d.) random num-
bers with p.d. B(dgp) = %b(cos @) sin ¢dg, with ¢ € [0, ].

(d) The elements of {},},>1 are i.i.d. with uniform p.d. on (0, 27).

(e) The elements of {V,},>1 are i.i.d. with p.d. 1o, the initial datum for (1).

Whence, E; is defined as the expectation w.r.t. P;. As for S(u), consider the array n :=
{mjnlj=1,...,n;n € N}of [-1, 1]-valued random numbers obtained by setting 7 ,, :=
njn(rn, (b1,...,¢p—1)) for j = 1,...,n and n in N. The n;ns are functions on T(n) x

[0, 71" ! given by ”ik,l = 1 and, forn > 2,

7'L'>!< (tﬂa¢) — ﬂjynl(tn7¢)COS§0.n—l forj.—l,...,nl
. 5 g, (G @) sy for j=my+1,..n
for every ¢ = (¢'. 9", ¢,—1) in [0, 7]""!, with @' := (¢1.....¢y-1) and ¢" :=
(@nys -+ » Pu—2) Where tfl and ¢}, symbolize the two trees, of n; and n, leaves, respectively,
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Mathematical treatment of Maxwellian molecules 1715

obtained by deleting the root node of t,. Apropos of the 7 ,’s, one can show, for every
n € N, the validity of the identity

n
Sl =1 (18)
j=1
Another constituent of the desired representation is the array O := {O;, | j = 1,...,n;
n € N} of random matrices O ,, taking values in the Lie group SO(3) of orthogonal matrices
with positive determinant, defined by O;, = O n (T (D1, - 1), (P1, -0, D))

for j = 1,...,n and n in N. The O* ,S are S@(3) Valued functlons obtained by putting
OT’I = Id3><3 and forn > 2,

J, n(tna 0,0)

‘Ml(gon LOO" (gl o)y forj=1,....m

J.ni
M"(gp—1, 0,—1)O7 (t,, 9", 0") forj=n+1,....n

J—ni.ny

for every t, in T(n), @ in [0, 7]"~" and @ in (0,27)"~!. Here, 6' := (6, ..., 6,,_1) and
= (6, - - - On—2), and finally,

—cosfcosep sinf  cosfsing

M (¢,0) := | —sinfcosg —cosh sinfsing
sin ¢ 0 cos @
sinf cos@sing —cosfcosg
M (p,0) := | —cos@ sinfsing —sinb cosg
0 cos ¢ sin ¢

As a final step, choose a non-random measurable function B from § 2 onto SO(3) such that
B(u)e; = u for every u in S2, and define the random functions Vin: $2 — 82 through the
relation llfm(u) :=B@)O; e3for j =1,...,nand nin N, with e3 := (0, 0, 1)!, to get

S(a) := an,uilijv(u) V. (19)
j=1

2.2 Justification for the weak form (6)

Starting from (5), fix v # w and rewrite the integral

/ [ (V,) + ¥ (Ws) — (V) — 1 (W)]b (L:' : w) g2 (do) 20)

W —

by the (formal) change in variable ® <> (0, ¢) given by
®(0, ¢, u) := cos O sin pa(u) + sin 6 sin pb(u) + cos ¢u,

where (0, ¢) € (0,27) x [0, 7], u := I“::z\
R3. The identities in (2) become

and {a(u), b(u), u} is an orthonormal basis of

Vi =V+|W—v|cospo(®,p,u) W, =WwW—|w—V|cospw(®, ¢, u)

and so, putting x = cos ¢, Taylor’s formula with integral remainder yields
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1716 E. Dolera

1
2
YVa(0)) = Y(¥) +x (w(v) : ‘Zﬂ(m) +7 / (1= LY (s
X dx
0

1
2
) /(1 — s)%(sx)ds.
0

Then, define the expression (20) as iterated integral by first integrating w.r.t. to 6 and then

w.r.t. ¢. At this stage, observe that

27 27

/(le( ) - )d@ = / (VI/I(W) )d@ =0

0 0
holds, since d"* =(0) and w* (0) are given, up to a factor ££|w — v|, by cos fa(u) + sin 6b(u).
Whence, the ﬁrst-order terms in the above Taylor expansion will not contribute to the refor-

mulation of the RHS of (5). As for the second-order terms, suffice it to observe that the chain
rule for the second derivative gives

dz‘/f (V*)

V(Wi (X)) = ¥(W) +x (Vlﬂ(W)

(xX) = Vi (ve(x)) -

d 2( x) + (7()6)) Hess[y/](v«(x)) (*( ))

dzl[f (W*)

() = Vi (wa(x)) - d S+ ( = ) Hess{xﬂ(m@))(

)

forall x € (—1, 1). Hence, for a given € C,27 (R3; C), the RHS of (5) turns into the RHS of
(6), which is now well defined in view of the following

Lemma 6 Let b satisfy (3), and let x belong to P (R3). Then,

127 1

///// [dv’% of +\dw*( s>\2+\ivz*<ss)\+|dj;*

R3IR3—10

)

I{v £ w}(l — s)ézb(é)dsdédéx(dv)x(dw) < +00.

proof of this lemma is deferred to Sect.3.5.

3 Proofs

This section gathers the proofs of the various statements, which are scattered through the rest
of the paper. Precisely, Sect.3.1 provides the proof of Lemma 4. Sections 3.2-3.4 are aimed
at proving Theorem 3 under the additional hypothesis (4). Section 3.5 contains the proof of
Lemma 6. Finally, the real proof of Theorem 3 is developed in Sect. 3.6.

3.1 Proof of Lemma 4

The following are basic facts in the theory of the Boltzmann equation. First, the map T,

(V,W) — (Vy4, W) is a linear diffeomorphism of R® with Ty o Ty, = Idgs, for every
w € S2. Second, (W —V) - @ = —(Wx — Vy) - @ and |W — v| = |w, — V| hold for every
(V,w,w) € R® x $2. Under assumption (4), the combination of these basic relations with
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Fubini and Tonelli’s theorems entails that Q[ p, ¢](v) is itself a probability density function,
if p and ¢ are both so, and that

/w(V)Q[P l]](V)dV—///III(V*) ( v w) P(M)g(Wug (dw)dvdw

R3R3 §2

holds for every ¥ € Cp(R3; C). This equation can be taken as the core of the proof, after
showing that

HW . (V W) — fSZW(V*)b (|W—V| )usz(dw) if v # w
’ Y ) ifv=w

is bounded and continuous. Indeed, the continuity at some (v, vg) is obvious and can be
checked directly. Then, to prove this continuity claim also at some (vg, wo) with vo # wo,
change the coordinate in the spherical integral as in Sect. 2.2 to obtain

2

1
Hy (vo, wo) = E//W(V() + |wo — v0|cos<p[0059 sin pag + sin @ sin pbg

+ cos gouo])b(cos @) sin pdedb

where ug = @3:3& and {ag, by, ug} is an orthonormal basis of R3. Since it is always
possible to define two measurable functions a,b : $?2 — §? which are continuous
in a neighborhood of ug, satisfy a(ug) = ap and b(up) = by, and are such that

{a(u), b(u), u} is an orthonormal basis of R3 for every u € $2, the continuity claim
about Hy, follows by a dominated convergence argument. Now, the limit of the sequence
a, = fR3 Y (v)OQlpn, gnl(v)dv, as n goes to infinity, exists for every ¥ € Cp (R3; ©), by
virtue of the identity a, = [p3 [ps Hy (V, W), (dV)n,(dw), and the fact that these inte-
grals are converging to ng ng Hy (v, w)¢(dv)n(dw). To conclude that the limit is of the
form fR3 Y (v)A(dv), for some specific L € P(R3), which will be henceforth denoted
by Q[¢, n], one can choose ¥ as g (v) := e/ and invoke Lévy’s continuity theorem
(cf. Theorem 5.22 in [20]). The only point that deserves some care in this application is
the continuity of lim,,_, 4 fR3 eis'vQ[ Pn»> qn1(v)dv w.r.t. &, which is tantamount to saying
that § — ng fR3 H¢§ (v, w)¢(dv)n(dw) is continuous. Since the check of this fact boils
down to an obvious application of the dominated convergence theorem, the existence of the
limit in (11) is guaranteed along with its independence of the approximating sequences, for
ng ¥ (v)9[¢Z, n](dv) has been shown to depend on (¢, 1) only.

As for (13), the weak continuity of Q w.r.t. (¢, n) reduces the problem to check the
validity of Q[ps, gsl(v) = Qlp, q1(Sv) for every orthogonal matrix S € O(3), where pg
(gs, respectively) denotes the density function p(Sv) (g (Sv), respectively). Then, the change
in variable @ <> Sw in the spherical integral entails that Q[ ps, gs](v) is equal to

//p(Sv + [(Sw — V) - 0] w)
R3 S2
Sw — Sv

w) u g (dw)dw

and, to conclude, it is enough to change again the coordinates in the integral on R? according
toz = Sw.
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1718 E. Dolera

Finally, to prove (14), consider again Hy, with §& # 0. An application of the change in

variable @ <> Rw, where R € O(3) is such that R =¥, = % shows that Hy, (v, w) =

W]
Qi [, elE @IV 6l (% . w),

3.2 Existence and uniqueness in the cutoff case

This subsection provides, at the same time, the proof of Proposition 5 and the proof of exis-
tence and uniqueness in Theorem 3, under the assumption (4). Of course, the term “solution”
is here intended according to Definition 1.

As to the existence, observe that the validity of > 7% e~ (1 —e™)"~! = 1 for every
t € [0, +00) entails that the series in (16) is a mixture, which defines a family {u (-, #)};>0
of Borel p.m.’s on R3 such that u(-, 1) = po(-). Then, consider Fy (1) .= fR3 Y(v)p(dv, )
with ¢ € Cp(R3; C) not identically zero, and put a, := fR3 Y (v)Quluol(dv) and || ¥ ||oo:=
SUpyer3 |¥ (V)]. Since the radius of convergence of the power series Z:ﬁg ap+12" is at
least 1, in view of lim sup,,_, o ¥/]an+1] < limsup,_, o, /[ ¥ [lc = 1, it follows that the
convergence of the series is uniform when t € [—log(1 + M), —log(1 — M)], for every
M € (0, 1), and Fy is analytic in (—log 2, +00). This proves point (ii) of Definition 1 while,
as far as point (iii) is concerned, the analyticity allows the exchange of the time derivative
with the series. Whence,

d =
o Fr® = =Fy0)+ 2 ne” (1 —e™)! / ¥ (V) Qu+1[10](dv)
n=1 R3
+00 n
=—Fy0)+ ). > e ¥ —e )y / Y ()Q[Qultol. Quri—klpol] (@v).
n=1k=1 »3
Moreover, —Fy, () coincides, by definition, with
+00 400 1
2D eyl / / / [—¥(v) = Y (WII{v # w)
n=1m=1

R3R3 52

xb ( . w) 152 (d®) Qu [101(dV) Q[ 120] (AW)

lw—v|
while the other summand in the expression giving % Fy is equal to

+00 n

Zze—zt(l _ e—t)ll—l///w(v*)ﬂ{v # W}
n=1 k=1 RIR3 62
WwW—V
b (|w v "’) g2 (dw) Qi [10](dV) @y 1—k[1L0](dW)
+00 +00 1
= Z Z 6*21(] — e*t)n+mfl E///[g[/‘(v*) =+ Iﬂ(w*)] ]]{V ;é w}
n=1m=1 RIR3 62
W—YV
b (|w 0 w) 152 (dw) Qu [1201(dV) Q[ 1201 (dW)

by virtue of (12). This completes the proof of the existence.
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The proof of uniqueness relies on the fact that any solution (-, ) with initial datum g
must coincide with that solution given by the Wild sum, denoted by (-, t), with the same
initial datum. To this aim, it is useful to pass to the following reformulation [equivalent to

5)]
/ YWy, 1) =e” / Y (V)po(dv) + / / / / Oy (v v £ w)

0 R3R3 §2

x b (I: : :| ) “’) ug (dw)i(dv, $)E(dw, s)ds (V1 >0,V ¢ € Co(R*; C)) (21

which can be obtained by integrating the two sides of (5) in time. From this identity, one gets
the key relation

N
[romavn =3 ea-e ! [umaniia 22)
3 n=1 3

for every N € Ny and fixed r > 0 and ¥ € Cp(R3; [0, +00)). The proof of (22) is by
induction. Indeed, it holds for N = 0 as a direct consequence of (15) and (21). Then, if
(22) is valid for a certain N € N, one can consider the RHS of (21) and conclude that it
is not less than the same expression with Ziil e S(1—e " 19, [uo] in place of (-, 5).
This is true by virtue of the inductive hypothesis and the fact that (v, w) — Hy (v, w) is
bounded and continuous, as proved in the previous subsection. Now, the RHS of (21) with

2V —syn—1 : -

Zn:] e (1 —e™) Onlmo] in place of (-, s) turns out to be
2N 2N t

/I/I(V)Mo(dV) + Z Z/ (tfs)efzs(l _ efs)n+m72ds

nlmlo

x / / / YV IV # wib (ﬁ'w)Msz(dw)Qn[Mo](dV)Qm[Mo](dW)

R3R3 §2

which coincides with z’%/\:; e I(1— e’t)”’l Jr3 ¥ (v)Qnl0](dv), thanks to (12), the iden-
tity fot e (=925 (] —e—S)ntm—2qg = n+m e (1— e~")r+tm=1 and (15). Therefore, the
validity of (22) for every N € Ny follows and then, taking the limit as N goes to infinity, one
gets [p3 W (VI(dv, 1) > [p3 ¥ (V)u(dv, 1) forevery 1 > 0 and ¢ € Cp(R3; [0, +00)). But
this last inequality is tantamount to asserting that (-, t) = u(-, t) for every t > 0.

Finally, the check that {1(:, 1) o fz ! }r=0 coincides with the solution of (1) with g o f !
as initial datum is an obvious consequence of (12) and (15)—(16).

3.3 Some preparatory results

This subsection contains two technical lemmata, which will come in useful later on. The first
statement consists in a refinement of a classical result about uniform integrability, whose
original form is contained, e.g., in Section 7.VI of [13] or in Section 2.1I of [24]. The inspi-
ration for the following refined version has come from the contents of Section 3 of [16] and
from Lemma 2 of [33].

Lemma 7 Let y be a Borel p.m. on [0, +00) such that f0+oo xy(dx) < 4o00. Then, there
exists a function G : [0, +00) — [0, 400), depending on y, with the following properties:
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@) Jor™ Gy (dx) < +oo;
(ii) G is strictly increasing and continuous, with G(0) = 0;
(i) limy— 400 G(x)/x = 400,
(iv) there exists a discrete set A C (0, +00) such that G € C((0, +00)\A);
(V) there exists a constant A1 > 1 such that G(x) < xGl(x) < MG(x) for all
x € (0, +00)\A;
(vi) there exists a constant Ay > 1 such that G 2x) < )\.ZG/ (x) for all x € (0, +00)\ A.

Proof Putg(x) := H[o,l)(x)-i-ZZO:o Anllppn gty (x) forevery x € [0, +00), where {A, },>0
is a suitable sequence of real numbers, to be determined from the knowledge of y. General
properties of this sequence must be the following:

(@ 1 <A, <A, foralln € Ny;
(b) lim,— 400 Ap = +00;
(©) sup,en, An+1/An < +00.

Define also G(x) := f(;‘ g(y)dy forevery x € [0, +00) and A := {2" | n € Np}. At this stage,
note that the above setting is enough to guarantee, independently of the specific determination
of {A, },>0, the validity of the points from (ii) to (iv), as well as the inequality G (x) < x G (x)
forallx € (0, +00)\A. Point (vi) holds true after putting A> := max{Ao, sup,cry, An+1/An}-
As to the remaining inequality at point (v), one shows that it is in force for all x € (0, +00)\ A
with A1 := 2X,. Indeed, when x € (0, 1) suffice it to know that A > 1. When x € (1, 2),
the fact that A; > Ag yields L{G(x) — xg(x) > Ap(Ag — 1)(x — 1) > 0. When x €
[2,2*+1) for some integer m € N observe that the thesis is equivalent to the validity of
A [ZmAm —1- Z?;ol Z”An] < A,;(A1 — D)x. Since the RHS is minimum when x = 2",
it is enough to test this inequality in correspondence with this minimum point, reducing the
problem to checking that sup,, - (2" An)/(1 + ZZ:OI 2"A,) < A1, which follows in view
of

2mAm < 2m)\ZAm—l

L+ ond, ~ 2" Ay

After showing that the validity of (a)—(c) entails that (ii)—(vi) are in force, the conclusion

of the proof focuses on the specific determination of {A,},>0 in conformity with (a)—(c)

and (i). Accordingly, consider the distribution function I'(x) := y ([0, x]), for every x €

[0, +00), and define I'*(x) := 1 — I"(x). Next, integrate by parts to obtain fOZ Gx)y(dx) =
—T*(2)G() + foz ™ (x)g(x)dx for all z € [0, +00). As for the latter integral, write

z 1 o 2/1+l
/F*(x)g(x)dx < /F*(x)dx + ZA,, / I (x)dx
0 0 n=0 " %n
%) ontl_q %)
<1+ ZAn( > Otk) =1+ D Awpyax (23)
n=0 k=2" k=1

where o := T'*(k) and n(k) is the only integer such that k) < k< 20+l Then,
choose a sequence of positive integers {r,},>1 such that r, < r,11 and fr joo xy(dx) <

27" for every n € N, which is possible by virtue of the hypothesis f0+°° xy(dx) < +4o0.
Whence, 27" > f;:oo xy(dx) > Z;ﬁfn k(o — agyy) > Z:ﬁfn a, proving that the series

Z;;o:] Z,J;’f” oy is convergent. By inverting the summation order, put the last series in the
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form > "% B,a, with B, := j;"f {r; < n}, which shows that B, < B,y is in force
for every n € N, and lim,—, ;o B, = +00. Next, introduce a new sequence {B,},>1 by
setting B} := By and B;; := min{B,, | B,, > B,}, which satisfies lim,_, ;.o B;; = +00 and
n—1<By < B} 41 forall n € N. With a view to the determination of {A,},>0, consider
the function % : [0, +00) — [0, +00) defined by #(0) = 0, h(n) = B + 1foralln € N
and by a linear interpolation in correspondence with the remaining values of x. This function
turns out to be continuous and strictly increasing, and meets i(x) > x for all x € [0, 4+00).
Its inverse ! is again strictly increasing, diverges at infinity, and meets A~ (x) < x for all
x € [0, 4+00), so that one can finally put Ag = A and A, := h (B, + 1) + 1, for every
n € N. At this stage, points (a)—(b) are automatically satisfied while, as to point (c), note that
Ani By +1D+1 nt2 _,

su = Su = Ssu =
e Ay e BT BIAD L el

The validity of point (i) follows from

o0 o0 o0 o0
ZAn(k)otk < ZAkOlk < Z Broy + ZZak < 400
k=1 k=1 k=1 k=1

which shows, via (23), that f0+°° *(x)g(x)dx < +oo. The conclusion ensues from the

above-mentioned integration by parts, which gives f0+°° Gx)y(dx) < 0+O° ' (x)g(x)dx.
]

As a straightforward corollary of points (ii)—(vi) of this lemma, one can show the following
additional properties, they are as follows:

1’) G(2x) < A3G(x) for all x € [0, +00), with A3 := 2A3;
(i1’) G(x) = xB(x), where & : [0, +00) — [0, 400) is non-decreasing;
(iii") G(x) < G(x™ forall x € [1, +00);
(V) Gl x) < AT Y2 G(xp) forallm € Nand xi, ..., xan € [0, +00).

Indeed, (i’) follows from

2x x x
G2x) = / G (dy =2 / G 2y)dy <2 / G (dy = 13Gx).
0 0 0

The next point (ii’) is an obvious consequence of G(x) < xG/(x). Then, (iii’) emanates
by virtue of xG (x) < A1G(x) and (iv’) can be deduced, by means of an easy induction
argument, from

G(x1 + x2) < G(2max{xy, x2}) < A3G(max{x, x2}) < A3[G(x1) + G(x2)].

Now, a close link between Lemma 7 and the sum S(u) appearing in (19) is established by
means of the following

Lemma 8 Let the initial datum g satisfy mp := fR3 [V|20(dv) < +o0. Then, there exists
a positive constant C1 (o), depending only on [vo, such that

E/[G«(Su)] = Ci(1o) (24)

is valid for every t > 0 and u € S2, where Gy (x) := G(x%) and G is the same function
provided by Lemma 7 when y (A) := ng 1{|v|? € A}po(dv).
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Proof Since f0+°°xy(dx) = my, the hypothesis in Lemma 7 is fulfilled and G is given
accordingly. Then, introduce the o-algebra 7 := a(v, {tatn=1, {Dnln=1, {ﬂn}nzl) and
invoke the structure of the probabilistic representation set forth in Sect.2.1 to have, for all
meNueS?andj=1,...,v,
EAG. Q2" ¥, () - V)) | #) =E[GQ™ 7} ,(¥;, () V))?) | ]

<MEIGGE] (¥, @) - V)?) | ]

=23"77 Bl () - V)?S(] (¥, () - V)?) | ]

< k%’” EAIV PEV;)] —?»2'"77 yEG(IV;D]

since |1/fj’v(u) - V| < |V;|. Thus, (18) entails

v +00
> EAG.Q ¥, () - V) | ] < 33" / G (x)y (dx) (25)
j=1 0

forall m € N and u € §2. After defining G ;(x) := min{G,(x), [} for I € N and checking
that E,[G 4 ;(S(w)) | #] <, apply Lemma 2.4 in [29] to obtain
+00
EAG.i(S(w) | 7] = /P,[|S(u)| > x | H)dG i (x). (26)
0
Now, the conclusion hinges on the remark that A — P,[S(u) € A | 5] is a (random) p.m.
having the structure of probability law of a sum of independent random variables, which

establishes a link with the subject of Chapter 2 of [29] and allows the use of formula (2.33)
therein, with y = x27", to get

PLIS@)| > x | 1 < D Pllrj ¥, () - V| = x27" | #]
J=1

+22" 14 a -
it B, @) - V)2 | ) '

The combination of this last inequality with (26) leads to the analysis of two terms, the former
of which can be bounded as

> / Pill),0¥ ., (W) - Vj| = x27" | #1dG s (x)

%
< D ElG.Q" 7Y, (@) - V) | ]
j=1
for every m,l € N, which produces a finite upper bound thanks to (25). As to the latter
term, observe in advance that Z] 1712 E/[ (1/rj ,w) -V )2 | 2] < my holds in view of

the combination of (18) and the 1nequa11ty [¥ ;) - V;| < |V;|. Thus, property (iii’) of G
entails
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+00 2 _pm
X
1+ dG.
/ ( 3wl B, ) - V)| %]) 10

Js
_om “+00

0
+0o0o 5

< /(1+ - ) dG.(x) < G(D) 1+ml(zmmz)zm/ﬂ"“ﬂwdx
0

2Mmy

which produces again a finite upper bound for every [ € N, provided that m is chosen in
such a way that —2mtl 4 230 + 1 < —1. After putting C1(po) = )%’” foﬂo G(x)y(dx) +
22" G(1) [1 + %] with a suitable choice of m (e.g., m = [log, (A1 + 1)1+ 1, where

[x] denotes the integral part of x), one finally has E,[G,;(S(u)) | 7] < C(uo) for every
[ € N, which entails (24). ]

3.4 Evolution of the moments in the cutoff case

Consider the sum S(u) in (19) and combine Lyapunov and Cauchy-Schwartz’s inequalities
with (18) to obtain

ELS@) 1 <E [ v 7l (¢, - V> | <E | v D a7 IV,
j=1 j=1

%
=E |E |vD> 77 ,IV;* |9 | | =Elvim
j=1

for every u € %, where 4 := o (v, {Ty}n=1. {¢n}n=1). Thus, the finiteness of the first two
moments of S(u) follows from E;[v] = €’. To prove the former identity in (7), note that (17)
entails E;[S(u)] =u - f]R3 vu(dv, t) forevery t > 0 andu € $2. Moreover,

E/(Sw]=E |E

BN

St V||| =E | D i, |V

L L= j=1

= Et Et Zﬂj,‘ﬂﬁj’v(u) |g V: E; an!vEt [llfj,v(u) }g] V

Jj=1 Jj=1

holds with V := fR3 vio(dv) and 27 = a(v, {tuln=1, {Puln=1, {19,,}"21). To conclude,
combine the identity E, [1/ij,, (u) | %] = 7 yu, which emanates from (111) in [12], with (18)
to get Ez[ijl mjvEs [wj,v(u) |£¢]] = u. Whence, u- [p3 vu(dv, 1) = u-Vforeverys > 0
and u € S2, which amounts to the desired result. To proceed, note that Z;Zl v, ) -
V = u -V is valid for everyu € § 2 since Jy is a stationary solution of (1). Whence,

2

ELS@)? 1 =E | [ D ¥, (V;=V)+u-V
j=1

@ Springer



1724 E. Dolera

2
=E || D 7wt (V= V) | |+ @ V)
j=1
=E | D 77, ;@ (V; =V | + @ V)% 27)
=1

At this stage, an application of (187) in [12] with k = 2 shows that

v o 1 .
E, jZlﬂ?,u[r/f,-,v(u)wV,»—V)]z =§/|V—V|2M0(dV)
- J,

v B 1 B
1E, jZlﬂivcj,u : / (v = V) = Sy = VP hpo(av) (28)
- J,

holds, where the ¢; ,’s are givenby ¢; , := ;“j’fn (tn, (@1, ..., Pn—1)) and the {in’s are defined
on T(n) x [0, 7]*~! by putting Cl*,l = 1and, forn > 2,

(b @) o= [ ;an(tﬁl, ol - (% co}s2 _(p”_] — %) fOI’]: =1,....m

J» ;jfnl,n,.(t:t"pr) . (7 sin? g,_1 — %) forj=nm+1,...,n

for every ¢ in [0, 7]"~!. The same techniques contained in Appendix A.1 of [12], used
to get (106) therein, show that E,[Z;:l ”?,Ufj,u] — o (=F0) for every t > 0, with
f1(b) = % foﬂ (sin* ¢ + cos* ) B(dg) — % At this stage, the proof of the latter identity in
(7) follows from (27)—(28), which give

3 3
/ V2 u(dv. 1) = > E/[(S(e)*] = / v = VP0o@v) + > (e - V)2 = my
R3 i=l R3 i=1

foreveryt > 0, {e}, e>, e3} being the canonical basis of R3. The proof of (8) inthe casei = j
is even simpler, since it follows directly from the combination of (27)—(28) with u = e;.

When i # j, start from the remark that [o; v;v;u(dv, ) can be written as [p; (4 vi +

gv.,)zu(dv, t) — %fﬂ@(vi2 + v?),u(dv, t). Then, define u;; := gei + gej and invoke
again (27)—(28) to obtain '

1 —
/ vivjpu(dv, 1) = E[(S(u;;)*] — 3 {E/[(S(e)*]+ E[(S(e)*1} = €ij (1) + V;V;
R3
for every t > 0, where €;; (1) := e~ 1=/1ON" [ (v; — V) (vj — V ;) po(dv). This completes

the proof of (8).
To prove (9), consider Lemma 8 with the same y, G and G, and define

?ﬁG&Myﬁx>0

quz{ ifx=0

3

and F,(x) := x2¢(x). This g meets the requirements of the theorem since lim;_, | g(x) =
~+o00 holds after a straightforward application of 1’Hopital’s rule, while property (ii’) of G
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shows that ¢ is non-decreasing. Then, after noting that F(x) < G, (x) for all x € [0, +00)
thanks to the fact that G is non-decreasing, the combination of Lemma 8 with property iv’)
of G gives

/ FuvDi(v. 1) < / G(VPIuv. 1) = E/[G(S(en)? + S(e2) + S(e3)?)]
]R3 ]R3
< 323 sup E/[G.(S))] < 343C1 (1) = C(uo)

ues?

which is the desired conclusion. Finally, since (9) is in force, then

C(no)
q(R)

1
/ V2 e(dv, 1) < ) / IVI2g(IvDe(dv, 1) <
RS

[v[>R

holds for every r > 0, and the validity of (10) follows.

3.5 Proof of Lemma 6

Observing that
Val(X) = V4 [W— V|x [m(cos fa(u) + sin Ob(u)) + xu]
wW.(x) =wW—|w—vx [m(cos fa(u) + sinfb(u)) + xu]

hold for every v # w and x € (—1, 1), one gets

dv, dw, 1 —2x2 .
L= = w—v] [m(cos fa(u) 4 sinOb(u)) + 2xui|

dx dx
d%v d’w. 3x +
dxz* - _ dx2* =|w—v| [m(cos fa(u) + sin6b(un)) + 2u]
Whence,
dvi |2 |dw, |2 5 [(1—2x2)?
= = — - 4
dx dx W=l [ 1—x2 +
d2v* B ’dzw* B [ 12
dx? (1 —x2)3 '

At this stage, for the first derivatives, one has

7] [0+ 00 o2 ma -
R3IR3—-10

x dsd6de x (dv)x (dw) < 27 / / W — VP (dv)x (dw) / £2b(&)d

R3R3
1
(1_23252)2 2.2
- — =5 4y d
) S)s:[L;)I,)l]( 1 —s2¢2 A ) ds

0
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the RHS being finite in view of (3), the condition fR3 [v|2x (dv) < 400 and the fact that, for
every s in (0, 1),

(1 —s) sup
§€[0,1]

(1 —2526%)2
(1—7&%2

Analogously, for the second derivatives, one has

+ 4s252) < 14.

d Vi dzw*
/////[ ax2 (5‘5)’ +‘ a2 (55)’] I{v # w}(1 — $)&°b(&)

RIR3-10

x dsdOdE x (dv)x (dw) < 27 / / W — vIx (@v)x (W) / E2b(5)de

R3R3
(—3s& + 25383)2 172
/(1 a S)s:% 1] ( (1 —5282)3 +4) as

and again the RHS is finite in view of (3), the condition fR3 lv|2 x (dv) < 400 and the fact
that, for every s in (0, 1),

(—3s& + 25383)? 2 /13
(1_”5255’1]( (1 — s22)3 4) =i

3.6 Proof of Theorem 3

Before getting to the heart of the matter, it is worth explaining the structure of this conclud-
ing subsection that contains the proof of the existence of a solution, following the Arkeryd
approach. To make this strategy working, two forms of uniform continuity—encapsulated
in (30) and (32), respectively—are deduced by exploiting the properties of the approximat-
ing solutions established in Sects.3.2 and 3.4. Moreover, after showing the existence of a
converging subsequence via the Ascoli—Arzela theorem, the uniform integrability conditions
(9)—(10) will play a key role in proving that the limit is indeed a solution, according to the
Definition 2, and satisfies (7)—(10).

To start with the real proof, note that [b(x) A n]/B, meets (4) for all n > ng := min{n €
N | B, > 0}. Therefore, the Cauchy problem relative to (1), with [b(x) A n]/B, and pg as
collision kernel and initial datum, respectively, admits a unique solution {x, (-, 1) };>0, which
possesses all the properties established in Sects. 3.2 and 3.4. In particular, (7) yields

[rnavn =¥ and [ IvPpav.n) = ms (29)
R3 R3
forallt > 0andn > ng, with V := [p3 vio(dv) and my = [ps [V|210(dv). Then, (29)

leads to the former important inequality, namely

on (B ) — (&1 D] < 162 — £, sup | Ve dn(&. 1)] < I£» —51|/|v|un<dv, 0
3

£cR3

1/2

< 16— & /|v|2un<dv,t> w2, — £ G0)
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valid for all £, &, € R?, with ¢ and n as above. The latter key inequality easily follows from
aresult borrowed from [28] (precisely, Lemma 2.2), restated here in a slightly different form.

Lemma 9 Let x belong to P (R and b satisfy (4). Then,

]/[x(s+>x(s ) - X(S)]b( ;

i )usz(dw)’ B|§|/|v| x@vy 3D

holds for all§ # 0, with§ | ==& — (§ - w)w, & _ = (§ - w)w and B := fol x2b(x)dx.

It is worth noting that the original formulation in [28] deals with collision kernels satisfying
(3), but, in that case, (31) turns out to be false if f 2 isintended as a standard Lebesgue integral.
Indeed, itis enough to choose x as a Gaussian probability law with zero means and covariance
matrix V = (v; j)1<i,j<3, With v 2 = v33 = 1,123 = v32 = 1/2, v; j = 0 otherwise, and

b(x) = |x|75/2, to verify that [o [%(E)R(E_) — Z(E)Ib (|;=| w) g (dw) = +oo. This
counterexample can be easily reformulated also in the different parametrization used in [28].
Therefore, due to its relevance, the original proof of this lemma is shortly reproduced below.

Proof of Lemma 9 Define ¢ := (1;‘+ |§|) él and §‘+ =2¢ — &, to write

/[x(s+)x(s> x(&)]b(‘&

1 -
€] )usz(dw) = 5/[2(§+)+2(§+) —2x(©)]

Xb(él )Msz(dw)Jr/[x(C)—x(S)]b(él )usz(dw)

+ [eote - 1]b(é| )usz(dw)

S2

for all £ # 0. Upon assuming that [,; v (dv) = 0—which does not affect the generality,
for the replacement of x (§) with x (&) exp{—ié& - fR3 vx (dv)} does not change the LHS of
(31)—invoke the elementary inequality |§ (§) — 1| < 3[&[? [5s [VI>x (dv) to obtain

1 ~ 1
SIXED + XED = 22@) < 51 - C|2/|V|2x(dV)
3
1
5@~ @)1 = 518 —£|2/|V|2x(dV)

1
76— = 5@ -w)2/|v|2x(dv>,
]R3

so that the conclusion is reached by noting that [§, — ¢| < |§ - @[, [ — &| < |§ - ®| and
2 —

Js (@) b (f @) us o) = B. o

At this stage, by the Bobylev identity (14), one has

a b .
.0 = [ 00 — e 01 E D a0

n
S2
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for & #0,¢ > 0 and n > ng, which, combined with Lemma 9 and (29), gives

B,

A A a . 3

|ftn(§, But2) — [in(§, But1)| = ’/ [gﬂn(&ﬂ] dS’ < EB ma &%t — 11| (32)
B,

forall £ € R3, 71,1 > 0 and n > ng, corresponding to the latter key inequality.

After selecting a sequence T := ({#}x>1 dense in [0, +00), one can and note that
{iin (&, Buti)}n>no.keN is a uniformly bounded and equicontinuous family of complex-valued
functions. The former property follows from |/, (&, B,t;)| < 1, while the latter is a conse-
quence of (30). Hence, the combination of the Ascoli-Arzela theorem with the Lévy conti-
nuity theorem and the Cantor diagonal argument entails the existence of two sequences: the
former, {1t (-, tx)}x>1,1s composed of Borel p.m.’s on R3 and the latter, {n;};>1,1s anincreasing
sequence of positive integers such that, for all tx € T', py, (-, By tx) = p(-, t) as [ — +o0.
Then, for any other t € [0, +00)\T, take any subsequence {#, },>1 C T converging to ¢,
and consider w-lim,_, y oot (-, x, ). This limit exists and is independent of the choice of the
approximating sequence {f, },>1, for (32) yields | (£, /"y — (, ] < %F m2|§|2|t” -
for all £ € R3 and t/, {eT. Thus, {{t(&, t,)}->1 is a Cauchy sequence in C, which
converges to some g (£) for any fixed & € R>, and & — g, (&) is continuous by
|g:(&7) — g (&))] < mé/ 2|§2 — &|, which obviously emanates from the combination of
(30) with (32). A further application of the Lévy continuity theorem shows that, for all
t € [0, +00)\T, there exists (-, 1) € P(R3) such that g, (&) = fi(&, 1) for all £ € R3 and
that pu(-, tx,) = (-, t), as r — +o00. In conclusion, (-, ¢) satisfies

(A) (-, Bpt) = (-, t) asl — oo, forall t > 0;
B) |, ") — @, )] < 3Bmy)&?lt" — 1| forall e R and ¢, 1" € [0, +00).
{1 (-, 1)}s>0 is the obvious candidate as solution of (1). Indeed, p(:, 0) = no(-) by (A), while

ng [v|2u(dv, t) < +oo and (7) are in force for all # > 0 as a consequence of Lemma 1 in
[33], whose hypotheses are met in view of (A) and

1 2 C(mo)
sup / V2, (AV, Byy) < sup / IVI2G(IV]) i, (dV, By 1) < . (33)
leN & " q(R) 1en & " q(R)
t>0 |v|=R t>0 R3

which emanates from (9). After fixing ¢ € Ci (R3; C), Definition 2 entails

/W(V)Mn,(dv, By t) = /W(V)Mo(dV)
R3 R3

t 1
+////A,/,(v,w, E)n, (A, By, T) i, (dw, B,,lt)éz[b(s) Anldédr (34)
0 RIR3I—1
forall t > 0 and [ € N, where

2 1

1 d?v,
Ay (v, w, &) = g//ll{v #wi(l —s)[Wf(v*(sé)) . d—xz(ss)
00

d?w, dv, ! dv,
+ Vi (wi(s§)) - F(SSH (E(Sé)) Hess[y](v4(s§)) (E(SS))
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dw,, ! dw,
+ (d (SS)) HeSS[Iﬂ](W*(SS))( (SS))]dsd9~
by dx

The bounds provided in Sect.3.5 give
Ay (v.w, &)] < Ky (1+|v—w[?) (35)

forall (v,w, &) € RO x [—1, 1] with a suitable positive constant Ky, while the same argument

contained in Sect. 3.1 shows that (v, w) — f_ll Ay (v, w, £)£2p(&)dE is continuous on RO,
The key point consists now in exploiting (A) to take the limit of both sides of (34) as
n; — oo, with particular attention to the multiple integral on the RHS, which will be
proved to converge to

t 1
[]] ] astvwomav. ouaw oo asar.

0 R3IR3—1

Indeed, thanks to the dominated convergence theorem, combined with (3), (29), and (35), it
is enough to show that both the quantities

1
[ ][ Av w6 @v. By @w. 5, 081606 — b Anlce|
R3R3—1
and
1

| / / ( / Ay (v, W, ©)E2B(E)IE ) 1, (@Y, By Dt (AW, By 7) — (@, D)pe(dw, 1]

R3R3 -—1

go to zero for all T > 0, as n; — +o00. Apropos of the former, use (29) and (35) to bound it
from above by Ky (1 4 4my) fil E2[b(€) — (b(&) A ny)]dE, which goes to zero by (3). As
to the latter, note in advance that ,,, (-, By, T) @ i, (-, By, T) = (-, ) ® u(-, v) thanks to
Theorem 4.29 in [20], and that

lim  sup / (IVI* 4 W), (AV, By, T) i, (AW, By ) =0
R—+00 jeN

IVI2+Iw>=R

in view of Lemma 1 in [33]. Thus, an application of Theorem 7.12 in [37] leads to the desired
conclusion. Whence,

/W(V)M(dV, n = /w(v)uo(dv)
R3 R3

t 1
+ / / / / Ay (v w. E)p(dv, D)p(dw, 1)E2b(E)dEdT  (36)

0 R3R3—1

holds for all + > 0, by which ¢ — fR3 Y (v)u(dv, t) turns out to be continuous on [0, +00).
Lastly, take a sequence {tx}x>1 C [0, +00) converging to some given T € [0, +00), and
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mimic the above argument to get p(-, ) ® u(-, ) = w(-, ) @ u(-, v) and
1

lim //(/Aw(v,w, %‘)Ezb(é)d%“)u(dv, ) (dw, i)

k—+00
R3R3 -1
1

://(/Aw(v, w, f)fzb(é)dé)u(dv, )u(dw, 7).
R3R3 —1

This continuity and (36) entails that ¢ +— fR3 Y (v)u(dv, t) is continuously differentiable on
(0, +00) and that (5)—~(6) are in force for any fixed ¥ € C3(R%; C).

Then, consider the additional properties of w(-, t). First, the identities proved in Sect. 3.4
give

/ V2t @V, By 1) — V2 = e (1) / [(v,- Vi - Sy W] Ho(dv)

R3 R3
1 _
43 [ v = VPt (37)
R3
/vivjun,(dv, By t)—V;V; = en,(t)/(vi — Vi — Vj)ro(dv) (38)
R3 R3
where
3 / b
en(t) =expqy—= 2/x2(1 —xz)mdx Byt
2 By,
0

The uniform integrability of the second absolute moments of the p,,’s, encapsulated in
(33), yields limy_, yoo [g3 ViVjin, (A, Byjt) = [ps vivju(dv, 1) forall i, j € {1,2,3} and
t > 0, while an obvious application of the monotone convergence theorem shows that
lim; o0 €4, () = exp{—%[Z fol x2(1 - xz)b(x)dx]t} for all + > 0. Hence, (37)—(38) pass
to the limit as / — 400, and (8) follows. Apropos of the extension of (9), write

/ min{|v]>q(|v]), m}u(dv,7) = lim / min{|v|?g(|v]), m}ptn, (AV, By, 1)
[—+00
R3 R3

< Sup/|V|2CI(|V|)Mm (dv, By 1) < C(1o)
@; R3

for all m € N. Thus, the monotone convergence theorem shows that (9) is still valid with

the same ¢ and C (up) as in Sect. 3.4, and (10) follows as before. In addition, take R and fg

as in the statement of the theorem and remember from Sect. 3.2 that {z,, (-, By,t) o fR_' }i>0

ban;

solves (1) with =
l‘ll

and po o fp ! as collision kernel and initial datum, respectively. Since

the continuous mapping theorem (cf. Theorem 4.27 in [20]) yields py, (-, By t) o fgr LN
u(-,t)o fI;1 forallt > 0,as [ — 400, then u(-, 1) o fR71 is a solution of (1) with b and
Mmoo fr !"as collision kernel and initial datum, respectively.
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