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Abstract In this work, we consider the asymptotic behavior of the nonlinear semigroup
defined by a semilinear parabolic problem with homogeneous Neumann boundary conditions
posed in a region of R? that degenerates into a line segment when a positive parameter €
goes to zero (a thin domain). Here we also allow that its boundary presents highly oscillatory
behavior with different orders and variable profile. We take thin domains possessing the same
order € to the thickness and amplitude of the oscillations, but assuming different order to the
period of oscillations on the top and the bottom of the boundary. Combining methods from
linear homogenization theory and the theory on nonlinear dynamics of dissipative systems,
we obtain the limit problem establishing convergence properties for the nonlinear semigroup,
as well as the upper semicontinuity of the attractors and stationary states.
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1 Introduction

In this paper, we are interested in analyzing the asymptotic behavior of the solutions of a
semilinear parabolic problem with homogeneous Neumann boundary condition in a thin
domain R€ with a highly oscillatory behavior in its boundary as illustrated in Fig. 1.
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Fig. 1 Thin domain with a
highly oscillatory boundary
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Let G¢, He : (0,1) — (0, 00) be two positive smooth functions satisfying 0 < Gg <
Ge(x) <Grand 0 < Hy < H.(x) < Hy forall x € (0,1) and € > 0, where Gg, G, Hy
and H are constants independent of €, and consider the bounded open region R€ given by

={(x,y) €eR? | x € (0,1)and — € Ge(x) < y < € He(x)}. (1.1)

Note that functions G, and H, define the lower and upper boundary of the 2-dimensional
thin domain R€ with order of thickness €. We allow G, and H, to present different orders
and profiles of oscillations. The upper boundary established by € H, presents same order of
amplitude, period and thickness, but the lower boundary given by € G possesses oscillation
order larger than the compression order € of the thin domain. We express this assuming that

Ge(x) = G(x,x/€%), ao>1,
and Hc(x) = H(x,x/e),

where the functions G, and H : [0, 1] — (0, co) are smooth functions with y — G(x, y)
and y — H (x, y) periodic in variable y with constant period [, and [, respectively.
In the thin domain R€, we look at the semilinear parabolic evolution equation

— Aw +w€ = f(w€), in R,

a.€
%"‘)’E =0 on dRS,

t>0, (1.2)

3
] a €
function f : R > R is a C2-function with bounded derivatives. Since we are interested in the
behavior of solutions as ¢t — oo and its dependence with respect to the small parameter €, we
require that the solutions of (1.2) are bounded for large values of time. A natural assumption

to obtain this boundedness is given by the following dissipative condition

o su 79
im sup

|s]|>00 S

where v€ is the unit outward normal to 0 R€ is the outwards normal derivative and the

<0. (1.3)

From the point of view of investigating the asymptotic dynamics, assuming f with
bounded derivatives does not imply any restriction since we are interested in dissipative
nonlinearities. Indeed, it follows from [3,7] that under the usual growth assumptions, the
attractors are uniformly bounded in L with respect to €, and we may cut the nonlinearities
in a suitable way making them bounded with bounded derivatives. Recall that an attractor is
a compact invariant set which attracts all bounded sets of the phase space. It contains all the
asymptotic dynamics of the system, and all global bounded solutions lie in the attractor.
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Parabolic problems in oscillatory thin domains 1205

In order to analyze problem (1.2) and its related linear elliptic and parabolic problem, we
first perform a simple change of variables which consists in stretching in the y-direction by
a factor of 1/e. Asin [28,37-39], we use x; = x, xo = y/e to transform R€ into the domain

QF ={(x1,x) € R? | x1 € (0,1)and — Gc(x1) < x3 < He(x1)}. (1.4)

By doing so, we obtain a domain which is not thin anymore although it presents very highly
oscillatory behavior given by the fact that the upper and lower boundary are the graph of the
oscillating functions G and H.. Under this change, Eq. (1.2) is transformed into

ax12 €2 9x t >

SENE+ LU NS =0 on 90

ax|

[ui — G- Afmte=fw et (1.5)
2 3xy
where N¢ = (N7, N5) is the outward normal to the boundary of Q€.
Observe the factor 1/€2 in front of the derivative in the x, direction which means a very
fast diffusion in the vertical direction. In some sense, we have substituted the thin domain R¢
with a non-thin domain Q€, but with a very strong diffusion mechanism in the x,-direction.
Because of the presence of this very strong diffusion mechanism, it is expected that solutions
of (1.5) become homogeneous in the x;-direction so that the limiting solution will not have
a dependence in this direction, and therefore, the limiting problem will be one dimensional.
This fact is in agreement with the intuitive idea that an equation in a thin domain should
approach an equation in a line segment.
We get the following limit problem to (1.5) as € goes to zero:

[u, ~ 5t @@ ), +u=fa). xe©1)

uy(0) = u, (1) =0, t >0, (1.6)

where the smooth positive functions p and g : (0, 1) — (0, co) are given by

1 0X
00 = - / [1—ﬂ<y1,yz)]dy1dyz,

In ay1
Y*(x)
lg
[Y*(x)| 1
px) = + - | Gx,y)dy — Go(x),
N lg
0

Go(x) = minG(x, y),
yeR

and X (x) is the unique solution of the problem

—AX(x)=0 in ¥*(x)
%(") =0 on By(x)
20 = N on By (x)

X (x) [ — periodic on By(x)
fy*(x) X(x) d)’Id)’2 =0

in the representative cell Y*(x) given by
Y*) ={(y1,y) € R [0 < yi <ly, —Go(x) < y2 < Hx, y)},

where By (x), B (x) and B, (x) are lateral, upper and lower boundary of Y *(x) forx € (0, 1).
Note that the auxiliary solution X (x) and the representative cell Y *(x) depend on variable x
defining a non-constant homogenized coefficient q(x) for the homogenized equation (1.6).

@ Springer



1206 M. C. Pereira

If the nonlinearity f satisfies the dissipative conditions (1.3), then both equations (1.5)
and (1.6) define nonlinear semigroups that possess global attractors . C H'(Q€) and
oy C H'Y0, 1), respectively. Here in this work, we get the continuity of the nonlinear
semigroup, as well as, the upper semicontinuity of the family of the attractors <7 and the
equilibria set at € = 0 obtaining convergence properties for the dynamics set up by problems
(1.5) and (1.6).

There are several works in the literature dealing with partial differential equations in thin
domains presenting oscillating boundaries. We mention [31,32] who studied the asymptotic
approximations of solutions to parabolic and elliptic problems in thin perforated domain
with rapidly varying thickness, and [14—16] who consider nonlinear monotone problems in
a multidomain with a highly oscillating boundary. In addiction, we also cite [1,12,17], in
which the asymptotic description of nonlinearly elastic thin films with fast-oscillating profile
was successfully obtained in a context of I'-convergence [24].

Recently, we have studied many classes of oscillating thin domains discussing limit prob-
lems and convergence properties [6,8—10,36]. In [11], the authors deal with a linear elliptic
problem in a thin domain presenting doubly oscillatory behavior which is related to the present
one, but with constant profile, that means, assuming G(x) = g(x/€) and Hc(x) = h(x/€)
for periodic functions g and 4. We call this situation purely periodic case.

Our goal here is to consider a semilinear parabolic problem in R€ also presenting doubly
oscillatory behavior, but now with variable profile generally called locally periodic case.
We allow much more complicated shapes combining oscillating orders establishing the limit
problem, as well as, its dependence with respect to the thin domain geometry. Indeed, we get
an explicit relationship among the limit equation, the oscillation, the profile and thickness
of the thin domain. It is worth observing that it is not an easy task. In order to do so,
we first need to combine different techniques introduced in [9,10] and [11] to investigate
the linear elliptic problem. We use extension operators and oscillating test functions from
homogenization theory with boundary perturbation results to obtain the limit problem for
the elliptic equation. Next, we apply the theory of dissipative systems and attractors to be
able to obtain the continuity of the nonlinear semigroup and the upper semicontinuity of the
attractors and stationary states of the parabolic problem here proposed.

We refer to [13,19,22,23,27,29,35,40,44] for a general introduction to the homogeniza-
tion theory and the theory of dissipative systems and attractors, respectively. There are not
many results on the behavior of global attractors of dissipative systems under a perturbation
related to homogenization. We would like to cite [20,21,25,26].

Finally, we point out that thin structures with rough contours (thin rods, plates or shells) or
fluids filling out thin domains (lubrication) or even chemical diffusion process in the presence
of grainy narrow strips (catalytic process) are very common in engineering and applied
science. The analysis of the properties of these structures and the processes taking place on
them and understanding how the micro-geometry of the thin structure affects the macro-
properties of the material is a very relevant issue in engineering and material design. Thus,
being able to obtain the limiting equation of a prototype equation in different structures where
the micro-geometry is not necessarily smooth and being able to analyze how the different
microscales affects the limiting problem goes in this direction and will allow the study and
understanding in more complicated situations. See [16,18,30,33] for some concrete applied
problems.

This paper is organized as follows. In Sect. 2, we set up the notation and state some
technical results which will be used later in the proofs. In Sect. 3, we investigate the linear
elliptic problem on thin domains assuming also that G, and H, are piecewise periodic
functions, obtaining Lemma 3.1. Next, in Sect. 4, we use Lemma 3.1 and the continuous
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dependence result on the domain given by Proposition 2.4 in order to provide a proof of the
main result with respect to the linear elliptic problem associated with (1.5), namely Theorem
4.1.1In Sect. 5, we obtain the continuity of the linear semigroup defined by (1.5) from Theorem
4.1, and in Sect. 6, we prove the main result of the paper related to the parabolic problem (1.5)
getting the upper semicontinuity of the family of attractors and stationary state by Theorem
6.1.

We also note that although we deal with Neumann boundary conditions, we may also
consider different conditions in the lateral boundaries of the thin domain R€ since we preserve
the Neumann type boundary condition in the upper and lower boundary. Dirichlet or even
Robin homogeneous can be set in the lateral boundaries of the problem (1.5). The limit
problem will preserve this boundary condition as a point condition.

2 Basic facts and notations

Let us consider two families of positive functions G¢, He : (0, 1) — (0, 00), withe € (0, €)
for some €y > 0 satisfying the following hypothesis
(H) There exist nonnegative constants Go, G, Ho and H; such that

0<Gp<Gex) <Gy and 0 < Hyp < H:(x) < Hy,
for all x € (0, 1) and € € (0, €9). Moreover, the functions G, and H, are of the type
Ge(x) =G(x,x/e¥), forsomea > 1, and H.(x) = H(x, x/€), 2.1)

where the functions H, G : [0, 1] xR + (0, 4-00) are periodic in the second variable, that is,
there exist positive constants [, and [, such that G(x, y +1,) = G(x, y) and H(x, y +1;) =
H (x, y) forall (x, y) € [0, 1] x R. We also suppose G and H are piecewise C! with respect
to the first variable, it means, there exists a finite number of points 0 = &y < & < -+ <
En_1 < &y = 1 such that the functions G and H restricted to the set (£;, £41) x R are C!
with G, H, Gy, Hy, Gy and Hy, uniformly bounded in (&;, & +1) x R having limits when we
approach & and &4 1.

In this work, we consider the highly oscillating thin domain R€ which is defined in (1.1)
as the open set bounded by the graphs of the functions € G, and € H.. Since we are taking
« > 1 to define G¢ in (2.1), we are allowing the lower boundary of the thin domain R€ to
present a very high oscillatory behavior. In fact, as € — 0 we have that the period of the
oscillations is much smaller (order ~ €%) than the amplitude (order ~ €), the height of the
thin domain (order ~ €), and period of the oscillations of the upper boundary (order ~ ¢)
given by function H,.

A function satisfying the above conditions is F'(x, y) = a(x) + vaz 1 br(x)gr(y) where
a, by, ..., by are piecewise C! with g1,-..,8n also C! and [-periodic for some [ > 0.

In order to study the dynamics defined by (1.2) in R€, we first study the solutions of
the linear elliptic equation associated with the equivalent problem introduced by (1.5). We
consider the following elliptic problem with homogeneous Neumann boundary condition

2 a2 .
[_3u‘_16u€+ue:fe in Q€

9x12 €2 3xp?

du” e 4 LA Ne— 0 on 9Q

3X|

2.2)

€2 0x2
where N¢ = (N}, N3) is the outward unit normal to 9Q2¢, and Q€ is the oscillating domain
(1.4). Moreover, we are taking f€ € L*(Q¢) satisfying the uniform condition

I fN L2y < C, Ve >0, (2.3)
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1208 M. C. Pereira

for some C > 0 independent of €. From Lax-Milgran Theorem, we have that problem (2.2)
has unique solution for each € > 0. We first analyze the behavior of these solutions ase€ — 0,
that is, as the domain gets thinner and thinner although with a high oscillating boundary.

Recall that the equivalence between the problems (1.2) and (1.5) is established by changing
the scale of the domain R through the map (x, y) — (x, €y), see [28] for more details. Also,
the domain € is not thin anymore, but presents very wild oscillations at the top and bottom
boundary, although the presence of a high diffusion coefficient in front of the derivative with
respect the second variable balance the effect of the wild oscillations.

It is known that the variational formulation of (2.2) is found u€ € H!(Q€) such that

du€ dgp 1 ou€ 9¢ . e
{ L 4y ga}dxldxz — | fepdridn, Yo € H'(QF). (2.4
0x1 0x €% 0xp 0xp
Q¢ Q¢
Thus, we get that the solutions u€ satisfy an uniform a priori estimate on €. Indeed, taking
¢ = u€ in expression (2.4) we obtain

€12 € €
o O o W 1 Ly P S )
Consequently, it follows from (2.3) that
€ ¢ 1
u ey, || — — <(C, Ve>O0. 2.6
ez e .8)61 r@ ‘sz L2 = >0

Provided that we have to compare functions defined in 2¢ for € > 0, we need to introduce
some extension operators P in a convenient way. We note that this approach is very common
in homogenization theory. For the current analysis, we extend the functions only over the
upper boundary of the domain 2¢, namely, into the open set Q€ defined by

= {(x1, %) € R* | x1 € (0, 1), =Ge(x1) < x2 < Hi}\

. 2.7
UN {(&, x2) | min{Ho;—1, Ho;} < x2 < Hi}, @7

where Hyp; = minycr H(;, y), and the points 0 = &y < & < --- <éy_1 <&y = 1and
the positive constant H; are given by hypothesis (H).
Lemma 2.1 Under conditions described above, there exists an extension operator
Pe € L(LP(QF), LP(Q9) N L(WP(Q), WP (Q9))
and a constant K independent of € and p such that

1Peoll 1o e, < K llgllLrae)

Py ¥ @

e IS | ool WSO et F @8)
dxy llLr(Qe dxq ILP(Q€) dxo I1LP(QF)

152y = < 5]

0xp lLP(Qe) — 0x2 I1LP(Q€)

forall ¢ € WP (Q€) where 1 < p <ooandn(e) = supxe(oql){|H€’(x)|}, € > 0.

Proof This result can be obtained using a reflection procedure over the upper oscillating
boundary of Q€. See [6,9] for details. ]

Remark 2.2 (i) Note that operator P, preserves periodicity in the x| variable. Indeed, under
this reflection procedure, we have that if the function ¢ is periodic in x1, then the extended
function P is also periodic in x.
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Parabolic problems in oscillatory thin domains 1209

(i) Lemma 2.1 can also be applied to the case G, and H, independent of €. In particular,
we still can apply this extension operator to the representative cell Y*.

Remark 2.3 (i) If for each w € W7 (O) we denote by ||| - ||| the norm
o 15l
LP(O) dx2

w150, = 1WI70 o) + H ax ’ Lr(0)’

then we have the extension operator P. must satisfy ||| Pcw]|| Wip(@e) = Kolllwlllwi.rqe)
for some K¢ > 0 independent of €. The norm || - |||y1., is equivalent to the usual one.
(ii) Analogously, we can set H, 1(©) as the Sobolev space H 1(©) with the equivalent norm

2

L20) | €2 ” E’ L2(0)

Now let us to discuss how the solutions of (2.2) depend on the domain Q¢ and more
exactly on the functions G¢ and He. As a matter of fact, we have a continuous dependence
result in L°° uniformly in €. Assume G, Gé, H, and H€ are piecewise continuous functions
satisfying hypothesis (H) and consider the associated oscillating domains Q¢ and Qe given

by

1ol 0, = 10120, + [ o "

Q= {(x1,x2) €R? | x1 € (0, 1), —Gel(x1) <x2 < He(x1)},
Q ={(x1,x) eR* | x1 € (0,1), —Ge(x1) <x2 < He(x1)).

Let u¢ and u* be the solutions of the problem (2.2) in the oscillating domains Q¢ and Qe,
respectively, with f€ € L?(R?). Then we have the following result:

Proposition 2.4 There exists a positive real function p : [0, 00) — [0, 00) such that

€

flu€ —u® + w3

2
”HEl(QEmQE HI(QG\QG + ”M ||HI(QE\Q€) — p(a)

with p(8) — 0as 6 — 0 uniformly for all

(i) € > 0;
(ii) piecewise C! functions G¢, G¢, He and H, with

0<Go<Ge(),Gex) < G1, 0 < Hy < He(x), He(x) < Hi,
IGe — Gellzo.y <8 and |He — He|l<.1) < 8;
(iii) f€ € L*R?), || fll 2@y < L.

Proof The proof is quite analogous to that one performed in [9, Theorem 4.1] since we are
taking functions G and H satisfying (H) with constant period /, and /;, respectively. O

Remark 2.5 The important part of this result is that the positive function p (8) does not depend
on €. It only depends on the nonnegative constants G, G1, Hyp and H;.

Finally, we mention some important estimates on the solutions of an elliptic problem
posed in rectangles of the type

Qe:{(x,y)eR2| - <x<e 0<y<1}
with & > 1. For each ug € H'(—€®, %), let us define u€ (x, y) as the unique solution of

326 1826 .
S5 -52557=0 ingQ

9x2 €2 8)’2
u(x,0) =ug(x), onl, 2.9
fu =0, on dQ, \ I'e
where v is the outward unit normal to 8 Q. and I'c = {(x,0) € R?| — € < x < €%},
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1210 M. C. Pereira

Lemma 2.6 With the notations above, if we denote by ug the average of ug in I, that is

P

i up(x) dx,

=

—e

then, there exists a constant C, independent of € and u, such that

€
_ 2ym
/ |M€(X, )’) - M0|2 dx = Cexp [_6(17—1] ”uO”iZ(_ea’ea)
e

1 &
/ / lu(x, y) = diol* dxdy < Ce* Mluoll7>_ca oy
0 —e“
and 5 5 5
P) 19 9
e ‘ - < cer1 |20 (2.10)
3x LZ(QG) ay LZ(QE) 8.X LZ(_GDt’E(X)

Proof The proof follows from the known fact that the solution of the problem (2.9) can be
found explicitly and admits a Fourier decomposition of the form

€

2 sh(H02)
u(x,y) = uo(t)dr +Z(uo 90)ef (x) &
e k=1 OSh( ea—1
where ¢p (x) = e~/? cos(l?—ax), k=1,2,..., and (uo, ¢;) = (40, ¥ 12(—ev cwr)- O

3 The piecewise periodic case

In this section, we establish the limit of sequence {u€}.-o given by the elliptic problem (2.2)
as € goes to zero for the case where the oscillating boundary of Q€ is defined, assuming that
G and H, are piecewise periodic functions.

More precisely, we suppose the functions G and H satisfy hypothesis (H), assuming also
they are independent functions of the first variable in each of the open sets (§;_1, &) x R.
Thus,if0 =&y < & < --- <&n_1 < &y = 1 so that functions G and H satisty

G(x,y)=Gi(y) and H(x,y) = Hi(y), forx e (§-1,8), (3.1

with G;(y + l;) = G;(y) and H;(y + I;) = H;(y) for all y € R. The functions G; and
H; are C!-functions satisfying 0 < Gop < G;(-) < Gy and 0 < Hy < H;(-) < H for all
i =1,..., N, and then, the oscillating domain Q€ is now

Q= {(x,y) &1 <x <&, —Gi(x/e) <y < Hi(x/e),i=1,...,N}U
UYL y) | — min{G; (& /€), Giy1(Ei/€)) < y < min{H; (5,/6) Hiy1(&/0))),

as illustrated by Figure 2. Also region €, previously introduced in (2.7), is given by

= {0, V) &1 <x <&, —Gi(x/e) <y <Hp,i=1,...,N}U
u” & ) | — min{Gi(& fe), Gini (& /)y <y < mm{Ho,, Hoit1}},

with Hy; = minyeg H; (y),i =1, ...,
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Parabolic problems in oscillatory thin domains 1211

Fig. 2 A piecewise periodic
domain Q€

QE

We also denote by ¢ the convenient open set without oscillating boundaries given by
Qo={(, &1 <x<& —Goi<y<H,i=1..N}U
L& » 1 = min{Goi, Gov1) < y < min{Hoi, Hoiv1}},  (3.2)

where the positive constant G ;, withi =1, ..., N,issetby Go; = min,cg G;(y) whenever
x € (&1, &). Here, we are establishing the following step function
Go(x) = Go,i = Iynelu% Gi(y), ifx € (§-1,8). (3.3)

Notice ¢ C Q€ forall € > 0.
It is also important to observe that we still have the extension operator Pe constructed in
Lemma 2.1 for the open regions Q€ into Q€.
Now we can prove the following result
Lemma 3.1 Assume that € € L*>(Q€) satisfies (2.3) so that function
He (x)
[ = / fx,s)ds, x€(O,1), (CX)
—Gelx)

satisfies fe — f, w-L2(0, 1).
Then, there exists i € H'(0, 1) such that, if P, is the extension operator given by Lemma
2.1, then

| Peu — illp2@ey — 0, ase — 0,

where Ui is the unique weak solution of the Neumann problem
1 1
/ Q(X) ux(x) ox (x) + p(x) u(x) w(x) = / f ) o(x)dx (3.5
0 0
for all ¢ € H'(0,1), where p(x) and q(x) are piecewise constant functions defined a.e.

0, 1) as follows: if 0 =&y <& < ... <éy =1, p(x) = p; forall x € (§_1, &) where

1
Y| p
Pi= +i({Gf(S)ds_G°v“ i=1,...,N, (3.6)

Go,i = minyer G;(y),
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1212 M. C. Pereira

Y is the basic cell for x € (§;_1,&;), that is,

Y ={(1.y2) €R* [0 <y <lh, —Goi <y2 < Hi(y)},
and q(x) = q; forall x € (&1, &) where
1 X
-

=1 —i(yl, YQ)}dYId)’Z

qi o

Y

and the function X; is the unique solution of

—AX; =0 in Yl*
Eé)](v’ =0 on Bé
v = NI on B} 3.7)

X; Iy — periodic on Bé
J Xidyidy, =0
Y

where Bé, B{ and Bé are the lateral, upper and lower boundary of dY}, respectively.

Remark 3.2 Note that if we call fy(x) = f (x)/p(x), then problem (3.5) is equivalent to
—rillyx(X) +u(x) = fo(x) x € Gi-1,8)

fori =1,..., N, where r; = g;/p;, satisfying the following boundary conditions
uy(&o) =u(n)=0
rivy(§i—) —riprux(§+) =0 i=1,....,N—1.

Here, u, (§;4) denote the right(left)-hand side limits of u, at &;.

Proof Inorder to prove Lemma 3.1, we have to pass to the limit in the variational formulation
of problem (2.2) given by (2.4). For this, we first divide the domain Q€ in two open sets
using an appropriated step function G, depending on €, that converges uniformly to the step
function G defined in (3.3) and independent of parameter €.

Let us denote by m. the largest integer such that m.[,e“ < 1. Now, foreachi =1,..., N
andm =1, ..., m., we take the following point
Vi € 10m = Dlge® mlge® 1N (&1, &), (3.8)

the minimum point of the piecewise periodic function G restricted to [(m — 1)[g€*, mlge* N
(&-1, &), that can be empty depending on the values of i and m. As a consequence of this
construction, it is easy to see that

Gi(Yl /) = min Gi(y) = Go,. (3.9)

Since the interval (§;_1, &) is finite and G¢|,_, &) is continuous, then there exist just a
finite number of points ys”m € (&1, &). We can rename them such that

o Vens - Vi) (3.10)

defines a partition for the sub interval [£;_1, &;] for some mlé e N, m’e < me, where yei 0=

&_1and yei = &;. Note that yé"! . does not need to be uniquely defined.

,mi+1
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Consequently, we can take the union of all partitions (3.10) setting a partition for the unit
interval [0, 1]

{)’e,()’ Ye,ls oo Ve,zﬁe—o—l}v
with ye 0 = 0 and y ;3,41 = 1 for some 7. € N that we still denote by m.. Also, we have
{(Vm,e, X2) | — G <x2 < =G} NQE =0,

forallm =1,2,..., me.
Next, we take € small enough, and then we consider the convenient step function

Go.1, x € [0, ye1]
60 =1 max{G (Ve m, 25", G (Ve i1, “E™)), x € e, Vemnl,m=1,2...,me—1 .
G(]5 l/ea)v X € ()/e,me—h 1]

Due to (3.9), we have G (ve,m, Yemy — G; (Ve,m/€¥) = minyer G;(y) = Go,;, whenever
Yeom € (§i—1,&) forsomei = 1,..., N, and 50, G¢(x) > G{(x) > Go(x) in (0, 1) where
G is the step function given by (3.3). Consequently, we have constructed a suitable step
function Gy that converges uniformly to Go. More precisely, we have obtained

||Go — G(S)”L”(O,l) — 0, ase — 0. (3.11)
Using the step function G§,, we can introduce now the following open sets

= {(x1,x2) € R?|x1 € (0, 1), =G§(x1) < x2 < H} and

N 5 (3.12)
Q¢ ={(x1,x2) e R*[x1 € (0, 1), =G*(x1) < x2 < —G(x}.
Notice that
=t (85 US7).

Hence, if we denote by ~ the standard extension by zero and by x€ the characteristic
function of Q€¢, we can rewrite (2.4) as

uc 9 1 9uc uc 9 1 9u€ 9
/["—‘p+ u ‘p]dxldx2+/‘“—‘p+ " g”]dxldxz

ax; 9x; €2 dxo dx dx1 0x1 €2 9xn Ox
Se &y

+/ X© Peu pdxidxy = / X fCpdxidxy, Ve e H'(QF), (3.13)
Qe Q¢
where P is the extension operator constructed in Lemma 2.1.

Now, let us to pass to the limit in the different functions that form the integrands of (3.13)
to get the homogenized problem. It is worth to observe that we will combine here techniques
from [9-11,44] establishing suitable oscillating test functions to accomplish our goal.

(a). Limit of Pcu€ in L?(Q°).

First we observe that, due to (2.6) and Lemma 2.1, there exists K > 0 independent of €
such that P.u€ satisfies

0P.uc ‘

1 H 0P.u¢ ‘
3)61

_ an
L2(5¢) €

<K, Ve>0. (3.14)

[| Peus ||L2(§2€)’

axy I1L2(Qe)
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1214 M. C. Pereira

Hence, if Qo is the open set given by (3.2), independent of €, Pcu‘|g, € H' (), and we
can extract a subsequence, still denoted by P.u€, such that

Pou —uyg w— HY Qo)

Pouf — uy s — HP(Q) forall g € [0, 1) and (3.15)
Pl 0 s — LX)

as € — 0, for some ug € H'(). Note that uo(x1, x2) does not depend on the variable x>,

that is, g%g(xl ,X2) =0 a.e. . Indeed, for all ¢ € C5°(S2), we have from (3.15) that

oP.u¢

3 3
/uo 29 dxydxs = lim [ Pou 22 dxydxs = — lim gdxiden =0, (3.16)
0x2 e—0 0x3

e—=0 dx2
Qo Qo Q0

and then, ug(x1, x2) = up(x) for all (x1, x3) € Qo implying ug € H'Y0, 1).
From (3.15), we also have that the restriction of Pcu€ to coordinate axis x; converges to
uo, in that, if I' = {(xy, 0) € R? | x; € (0, 1)}, then

Pl — ug s — HP (), Vs el0,1/2). (3.17)

Thus, using (3.17) with = 0, we can obtain the L2—convergence of P.u€ to ug in Q€. In
fact, due to (3.17), we have that

1 H
| Peus|r — Molliz@ze) =/ / | Peu (x1, 0) — uo(x1)|* dxzdxy
0 =Ge(xn)

< C(G, H) ||Peu|r — w72y = 0, ase — 0,

where C(G, H) = G + H;. Also,
2

2
ds | |x2].

X2 X2
0 Pout 0 Pou
| Peu (x1, x2) — Peu (x1, 0)|* = /i(xmv)ds < / L (x1.9)
R%) 0x2
0 0

Consequently, integrating in Q¢ and using (3.14), we get

1 H X2 9P ue 5
u
L T A A ‘ P | 05 aalamaan
0 —Ge(x1) \O
I Peuc |
<C(G,H) H <t — 0ase — 0.
sz L2(§'ze)

Finally, since
I Psue - M0||L2(§ze) = ||P€u€ - P6M6|F||L2(g~ze) + |l Pe’/l€|l“ - M0||L2(§ze),

we conclude that
| Peus — uoll 2y — 0, ase — 0. (3.18)

(b). Limit of €.
Let us consider the family of representative cell Yi*, i=1,2..., N, defined by

Y ={(,y) €eR* |0 <y <lpand — Go; < y2 < H;(y1)}
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Parabolic problems in oscillatory thin domains 1215

and let x; be their characteristic function extended periodically on the variable y; € R foreach
i =1,..., N.Eventually, we will consider the family of representative cells Y*(x) = Y
whenever x € (§;_1, &).

If we denote by x; the characteristic function of the set

Qf L = {1, x) &1 <x1 <&, —Goi <x2 < Hi(x1/€)},

we easily see that
X1
X @) = x ) and xS = a0 (Zn) (3.19)

whenever (x1, xp) € Qf 4 Thus, due to (3.19) and Average Theorem [22, Theorem 2.6], we
have foreachi = 1,..., N, and x» € (—Go,, H;) that

Iy
—0 1
xi (¢ x2) i (x) = E/Xi(S,XZ) ds, w*— L1, &). (3.20)
0

Note that the limit function 6; does not dependent on the variable x; € (§;_1, &), although

itdepends oneachi =1, ..., N, and it is related to the area of the open set Y;* by formula
H)

I / 6:(x2)dna = Y7, (G.21)
—Go,i

Moreover, using Lebesgue’s Dominated Convergence Theorem and (3.20), we can get
that

e—0

x¢ = 0, w"—L®(Q), (3.22)
where 0 (x1, x2) = 6;(x2) if x; € (§,—1,&),i = 1,2, ..., N. Indeed, from (3.20) we have

&i
Fw = [ gt [ - Gafan > 0 ase >0 623)
§i1

a.e. x2 € (—Gy,;, Hy) and for all ¢ € LY(Qp). Thus, (3.22) is a consequence of (3.23) and

H;
[ ot {riw - o) andn = [ F oo
Qi =Go.i

&
since |7 (x2)| < [ lp(x1, x2)|dxy.
§1-1
Notice that (3.21) implies the family of representative cells Y *(x) satisfies

H,
Y*(x) =1, / O(x2)dxp, x € (0,1).
—Go(x)
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1216 M. C. Pereira

(¢) Limit in the tilde functions.
Since || f€]l 2(qe) is uniformly bounded, we get from (2.5) that there exists a constant
K > 0 independent of € such that

~ duc 1| ouc
181 200 | = and 7\ < K forall e > 0.
ax1 I1L2(Q0) 3xo I L2(Q0)
Then, we can extract a subsequence, still denoted by u€, "L and 7*— ‘)” , such that

ut = u* w— L%

W g w— L2(Q) and (3.24)
3%2 -0 s— L%(Q0)

as € — 0, for some u* and £* € L%(£).

(d) Test functions.

Here we introduce the first class of test functions needed to pass to the limit in the
variational formulation (3.13). For each ¢ € H'(0, 1) and € > 0, we define the following
test function in H' (SNZG)

¢ (x1), (x1,%2) € Q5

€ —
¢ (1, x2) = ZE (x1,x2), (x1,X2) € & n Q5. m=0,12 ... (3.23)
where Qf, is the rectangle defined from the step function Gg,
05, = {1, x2) € B | Yme < X1 < Ymtrer —G1 < x2 < =G{(x)}, (3.26)
and the function Z;, is the solution of the problem
_9%z¢ 1 9%z¢ _ s e
ax? €2 ax3 0, inQ,
=0, on 905\, (3.27)
Z¢ = ¢, on I,
where I';, is the top of the rectangle Qy, given by
T = {1, =GH()) [ Vme < X1 < Vimt1,e)-
It is a direct consequence of (3.8) and estimate (2.10) that functions Z;, satisfies
9z, |* 18z |? ~
H P . 7‘ 9 . = ce Ml ||i2(Vmé~Vm+l &) (3.28)
X1 LZ(Q’en) X2 Lz(an) ,€? g

Hence, if we denote by Q€ = U:.":fl 0, we have Q¢ = ocn Q¢ and then,

A< ||? 1 ‘aqf 2 1 H A€ ||
dx1 L2E6) 0x2 125 ) axl L2(05,) €2 | dxz L2(Q%)
me 5 2
-1 / —1 /
=2 Cel o Hmm-,s,ym_a <Ce ¢ 120, - (329)
i=0

Eventually, we will use Z€ todenote Z€ (x1, x2) = Z, (x1, x2) whenever (x, x2) € Q<N 05,
Consequently, we can argue as in (3.18) to show

o€ — Pl 2@ — 0, ase— 0. (3.30)
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Indeed, since

X2

o (51, x2) — $(x1) = ¢ (x1, x2) — ¢ (x1., 0) = /
0

€

0
Y (x1.5)ds,
0x2

we have from (3.25) and (3.29) that

<CC(G, H) ™™ |¢] 2, — 0. as€ — 0.

o€ = 11325, < C(G, H)’
L2(5) 2@ ©.1)

0x2

(e). Passing to the limit in the weak formulation.

Now let us to perform our first evaluation of the variational formulation (3.13) of elliptic
problem (2.2) using the test functions ¢ defined in (3.25). For this, we analyze the different
functions that form the integrands in (3.13) using the computations previously established.

e First integrand: we obtain

ouc g€ 1 ou€ g€ }
— dxd 0, 0. 3.31
/ {3)61 0x] + €2 3)62 dxp 1= se= ( )

Q€

Indeed, from (3.28), @ > 1 and (2.6), we have that there exists C > 0 independent of €
such that

gu 9t 1 0u dg¢
dx;dx
/ [ ax; 0x] ta €2 9xy x> ] 1R

5 1/2
1 [ouc
— dxdx
(“/ dxy 62 (3x2) ] e

1/2

/ azez+1 aZfzdd
P 3)(1 62 axz TR

< Ce" V2 201y = 0, ase — 0.

e Second integrand: we have

ou€ 9 1 ou¢d
/ u L_f_ ut 9¢” dxlde—>/§ @' (x1)dxidxp, ase — 0. (3.32)
dxy dx €2 0xp 0x2

as
For see this, we first observe that (3.25) implies

_ 9

Qs T axy

g€
dx1

0 €
- 2 =¢' and ¢
o 8x1 ax2
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1218 M. C. Pereira

Then, since G, > Gy in (0, 1), we have Q¢ C S~2§r and

du€ dp¢ 1 duc dg° due
/l l+ i]dXIde:/ (1, x2) ¢’ (x1) dx1dxs

dxq1 dxg €2 dxp dxo dx1
Q5 Q5
due , ou ,
= T(xl, x2) @ (x1) dxydxy + (x1, x2) ¢ (x1) dx1dxz.  (3.33)
X1 0x1
Q0 Q5\Q0

Thus, from (3.24), we pass to the limit as € — 0 in the first integral of (3.33) to get

a €
/az (x1,%2) ¢ (x1) dx1dxy — /5*¢/(X1)dX1dX2~ (3.34)
Qo ! Q0

Hence, we will prove (3.32) if we show that the remaining integral of (3.33) goes to zero as
€ — 0. Let us evaluate it. From (2.6), (3.2), (3.11) and (3.12), we have

€

. 196'11 225\ 20)

uc
/ (x1,x2) ¢’ (x1) dx1dxz | <

8x1
<\ Qo

axl

< Cl¢'ll20.1 1G5 — Goll % 0.1, = 0. (3.35)
as € — 0. Therefore, (3.32) follows from (3.33), (3.34) and (3.35).

e Third integrand: if p(x) is that one in (3.6), then

1
/)(6 Peu€ ¢ dxjdx; — /p(x) uo(x)p(x)dx, ase — 0. (3.36)
Q 0

Qe

We start observing that Peu€|qe = u€, and so

/xg Peu€ ¢€ dxidxy = / (€ — up) ¢° dxidxz +/uo (¢¢ —¢) dxidxz
Se Qe Q¢

+/ ug ¢ dxydxs.
QE
Moreover, due to (3.18) and (3.30), we have
/(ue — ug) @€ dx;dx; — 0 and /uo ((,0e — ¢)) dxjdxy; — 0,
Q¢ Q€
as € — 0, since Q¢ C QF, and so
llu€ — u()”LZ(QE) < ||Peu — ”0||L2(§ze) and |l¢¢ — ¢||L2(Q€) < |l — ¢||L2(g~26)-
Thus, we need only to pass to the limit in

1

/uo(m)(b(m)dxldm = /uo(X)¢(X) (He(x) + Ge(x)) dx, (3.37)

Q€ 0
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and then obtain (3.36). For this, we use the Average Theorem from [10, Lemma 4.2], as well
as, condition (3.1). Indeed,

He(x) + Ge(x) = H(x, x/€) + G(x, x/e%)
I lg

1 1 * o
—\l— H(x,y)dy—l—l— G(x,y)dy, w"—L>(0,1),
h g
0 0

as € — 0. Hence, since w — Golx) = %f H(x,y)dy, we have
1 a O

He(x) + Ge(x) = p(x), w*— L=, 1).

e Fourth integrand: we claim that

1
/xéfeff dxydx; — /f(X)d)(x)dx, ase — 0. (3.38)
Qe 0
Since
/)(efewedxldxz=/X5fE (¢ —9) dxldxz-i-/xéfe(l)dxldxz
Q€ Q€ Q¢
and
1 He(x1)

1
/Xef6¢dx1dx2=/ / FECe, x2) dxo | ¢(x1) dxy :/_f‘(x)d)(x)dx,
0

Qe 0 \~Ge(x1)

we obtain (3.38) from (3.4) and (3.30).
Consequently, we can use (3.31), (3.32), (3.36) and (3.38) to pass to the limit in (3.13) to
obtain the following limit variational formulation

1 1

/5*¢’(X1)dX1dX2+/p(X)Mo(X)¢(X)dx Z/f(XW(X)dx, (3-39)
Q 0 0

forall ¢ € H1(0, 1).
Next, we need to evaluate the relationship between functions £* and uq to complete our
proof obtaining the limit problem (3.5).

(f) Relationship between £* and u.
First let us to denote by 2 the rectangle 2 = (0, 1) x (—G1, Hj), and recall the oscillating
regions €27 , given by

Qf , ={(1.x) &1 <x1 <&, —Goi <x2 < Hi(x;/e)}, i=1,....N.

Here we are taking the positive constants G and H; from hypothesis (H), and Gy ; is defined
in (3.3). We also consider the families of isomorphisms 7)¢ : A7 > Y given by

— €kl
T¢(x1,x2) = ()Cleg xz) (3.40)
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1220 M. C. Pereira

where

AS = {(x1,x2) € R? | ekl < x1 < elp(k+ 1) and — Gy < x2 < Hy}
Y =(0,1y) x (=G, Hy)

with k£ € N. Let us recall the auxiliary problem in the representative cell Y*

~AX; =0 in v
X, i
v =0 . on B)
aXi _ () OIlBi

W = oy o
X; 1, — periodic on B,
J Xi dyidy, =0

Y¥

(3.41)

where Bé, Bi' and Bé are the lateral, upper and lower boundary of 3Y;*, respectively.
Applying the same reflection procedure used in Lemma 2.1, we can define the extension
operators
P'e L(H (YY), H' (V) N LWL (Y, L*(Y)), (3.42)

which are obtained by reflection in the negative direction along the line x = —G, o, and in

the positive direction along the graph of function H;, as indicated in Remark 2.2.
Thus, taking the isomorphism (3.40) and extension operator (3.42), we can set the function

0 (x1,x2) = x| — G(PiXi o T/f(xl,m))

; x1 — €lpk e .
:xl—e(PXi Nt ) for (xj.x2) € Qi NAS, i=1,... N,

€
where
Qi = Gi-1,6) x (=G, Hy).
Clearly, function w® is well defined in Uf\’zlﬂi. If (x1, x2) € Q; forsomei =1, ..., N, then

there exists a unique k € N such that (x, xp) € A,i. Furthermore, we have
o e H'(UN, Q).

We introduce now the vector n€ = (1§, n5) defined b
12 y

€

W
i1, x) = — (1, x2), (X1, %) €UL Q, r=1,2 (3.43)
r
Since % = é% and % = %, we have that
0X; (x1 —€kL 0X; /x1
e, =1-—— xn)=1-— (*,xz) =m0, y2),
ay1 € dy1 \€
0X; (x1 —€kL 0X; /x1
n5(x1, %) = —e— (————, x| = —e— (*,xz) =m0, ), (3.44)
ay2 € dyy \ €
for (y1, y2) = (%,xz) €Y, (x1,x) €Qf ,i=1,...,N.
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Then, performing standard computations, we get from (3.41) that 5} and n5 satisfy

ong 1 8772

h =0 inQt,,

0x1 ta €2 9xy LF

N+ L pENs = 0 H (2 3.45
UR 1+€2772 2 = on |(xp, f1; . > (3.45)

1
nNT + ZUENQG =0 on (x1,—=Go,),

foreachi =1,..., N, where

H! (&) . .
= NG,NG = — i\e - ’Hi xn |
o ( @+ H/ <62+H;<’2>2>5)°“ (v 1:())

= (O, —1) on (xl, —Go,,’).

Therefore, multiplying first equation of (3.45) by a test function ¥ € H'(Q) with ¢ =0
in a neighborhood of set UlN: oli, x2)| — G1 < x» < Hi} and integrating by parts, we

obtain
on; 1 9n5
0= dx;d
/w (3)61 62 dx2 1682
1 oY 1 81#
it Qf
oY 1 oy
=0- — ——n5 ) dx;dxy,
/(Bx n1+62 8xzn2) 1682
Q+
where

) =t (UL, 2.
Then, forall v € H'(2) with ¢ = 0in aneighborhood ofUlN:O{(Ei, x2) | —G1 < xo < Hy},

/ (nf% + 15 Loy ) dxjdx; = 0. (3.46)

Lax, 2e2 hx
<

Consequently, we can rewrite the variational formulation (2.4) using identity (3.46) in

uc 3 1 9u¢ 3 9 19
/[ i_,_ l—i—x P.u¢ w]dxldxz—/(nlaw +"€*l)dx1dx2

ax; 9x; €2 dxs 9xn 2€2 9x,
Qe <

= / X fCpdxidxy, Ve e H'(QF). (3.47)
Oe
Now, in order to accomplish our goal, we will pass to the limit in (3.47). For this, we

introduce a second class of suitable test functions which will allow us to get our limit problem.
Letgp =p(x) € C"o (UN 1&i—1, &)) and consider the following test function

b (x1) 0 (x1, x2), (x1,%2) € Q

Z6G0nx). () e NQs. m=0.1,2... &%

e (x1,x2) = [
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where Oy, is the rectangle defined by the step function G previously introduced in (3.26),
with Qe and Q€ given in (3.12). The function Z;, here is the solution of the problem

ERVA 1 3%z¢ _ : €
— = 0, inQ;,

8x12 €2 8x% -
e =0, on 905 \I', (349)
Z¢ = ¢ of, on I,

where I';, is the top of rectangle Q¢ . Hereafter, we may use notation Z€ (x1, x2) = Z5,(x1, x2)
whenever (x1, x2) € Q€ N Q;,,- Moreover, we observe that ¢ @|re € H 1 (I's,), and auxiliary
problems (3.27) and (3.49) just differ by the condition on the top border I'y,.

Now, let us to pass to the limit in functions @¢ and nf. Due to definition of w,., we have
foreachi =1,..., N,

/ o — x1Pdxydxs = / SIPIX) 1, y2) Pdyidys < / CE1Xi (31, y2)Pdyidyz
AZﬂQ,‘ Y Yi*
and so,

el n

/ of — x1Pdryde; Z / CEX;(v1, y2) Pdyidy

Ez/Clxi(yl, y2)|2dy1dy2 —~ 0ase — 0.

Yy
Analogously,
9 2 o(P'X;)
/ ‘— (a)E —x1) ‘ dx;dxy; = / ‘71()71,)’2)‘ edyidys
0X1 ay1
ALNQ; Y
0X; 2
<e C‘—(yhyz)‘ dyidy»
ay1
oS
and
9 . 2 8(P‘X )
‘—(a) —)ﬂ)‘ dxidxy = [ € ‘7()’1 YZ)‘ dyidy>
0x2 0y2
ALNQ; Y
<€ / ‘7(}71 yz)‘ dyidys.
Y*
Therefore,

slh

/‘ax 2 _xl)‘ dxldXZ’\’Z /C‘a 1 yz)‘ dyidy>

%/5‘—'@1&2)‘ dy;dy>
ay1
Yl.*
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for all ¢ > 0 and
d 2 ~10X; 2
/‘* (0 —x1) ‘ dxpdxy < ez/C‘f'(yl,yz)‘ dyidy; - 0 ase — 0.
0x2 ay2
Q Y

Consequently, we can conclude for e — 0

o >x; s—L*Q) and w—-H(Q), i=1,...,N, (3.50)

and Bt
P 0 s—L2Q). (3.51)

0x7

In particular, ¢ is uniformly bounded in H'(UY_ ;) forall € > 0.

Next let 7€ = n° xo be the extension by zero of vector 7€ to the region € independent
of €. Since X; is [;-periodic at variable y;, we can apply the Average Theorem to (3.44)
obtaining

Iy

~e 1 0Xi A * 00
T = o [ (1= 56 )xit s = i), w® = LG8,
0

where yx; is the characteristic function of Y;*. Hence, we can argue as (3.22) to get
n =4, w*—L%(Q), (3.52)

where g (x1, x2) = §; (x2), if (x1, x2) € Q;,fori =1,..., N.
Now we evaluate the test functions g€ as € — 0. It follows from estimate (2.10) that

(¢ °)

0x1

2 2
S Ceo{—l

L2(Q5)

0Z¢
H m (3.53)

2 1 |azs
dx1

205 € | 9x2 L2()

Denoting Q¢ = va:fl o> we have Q§ = 0° N Q¢, and so, due to (3.48), (3.50) and (3.53),

S T T,
ax1 [l 2eQe) €2 | 9xz 2@ oo\ 91 ll20g) € | oxy L2(05)
= ce mac{lold . 1612} 1o 3wy an
G, (3.54)

for some C > 0 independent of €. Consequently, we can argue as in (3.18) to show
o —x1ll 2@ —> 0 ase — 0. (3.55)

Indeed, for (x1, x2) € {(x1, X2) | Ym,e < X1 < Vmtl,e» —Ge(x1) < x2 < Hy},

X2

a €
@< (x1, x2) — p(xp) 0 (x1, —wy,) = ¢ (x1, x2) — ¢ (x1, —wy,) = / (ﬁz (x1,5)ds,

a

_wrfn
where wy, is the constant given by the step function G in (Viu,e, Vim+1,¢), that is,

wfn = GB(X), forx € (Vm,e» Ym+1,¢)-
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Hence, if T¢ C R2? is the graph of —Gg, we have ¢|re = ¢(x1, —wy,) =
¢ (x1) o€ (x1, —ws,) for x1 € (Yim,e, Ym+1,¢), and so
Ym+1,e Hj
/|¢) —@ |l“e| dxidx, < Z / / dsdxgdxl
)/me —Ge(x1) wm
1 H, a(pe 2
< |H; +G1|2/ / ’ (x1,5)| dsdx;
0x2
0 —Ge(x)
8<pe 2
< |H + G1| . (3.56)
8x2 LZ(Qe
On the other hand,
/|¢w€ — ¢ Ire|*dxydx; < / ¢ (0 — @F|re) [*dx1dx,
2 doc ||?
< |H +Gil"I¢]lco (3.57)
8X2 LZ(Q)

Then, it follows from (3.56) and (3.57) that there exist C > 0 independent of € such that

||¢€ — X1 ¢||22(g~25) < ||§06 - (p€|F‘ ||i2(§€) + ||(P€|I“f ¢w ”LZ(QG + ||¢w€ - xl¢||L2(§€)

€2 2
el

Hence, we can conclude (3.55) from (3.48), (3.50), (3.51), (3.54) and (3.58).
Now, we are in condition to pass to the limit in (3.47). Taking as test functions ¢ = @€
and ¥ = ¢ u€ in (3.47), we get

dw¢

dx2 0x2

L2(Q¢)

+ [0 — x1 ||L2(Q)] . (3.58)
12(Q)

/Xéfégoé dJC]dxz
Q€

=/[é_;lzagoe—|—151;28@€ € Puf 6}dxldxz
ax1 0x1 €2 9xn dx2

Qe
opu®) 1 _3(duc) }

_ € € dx d

/[’71 dx1 2 x> 16x

Q5

= w _— X

J lax dx1 91 dxy )
Qf

/{5;; € 1 ou€ g€

dxjdx €P.ufpf dxidx
9x1 0x] 628x28x}x1 2+/X el @ tndn

Qc O¢
€ e e, ouf 1

- {’i1¢“ tmeg ot 2n2¢ }dxldxz (3.59)

@
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Consequently, due to (3.59), (3.43) and Qf C Q¢ , we can rewrite (3.47) as

uc ouc 3¢ 1 duc o
/ o ¢dx1dx2+/ 9w + u 09" dxldx2+/X€Peu€§0€dX1dxz
dxq1 dxg € 8x2 0x2
QE

axy
Qé

Qe =
—/ﬁ#fm@m=/ffﬁwﬂm Vo e CPUN G E).  (360)

o Qe
Let us now to evaluate (3.60) when € goes to zero.

e First integrand: we claim

Jue
/alaf ¢ dxydxy — /S*xlqﬁ’dxldxg, ase — 0. (3.61)
X1
a5
Notice Qg C Qi, and so,
uc uc uc
/ LA ¢ dxidxy = / " o€ ¢ dxidxy + / " o ¢ dx1dx;.
X1 ax1 0xq
Qo Q5\Q0

QE

Due to (3.24) and (3.50), it is easy to see fg 3” € ¢’ dxydx; — fQ £*x1¢'dx1dx;. On
the other hand, it follows from (2.6), (3.2), (3 11) (3.12) and (3.50) that

€

due ., /
—w dxidx; < |72
~/ dxy ¢|dnde = ‘8)61 L2 19" 2@ \a0)
Q4 \Qo
€ € _ m2 loe 1/2
< 1l ey oo g ey 19112 €35\ 20
— 0, ase— 0,
proving (3.61).
e Second integrand: we have
(3.62)

u€ 3¢ 1 duc 0¢°
/{ul — o (p}dxldxz—>0, ase — 0.
J Loxy dxy €2 9x2 dx2

Q€

Indeed, it follows from estimates (3.54) and (2.6) that there exists C > 0 such that

uc 3¢ 1 duc dg
dx;d
/ [ax1 0x] + €2 dx2 axz] 1652

1/2

(D/ axi : (332) ]dxldxz
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1/2
3ec\? 1 [0¢°)?
— dxd
~/((Ei)cl) +62 9x) 162
<Ce@ D250 ase >0,
since a > 1.
e Third integrand: if p(x) is that one defined in (3.6), then
1
/Xe Peu€ o€ dxjdxy; — /p(x) uo(x) x¢p(x)dx, ase — 0. (3.63)

Qe 0

In fact, we can proceed as in (3.36), since we have (3.18), (3.55), Pcu€|qc = u€, and

/xé Peuf @€ dxpdx; = / (u€ — up) ¢° dxidxz +/uo (¢¢ — x1¢) dxidxs

Q¢ Q€ Q€

+ / ug x1¢ dxydxs.
QE

e Fourth integrand: Due to (3.18) and (3.52), we can easily obtain
/rﬁ ¢ u dxydx, — /c}gb/uodx, ase — 0, (3.64)
Q5 Qo
since Q¢ C o, and
/ n{ ¢ u dxidx, = /ﬁf ¢’ Pou dxdx,.
Q5 Qo

e Fifth integrand: we have

1
/Xf f€ ¢€ dxpdxy — /f(x) x¢p(x)dx, ase — 0, (3.65)
Qe 0
which is derived from (3.4) and (3.55) in the same way that (3.38).

Therefore, due to convergences obtained in (3.61), (3.62), (3.63), (3.64) and (3.65), we
can pass to the limit in (3.60) getting the following relation

1

1
/S*xlqb’dxldxz—i-/puoxd)dx—/(}d)’uodxldxg =/fx¢dx, (3.66)
0

Qo 0 Qo
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forall¢ € C§° (UlN=1 (&i—1, &)) where the step functions p and g are given in (3.6) and (3.52),
respectively, by

[

x| 1
p(x) =p; = + */Gi(S)dS - Go,i,
N lg
0
Go,; = min G;(y), x € (¢i-1,86), (3.67)
yeR

In

1 0X;
G0 =i = [ (1= 566,

In ayi
0
fori =1,..., N. Thus, if we take x;¢ (x1) as a test function in (3.39), we obtain
. 1 1
/s*a—xl (1)) drpdxy +/puox¢dx = / frpdr. (3.68)
Qo 0 0
Combining (3.66) and (3.68), we get
/ {G"uo+ @& }dxidx =0, Vo € CO(U;L, (§i—1. &)). (3.69)
Qo

Hence, integrating by parts, we have fQO q ¢ updxjdxy = — fQo q 3%? ¢ dx;dx;, and so, we

obtain via iterated integration and (3.69) that
N & H
. dug "
Z/ / [qi(xz)afxl(xl) —£ (X1,xz)]¢(X1)dX1dX2 =0, (3.70)

=g —Go,

forall ¢ € C{°(U;L (&i-1, &)).
Then, if we consider the step function g : (0, 1) = R, g(x) = ¢; if x € (§;_1, &) with

1 0Xi
g =— (1 -0 yz))d)’]d}’L
I : oy

it follows from (3.70) and (3.67) that

1

H,;
d
/q(xl)TZ?(xl)_ / E¥(x1,x2)dxa | t ¢(x1)dx1 =0, V¢ € C° (Uil (51, &),

0 —Go(x1)
where Go(x) = Go,; if x € (§;—1, & ). Therefore,
H,

dup(x)
ax;

E*(x1, x2) dxy = g(x1) ae. x; € (0,1). (3.71)

—Go(x1)

@ Springer



1228 M. C. Pereira

Finally, since [q &*(x1,x2) ¢'(x1) dxidxy = fo (f Goteny & (X1, x2) dxz) @' (x1) dxi,
we can plug this last equality (3.71) in (3.39) getting our limit problem (3.5) write here as

1
dug 0 .
Z/[ 8’:08¢ +qu0¢]dx :/f(bdxl, V(bGHl(O,]),
i= 15: 5

4 The general homogenized limit

Now we are in condition to get our main result concerned to the elliptic Eq. (2.2) under
hypothesis (H). Using approximation arguments on functions G, and H, the boundary
perturbation result given by Proposition 2.4, and Lemma 3.1, we are able to accomplish our
goal using techniques previously discussed in [9-11].

Theorem 4.1 Let u¢ be the solution of (2.2) with ¢ € L*(Q) satisfying condition (2.3),

and assume that the function
He (x)

fem = / fes)ds, x € (0,1, @.1)
—Ge(x)
satisfies that f¢ —~ f, w-L%(0, 1), as € — 0.
Then, there exists i € H 1(0, 1), such that, if P is the extension operator introduced in

Lemma 2.1, then
| Peu® — il j2gey = 0, ase — 0, (4.2)

where u is the unique solution of the Neumann problem

1
/ q(x) ux (x) @x (x) + p(x) u(x) ¢(X) f() p(x) dx (4.3)
0

o\_

forall o € H'(0, 1), where
1 X (x)
q(x) = 0 I = ———=1, y2)  dyidy2,

ay1
Y*(x)
lé’
Y*
i) = | Z(x)'+l / G(x, y)dy — Go(x), (4.4)
h g
0

Go(x) = min G(x, y),
yeR

and X (x) is the unique solution of the problem

—AX(x)=0 inY*(x)

32(—(” =0 on By(x)
WD =Ny on Bi(x) 4.5)

X (x) I — periodic on By(x)
fy*(x) X(X) dyldy2 =0
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in the representative cell Y*(x) given by
Y*(0) = {1, 72) € R |0 < yi <, —Go(x) < y2 < H(x, yn)},

Bo(x) is the lateral boundary, B (x) is the upper boundary and B, (x) is the lower boundary
of 3Y*(x) for each x € (0, 1).

Remark 4.2 (i) If the function ¢(x) is continuous, we have that the integral formulation
(4.3) is the weak formulation of problem

[ 700 @@ ux (), +u) = (), x €D,
ux(0) = ux(1) =0,

with f () = f(0)/p(x).
(i) Also, if we initially assume that ¢ does not depend on the vertical variable y, that is,
f€(x,y) = fo(x), then it is not difficult to see that

FE) = (He(x) + Ge(0)) folx)
and so, due to the Average Theorem discussed for example in [10, Lemma 4.2],

lg

Iy
1 1
He(x) + Ge(x) — E/H(x’ Wy + l—/G(x, Wy, w*— L¥0, 1),
8
0 0

as € — 0. Thus, He(x) + Ge(x) = p(x), w* — L*°(0, 1), and f(x) = p(x) fo(x) as
discussed in (3.37).

(iii) Moreover, if we combine the uniform estimate (2.6) in H(Q€) and Lemma 2.1, we
obtain P.u€ uniformly bounded in H 1 (ﬁf). Hence, from the convergence result (4.2) in
Lz(ﬁf), we can obtain by interpolation [29, Section 1.4] that

”Peué - ﬁ”[.[ﬁ(f'ze) — 0, ase—0,
forall0 < g < 1.

Remark 4.3 As a matter of fact, we have that the problem (4.3) is well posed in the sense
that the diffusion coefficient ¢ is uniformly positive and smooth in (0, 1). For see this, we
use the variational formulation of the auxiliary problem (4.5) given by the bilinear form

ay+(p, ¢) = / Vo -Vodyidy,, Ve,¢ €V,
Y*(x)
defined in the Hilbert space V given by V = Vy« /R,
Vys = {p € H! (Y*) | @ is I, - periodic in variable y;},

with norm
1/2

lolly = /|V¢>|2 dyidy;

Due to hypothesis (H), we have that the representative cell Y* = Y*(x) is defined for all
x € [0, 1]. Hence, for all ¢ € V and x € [0, 1], we have

ay=(X, @) =/ Nigds,

B
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where Bj(x) is the upper boundary of the basic cell Y*. Consequently, y; — X (x) satisfies

ay+=(y1 — X, ¢) =/N1¢d5—/¢dy1dy2 —/N1¢dS =0, VgpeV, (4.6)
B Y* B

since ¢ is [ -periodic in the y; variable. Also, we have that

9 oy
qly = / Tw(yl = X(y1,¥2) deyldyz =/V(y1 — X(y1,y2)) - Vyr dyidy>
Y* Y*
= ay=* (YI — X, )’1) (47)

Hence, due to relation (4.6) with ¢ = —X, and identity (4.7), we get for all x € [0, 1]

qlp =ay<(y1 = X, y1) +ay«(y1 — X, =X)
=ay«(y1 — X, y1 = X) = |ly1 — X|ly > 0.

Thus, since ||y; — X||y is a continuous function in [0, 1] (see [10, Proposition A.1]) and
|Y*] > 0, we have that the homogenization coefficient g is uniformly positive and continuous
in [0, 1]implying that, for example, the problem (4.3) is well posed being # its unique solution.

We provide now a proof of the Theorem 4.1.

Proof From estimate (2.6) and Lemma 2.1, we have u¢ lg, € H ! (ﬁo) satisfying

0 P.u¢
dxq

<M foralle >0,

b ) 1 0P.uc
| Peut Nl 12, 7” L2(Qo)

_an
L2(Q0) €

dxo
with M > 0 independent of €, where @0 C QF s given here by ﬁo =(0,1) x (—=Gy, Hy).
Then, there exists ug € H'(Qg) and a subsequence, still denoted by P.u€, satisfying

P.u¢

Pouf —uy w— H'(Q), and -0 s—L*Qo). (4.8)

X2
Thus, arguing as in (3.16), we get ug(x1, x2) = up(x1) on /Qo, and so, ug € H'(0, 1).
We will show that u satisfies the Neumann problem (4.3) using a discretization argument
on the oscillating boundary of the domain.
For this, let us fix a small § > 0 and consider piecewise periodic functions G®(x, y) and
H?®(x, y) as described at the beginning of Sect. 3 satisfying hypothesis (H) and condition

0<G%x,y)—Gx,y) <8,

0< Hi(x.y)— Hx,y) <5, ") €10 TIxR

In order to construct these functions, we may proceed as follows. The functions G and H
are uniformly C 1'in each interval (&i—-1,&) x (0, 1) being periodic in the second variable.
In particular, for § > 0 small enough and for a fixed z € (§;_1, &), we have that there exists
a small interval (z — 7, z 4+ n) with n depending only on § such that |G (x, y) — G(z, y)| +
[0yG(x,y) —8yG(z, y)| <é/2and |H (x,y) — H(z, y)|+10,H(x, y) — 9y H(z, y)| <3/2
forall x € (z —n,z+n) N(i—1,&) and for all y € R. This allows us to select a finite
number of points: &_1 = 551—1 < 5;‘52_1 <...<§& | =& suchthat§ | — Sir__ll < 1, and
therefore, defining G% (x, y) = GE_,.y)+68/2and He(x,y) = H(E ;. y)+ /2 forall
x € (. & ) andgetting0 < G¥(x, y)—G(x, y) <8,18,G(x, »)—3,G(x, y)| < 8,0 <
Ho(x,y) — H(x,y) <8and [d,H(x, y) — d,H (x, y)| < & forall (x,y) € (§i_1,&) x R.
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Note that this construction can be done for alli = 1, ..., N. In particular, if we rename
all the points .f;fl.k constructed above by 0 = z9 < z1 < ... < z, = 1 observing that
m = m(8), then the functions G% and H? satisfy G®(x, y) = G;.S(y) and H%(x, y) = Hi‘S »)
in (x,y) € (zi-1,z) xR, i = 1,...,m, where Gf and Hf are C!-functions, lg and Ij,-

periodic, respectively. At each point z;, we can set G® and H® as the minimum value of the
lateral limit in z;.

Let us now to denote Gé x) = G‘S(x, x/e*), 0 > 1,and Hf(x) = H‘S(x, Xx/€), aiming to
introduce the following oscillating domains

Qs — {(x,y) € R2 | x €(0,1), —Gi(X) <)y< Hf(x)},
Q% = {(x.y) eR? |x € (0,1), —=G2(x) <y < Hy}.

Since HE‘S satisfies the hyphotheses of Lemma 2.1, there exists an extension operator
Pes € LILP(Q%), L7 (@) N LW P(Q%), WhP (@)

satisfying the uniform estimate (2.8) with n(e) ~ 1/e.
Taking f€ € L*(Q) satisfying || /€ [ 2(qe) < C, and extend it by O outside ¢, and still

denoting the extended function again by f€, and using that Gs > G and Hs > H, we have

H X N .
that ff(x) = [~ G;Z) fe(x, y)dy = ng(é(l) fé€(x, y)dy = f€(x) and by hypothesis, we

have that f{ = f¢ = f w-L2(0, 1).
Therefore, it follows from Theorem 3.1 that for each § > 0 fixed, there existu® € H'(0, 1)
such that the solutions 1% of (2.2) in Q&7 satisfy
I1Pesu®® — u®|| o gesy — 0. ase — 0, 4.9)

where u® € H'(0, 1) is the unique solution of the Neumann problem

1
/ [0 @ B e+ P o @ewld = [ foemar, oer' @),
0

o\_

(4.10)
where ¢% and, p® : (0, 1) — R are strictly positive functions, locally constant, given by

q°(x) = i f [1 - %)y(,’ 1, YZ)]dYIdyZ,

Y7 X € (Zi-1, i),

Py =5+1 f Gi(s)ds — G ;.
GO,i = minyer G? (y),
where the function X; is the unique solution of (3.7) in the representative cell Y;* given by

Y ={(ny) R0 <yi <, —G); <yr<H)(y)}, i=1.....m.

Now, let us pass to the limit in (4.10) as § — 0. To do this, we consider the functions
¢® and p? defined in x € (0, 1) and the functions ¢ and p defined in (4.4). We have that
¢% and p? converge to ¢ and p uniformly in (0, 1). The uniform convergence of ¢° to g in
(0, 1) follows from [9, Proposition A.1]. The uniform convergence of p® to p follows from
the uniform convergence of G® and H® to G and H, respectively, as § — 0.
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Therefore, we obtain from [13, p. 8] or [23, p. 1] the following limit variational formulation:
to find u € H'(0, 1) such that

1 1
/ q(x) ux(X)cﬂx(X)-i-P(X)u(X)(p(X) :/ (x) @ dx (4.11)
0 0

forall ¢ € H'(0, 1). Hence, there exists u* € H'(0, 1) such that
u® > u*in H'(0, 1) (4.12)

where u* is the unique solution of the Neumann problem (4.11).
We will complete the proof showing that u* = ug in (0, 1), where ug is the function

obtained in (4.8). In order to do so, we observe that ||u* — ”0”22(0 H= (Hi + Go} ™! |lu* —
ug ”22(50)’ and therefore, to show that u™ = u, it is enough to show that ||u™ —ug ||iz(§0) =0.
Adding and subtracting appropriate functions, we have for all € and § > 0 that
flu* — “0||L2(QO) < llu* —u ||L2(QO) + ||” —uf ”L2(§0)
Hllu® — u ||L2(§0) + llu€ — uoll2@y)- (4.13)

Let 1 be now a positive small number. From (4.12) and Theorem 2.4, we can choose a
§ > 0 fixed and small such that ||u* —1° 20y < nand llu® —us|| 12(9) < 1 uniformly for
alle > 0. For this particular value of §, we can choose, by (4.9), €] > 0 small enough such that
flud —ue? 2y < nfor0 < e < e;. Moreover, from (4.8), we have that there exists € > 0
such that [|u€ — ugll2(q,) < nforall0 < € < €. Hence, with € = min{ey, €} applied to

(4.13), we get ||lu* —uoll12(qy) =< 4n.Since nis arbitrarily small, we get [Ju™* u0||iz(§o) =0.
O

5 Convergence of linear semigroups

In order to accomplish our goal, we consider here the linear parabolic problems associated
with the perturbed Eq. (1.5) and its limit problem (1.6) in the abstract framework given by
[27,29] to show that, under an appropriated notion of convergence, the linear semigroup
given by (1.5) converges to the one established by (1.6) as € — 0. The convergence concept
that we adopt here was first introduced in the works [41-43,45,46] and then successfully
applied in [2-5,19] to concrete perturbation problems given by parabolic equations.

To do so, let us first consider a family of Hilbert spaces {Z, }¢~o defined by Z, = L2(Q9)
under the canonical inner product

(u, v)e = /u(xl,xz) v(x1, x2) dxydxs
Qé
and let Zg = L%(0, 1) be the limiting Hilbert space with the inner product (-, -)g given by

1

(u,v)oz/p(X)u(X)v(X)dx
0
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where
lg

1
+ 1L / G(x. y)dy — Go(x)
L,

0

1Y

p(x) =

is the positive function previously defined in (4.4).
We write the elliptic problem (2.4) as an abstract equation L.u = f€ where L. : D(L¢) C
L%(Q€) > L?(Q°) is the self-adjoint, positive linear operator with compact resolvent

1 ou

D(Le) T

9
{ueHz(QfﬂéNfﬁ- N§:00nasz€]

L Pu 10w e D(Lo) (5.1)
U=———————+1u, u . .
¢ 8x12 €2 8x22 ¢

Analogously, we associate the limit elliptic problem (4.3) to the limit linear operator
Lo : D(Lo) C Zo +— Zo defined by

D(Lo)

{u e H*0,1)|u'(0) = u/(1) =0}

Lou = —L (@(x)uy), +u, ueD(Ly) (5.2)
p(x)
where p and g are the homogenized coefficients established in (4.4). Due to Remark 4.3, it
is clear that Ly is a positive self-adjoint operator with compact resolvent.
In order to simplify the notation, we denote by Z¢ the fractional power scale associated
with operators L withO < o < 1and 0 < € < 1. We also write Z, := Z? forall0 < e < 1.

Notice that Zel/ 2 is the Sobolev Space H 1(Q€) with norm

2 1 2
22
z. €

ou

2
u =
Il H -

u

0x2

2
+ llull3, -
Ze

Remark 5. L Itfollows from Remark 2.3 that the extension operators P, € C(Z; / 2, H! (ﬁ‘ NN
L(Ze, L2(§9)) given by Lemma 2.1 are uniformly bounded in €. Therefore, we obtain by
interpolation that

N =

sup ”PE”£(Z§‘,H2D‘(S~2€)) <00, 0<a<

€

So far, we have passed to limit in the variational problem (2.4) as ¢ — 0 getting the
limit Eq. (4.3). Here, we apply the concept of compact convergence to obtain convergence
properties of the linear semigroups generated by the operators L, and Ly.

For this, let us consider the family of linear continuous operators E. : Zy — Z, given by

(Ecu)(x1, x2) = u(xy) on Q°

for each u € Zy. Since

1
IEcul, =/u2(X1)dX1dXz =/{He(m)+Ge(X1)}u2(X1)dX1,
Q¢ 0

we have that || Ecullz, — |lullz, as € — 0. Observe that E. is a kind of inclusion operator

from Zg into Z.. Similarly, we can consider E. : L(l) — L;, and so, taking in L(l) the
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equivalent norm ||u||Z(1) = || — uxx + ullz,, we obtain
IEcully — llullzy-
Consequently, since

sup {llEellz(zo,z0)s ||Ee||g(L(1),Ll)} < 00,
0<e<1 €

we get by interpolation that

C = sup ||Ee||c(zg,zg) <oo forO< < 1.
e>0

Now we are in condition to set the following concepts of convergence, compactness and
compact convergence of operators associated with the family of operators { E¢ }¢~o.

Definition 5.2 We say that a sequence of elements {u€}.~o with u¢ € Z, is E-convergent to
. . E

u € Zo,if |u¢ — Ecullz. — 0as e — 0. We write u® — u.

Definition 5.3 A sequence {u,},en With u, € Z, is said to be E-precompact if for any

. E
subsequence {u,} there exist a subsequence {u,”} and u € Zy such that u,» — u as

n” — oo. A family {u€}¢-o is called pre-compact if each sequence {u.,}, with €, — 0, is

pre-compact.
Definition 5.4 We say that a family of operators {B. € L(Z:)|e > 0} E-converges to
B e L(Zp)ase — 0,if Bc f€ £ Bf whenever f¢ £ f € Zo. We write B, Ef B.
Definition 5.5 We say that a family of compact operators {B. € L(Z¢) | e > 0} converges
compactly to a compact operator B € L(Zy), if for any family { f}e~o with || f€|lz. < 1,
we have that the family { B¢ €} is E-precompact and B, L B. We write B: < B

We finally note this notion of convergence can also be extended to sets following [5,19].
Definition 5.6 Let O, C ZZ, € € [0, 1], and Op C Z§, o € [0, 1). We say that the family

of sets {O¢}eelo,17 is E-upper semicontinuous or just upper semicontinuous at € = 0 if

sup [inf {I|w6—E6w||Zg}]—>O, ase — 0.
0

weeO, weO,

Let us also recall an useful characterization of upper semicontinuity of sets: If any sequence
{u€} C O¢ has a E-convergent subsequence with limit belonging to O, then {O,} is E-upper
semicontinuous at zero.

The following result is basically Theorem 4.1 written according to previous framework.

Corollary 5.7 The family of compact operators {L;1 € L(Z¢)}es0 converges compactly to
the compact operator Lal e L(Zy) as e — O.

Proof Letus take { f“}c~0 C Zc with || f€]|z. < 1 and define u€ = L;lfe. Then, Leu® =
f€ and u€ satisfies the problem (2.4). Consequently, we get from Theorem 4.1 and Remark 4.2
that there exist fo € Zgandug € H'(0, 1) such that Loug = fo, || Peu® —uolle(Qe) — 0, as
€ — 0, where ug(x1, x2) = ug(x). Recall that P is the extension operator given by Lemma
2.1. Hence, we can conclude from the inequality

u€ — Ecuollz. = || (P — uo) loellz. < I1Peu — uoll2e

that u¢ 5 ug proving that the family {LE_1 f€}e=0 is E-precompact.
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Finally, we have to show that L;‘ £ Ly ! For this, let us suppose

= (5.3)
Due to (4.1) and (5.3), we have for any ¢ € L2(0, 1) that
1
/{ffm, X2)—fo(x1)}<ﬂ(x1)dX1dX2=/ [0 = (H0+Ge ) fo) | o) dx -0,
Q€ 0

as € — 0. Hence, since (He + Ge) fo — pfo, w* — L°°(0, 1), see Remark 4.2, we can
conclude € — pfo, w* — L°°(0, 1). Thus, it follows from Theorem 4.1 and Remark 4.2

that LE_lfe — Lalfo, and then LE_l 3 Lal ase — 0. O

Now, let us take the positive coefficient p(x) from (4.4) and consider the operator M, :
L' (Q)+— L"(0,1),1 <r < oo, given by

1 He(x)
(M fH(x) = — / f(x,s)ds x €(0,1).
p(X)_G o

It is easy to see that M, is a well-defined bounded linear operator with

IMe f€llLro,1) < CILfEllLr e (5.4)

for some C > 0 depending only on r, G, Hy, G1 and H;. A similar operator was considered
in [3,4]. We still note that M, is a multiple of operator f defined by expression (4.1).
Under this setting, we still can point out to Theorem 4.1 showing the following result:

Lemma 5.8 Let {f€} C Z. be a sequence and suppose that || f€||z. < C, for some C
independent of €. Then, there exists a subsequence such that

Lot re - EeLE]MefE||z€ —0ase — 0.

Proof Since f€ is uniformly bounded in L?(2€), and M, is a bounded operator, we can
extract a subsequence such that M. f€ — fo, w-L?(0, 1), for some fy € L?(0, 1). Then,
from Theorem 4.1 and Remark 4.2, we have ||L€_1f€ - Lalfo||Lz(Qe) — 0,as e — 0.

Finally, the continuity of operator L ! implies the desired result.

As a consequence of Lemma 5.8, we get the main result of this section, namely, the
convergence of the resolvent operators of L, and Ly.

Corollary 5.9 There exist €y > 0, and a function ¥ : (0, €g) — (0, 00), with ¥ (¢) — 0 as
e — 0, such that

ILZ' — EcLy'Mellzzy < 9(e), Ve € (0, €).

Proof Let us show it by contradiction. To do so, suppose there exist a § > 0 and sequences
{€n}nen C (0,00), €, — 0asn — oo, and { f"}en C Z, with || "] 2., = 1, such that

IL!f" = Ee,Ly' Me, f"l|2,, > 6, foralln e N.
On the other hand, from Lemma 5.8, we can extract a subsequence satisfying
1L 17 = Eey Ly M, [z, =50

which give us a contradiction completing the proof. O
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Remark 5.10 Note that Corollary 5.7 implies that L. satisfies the following condition

(C) L is a closed operator, has compact resolvent, the number zero belongs to its resolvent

1 CC
NG

set p(L¢) forall e € [0,1], and L_ Lgl.

It is known that the spectrum of L. or Lo, denoted by o (L) or o (L), consists only of
isolated eigenvalues. Hence, if we consider an isolated point Ag € o (Lg) and its generalized
eigenspace W (Lo, Lo) = Q(Xo, Lo)Zo, where

1
0 (o, Lo) = 7/@ I — Lo)~'de,
Tl
Ss

Ss = {& € C||€ — Ao| = &} and § is chosen small enough such that there is no other point
of o (L) in the disc {£ € C||€ — Ag| < &}, then, by condition (C) and [3, Lemma 4.9], we
have that there exists ¢y > 0 such that p(L,) D Ss for all € € (0, €g). Thus, we can denote
by W(ho, Le) = Q(Ao, Le)Ze where

1
Q(ro, Le) = 7/(& I— Lo 'de.
Tl
Ss

Remark 5.11 Moreover, it follows from condition (C) and [3, Lemma 4.10] the following
statements about spectrum convergence of operators L.:

(i) For any A9 € o (L), there is a sequence A € o(L¢), such that Ac — Ag ase€ — 0.
@ii) If Ae = Ao, with A¢ € o (L), then g € o (Lg).
(iii) There is €y > 0 such that dim W (Ag, L¢) = dim W (Xg, L) for all 0 < € < €.
(iv) For any u € W(Ag, Lo), there is a sequence u¢ € W(Ag, L¢), such that u¢ i> u.
(v) If u® € W(ho, Le) satisfies [[u€]z, = 1, then {u} has an E-convergent subsequence
and any limit point of this sequence belongs to W (Aq, Lo).

Finally, we note that the first eigenvalue of L. and Lg is 1, and its associated normalized
eigenfunction is the constant |Q€~12 (fo1 px) dx)""2ase >0 by Remark 4.2.

Now we are in condition to discuss the convergence properties of the linear semigroups
generated by the operators L. and Lq considered in (5.1) and (5.2), respectively. We proceed
here as the authors in [5,6]. Using standard arguments discussed for example in [34], it is
easy to see that there exists €¢p > 0 such that the numerical range of the operators —L, are
contained in (—oo, —1] C C for all € € (0, €p). Thus, we get from [34, Theorem 3.9] that
there exists M > 0 and % < ¢ < m, independent of €, such that

-~ M
I+ L) ez < ST Vi e S, (5.5

where ¥ 1 ¢ = {u € C|0 < |arg(n + 1)| < ¢}. We are setting here Z, by Zy as € = 0.
Hence, the operators L are sectorial operators for all € € [0, €p], with uniform estimates in
€ for the resolvent operators (© — Le)_1 on the sector C\ X1 7 4.

We also get from Remark 5.10 that, if & € p(Ly), there exists g > O such that A € p(L¢)
for all 0 < € < €p, and so, we can use the resolvent identity given by [5, Lemma 3.5] to
obtain

=L —Ec—Lo) "Mc=[1 —2(x — L™
[EcLy'Mc — L7 — AEe (A — Lo) ™' M.
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Consequently, since (5.5) implies
1 =20 = L) ez < L+ M,
I = AEc(h— Lo)™'Mellezoy < 1+ I Eell IMc|l M,
we have by Corollary 5.9 that there exists @ : (0, €g) — R™, ¥(e) — 0 as € — 0, such that
I = L™ = Ec(h = Lo) ™' Mellz(zo) < 9 (€. (5.6)

Moreover, if {e~L<! |t > 0} denote the exponentially decaying analytic semigroup in Z,
generated by the sectorial operator L, then we obtain from [29, Theorem 1.4.3] that for any
0 < w < 1, there exists a constant C = C(w), independent of €, such that

le el |l oz 200 < C17%e ™ forallt > 0, 0 <o < 1and 0 < € < €. 5.7

Finally, the continuity of resolvent operators allow us to obtain the continuity of linear
semigroups associated with the family of sectorial operators {L }¢>¢ in appropriated spaces.

Theorem 5.12 Suppose 0 < o < % Then there exists a function ¥y : (0, €g] — (0, 00),
Ve (€) = 0, as € — 0, such that

le ke’ — Ece ™ ' M|l £z, z¢) < Dal)e™' 1", forallt > 0.
Consequently, there exists a constant K > 0, independent of €, such that
[ Pee™ <" — e M0 M| £ 120 e ey < KPa(€)e™ 1% forall t > 0.

Proof For any sectorial operators as L, it is known that forany 0 < o < 1

_ 1 .
e(—LetdDr _ —'/e(“er)t(M +@+Le—d) dp,
2mi
P

where T is the oriented border of the sector Y 1, = {n € C: Jarg(pn + D| < ¢},
7 < ¢ < m, such that the imaginary part of 1 increases when u describes the curve . We

perform a changing of variable ;© + @ +— p and call B, := L, —  in order to evaluate

27 lle”Pelut — Ece™ P Meus || 22 = / (1 + Be)'u — Ec(u+ Bo)™' Meuldpe

T ze

(5.8)

where I'¢ is the border of X 4. For this, let us first collect some estimates involving Be.

Due to (5.5), we get for all u € T'p and € € [0, €p] that ||(x + Bo)~! lzz) < “% and
then,

_ _ C+1Ec IMc||
(i 4+ B) ™ u€ — Ec(n + Bo) ™' Meuf|z, < Telfnunzé
Cy
< —|lullz.. (5.9)

[ 1]
We also have that

I1Be(i + B ullz. = I — e + Bo) ™ Hyuc iz,
< NNz, + 1l e+ B ul 2,
< 0+ O)ufllz,.
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Now, using Moment’s Inequality from [29, Section 1.4], we get

_ — 1/2 — 1/2
1B+ B~ ullze < NG+ B~ w117 e+ By~ uc 13
cl/? |
/211,,€
< i+ Oz

Consequently, since for each u¢ € Z, (n + Bo)~'M.u¢ € D(Ly) ¢ H?(0, 1), we also
obtain,

_ 1/2 _
IB2Ec(u+ Bo) ™' Mcullz. < (Hy + G1)"/?IBy* (1 + Bo) ™' Mcu€ |z,
cl2?
< (Hi+ G — 7 1+ OV IMc | [u€ 2.
|
Thus, we can conclude that
_ _ C
(i 4 B) ™ u€ — Ec(p + Bo) ™ "Meuf|| 1o < — 5 |u€ 7, . (5.10)

Za e

Next let us denote x = (i + B) " 'u€ — Ec(u + Bo) ™' M.u€. Again using Moment’s
Inequality

2 1-2
Ixlize < Csllxll iz lxliz ™
€

Therefore, due to estimates (5.6), (5.9) and (5.10), we get for 0 < o < 1/2 that

1 -1 C3 9 ()12
l(w+ Be)™ — Ec(u+ Bo)™ M. ||£(Z€,Zg) < T. (5.11)

Now performing the change of variable 8 = u in the integral given by (5.8), we get

/eﬁ [(m*1 +B)  Eau—E (B + Bo) ™! u] ?

Ty ze
Hence, it follows from (5.11) that
“U [Pl (Br~" +B) = E. (B~ + By) ' M, H
| /e[(ﬂt +B) =B (ot m) o]
Lo
B
< ey [ g1
|81«
To

and then,
le™Pe! — Ece™™ Mell £z, 2 < Cat* 9@ 2%, 1> 0.

Consequently, for all @ € [0, 1/2) and w € (0, 1), there exists a function 9, : (0, €g] —
R+ with 94 (€) 3 0 such that

le~Let — Eee_L°’M€||£(Z€,Zg) < 8y (e)e % ! forallt > 0.
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Finally, we conclude the proof noting Remark 5.1 implies the existence of K such that
||Pee_L€t — et M, Il £z 2@y = ||Pee_Lél - PeEee_LolMe||L(Z€,H2a(§e))
< NPell geze oo @en le ™" — Ece™ " Ml £z, z2)
< Klle™ " = Ece ™ Ml £(z.. 209 (5.12)

[m}

Corollary 5.13 Suppose 0 < a < 1/2 and u¢ Ly U Then there is afunction 9 : (0, €g] —
0, 00), (e) = 0, as € — 0, such that

He_Lf’uE — Eee_Lot”HZa < (e t*"!, forallt > 0. (.13)

Proof 1t is a direct consequence of Theorem 5.12, and estimatives (5.7) and (5.4), since
le k' u — Ece ™ ullze < lle™ " u¢ — Ece™ ' Mcu€|| zo + | Ece™ " (Mcu® — u) || ze,

and Mcu® —u = M, (u¢ — Ecu). O

6 Upper semicontinuity of attractors and the set of equilibria

Let f : R — R be a bounded C?-function with bounded derivatives up to second order
also satisfying the dissipative condition (1.3). Let us also consider the perturbed domain Q¢
defined in (1.4) by the functions G, and H, introduced in Sect. 2.

In the previous sections, we have studied the behavior of the linear parts of problem
(1.5) as € tends to zero, and we have proved results on the continuity of the linear semigroups
associated with (1.5) and (1.6). Itis known that under these growth and dissipative conditions,
the solutions of problems (1.5) and (1.6) are globally defined, and so, we can associate with
them the nonlinear semigroups {7¢(¢) |t > 0} and {Tp(¢) |t > 0}, well defined in H 20(Q€)
and H2¢(0, 1), respectively, for all 0 < o < 1/2 and ¢ > 0. These dynamical systems are
gradient and possess a family of compact global attractors {<% | € € [0, €0]}, % C Z. and
ofy C Zy which lie in more regular spaces, namely L°°(Q2€) and L°°(0, 1). Also, we can
rewrite (1.5) and (1.6) in the abstract form

i+ Leus = feu) o [+ Lou = fow)
u¢(0) =uy € Z¢ u0) =uo € Z§

where f, : Z% v Zc :u® — f(u°) is the Nemitskfi operator defined by f (see [7,28]).

In this section, we are in condition to relate the continuity of the linear semigroups with
the continuity of the nonlinear semigroups using the variation of constants formula estab-
lishing at the end the upper semicontinuity of the family of attractors, as well as, the upper
semicontinuity of the set of stationary states at € = 0.

Theorem 6.1 Suppose 0 < o < 1/2, and let u® € Z. satisfying
[ullz. < C (6.1)

Jfor some positive constant C independent of €. B
Then, for each t > 0, there exists a function ¥4 : (0, €9] — (0, 00), Vy(€) — 0, as
e — 0, such that
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ITe(t)u€ — EcTo(t)Meu® || za < Pa(e)t*! (6.2)
forallt € (0, 7).

Moreover, we have the family of attractors { <7, | € € [0, €o]} of problems (1.5), and (1.6)
is upper semicontinuous at € = 0 in Z2, in the sense that

sup [ inf {llo° — E€<p||za}] 0, ase — 0. (6.3)
e, peH €

Also, if we call &, the set of stationary states of problems (1.5), for € € (0, €o], and (1.6), for
€ = 0, then the family of sets {E | € € [0, egl} is upper semicontinuous at € = 0, that is,

sup [ inf {Jlo¢ — Eé(p||za}] -0, ase — 0. (6.4)
el pe& €

Consequently, there exists a constant K independent of € such that
1P Te (t)u€ — To() Mett || y2a(g5ey < K V(€)1 (6.5)

forallt € (0,7)and all 0 < o < 1/2. Furthermore,

su [inf Pegp — | o ese ]—>0, ase — 0, (6.6)
(pfegfe <ﬂ€ﬂfo{” 3% @l 2 @ )}
and
sup [ inf {|| Pep® — ‘p”[-[zot(ﬁe)}] — 0, ase — 0. (6.7)
@k, peéo

Proof First, we observe that (6.5), (6.6) and (6.7) follow from (6.2), (6.3) and (6.4) arguing
as in (5.12). Next, let us show (6.2). Using the variation of constants formula

t
T.(H)u€ = e Ll y® +/e*Lf<f*S>ﬁ(Te(s)uf) ds, fore € [0, 1],
0

we obtain

—Let —Lot
ITe®ue — EcTo(t)Meu®llze < lle”""u® — Ece™ """ Meu®| z¢

t
+ / le 5™ f(Te (s)u®) — Ece™ 0™ fo(Ty(s) Meu)|| zeds.
0

It follows from (5.13) that there exist € > 0 and ¥ : (0, €g] — (0, 00), ¥ ‘=" 0, such
that

||e—Let _ Ege_LotMeHE(Zg,Z?) < ﬁ(e)e_wtta_l, fort > 0.
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Furthermore, we have

t
/ L9 £ (Tu(s)u) — Eee 009 fy (To(s) Mot | 72 ds
0

t

< / I (750 — Ece™ UM ) f(Te(opu) | zeds
0

t
+ / | Ece™ ) (M fuTe ) = foTo)Meu)) 1.
0

Since u€ satiAsﬁes (6.1) for all € > 0, T, is global defined, and f is bounded function,
we have that { fe (Tc(s)u€) € Z¢|s € [O,At]} isAuniformly bounded. Hence, we obtain by
Theorem 5.12 that there exists a constant C; = Cy(t, C) such that

t

/ ” (eng(tfs) _ EeeiLO(tix)Mg)f"; (Te(s)ue)”ngs

0
t

< / Pa(€)e™ )t — ) fe(Te()u) |l z.ds < Cidda(e)t*™" forallt € (0, 7).
0

If K is the uniform Lipschitz constant of the Nemitskii operator fe. independent of €, we
canuse E. fo = feEc and M E. = I to get

t
S (M) = oo M) iz s
0

t
= [ 1B I M (FuTo) = BT M) s
0

t
< / Co Il Ell |1 Mel Ke™™ ™) (t — )™ | Te(s)u® — EcTo(s)Meu® || ze,
0

for some constant 62 = éz(w). Hence,
t
9(1) < (1+ C)Pa ()" + Co | Ec|l | Mc || K / (t —5) “p(s)ds on (0, 1),
0

where ¢(1) := e | Te(t)u — EcTo(t)Meu® || zo. Thus, due to Gronwall’s Inequality from
[29, Section 7.1], we get

o(1) < C30g(e)t®™!

where 6‘3 = 6‘3(6‘1, o K, 1, lEcll, IMc]) is a constant, and so, (6.2) follows.
In order to show the upper semicontinuity of the attractors <7, we first note that by uniform
L®°(2¢) bounds of the attractors given by [7, Theorem 2.6] and Remark 5.11, we also obtain
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due to (5.4) that UOSGSGO M. g, is a bounded set in L°°(0, 1). Then, using the attractivity
property of <7 in Zy, we have that for any n > 0 there exists > 0 such that

inf | To()Meg® = ¢llzg = (Hi +G1)™'?n/2, Yo e and 0 =e <.
peA

Thus,

inf |EcTo(r)Mep® — Ecplize <n/2, V¢ € o/ and 0 <e <e.
pea)

Now, due to the convergence of the nonlinear semigroups (6.2) with t = t, we have that
there exists €; > 0 such that forall 0 < € < ¢

1 Te(0)¢® — EcTo(r)Meg®llze < n/2, Vo© € .
Consequently, since <7 is an invariant set by the flow, T, (7)€ = ¢¢, and so, we get

inf g — Ecgllze <n, Vot € and 0<e<e.
peol €

Finally, we show the upper semicontinuity of the set of stationary states &. Let us use
here the characterization discussed in (5.6). First, note u¢ € & if only if satisfies

ou€ 0 1 0u® 9

/{ v, i S (p}dxldxz—/f(u )pdxidxy, Ve € H'(Q). (6.8)
ax; Ox; €2 dxy dxo

Qe Qe

Hence, substituting ¢ = u€ in (6.8), we get

2

€2 € €
I H T 1 2 ey < 7@ 200 1 L2

H 37)61‘ L2(Q€)
Thus, since f € C%(R, R), there exists C = C(f) > 0, independent of € > 0, such that
lusll 12 < C.

Therefore, we obtain from 6.2 that there exists ug € &, as well as a subsequence u¢ € &,
with ||u€ — Ecugllze — 0,as € — 0, forall0 <o < 1/2.
Indeed, since T, (1)u® = u€ for each r > 0, we have

|u€ — EcTo(t)Meu®|ze — 0, ase — 0, (6.9)
and then, Ty(r) Mcu® = M.u® for each t > 0 implying that the uniformly bounded sequence
{Mcuf}e0 C Zg is E-convergent satisfying (6.9).

Notice that we can take ug € Zg as a limit from {M.u€}c~o C Z.
Let us show now that ug € &. Using once more T¢ (¢)u€ = u® for any t > 0, we have
u€ — EcTo(Duollze = ITe()u — EcTo(Duollze — 0, ase — 0,

for any ¢ > 0. Thus, To(t)ug = ug for all t > 0 and ug € & completing the proof. ]
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