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Abstract We study the Dirichlet problem for systems of the form —Auf = f¥(x, u) +
[Lk ,x €2, k=1,...,n, where 2 C R is an open (possibly nonregular) bounded set,
le, ..., " are bounded diffuse measures on §2, f = (fl, ..., f™) satisfies some mild
integrability condition and the so-called angle condition. Using the methods of probabilistic
Dirichlet forms theory, we show that the system has a unique solution in the generalized
Sobolev space HILC(.Q) of functions having fine gradient. We also provide a stochastic rep-
resentation of the solution.
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1 Introduction

Let 2 C RY, d > 2, be an open bounded set. In the present paper, we study the existence
and uniqueness of solutions of systems of the form

_ LAk — fk ko _
[ 7 Au = ffx,u)+p~ in2, k=1,...,n, (L)

uk =0 ondR, k=1,....n,

where f = (f',..., f") : 2 xR" — R" is a Carathéodory functionand !, . .., u" belong
to the space My, of bounded diffuse measures on £2 (see Sect. 2).
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56 T. Klimsiak

Let L. (£2) denote the space of locally quasi-integrable functions (see Sect. 2). In the

loc
scalar case (n = 1), it is known that if

X sup | f(x,u)| € quloc(.Q) forevery r >0, (1.2)
u|<r
V> ‘f‘(x, y) is continuous on R fora.e. x € £2 (1.3)
and
fx,u) - u<0 forae x £ andeveryu €R, (1.4)

then there exists a solution of (1.1) (see [13]; see also [1] for equations with general Leray-
Lions type operators). One of the crucial ingredients in the proof of the existence result for
(1.1) is the following Stampacchia estimate

If Gl @um < llnlity (1.5)

(see [15]), which holds true under (1.4) for every solution of (1.1). An attempt to generalize
the existence result to n = 2 has been made in Orsina and Ponce [13]. It is proved there that if
§2 is smooth, f does notdepend on x, is continuous on R? and monotone componentwise, i.e.,
fl(-, v), fz(u, -) are nonincreasing and if fl(O, v) = fz(u, 0) = O for every (u, v) € RZ,
then there exists a unique solution of (1.1). In Orsina and Ponce [13], as in the scalar case, the
key step in proving the existence of solutions is Stampacchia’s estimate, which is derived by
using the componentwise character of monotonicity of f and by introducing the important
notion of quasi-integrability of functions. Note also thatin [13, Remark 7.1], the authors raise
the question of existence of solutions to (1.1) for f satisfying weaker than monotonicity sign
condition with respect to each coordinate, i.e., for f such thatfl(u, Yu <0, f2(-, v)-v<0
for every (u, v) € R?. We answer positively the question raised in Orsina and Ponce [13].
Actually, using quite different than in Orsina and Ponce [13] methods of proof, we show
existence and uniqueness results for more general systems.

In the present paper, we assume that ., f satisfy the following assumptions analogous to
assumptions (1.2)—(1.4) considered in the theory of scalar equations:

(A1) n e Mop,

(A2) Forevery r > 0, x = supjy<, | f(x, )| € quloc(.Q),

(A3) Forae.x € £2, y — f(x,y) is continuous,

(A4) (f(x,y),y) <0forevery y € R" and a.e. x € £2 (Here (-, -) stands for the usual
scalar product in R").

Following Landes [12], we will call (A4) the angle condition. In Landes [12], more general
than (1.1) elliptic systems with the perturbed Leray-Lions type operator are considered. As
a matter of fact, the assumptions in Landes [12] when adjusted to our problem say that the
perturbation satisfies some strong growth conditions and stronger then (A4) condition

(A5) There exists & > 0 such that for every y € R” and a.e. x € RY,

(fCe, ), y) < —alyll f(x, ¥,

which we will call the uniform angle condition.

In the paper, we show that if the right-hand side of (1.1) satisfies (A5) then Stampacchia’s
estimate (1.5) holds true for any solution of (1.1), which immediately implies that any solution
of (1.1) belongs to the Sobolev space Wol’q (£2) with 1 < ¢ < d/(d — 1). Under (A4), no
analog of Stampacchia’s estimate appears to be available. Consequently, it seems that in
general f(-,u) ¢ LllOC (£2). Therefore, the first problem we have to address is to describe

@ Springer



Semilinear elliptic systems 57

the regularity space for u and then formulate suitable definition of a solution of (1.1). We
propose two equivalent definitions: the probabilistic and analytic one.

Let X = (X, P,) denote the Wiener process killed upon leaving §2 and let ¢ denote its
life-time. In the probabilistic definition by a solution, we mean a quasi-continuous in the
restricted sense function u : £2 — R such that the following stochastic equation

u(Xy) = u(Xc) +/f(X9,u(X9))d9
t

T T
+/dAg —/dMg, 0<r<rt, Peas. (1.6)
t t

is satisfied for quasi-every (with respect to the Newtonian capacity) x € £2. Here, 7 is an
arbitrary stopping time such that 0 < 7 < ¢, M is some local martingale additive functional
of X (as a matter of fact M corresponds to the gradient of u), and A* is a continuous additive
functional of X associated with the measure p via Revuz duality (see Sect. 2).

In the analytic definition (see Sect. 4), a quasi-continuous function u : 2 — Risa
solution of (1.1) if

EWr, v) = (F*Cow), V) 2gum) + (10 ), v e Hy(G)) (1.7)
foreveryk =1,...,nand! > 1, where
1
E(u,v) = E/Vu(x)Vv(x)m(dx), u,v € D[IE] = Hol(.Q) (1.8)
Q

is the Dirichlet form associated with the operator (%A, HO1 (£2)), {Gy, I = 1} is a suitable
family of finely open sets depending on u such | J;~.; G; = £2 q.e. and (1.7) makes sense.

Since we are looking for solutions of (1.1) in Sobolev type spaces, our minimal regularity
requirement for them is quasi-continuity or, equivalently, continuity in the fine topology
(see [7]). Quasi-continuity provides some information on local, in terms of fine topology,
regularity of functions, and allows one to control their behavior on finely open (closed) sets of
the form {u < t} ({u < t}), t > 0. Itis therefore natural to try to derive a priori estimates for
solutions of (1.1) in Sobolev spaces on finely open sets to make sense of the analytic definition
and then prove existence of solutions of (1.1). In the present paper, we prefer, however, a
stochastic approach to the problem. The main reason for adopting the stochastic approach is
that (1.6) is simpler to investigate than (1.7), because (1.7) is in fact a family of variational
equations on finely open domains G; which depend on the solution. Equations of the form
(1.7) were considered for example in [6,9]. It seems that direct analysis of equations (1.7)
would generate many technical difficulties in using the fine topology, while the stochastic
approach avoids them, because in the latter approach, the fine topology is hidden in a very
convenient way in probabilistic notions of the Dirichlet forms theory we are using in our
proofs.

We prove that under (A1)—(A4), there exists a probabilistic solution u of (1.1), f(-, u) €
quloc(.Q) and u belongs to the generalized Sobolev space Hlloc (£2) of functions having fine
gradient (see [9]). The space I-'Ill)c(.Q) is wider than the space 7° 1.2 of Borel functions whose
truncations on every level belong to HO1 (£2), which was introduced in Bénilan et al. [1] to
cope with elliptic equations with L! data. The solution u satisfies (1.7), because we show
that in general, if u € ngc(ﬂ), then u is a probabilistic solution of (1.1) iff it is a solution of
(1.1) in the analytic sense. We also prove that if we replace (A4) by
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58 T. Klimsiak

A4 (f(x,y)— f(x,y),y—y)<0 forae. x € andeveryy,y €R",

then the solution of (1.1) is unique. Let us note that besides proving our existence result
under the general angle condition (A4), in contrast to Orsina and Ponce [13], we allow f to
depend on x, the dimension of the system is arbitrary, and we impose no assumption on the
regularity of £2.

Moreover, we show that if u is a solution of (1.1) and f(-,u) € LY(£2;m), then u €
W(;’q (82) with 1 < g < d/(d — 1) and u coincides with the distributional (renormalized, in
the sense of duality) solution. Finally, we show that f (-, u) € LY(2:m) if

(A4”) Foreveryk € {1,...,n}, yieR,ie{l,...,n}\ {k}and ae. x € £2,
Ry 1 2 Yk ts oY) 2 <0 forevery z € R,

i.e., if f satisfies the sign condition which respect to each coordinate.

2 Preliminary results

In the whole paper, we adopt the convention that for given class of real functions (measures) F
and R?-valued function (measure) f we write f € F, if each component f ki k=1,....,d,
of f belongsto F.

Let £2 be a nonempty bounded open subset in R d > 2. By m, we denote the Lebesgue
measure on R?. Let (€, D[E]) be the Dirichlet form defined by (1.8), and let X = ({X;, t >
0}, {Px,x € 2}, {F, t > 0}, ¢) be a diffusion process associated with (£, D[£]), i.e., for
every t > 0,

(P f)(x) = Ex f(X1) 2.1

for m-a.e. x € £2, where {p;,t > 0} is the semigroup generated by (£, D[]) and { =
inf{r > 0, X, = A}, where A is a one-point compactification of the space §2 and E, denote
the expectation with respect to P, (see [7]). We also adopt the convention that u(A) = 0.
It is well known that X is the Brownian motion killed upon leaving £2 so we sometimes
use the notation B, instead of X;. From (2.1), it follows that {p;, t > 0} is a semigroup of
contractions.

By {Ry, @ > 0}, we denote the resolvent generated by {p;, + > 0}. Since & is transient
(see [7, Example 1.5.1]), R is also well defined. Write R = Rg. From (2.1), it follows that

¢
(Rf)(x) = Ex/f(Xz)dt
0

for m-a.e. x € 2.
By cap, we denote the capacity associated with &, i.e., cap : 22 — Rt U {400} is a
subadditive set function defined as

cap(A) = inf{E(u, u); u € Hy(2), u > 14, m-ae.)

for open set A C £2 (with the convention that inf §# = 4-00), and for arbitrary A C
§2, cap(A) = inf{cap(B) : A C B, B is an open subset of £2}. We say that some property
P(x) holds q.e. if cap({x; P(x) is not true}) = 0.

A Borel measurable set N C §2 is called properly exceptional if for gq.e. x € §2,

Pe(3t > 0; X, € N) = 0. 2.2)
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It is known (see [7, Theorem 4.1.1 and page 140]) that every properly exceptional set is of
capacity zero and if N C §2 is of capacity zero, then there exists a Borel properly exceptional
set B such that N C B.

A nonnegative Borel measure p on £2 is called smooth if it charges no set of zero capacity
and there exists an ascending sequence {F, } of closed subsets of £2 such that u(F,) < oo
for n > 1 and for every compact set K C £2,

cap(K \ F,) — 0. 2.3)

By S, we denote the set of all smooth measures on §2. By M(J)f »» We denote the space of
finite smooth measures, Mg, = /\/l(‘)L b= Ma“, »- Elements of My ;, are called diffuse or soft
measures (see [3,4]).

Let B(£2) (BT (£2)) denote the set of all real (nonnegative) Borel measurable functions
on 2. For A C §2, we write A € B(£2) if 14 € B(£2). It is known (see [7, Section 5.1]) that
for every u € S, there exists a unique positive continuous additive functional A* (PCAF for
short) such that for every f, h € BT (£2),

t
t
Epm / F(Xg)dAY = / (f - 1. poh) d6, 120, 2.4)
0
0

where P, (B) = f_Q Py (B) v(dx) for any B € B(§2) and nonnegative Borel measure v, (& -
v)(B) = fB h(x) v(dx) forany B € B(£2) and h € B (£2), and

(h,v) :/h(x)v(dx).
2

On the other hand, for every PCAF A of X, there exists a unique smooth measure p such that
(2.4) holds with A replaced by A. The measure u is called the Revuz measure associated
with PCAF A.

Using (2.4), one can extend the resolvent R to S by putting

¢
Ru(x) = E, / dAl. (2.5)
0

Similarly one can extend Ry, @ > 0. The right-hand side of (2.5) is finite g.e. for every finite
measure i € S. This follows from (3.6) and Lemma 4.1 and Proposition 5.13 in Klimsiak and
Rozkosz [11]. Moreover, by Theorem 2.2.2, Lemma 2.2.11 and Lemma 5.1.3 in Fukushima
etal. [7], forevery u € H1(2) and v € H] (£2),

ERp, v) = (u, v), (2.6)

where v is a quasi-continuous m-version of v.

By C(£2), we denote the space of all quasi-continuous functions on £2. Let us recall that
u : £2 — R is quasi-continuous if for every ¢ > 0, there exists an open set G, C £2 such
that cap(G,) < ¢ and u|\g, is continuous. It is known that u is quasi-continuous iff the
process t — u(X;) is continuous on [0, ¢), Py-a.s. for g.e. x € §2 (see [7, Section 4.2]).

Co($2) is the space of quasi-continuous functions on §2 in the restricted sense. Let us note
that a Borel measurable function u on §2 when considered as the function on £2 U {A} (with
the convention that u(A) = 0) is continuous on 2 U {A}if u € Cy(£2), where Cy(S2) is the
closure in C (£2) of the space C(£2) of all continuous functions with compact support in £2.
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60 T. Klimsiak

A Borel function  on 2 is called quasi-continuous in the restricted sense if for every ¢ > 0,
there exists an open set G, C £2 such that cap(G,) < € and uj@uia})\G, 1S continuous.

The following lemma shows that if u € Cy(£§2) then u(x) tends to zero if x tends to the
boundary of §2 along the trajectories of the process X.

Lemma 2.1 Assume that u € Co(82). Then for q.e. x € £2,
u(X;) >0, t—¢, Py-as.

Proof Since u € Co(£2), there exists a sequence {U,} of open subsets of 2 such that
cap(U,) — 0 and ujaun\v, is continuous. For every T > 0,
Peu(X) » 0,1 >¢7) < Pi(T <)+ Peu(X) » 0,1 >¢7,0<T)
S P(T =8+ Pe(Fi<r Xr € Up)
P (T <¢)+ Py(oy, =T)
P(T <)+ el Exe™Un,

IA

IA

where
oy, =inf{tr > 0; X; € Uy,}.
Letting n — 400 and applying [7, Theorem 4.2.1] we conclude that for q.e. x € £2,
Pr(u(X;) » 0,1 —¢7) = P (T <0).

Since E ¢ < +oo (see (3.5)) for every x € £2, the desired result follows. m]
Remark 2.2 Let us note that by [7, Theorem 2.1.3], if u € H(; (§2) then u € Co(£2).

By gL' (£2) (resp. quloc(.Q)), we denote the class of all Borel measurable functions
f : 2 — R such that for g.e. x € £2,

TAL
Py /|f(X,)|dt<+oo,T20 =1
0

T
resp. Py /|f(X,)|dt<+oo,0§T<§ =1]. 2.7
0

Elements of qu (£2) (quloc(.Q)) will be called quasi-integrable functions (locally quasi-
integrable functions).

We say that a Borel measurable function f : 2 — R is locally quasi-integrable in the
analytic sense if for every compact K C U and every ¢ > 0, there exists an open set U, C £2
such that cap(U,) < ¢ and fik\vu, € LY(K \ U,). We say that a Borel measurable function
f : £2 — Ris quasi-integrable in the analytic sense if in the above definition one can replace
K by £2.

Remark 2.3 From Klimsiak and Rozkosz [11], it follows (see Remark 4.4) that f is quasi-
integrable in the analytic sense iff f € ¢ L'(£2) (this is true for bounded domains). Moreover,
if f is locally quasi-integrable in the analytic sense, then f € gL lloc (£2). The reverse impli-
cation is also true. Indeed, let f € quloc(.Q) and f > 0. Then, by the very definition of the

space quloc (£2), A, = f(; f(Xp)d6 is a PCAF of X and its associated Revuz measure is
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f - m (see [7, Section 5.1]). Since the associated Revuz measure is smooth, there exists an
ascending sequence { F,} of closed subsets of §2 such that f|r, € L'(Fy; m) for everyn > 1
and (2.3) holds for every compact set K C §2. From this, one can easily deduce that f is
locally quasi-integrable in the analytic sense.

The notion of quasi-integrability in the analytic sense was introduced in Orsina and Ponce
[13]. In Orsina and Ponce [13], the authors do not distinguish between local quasi-integrability
and quasi-integrability, and quasi-integrability in the sense of Orsina and Ponce [13] coincides
with local quasi-integrability in the analytical sense defined in the present paper.

By 7, we denote the set of all finite stopping times with respect to the filtration {F;, t >
0} (see (2.1)). Let us recall (see [7, Section 5.2]) that M is called a martingale additive
functional (MAF) of X if M is a finite continuous additive functional of X such that for every
t >0, ExM? < coand ExM, = 0 forq.e. x € 2. By M, we denote the space of all MAFs
of X. By M, we denote the set of all local additive functionals of X (see [7, page 226]) for
which there exists an ascending sequence {G,, n > 1} of finely open subsets of §2 such that
U,>1 Gn = 2 q.e., asequence {M"} C M and N C £2 such that cap(N)=0 and for every
n>1landx € 2\ N,

M, =M}, t<rtg,, Py-as.
Finally, by M2, we denote the space of all M € M such that sup;~o E Mt2 < oo for q.e.
x € £2. N
From now on,

f@)(x) = f(x,u(x)), xe€f

for every measurable function u : 2 — R”.

Following [10,11], let us consider the class (FD) consisting of all functions u € B(£2)
with the property that the process + — u(X;) is of Doob’s class (D) under the measure Py
forq.e. x € £2,1.e., for q.e. x € §2 the family {u(X.), v € 7} is uniformly integrable under
P,.

Definition We say that u : 2 — R” is a probabilistic solution of (1.1) if

(a) u is of class (FD),

(b) u € Co(£2),

(¢) x > f(u)(x) belongs to gL} (£2),

(d) There exists M € M, such that for every stopping time 0 < 7 < ¢,

T

ux) = u o)+ [ ra o+ [ aag
t

t
T

—/dMg, 0<t<rt, Pyas. (2.8)

t

forq.e.x € £2.

In the sequel, we adopt the convention that f ab =0ifa>b.
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62 T. Klimsiak

Remark 2.4 Under (b), if moreover f(u) € qu (£2), (2.8) is satisfied iff for every T > 0,
TAL TAL

u(Xy) = u(Xrag) + / f(u)(X@)dG—i—/dAg
t t
TAC

—/dMg, t>0, Py-as. 2.9)

1

forqg.e. x € 2. Indeed, by (2.5), ExA; < oo for g.e. x € £2. Since every stopping time with
respect to Brownian filtration is predictable (see [14, Theorem 4, Chapter 3]), there exists a
sequence {1,} C 7 suchthat0 <1, < T A¢ andt, /' T A ¢. Taking 7, in place of 7 in
(2.8) and letting n — +o00 we get (2.9) (the integral involving f(u) is well defined since
fu) e quloc(.Q)). On the other hand, if (2.9) is satisfied, then replacing T by an arbitrary

stopping time 7 such that 0 < 7 < ¢ we get (2.8).

Remark 2.5 1If f satisfies (A4) and u is a solution of (1.1) then u vanishes on the boundary
of £2 in the sense of Sobolev spaces. Indeed, by the [td6-Tanaka formula (see [2]) and (A4),
forany r € 7 suchthat0 <t < ¢,

TAL TAE
Eclu(Xp)| < Exlu(XTag)l + Ex / (f(W)(Xg), 1(Xg)) d0 + Ex / (i(Xp), dAY)

t t

A

IA

¢
Ex/d|Au|t+Ex|u(XTA{)| (2.10)
0

for q.e. x € £2, where

A y d
y= "1y, yeR
Iyl {y#0}
Let {7x} be a sequence of stopping times such that 0 < 7 < ¢, k > 1,and 7z — ¢. Sucha
sequence exists since every stopping time with respect to Brownian filtration is predictable.
Itis clear that u(Xy) — 0 as k — 400, Py-as. for g.e. x € §£2. This when combined with
the fact that u is of class (FD) implies that

¢
lu(x)] < Ex/dlA“It =v(x) .11
0

for g.e. x € £2. By Klimsiak and Rozkosz [11], T} (v) € HO1 (£2) for every k > 0, which
forces u to vanish on the boundary of £2.

In Sect. 4, we give a different, analytic definition of a solution of (1.1), and we prove that
actually it is equivalent to the probabilistic definition. Before doing this, we would like to
present the motivation behind the two definitions. We begin with a concise presentation of
famous Dynkin’s formula.

Let B C 2 be a Borel set and let

Hi(B) = {u € Hi(22); u =0 q.e. on B}.
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Semilinear elliptic systems 63

(see [5,6,9]). Here and in the sequel for a given function u € HOI(.Q), we always consider
its quasi-continuous version. It is clear that HO1 (B) is a closed subspace of the Hilbert space
H(; (£2). Therefore,

Hy(2) = H} (B) ® Ho\s,

where H @\ p is the orthogonal complement of Ho1 (B). Let Hp denote the operator of the
orthogonal projection on H g\ . By [7, Theorem 4.3.2], for every u € Hé (£2),

Hp(u)(x) = Exu(X¢y) (= Exu(Xeyag)) (2.12)
for g.e. x € £2, where
g = inf{t > 0, X; ¢ B}.

Let G be a finely open subset of §2 and let (g, D[Eg]) denote the restriction of the form
defined by (1.8) to G, i.e.,

Ecu,v) =E®u,v), u,ve D[Eg]= Hj(G).

(€6, D[Eg]) is again a Dirichlet form (it may be no longer regular). Let { p,G , t > 0} denote
the associated Co-semigroup and {jo , o > 0} the associated resolvent. By Theorems 4.4.2
and 4.4.4in [7], (g, D[Eg]) is transient and for g.e. x € 2,

TGN
(RO f)(x) = Eyx / f(Xy)dr, (2.13)
0

where RC = Rg , which is well defined due to the transiency of (£g, D[Eg]). Dynkin’s
formula (see [7, page 153]) says that for every finely open set G C §2,

(Rf)(x) = (RY f)(x) + [HG(R)1(x)

forq.e. x € £2.
Suppose now that u € H~1(£2) and there exists a weak solution u € H(; (£2) of (1.1)
such that f(u) € L?(£2; m). Then, for every v € H} (£2),

EWr v) = (f*@W. v) 2o + (W V). k=1.....n (2.14)
that is
uk = RfF*u) + Rk, k=1,... n.

Applying the operator Hg to both sides of the above equation and using Dynkin’s formula,
we get

Hg (") = Rf*(u) — R f*(w) + Ru* — RO pk = u* — R fru) — ROuX.
As a consequence,
u* = Ho(u®) + RO f*(u) + RCu*, k=1,... n. (2.15)

This equation expresses the property that if « is a solution of (1.1) on £2, then for every finely
open set G, u|c is a solution of (1.1) on G with the boundary condition |G = u on dG.

In general, if © € My p, it is natural to look for solutions of (1.1) in the class of quasi-
continuous functions vanishing at the boundary of £2 and, roughly speaking, such that they
coincide with functions from the space H(; (£2) on each set G from some family of finely
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64 T. Klimsiak

open set which covers §2. Therefore, it is natural to require the solution u of (1.1) to satisfy
(2.15) or (2.14) for each set G from some family of suitably chosen (depending on u in
general) finely open sets. It is not easy to deal with such families of equations. Fortunately,
we can obtain (2.15) from (2.9), and, in view of Remark 2.4, from (2.8) if we know that
fu) € gL' (£2). Indeed, by standard arguments, one can replace T in (2.9) by g with
arbitrary finely open set G C £2 and then putting r = 0 and taking expectation one can get

TGN TGN
u(x) = Exu(Xegag) + Ex / Su)(X;)do + Ex / dA},
0 0

which in view of (2.12) and (2.13) gives (2.15). The stochastic equations (2.8), (2.9) are much
more convenient to work with than systems of the form (2.15). One of the major advantage
of (2.8) (resp. (2.9)) lies in the fact that it is well defined whenever f € quloc(.Q) (resp.
fu) e qu (£2))and u € My . Moreover, (2.8), (2.9) allow one to apply stochastic analysis
methods to study partial differential equations and are well suited for dealing with the fine
topology.

3 Existence and uniqueness of probabilistic solutions
We begin with the uniqueness result.

Proposition 3.1 Assume that (A4') is satisfied. Then there exists at most one probabilistic
solution of (1.1).

Proof Assume thatu1, u; are solutions of (1.1) and M1, M; are local MAFs associated with
uy, uy, respectively. Then, denoting u = u; — up and M = M| — M;, we have

u(Xr)=u(Xr)+/(f(u1)—f(uz))(Xe)dQ—/dMe 0<i<t Poas,
t

t

for q.e. x € §2. By the Ito6-Tanaka formula and (A4"),
T T

lu(X0)| < [u(Xo)] +/(f(u1) — fu2)(Xp), it(Xg)) O —/ft(Xe)dMe
1 1

T
< u(Xo)| —/ﬁ(Xe)dMe, 0<t<rt, Peas.

t

for q.e. x € £2. Without loss of generality, we may assume that fo (Xg)dMjy is a true
martingale (otherwise, one can apply the standard localization procedure). Therefore, putting
t = 0 and taking the expectation with respect to Py, we conclude that

()] = Exlu(X7)l (3.D

for g.e. x € §2. Let {7x} be a sequence of stopping times such that 0 < 7z < ¢, kK > 1, and
T — ¢. Since u is of class (FD) and u € Cy(£2), replacing t by 74 in (3.1) and then letting
k — +oo we conclude that [u| = 0 q.e. ]
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Remark 3.2 In general, the class Cp(§2) is too large to ensure uniqueness of a solution of
(1.1) under (A4). To see this, letus setn = 1, 2 = B(0,1) = {x € R?; |x| < 1} and
u(x) = ﬁ(ﬁ — 1), d > 3. Then u € Cy(£2) and from the Fukushima decomposition
(see [7, Theorem 5.5.2)), it follows that
TAL
u(Xy) =u(Xrae) + / dMy, t=0

t

for some M € M. Thus, u is a solution of (1.1) with f = 0, u = 0. Obviously, the other
solution of the above equation is v = 0. In fact, it is known (see [3]) that u is a renormalized
solution of (1.1) with f = 0 and u© = o4-18¢ (which is not a smooth measure for d > 2),
where o, is the measure of d B(0, 1).

Let us recall that for a given additive functional A of X, its energy is given by
(A4) = lim  E,, A2
e(A) = lim —
™N\O 2t me

whenever the limit exists. It is known that for fixed regular Dirichlet form (£, D[€]) and
u € D[&], the additive functional AE”] = u(X,;) — u(Xp) admits the so-called Fukushima
decomposition, i.e., for g.e. x € 2,

AEu] _ M[[M] + Nt[u]7 t >0, Py-a.s.,

where M1 is a martingale additive functional of X of finite energy and N“! is a continuous
additive functional of X of zero energy. This decomposition is unique (see [7, Theorem
5.2.2]).

Lemma 3.3 Assume that u € HO] (82). Then for g.e. x € 2,

T
P, /|Vu(X,)|2dt <400, T>0] =1 (3.2)
0

and
t
M =/Vu(X9)ng, t>0, Pi-as.
0

Proof That Vu satisfies (3.2) follows immediately from the fact that Vu € L2(£2; m) (see
(5.2.21)in[7]). Let{u,} C C(‘)’O(.Q) be such thatu,, — u strongly in HO1 (£2). By [7, Corollary
5.6.2],
t
M = / Vu,(Xg)dBy, t>0, P-as.
0
for g.e. x € 2. By [7, Theorem 5.2.2],

e(Mlunl — ppluly — / IV (ty — u)(x))* m(dx) — 0.
2
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On the other hand, by (5.2.8) in [7],

e(Mn] —/Vu(Xg)dBe)=/|V(un —u)(0)|*m(dx) — 0.
0 ko)

Therefore, the desired result follows from [7, Theorem 5.2.1]. O

Lemma 3.4 Let B C $2 be a Borel set such that m(S2 \ B) = 0. Then for g.e. x € £2,

P.(X; € Bforae0<t<¢)=1.

Proof Let Al = [515(Xp)d6, A? = [; 1o(Xy)df. Then A', A are PCAFs of X and their
associated Revuz measures are 15 - m and m, respectively. Since 15 - m = m and the Revuz
correspondence is ont-to-one, At1 = A,z, t > 0, Py-as. for q.e. x € §2, which leads to the
desired result. O

Let 787, g > 0, denote the set of all functions u € C(§2) such that for g.e. x € 2,

Exsup |u(X;)|? < +o0,

t>0

and let HILC (£2) denote the space of all Borel measurable functions on §2 for which there
exists a quasi-total family {Uq, « € I} (i.e., cap(§2 \ (U,e; Ux)) = 0) of finely open subsets
of £2 such that for every o € I, there exists a function uy € H(} (£2) such that u = u, q.e.
on U,. For any function u € Hch(Q)a one can define its gradient as

Vu = Vuy on U,.

For an arbitrary sequence {x,} of elements of some linear space, we set

Xptxp 4 X
ox({xn}) = X , k>0

Theorem 3.5 Assume that (Al)-(A4) are satisfied. Then there exists a solution u of (1.1)
such that u € FS9 for q € (0, 1), u € H! (2) and

t
M,:/Vu(Xg)ng, t>0, Peas.
0

forqg.e x € £2.

Proof Let T,, r > 0, denote the truncature operator, i.e.

ry
lylvr

T, (y) = , yeRL

Put f,, = T,,(f), n € N. Then f; is bounded and satisfies (A4). Let { F;,} be a generalized
nest such that u, = 1f, - n € H~Y(£2), n € N (for the existence of such family see [7,
Theorem 2.2.4]). It is well known that there exists a solution u,, € HO1 (£2) of (1.1) with f, in
place of f and i, in place of x. By Klimsiak and Rozkosz [11], u,, € FS? and there exists
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M" € M? such that for ge.x € £2,
TAC YINS
un(Xy) = un(Xrag) + / I un) (Xo) do + / dAy"
t

t
TAE

—/dMg, 0<t<T <o0, Pas.
t

Asin [7, page 201]) one can check that the CAFs fo f,{‘ (uy)(Xp) do, Af” are of zero energy.
It follows from uniqueness of the Fukushima decomposition and Lemma 3.3 that for q.e.
x € $2,

12
M} :/Vu,,(Xg)ng, t >0, Py-as.
0

Since u, is of class (FD) and u,, € Co(£2), in much the same way as in the proof of (2.11),
we show that

¢
lun (X)] < Ex/dlA”Iz (3.3)
0

for q.e. x € £2. Write
¢
v(x) = Ex/d|A“|,.
0

By Klimsiak and Rozkosz [11], v € FS8%, g € (0, 1), for every k > 0, Tx(v) € HO1 (£2)
and v is of class (FD). Let Gx = {|v| < k}. Since v is quasi-continuous, G is finely open.
Moreover, the family {Gy} is quasi-total. Let us put

7, = inf{t > 0; X; € G}.
By Itd’s formula, for g.e. x € §2, we have

AT

lun (x)|* + E / |Vaun | (X,) dt

AT

= Exlun(Xono)* + 2Ex / (f" un)(X0), un(Xy)) dt

CATk
+2E, / (un(X,), dAY).
0
By the definition of %, (3.3) and (A4), for q.e. x € 2,
ATk CATE
E. / [Vun(X)|?dt < 2k + 2kE, / d|A*|,. (3.4)
0 0
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Since §2 is bounded, there exists R > 0 such that 2 C B(0, R). Hence,
Ey{ < Extpo.r) < C(d)(R* — |x[*) (3.5)

for every x € £2 (for the last inequality see, e.g., [8, page 253]). From (2.4) and (3.5), it
follows in particular that for every f € B*(£2) and . € S,

¢
En / f(X)dAY < C(R2.DIIf - mlrv. (3.6)
0
where || - [|[Tv denotes the total variation norm. By (3.4) and (3.6),
[
E, / Vi (X)? di < 2km(82) + 2ke|u|(£2). (3.7)
0

Since Gy is finely open, it follows from [7, Theorem 4.2.2] that £, is a Dirichlet form on
L?(Gy: m) and the semigroup {ptG", t > 0} is determined by the process XGr (see (2.13)).
Therefore, for every f € L*(Gy: m),
AL
R f(x) = Ex / f(Xp)di
0

form-a.e.x € Gi.Moreover, by [7, Theorem 4.4.4], £g, is transientand D[Eg, ]| = HO1 (Gp).
Therefore, from (3.7), it follows that

sup IR (1Vunl Pl 1 (i) < +00. (3.8)
n>
On the other hand, by [7, Lemma 5.1.10],

IR (IVun DIt (2em) = / |Vin () ROE1(y) m(dy).
G

Since ROk1 € D[&g,] = H)(G) C Hy($2) and |u,(x)| < k on Gy for ge. x € £2, we
conclude from the above estimate that

sup/ IV(un - REDP(y)dy < +00. (3.9)
n>1 o

Since L%(£2: m) has the Banach-Saks property, it follows from (3.9) that one can choose a
subsequence (still denoted by {n}) such that o, ({V (1, - RGk1))) is convergent in L2(2;m)
for every k > 1. By [7, Theorem 2.1.4], one can find a further subsequence (still denoted
by {n}) such that {o, ({u, R®*1})} is convergent q.e. for every k > 1. Since Gy is finely
open, ROt 1(x) = E.(tx A ¢) > 0 q.e. on Gi. Therefore, {0, ({u,})} is convergent g.e. on
£2. Setu(s, x) = limsup,_, | o, 0, ({us})(s, x) for (s, x) € £2. Since RGk1 € HOl (£2), uis
quasi-continuous. Using this and the fact that R®*1 > 0 q.e. on G, we see that one can find
a quasi-total family {G} such that for every k > 1,

/ 100 ([Vitn}) — 0m (Vi D P() dy — 0

Gi
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as n — +oo. Therefore, we may define a measurable function w : 2 — R” x R4 such that
Wi, = limy—s o0 00 ({Vuy}) in L*(Gy:m) forevery k > 1. Letus fixa > Oand v € Ség)
(see [7, Section 2]). Then

Tk

Tk
P, /|w(Xt)|2dz >al < a_]Ev/lék|w(X,)|2dt
0 0

= o~ (v, RO (15, w?))
= a_l(RG"v, 1ka2)

< a—‘||Rv||oo/|w<y)|2dy.
&

Similarly,

=

P, /|<on({wn}> —w)(X)Pdr > o | < a—‘uRvnoo/ lon ({(Vun ) () = wy)I* dy,
0 G

which converges to 0 as n — oco. Using the above two inequalities and the Borel-Cantelli

lemma, one can show that Py (fOT lw(X)|*>dr < 400, T > 0) = 1 for g.e. x € §2 and there
exists a subsequence (still denoted by {n}) such that for every T > 0,

/ 0n(Vitn))(X,) dB, — / w(X,) dB, (3.10)
0 0

uniformly on [0, 7] in probability P, for q.e. x € 2 (see the proof of [7, Theorem 5.2.1]).
Furthermore, by (3.9), the Rellich—Kondrachov theorem and the fact that RG1 >0 g.e. on
Gy and {Gy} is a quasi-total family, we conclude that there exists a subsequence (still denoted
by {n}) such that u,, — u m-a.e. Hence, by Lemma 3.4, forn > k and 0 < t < ¢, we have

Tk AT
P, / I ) — F@)(XDldt >
0
T N\T
= P / [(f (un) — f)(Xp)|dt > ¢
0
Tk NT
=Py / L, <y Luy <y | O ) — fF))(Xp)|dt > & |,
0

which for g.e. x € £2 converges to 0 as n — +o00. From this, we conclude that for q.e.
x € 82,

/ |(fu(un) = f@))(Xp)|dr — O G.1D)
0
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uniformly on [0, 7] in probability P, for every 0 < t < ¢. Moreover,

N4

on({upD(Xy) = 0 ({un})) (X1 A7) + / Un({fn(“n)})(XG)de

t
T AT T At

+ / on({dAy"}) — / on({Vun})(Xg) dBg (3.12)
t 1
and without loss of generality (see [7, Theorem 4.1.1]), we may assume that o, ({u,}) is
convergent on £2 except for some properly exceptional set N C £2 (see (2.2)). Therefore
letting n — oo in (3.12) and using (3.10), (3.11) we see that for every T > 0,

TAT T At
u(X)) = u(Xrao) + / f(u)(Xg)dH—i—/dAg
t

t
TAT

- / w(Xg)dBg, 0<t<T AT, Py-as.
t
forq.e.x € £2.Fromthis, we get (2.8). From (2.8), the fact that |u(X;)| < |[v(X;)|, t = 0, Py-
a.s. for gq.e. x € £ and Remark 2.2 it follows that u is a solution of (1.1), u € FS? for
g € (0, 1) and u is of class (FD). By (3.8), {|Vu,|*T, (R 1)}, is bounded in L'(£2; m) for
every r > 0. Since RCr1 € D[&g, ], T, (RC1) € D[&g, 1. From this, we conclude that

n>1

sup / IV (un T, (RE$1)) 2 (y) dy < 400,
2

which implies that u7,(R*1) € HJ(£2) for every r > 0 and k > 0. Since R 1 is
quasi-continuous and positive q.e. on Gg, {R®*1 > r,k > 1,r > 0} forms a finely open
quasi-total family. This shows that u € HILC(Q) and w = Vu since r ~'uT, (RO*1) = u qee.
on {R% > r}. m]

4 Analytic solutions

To formulate the definition of a solution of (1.1) in the analytic sense, we will need the
following lemma.

Lemma 4.1 Let v be a smooth measure on 2. Then there exists a finely open quasi-total
Sfamily {G} such that 1, ju € H™Y(£2) for every k > 0.

Proof The proof is a slight modification of the proof of [7, Lemma 5.1.7]. Let f be a Borel
bounded positive function and let

$(x) = E / e f(X,) di,
0

where A = A*. Then ¢ = Rf‘ f, where {R,f} is the resolvent associated with the perturbed
form (see [7]). It follows in particular that ¢ is quasi-continuous. Put

Gr=f{xe2;6(x) >k "}, w=1g, -
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Since f is positive and ¢ is quasi-continuous, {Gy} is a finely open quasi-total family. We
have

¢ ¢
Ripi(x) = Ex/e_lle (X)) dA; = kEx/e_lti)(X)dAz <kR'f(x),
0 0

the last inequality being a consequence of [7, Lemma 5.1.5]. Since R' f € HO1 (£2), it follows
from Theorem 2.2.1 and Lemma 2.3.2 in [7] that Ry, € H(} (£2), hence that y € H™! (£2).
[}

Remark 4.2 Suppose that {Uy, a € Ti}, {Vg, B € T»} are two finely open quasi-total
families. Then there exists a finely open quasi-total family {W,,, y € T3} such that for every
y € T3 there exists a € T1, B € T, such that W), C U, N V. To see this, it suffices to take
=T xTrand {Wgp =U, NVg, a €Ty, B € Ir}.

From the definition of the space I:IILC(Q), Lemma 4.1 and Remark 4.2, it follows that for
given u € HILC(Q), fe quloc(.Q) and p € S, there exists a finely open quasi-total family
{Uy, @ € T} such that forevery o € T,

U = g q.e.on Uy for some uy, € HY(2), 1y, f € L>(2;m), 1y, -pe H'.(41)

In what follows we say that {Uy, o € T} is a finely open quasi-total family for the triple
(u, f. ) € HL.(£2) x gLL (£2) x Sif (4.1) is satisfied for every & € T.

Proposition 3.1 and Remark 3.2 suggest that the class I-III})C(.Q) N Cp($2) is too large to
get uniqueness of analytic solutions of (1.1) under (A4’), and secondly that the uniqueness
holds if we restrict the class of solutions to functions which additionally are of class (FD).
Unfortunately, we do not know how to define the class (FD) analytically. Therefore, to state
the definition of a solution of (1.1) in a purely analytic way, we introduce a class ¢/, which is
a bit narrower than (FD).

U ={u €Cy(£2) : |u| < v q.e., where v is a solution in the sense of duality (see [15]) of
the problem

1
_EAUZU in 2, v=0 on 082 4.2)

for some v € Mo p}.

Definition We say that u : 2 — R” is a solution of (1.1) in the analytic sense if

(@) uel,
(b) u € H}.(2)NCo(2), f(u) € gL} (£2),
(c) For some finely open quasi-total family {G;, [ > 1} for (u, f(u), p),

EWF v) = (F* @), v) 2@y + (o). v € HY(G)) (4.3)
foreveryk =1,...,nand!l > 1.

Example 4.3 Let 2, ubeasinRemark3.2andletG; = {x € B(0, 1); ™' < |x| < 1}.Then,
{Gy, | > 1} is afinely open quasi-total family for u, u € Hch(Q) NCo(£2) and EwX, v) =0
forv € HOl (Gy), i.e., u satisfies (b), (c) of the above definition with f = 0, u = 0. Of
course, v = 0 satisfies the same conditions, too.
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Lemma 4.4 [fu € HOl (£2) then u is of class (FD).

Proof Ifu € HO1 (£2), then u™ € H(} (£2), so we may assume that u > 0. Let v € H(; (£2)
be such that v > u q.e. and —Av > 0 in the distributional sense (one can, for example, take
v to be a solution of the obstacle problem with barrier «). Then, there exists a nonnegative
diffuse measure u € H~1(£2) such that —%Av =uin H~1(2). By Klimsiak and Rozkosz
[11], v is of class (FD), and hence, so is u. ]

Proposition 4.5 Assume that u € I-'I]LC(.Q) and f(u) € quloc. Then u satisfies (2.8) iff u
satisfies (4.3).

Proof Assume that u satisfies (2.8). Let {G;, [ > 1} be a finely open quasi-total family for
(u, f(u),n).Fixl e N, v e HO1 (Gy) and let T; = 76,. By (2.8), for q.e. x € £2 and every
0 <t <¢,wehave

TNT TNT

(X)) = u(Xgne) + / F@)(Xg)do + / dA

TNT
— / dMy, 0<t <t AT, Pp-as. “4.4)
t

Letu; € HO1 (£2) be such that u = u; q.e. on G;. Then by (4.4),

TAT AT AT
ur(x) = up(Xgar) + / f)(Xy)dr + / dA; — / dM;. 4.5
0 0 0

By the definition of 7; and the remark following (2.5),

TNT TNT

Ey / |f ) (X)) dt = E, / Lo, (X1 f (u)(Xp)|dr
0

< Ex [ 1g,1f ) (Xy)|dt < +o0,

O\w =

for g.e. x € £2. By Fatou’s lemma, Ej fOT’M | f(u)(Xy)|dt < 400 for qe. x € £2. Like-

wise, by the remark following (2.5), E, f(){ d|A*|; < 400 and, by [7, Theorem 4.3.2],
Exlu(Xgae)| < 400 for q.e. x € 2. Therefore, from (4.5), the fact that u; € Co(£2) (see
Remark 2.2) and u; is of class (FD) (see Lemma 4.4) it follows that for q.e. x € £2,

TN LIS
up(x) = Exui(Xyae) + Ex / f)(X,)dr + Ex / dA}. (4.6)
0 0

By (2.12) and (2.13), one can rewrite the above equation in the form
w(x) = (Hg,up) (x) + (R f ) (x) + (R 1) (x). 4.7
Hence,

ur, V) 2@umy = (He, (u1), V) 12(@um) + (RO f. V)p2(0im) T (R i, V) r2(2:m)s (4.8)
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that is
(ur — He, (1), ©) 12(@umy = (R £, 0) 12 @umy + (R 1, 0) 12(00m) (4.9)
forevery v € HO1 (Gy). Since v, uf — Hg, (uf‘) IS HO1 Gy C HO1 (£2),
(uf — Hg, (u}), v) 12(0:m) = EWf — Hg, (), R%v), k=1,...,n.
Moreover,
ES — Hg,uf), RGv) = £k, ROv), k=1,...,n,

because Hé (G;) and Hg\g, are orthogonal and ROy € HO1 (Gy). Using this and symmetry
of RY!, we conclude from (4.9) that

Ef, R9) = (f*w), R9v) 2gum + (1f ROV 1200y, k=1,....1,
hence that
E@W*, R9v) = (f*w), R90) 12 gumy + (W5, ROV 20y, k=1,....n (4.10)

since R%v € H{(G)). Finally, since (4.10) holds true for every v € H}(G)), | € N, and
RGI(H(% (Gy)) is a dense subset of HO1 (Gy) in the norm induced by the form &g, i.e., the
norm defined as ||v||5c, = &g, (v,v) + (v, V)2 m) forv € H(} (Gy), we conclude from

(4.10) that for every v € H}(G)),

EWX,v) = (F* @), v) p2iimy + W V) 2@y kK =1,..00m,

which shows that u satisfies (2.8).

Now, let us assume that u satisfies (4.3). Let {G;, [ > 1} be a finely open quasi-total
family for (u, f(u), n). Then, taking v = RG1y withv € MopN H~1(£2) as a test function
in (4.3) and reversing the steps of the proof of (4.10), we get (4.8) with v replaced by v and
with the duality (-, -) in place of (-, ) 12(0.m), 1-€-

(ur, v) = (Hg, (up), v) + (R f,v) + (RO iy, v).

By [7, Theorem 2.2.3], this implies (4.7), which in turn gives (4.6). Now, we show that (4.6)
implies (4.4). To this end, let us first note that by [7, Theorem 4.1.1] one can assume that
(4.6) holds except for some properly exceptional set. Let t € 7 be suchthat0 <t < 7y A ¢.
Then

TN L7YS
ui(Xe) = Ex.u1(Xqng) + Ex. / Fa0(X,)dr + Ex, / dAF, Pias.
0 0

Let {6;, t > 0} denote the family of shift operators. By the strong Markov property and the
factthat (; AC) o0 + T =17 AC,

TNE TNE
u(X;) = Ex uz(erc)-i-/f(u)(Xt)df+/dA§L|7:f s Pr-as.
T T
Write
TN TN
M = E, /f(u)(X@)dl‘-i-/dAgU‘—t —u;(Xo), t=0.
0 0
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By [7, Lemma A.3.5], M"* has a continuous version M’ which does not depend on x. Observe
that M' is a MAF of X and

T T

u,(X,):u(xo)—/f(u)(x,)dt—/dA;‘+/dM,’, Pye-as.
0

0 0

Since the above equality is satisfied for every T € 7 such that 0 < 7 < 77 A £, we can assert
that

1 t

t
u(Xy) :u(Xo)—/f(u)(Xg)dG —/dAng/dMg, 0<t<yAL, Po-as.
0 0 0

Without loss of generality, we may assume that the family {G;, [ > 1} is ascending. Then,
by [7, Lemma 5.5.1], M,l = M,[+1, 0 < t < 7. Therefore, the process M defined as
M; = limj_ 4o M!, t > 0, is well defined, and M is a local MAF of X and

t t t
ur(X;) = u(Xo) —/f(u)(Xe)dQ —/dAg +/dM9, O<t=ung Peas,
0 0 0

which implies (4.4). Finally, letting [ — 400 in (4.4), we get (2.8). ]
Proposition 4.6 Ifu € U then u is of class (FD).

Proof From Klimsiak and Rozkosz [11], it follows that if v € My, then the solution of
(4.2) in the sense of duality is of class (FD). This implies the desired result. ]

Corollary 4.7 Assume that f satisfies (A4’). Then there exists at most one analytic solution
of (1.1).

Proof Follows from Propositions 3.1, 4.5, and 4.6. O
Remark 4.8 From Lemma 3.3, it follows that the martingale M from Proposition 4.5 has the

representation
t
M, :/Vu(Xg)ng, t >0, Py-as.
0
forq.e.x € £2.
In the following, three propositions by a solution of (1.1) we mean either probabilistic
solution or analytic solution.

Let us recall that by 7,, we denote the truncature operator defined in the proof of Theo-
rem 3.5.

Proposition 4.9 Assume that u is a solution of (1.1) such that f(u) € L'(82; m). Then
T, (u) € Hol(.Q)for everyr >0, u € Wol’q(.Q)forq e[l, ddj) and

W, v) = (@), v) 2o + 0. ib), veCEE), k=1,....n. @11
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Proof Since f(u) € L'(2;m) and u € Moy, Ex [y |f)(X)|dt < +oo and
E, f(); d|A*|; < o0 for q.e. x € £2 (see the remark following (2.5)). Using this and
the fact that u is of class (FD), we conclude from (2.9) that

¢ ¢
u(x) = Ex/f(u)(Xr)dt-FEx/dAfL
0 0

for g.e. x € §2. From the results proved in Klimsiak and Rozkosz [11], it follows now that
u is a solution of (1.1) in the sense of duality (see [15]). Consequently, u satisfies (4.11).

Moreover, by Stampacchia [15], u € WOI’q (£2) with 1 < ¢ < d/(d — 1), while by Dal Maso
etal. [3], T, (u) € H(} (£2) for every r > 0. O

We do notknow whether under (A4) the function f (u) is integrable. We can show, however,
that it is integrable under stronger than (A4) condition (A4”).

Proposition 4.10 Let assumption (A4”) hold and let u be a solution of (1.1). Then f(u) €
L'(2;m), (4.11) is satisfied and

L@l 1 (@omy < lliTy-
Proof Since u is a solution of (1.1), u* is a solution of the scalar equation

—3Auk = g*(x, uf) + ik in 2,

k=0 on 082,
where gk 12 xR — R, gk(x, 1) = f"(x, W (x), .. w8 uf T ), L ().
Observe that by (A4”), g¥(x, 1) -t < 0 for a.e. x € £2 and every ¢ € R. Therefore, by [11,
Lemma 2.3] (in [11, Lemma 2.3], it is assumed that gk (x, -) is monotone but as a matter of

fact in the proof only the sign condition formulated above is used) and Proposition 4.5, for
every T € 7 suchthat 0 < 7 < ¢, we have

T

T
k
Ex/|gk<xz,uk(xt))|dr < Ex|uk(xf)|+Ex/d|A“ B
0 0

forq.e. x € £2. Let {tx} C 7 be such that 0 < 7 < ¢ and 7z — ¢. Replacing 7 by 7} in the
above inequality, passing to the limit and using the fact that u is of class (FD) and u € Co(£2),
we get

¢ ¢
k
Ex/|gk<xz,uk(xt>)|dr < Ex/dm*‘ .
0 0

By the above and [11, Lemma 5.4],

@O L1 2omy = 185 @O L1 emy < N5 TV,

which implies the desired inequality. That (4.11) is satisfied now follows from Proposition 4.9.
o

Finally, we show that if the right-hand side of (1.1) satisfies the uniform angle condition
(AS), then Stampacchia’s estimate (1.5) holds for every solution of (1.1).
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Proposition 4.11 Assume (AS). If u is a solution of (1.1) then
1F Lt 2omy < @ llily-

Proof Using the It6-Tanaka formula, we get the first inequality in (2.10). From this inequality,
the fact that u is of class (FD), u € Cy(£2) and (AS5) one can conclude that for every t € 7
suchthat0 <7 < ¢,

T ¢
Ex/|f(14)(xt)|df EOFlEx/d|AM|r
0 0

for g.e. x € £2. The desired inequality now follows from Fatou’s lemma and [11, Lemma
54]. O
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