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Abstract The aim of this paper is to define and study the 3-category of extensions of Picard
2-stacks over a site S and to furnish a geometrical description of the cohomology groups
Ext’ of length 3 complexes of abelian sheaves. More precisely, our main theorem furnishes
(1) a parametrization of the equivalence classes of objects, 1-arrows, 2-arrows, and 3-arrows
of the 3-category of extensions of Picard 2-stacks by the cohomology groups Ext’, and
(2) a geometrical description of the cohomology groups Ext’ of length 3 complexes of abelian
sheaves via extensions of Picard 2-stacks. To this end, we use the triequivalence between
the 3-category 2PicarD(S) of Picard 2-stacks and the tricategory 7129(S) of length 3
complexes of abelian sheaves over S introduced by the second author in [12], and we define
the notion of extension in this tricategory 71=291(S), getting a pure algebraic analog of the
3-category of extensions of Picard 2-stacks. The calculus of fractions that we use to define
extensions in the tricategory 71=2:91(S) plays a central role in the proof of our main theorem.
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1 Introduction

LetSbe asite. A Picard S-2-stack P is an S-2-stack in 2-groupoids equipped with a morphism
of 2-stacks ® : P x P — PP expressing the group law and two natural 2-transformations a
and C expressing the associativity and commutativity constraints for the group law ®, such
that for any object U of S, P(U) is a Picard 2-category (i.e., it is possible to make the sum
of two objects of P(U) and this sum is associative and commutative). Picard 2-stacks form a
3-category 2P1carD(S) whose hom-2-groupoid consists of additive 2-functors, morphisms
of additive 2-functors and modifications of morphisms of additive 2-functors.

As Picard S-stacks are the categorical analogs of length 2 complexes of abelian sheaves
over S, the concept of Picard S-2-stacks is the categorical analog of length 3 complexes of
abelian sheaves over S. In factin [12], the second author proves the existence of an equivalence
of categories

25t : pI=2.01(§) ——>2Picarp™(S),

between the full subcategory DI=2-91(S) of the derived category D(S) of complexes of abelian
sheaves over S such that H(A) # 0 for i = 0, 1, 2, and the category of Picard 2-stacks
2P1carp” (S) obtained form the 3-category 2PicArD(S) by taking as objects the Picard
2-stacks and as arrows the equivalence classes of additive 2-functors, i.e., the 2-isomorphism
classes (up to modifications) of additive 2-functors (remark that morphisms of additive 2-
functors are not strictly invertible, but just invertible up to modifications). We denote by [ 1"
the inverse equivalence of 2st”. This equivalence of categories 2st” generalizes to Picard
2-stacks Deligne’s result for Picard stacks [8, Proposition 1.4.15].

In this paper, we define and study extensions of Picard 2-stacks. If A and B are two
Picard 2-stacks over S, an extension of A by B consists of a Picard 2-stack E, two additive
2-functors I : B— E and J : E— A, a morphism of additive 2-functors J o I = 0, such
that the following equivalent conditions are satisfied:

e 1o(J) : mp(E) — mo(A) is surjective and / induces an equivalence of Picard 2-stacks
between B and Ker(J);

e m(I) : my(B) — mo(E) is injective and J induces an equivalence of Picard 2-stacks
between Coker(/) and A.

The extensions of A by B form a 3-category £xt(A, B) where the objects are extensions of A
by B, the 1-arrows are morphisms of extensions, the 2-arrows are 2-morphisms of extensions
and the 3-arrows are 3-morphisms of extensions (see Definitions 5.1, 5.2, 5.4, 5.5).

Although regular morphisms of length 3 complexes of abelian sheaves induce additive
2-functors between Picard 2-stacks, not all of them are obtained in this way. In order to
resolve this problem, in [12] the second author introduces the tricategory 71-201(S) of
length 3 complexes of abelian sheaves over S, in which arrows between length 3 complexes
are fractions, and he shows that there is a triequivalence

2st: 71-2.01(§)——=2Picarp(S),
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between the tricategory 71=2%/(S) and the 3-category 2PicarD(S) of Picard 2-stacks. In
this paper, we define also the notion of extension of length 3 complexes in the tricategory
T1=2.01(S): If A and B be two length 3 complexes of abelian sheaves over the site S, an
extension of A by B consists of a length 3 complex of abelian sheaves E, two fractions
i = (qi,M,p;)) : B>FEand j = (qj,N,pj) : E—~ A, a l-arrow of fractions R =
(r, R, ') : j©oi=>0, such that the following equivalent conditions are satisfied:

° Ho(pj) o (H° (qj))’1 :HY(E)—> H%A) is surjective and i induces a quasi-isomorphism
between B and 1<o(MC(p;)[—1]);

o H2 (pi) o (H? R H2(B) > H %(E) is injective and j induces a quasi-
isomorphism between 7=_>(MC(p;)) and A,

where ¢ represents the fraction composition.

The extensions of A by B in 7=2:01(S) form a tricategory Ext(A, B) where the objects
are extensions of A by B, the 1-arrows are morphisms of extensions, the 2-arrows are 2-
morphisms of extensions and the 3-arrows are 3-morphisms of extensions (see Definitions
6.1, 6.2, 6.3, 6.4). The tricategory Ext(A, B) is the pure algebraic analog of the 3-category
Ext(A, B) of extensions of Picard 2-stacks.

We introduce the notions of product, fibered product, called also pullback, and fibered
sum, called also pushdown, of Picard 2-stacks (respectively of length 3 complexes). Remark
that when we define the fibered product (respectively the fibered sum) of length 3 complexes
we are actually computing certain homotopy limits (respectively colimits) of complexes by
using the equivalence between such complexes and Picard 2-stacks.

We define the following groups:

o Ext!(A, B) is the group of equivalence classes of objects of Ext(A, B);

o ExtO(A, B) is the group of 2-isomorphism classes of morphisms of extensions from an
extension [E of A by B to itself;

o Ext™I(A, B) is the group of 3-isomorphism classes of 2-automorphisms of morphisms
of extensions from E to itself; and finally,

o Ext™2(A, B) is the group of 3-automorphisms classes of 2-automorphisms of morphisms
of extensions from E to itself.

The group structure on the Exti(A,B) fori = 1,0, —1, —2 is defined in the following
way: Using pullbacks and pushdowns of Picard 2-stacks, we introduce the notion of sum
of two extensions of A by B which furnishes the abelian group structure on Ext!(A, B).
The 2-stack Homgy((E, E) of morphisms of extensions from an extension E of A by B to
itself is endowed with a Picard structure and so its homotopy groups 7; (Homgy (E, E)) for
i =0, 1, 2 are abelian groups. Since by definition

Ext™H(A, B) = m; (Homgy (E, E))

we have that the Ext! (A, B) fori = 0, —1, —2 are abelian groups.
We can finally state our main Theorem which can be read from left to right and from right
to left furnishing, respectively

1. a parametrization of the elements of £xt’ (A, B) by the cohomology groups Ext’ ([A]”,
[B]bb), and so in particular a parametrization of the equivalence classes of extensions of
A by B by the cohomology group Ext! ([A]”", [B]”");

2. a geometrical description of the cohomology groups Ext’ of length 3 complexes of
abelian sheaves via extensions of Picard 2-stacks.

@ Springer



294 C. Bertolin, A. E. Tatar

Theorem 1.1 Let A and B be two Picard 2-stacks. Then fori = 1,0, —1, =2, we have the
following isomorphisms of groups

Ext' (A, B) = Ext' ([A]”, [B]”") = Hompgs) ([A1”, [B]”[i]).

The use of the tricategory 71-2%(S) and in particular the use of fractions as arrows
between length 3 complexes instead of regular morphisms of complexes play a central role
in the proof of this main Theorem.

Picard 3-stacks are not defined yet. Assuming their existence, the group law that we define
for equivalence classes of extensions of Picard 2-stacks should furnish a structure of Picard
3-stack on the 3-category £xt(A, B). In this setting, our main Theorem 1.1 says that the Picard
3-stack Ext(A, B) is equivalent to the Picard 3-stack associated to the object

t-oRHom ([A]”, [B]”[1]),

of DI=3-01(S) via the generalization of the equivalence 2st”” to Picard 3-stacks and length 4
complexes of abelian sheaves. More generally, we expect that extensions of Picard n-stacks
of A by B build a Picard (n + 1)-stack which should be equivalent to the Picard (n + 1)-stack
associated to the object T<oRHom ([A], [B][1]) of DI=""T1-91(S) via the generalization of
the equivalence 2st” to Picard (n + 1)-stacks and length n +2 complexes of abelian sheaves.
Moreover, always in the setting of Picard 3-stacks, in order to define the groups Ext' (A, B)
we could use the homotopy groups 7; for i = 0, 1, 2, 3 of the Picard 3-stack Ext(A, B).
In fact we have

Ext'(A,B) = m_j 1 (Ext(A,B)) for i=1,0,—1,-2.

Another consequence of the group law defined on £xt! (A, B) is that for three Picard 2-
stacks O, A and B, we have the equivalences of 3-categories Ext(0Q x A, B) = Ext(0, B) x
Ext(A, B) and Ext(O, A x B) = Ext(O, A) x Ext(O, B), which imply the following decom-
position for the cohomological groups Ext! fori = 1,0, —1, —2:

Ext' ([01” x [A]”, [B]") = Ext' (0], [B]”) x Ext' ([A]”", [B]"),
Ext' ([0]”, [A]” x [B]”) = Ext' ([0]”, [A]") x Ext' ([0]”, [B]").

All the definitions we have introduced in this paper for Picard 2-stacks and for length
3 complexes of abelian sheaves generalize the classical definitions for abelian groups and
abelian sheaves, respectively; for example, our definition of pullback of length 3 complexes
reduces to the classical notion of pullback of abelian sheaves if we consider the special case
of length 3 complexes concentrated only in degree 0 (i.e., A™> = A~! = 0 and A° # 0).

We study also the relations between the homotopy groups 7; of the Picard 2-stacks A, B
and the homotopy groups 7; of the extensions of A by B. We get a long exact sequence of
abelian sheaves (9.1) which we see as a confirmation that our definition of extension of Picard
2-stacks works.

We hope that this work will shed some light on the notions of “pullback,” “pushdown,”
and “extension” for higher categories with group-like operation. In particular, we pay a lot of
attention to write down the proofs in such a way that they can be easily generalized to Picard
n-stacks and length n+1 complexes of abelian sheaves.

The most relevant ancestors of this paper are [3] where the first author studies the homo-
logical interpretation of extensions of Picard stacks (i.e., she proves Theorem 1.1 for Picard
stacks), and [5] where D. Bourn and E. M. Vitale study extensions of symmetric categorical
groups, together with their pullback, pushdown and sum.
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The study of extensions of Picard n-stacks has important applications in the theory of
motives: for example, in [4] the first author uses extensions of Picard stacks in order to prove
Deligne’s conjecture on extensions of 1-motives (recall that a 1-motive can be seen as a
complex of abelian sheaves of length 2).

This paper is organized as follows: In Sect. 3, we recall some basic definitions and results
on the 3-category 2P1carD(S) of Picard 2-stacks. In Sect. 4, we introduce the notions of
product, pullback and pushdown for Picard 2-stacks and for length 3 complexes of abelian
sheaves in the tricategory 7 (=2.0] (S). In Sect. 5, we define extensions of Picard 2-stacks,
morphisms, 2-morphisms and 3-morphisms of extensions of Picard 2-stacks, getting the 3-
category Extrpicarn(s) Of extensions of Picard 2-stacks. In Sect. 6, we introduce extensions of
length 3 complexes in the tricategory 7'=2%(S), morphisms, 2-morphisms and 3-morphisms
of such extensions in 71=>%1(S), getting the tricategory Extri—2.0] (s) of extensions of length
3 complexes in 717201(S). Section 6 is the algebraic counter part of Sect. 5; in fact, the
triequivalence 2st between the tricategory 71-2-01(S) and the 3-category 2PicarDp (S) induces
a triequivalence between Extri-20g) and Extypicarn(s). Using the results of Sect. 4, in
Sect. 7, we introduce the notions of pullback and pushdown of extensions of Picard 2-stacks
which allow us to define an abelian group law on the set £xt! (A, B) of equivalence classes of
extensions of Picard 2-stacks. This group law is a categorification of the abelian group law
on the set of equivalence classes of extensions of abelian groups, known as the Baer sum. In
Sect. 8, we finally prove our main Theorem. In Appendix 9, we get a long exact sequence
involving the homotopy groups m; of an extension of Picard 2-stacks. In Appendix 10 we
sketch the proof of the fact that the fibered sum of Picard 2-stacks satisfies the universal

property.

2 Notation

A strict 2-category (just called 2-category) A = (A, C(a, b), Ka b, Us)a.b,cca 1s given by
the following data: a set A of objects a, b, c, .. .; for each ordered pair (a, b) of objects of
A, a category C(a, b); for each ordered triple (a, b, ¢) of objects A, a composition functor
Kupe: C,c) x C(a,b)— C(a, c), that satisfies the associativity law; for each object
a, a unit functor U, : 1 — C(a, a) where 1 is the terminal category that provides a left and
right identity for the composition functor.

This set of axioms for a 2-category is exactly like the set of axioms for a category in which
the collection of arrows Hom(a, b) have been replaced by the categories C(a, b). We call
the categories C (a, b) (with a, b € A) the hom-categories of the 2-category A: the objects of
C(a, b) are the I-arrows of A and the arrows of C(a, b) are the 2-arrows of A. A 2-groupoid
is a 2-category whose 1-arrows are invertible up to a 2-arrow and whose 2-arrows are strictly
invertible.

A bicategory is weakened version of a 2-category in the following sense: instead of
requiring that the associativity and unit laws for arrows hold as equations, one requires merely
that they hold up to isomorphisms (see [2]). A bigroupoid is a bicategory whose 1-arrows are
invertible up to a 2-arrow and whose 2-arrows are strictly invertible. The difference between
2-groupoid and bigroupoid is just the underlying 2-categorical structure: one is strict and the
other is weak.

For more details about 2-categories and for other 2-categorical structures such as
2-functors and natural transformations of 2-functors, we refer to [11, Chapter 1].

A strict 3-category (just called 3-category) A = (A, C(a, b), Kup,c, Ua)a,b,cca 1S given
by the following data: a set A of objects a, b, c, .. .; for each ordered pair (a, b) of objects of
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A, a2-category C(a, b); for each ordered triple (a, b, c¢) of objects A, a composition 2-functor
Kap.e: Cb,c) x Cla,b) — C(a, c), that satisfies the associativity law; for each object
a, a unit 2-functor U, : 1 — C(a, a) where 1 is the terminal 2-category, that provides a left
and right identity for the composition 2-functor.

This set of axioms for a 3-category is exactly like the set of axioms for a category in
which the arrow-sets Hom(a, b) have been replaced by the 2-categories C(a, b). We call the
2-categories C(a, b) (with a, b € A) the hom-2-categories of the 3-category .A: the objects
of C(a, b) are the I-arrows of A, the 1-arrows of C(a, b) are the 2-arrows of A, and the
2-arrows of C(a, b) are the 3-arrows of A.

A tricategory is weakened version of a 3-category in the sense of [10]. We also use trifunc-
tor in the sense of [10]. A triequivalence of tricategories T : A — A’ is a trifunctor which
induces biequivalences T, : A(a, b) — A'(T (a), T (b)) between the hom-bicategories for
all objects a, b € A and such that every object in A’ is biequivalent in A’ to an object of the
form T (a) where a is an object in .A.

Let S be a site. For the notions of S-pre-stacks, S-stacks and morphisms of S-stacks we
refer to Chapter II 1.2. of [9]. An S-2-stack in 2-groupoids P is a fibered 2-category in 2-
groupoids over S such that for every pair of objects X, Y of the 2-category P(U), the fibered
category of morphisms Arrp)(X, Y) of P(U) is an S/ U-stack (called the S/U-stack of
morphisms), and 2-descent is effective for objects in P. See [11, §1.3] and [7, §6] for more
details.

Denote by IC(S) the category of complexes of abelian sheaves on the site S: all complexes
that we consider in this paper are cochain complexes. Let K[=2%(S) be the subcategory
of K(S) consisting of complexes K = (K');ez such that K/ = 0 fori # —2, —1 or 0.
The good truncation 7, K of a complex K of K(S) is the complex: (t<,K)' = K' for
i < n,(t<,K)" = ker(d") and (‘L’SHK)i = 0 for i > n. The bad truncation o<, K of a
complex K of K(S) is the complex: (osnK)i = K! fori < n and (O’SnK)i =0fori > n.
For any i € Z, the shift functor [i] : K(S) — K(S) acts on a complex K = (K"),cz as
(K[iD" = K" and df ;) = (—1)dH.

Denote by D(S) the derived category of the category of abelian sheaves on S, and let
DI=2.0K(S) be the full subcategory of D(S) consisting of complexes K such that HI(K) =0
fori # —2, —1or0.If K and L are complexes of D(S), the group Ext’ (K, L) is by definition
Homps) (K, L[i]) for any i € Z. Let RHom(—, —) be the derived functor of the bifunctor
Hom(—, —). The cohomology groups H! (RHom(K , L)) of RHom(K, L) are isomorphic to
HOIIID(S) (K, L[i]).

Let CI=29(S) be the 3-category whose objects are length 3 complexes of abelian sheaves
over S placed in degree -2,-1,0, and whose hom-2-groupoid Homei-2.01) (K, L) is the 2-
groupoid associated to T<o(Hom(K, L)) (see §3.1 [12] for an explicit description of this
3-category).

Denote by 7172.0(S) the tricategory whose objects are length 3 complexes of abelian
sheaves over S placed in degree -2,-1,0, and whose hom-bigroupoid Hom 712016 (K, L) is
the bigroupoid FRAC(K, L) defined as follows:

e an object of FRAC(K, L) is a triple (¢, M, p) : K Ly L, called fraction, where
M is a complex of abelian sheaves, p is a morphism of complexes and ¢ is a quasi-
isomorphism;

e a l-arrow between fractions (q1, M1, p1) = (q2, M2, p2), called I-arrow of fractions,
is a triple (r, N, s) with N a complex of abelian sheaves andr : N — My, s : N - M,
quasi-isomorphisms such thatgi os =g =g orand pjos = p = pror;
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e a 2-arrow between l-arrows of fractions (r{, Ny, s1) = (2, N2, $2), called 2-arrow of
fractions, is an isomorphism of complexes of abelian sheaves 7 : N| — N> such that the
diamond diagram (see [12, (4.2)]) commutes.

If (g1, M1, p1) is a fraction from K to L and (g2, M3, p») is a fraction from L to O, then
their composition (g2, M2, p2) ©(q1, My, p1) is the fraction K gL M| x1 M, paopr2 0.
The main property of FRAC(K, L) is that mo(FRAC(K, L)) = HOH]D[—Z,O](S)(K, L),

where 7y denotes the isomorphism classes of objects.

3 Recall on the 3-category of Picard 2-stacks

Let S be a site. A Picard S-2-stack P = (P, ®, a, €) is an S-2-stack in 2-groupoids equipped
with a morphism of 2-stacks ® : P x P — P, called group law of P, and with two natural 2-
transformations a : ®o(® xidp) = Qo (idpx®)andC : ®os = ® (heres(X, Y) = (¥, X))
expressing the associativity and the commutativity constraints of the group law of P, such
that P(U) is a Picard 2-category for any object U of S (see [6] for the definition of Picard
2-category).

Let (P, ®p, ap, Cp) and (Q, ®q, &g, Cg) be two Picard 2-stacks. An additive 2-functor
(F,AF) : P— Q is given by a morphism of 2-stacks F' : P— Q (i.e., a cartesian 2-functor)
and a natural 2-transformation Ay : ®goF 2 = Fo®p, which are compatible with the natural
2-transformations ap, Cp, g, Cg, i.e., which are compatible with the Picard structures carried
by the underlying 2-categories P(U) and Q(U).

Let (F,Ar),(G,Ag) : P— Q be additive 2-functors between Picard 2-stacks. A
morphism of additive 2-functors (6,T) : (F,,r)=(G, Ag) is given by a natural 2-
transformation of 2-stacks 6 : F' = G and a modification of 2-stacks I : Ag o ®q * 02 = 0 %
®p o Ar so that 0 and I are compatible with the additive structures of (F, Ar) and (G, Ag).

Let (01,T1), (62,T2): (F, Ar) =(G, Lg) be morphisms of additive 2-functors. A mod-
ification of morphisms of additive 2-functors (01, I'1) = (62, I'2) is given by a modification
Y 1 01 = 6> of 2-stacks such that (X * Qp)Ar o'y = T2 0 Ag (R * =2y,

Since Picard 2-stacks are fibered in 2-groupoids, morphisms of additive 2-functors are
invertible up to modifications of morphisms of additive 2-functors and modifications of
morphisms of additive 2-functors are strictly invertible.

Picard 2-stacks over S form a 3-category 2PicarD(S) whose objects are Picard 2-stacks
and whose hom-2-groupoid consists of additive 2-functors, morphisms of additive 2-functors,
and modifications of morphisms of additive 2-functors.

An equivalence of Picard 2-stacks between P and Q is an additive 2-functor F : P— Q
with F an equivalence of 2-stacks. Two Picard 2-stacks are equivalent as Picard 2-stacks if
there exists an equivalence of Picard 2-stacks between them.

Any Picard 2-stack admits a global neutral object e and the automorphisms of the neutral
object «7ut(e) form a Picard stack.

According to [6, sect. 8], for any Picard 2-stack P we define the homotopy groups ; (P)
fori =0, 1, 2 as follow

e 7o(PP) is the sheafification of the pre-sheaf which associates to each object U of S the
group of equivalence classes of objects of P(U);

e 11 (P) = mo(Hut(e)) with mo(/ut(e)) the sheafification of the pre-sheaf which asso-
ciates to each object U of S the group of isomorphism classes of objects of «ut(e)(U);

o m(P) = m (L ut(e)) with y (<7 ut(e)) the sheaf of automorphisms of the neutral object
of /ut(e).
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The algebraic counter part of Picard 2-stacks are the length 3 complexes of abelian sheaves.
In [12], the second author associates to a length 3 complex of abelian sheaves A a Picard
2-stack denoted by 2st(A) (see [12] for the details), getting a 3-functor 2st : cl=20S) —
2P1carD(S) from the 3-category Cl=201(S) to the 3-category of Picard 2-stacks. Although
morphisms of length 3 complexes of abelian sheaves induce additive 2-functors between the
associated Picard 2-stacks, not all of them are obtained in this way. In this sense, the 1-arrows
of CI=291(S) are not geometric and the reason is their strictness. We resolve this problem
by weakening the 3-category Cl=291(S), or in other words by introducing the tricategory
71-2.0K(S). In [12], Tatar shows

Theorem 3.1 The 3-functor
2st: 71-2.01(§)——=2Picarp(S), 3.1)

given by sending a length 3 complexes of abelian sheaves A to its associated Picard 2-

stacks 2st(A) = Tors(«/, A®) and a fraction A L M L B 1o the additive 2-functor
2st(p)2st(g) ™! : 2st(A) — 2st(B), is a triequivalence.

We denote by [ ] the inverse triequivalence of 2st. From this theorem, one can deduce that

Corollary 3.2 The 3-functor 2st induces an equivalence of categories
25" PI=2.01(§) ——>2Picarp™(S), (3.2)

where 2P1cArRD™ (S) is the category of Picard 2-stacks whose objects are Picard 2-stacks
and whose arrows are equivalence classes of additive 2-functors.

We denote by [ 1" the inverse equivalence of 2st”. The 3-functor 2st and the functor 2st*
coincide on objects, i.e., if A is a length 3 complex, 2st(A) = 2Stbb(A).
We have the following link between the sheaves m; associated to a Picard 2-stack P and

the sheaves H™* associated to a length 3 complex of abelian sheaves A in degrees -2,-1,0:
fori =0,1,2

() =H(P”") and 7 (2st(A)) = H ' (A).

Example 3.3 LetP and Q be two Picard 2-stacks. Denote by Homopicaro (s) (P, Q) the Picard
2-stack such that for any object U of S, the objects of the 2-category Homopicsrp (s) (P, Q)(U)
are additive 2-functors from P(U) to Q(U), its 1-arrows are morphisms of additive 2-functors
and its 2-arrows are modifications of morphisms of additive 2-functors. By [12, §4], in the
derived category D(S) we have the equality

[Homopicarn(s) (P, @1 = t<oRHom([P], [Q]).

With these notation, the hom-2-groupoid of two objects P and Q of the 3-category
2P1carD(S) is just Homopicarn(s) (P, Q).

4 Fundamental operations on Picard 2-stacks

Product of Picard 2-stacks
Let A and B be two Picard 2-stacks.

Definition 4.1 The product of A and B is the Picard 2-stack A x B defined as follows: for
any object U of S,
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e an object of the 2-groupoid (A x B)(U) is a pair (X, Y) of objects with X an object of
A(U) and Y an object of B(U);

e a l-arrow (X, Y)— (X', Y’) between two objects of (A x B)(U) is a pair (f, g) with
f:X—> X al-arrowof A(U)and g : Y — Y’ a 1-arrow of B(U);

e a2-arrow (f, g) =(f’, g') between two parallel 1-arrows of (A x B)(U) is a pair («, 8)
with o : f = f" a2-arrow of A(U) and B : g = g’ a 2-arrow of B(U).

Fibered product of Picard 2-stacks
Consider now two additive 2-functors F : A — Pand G : B — P between Picard
2-stacks.

Definition 4.2 The fibered product of A and B over PP is the Picard 2-stack A xp B defined
as follows: for any object U of S,

e an object of the 2-groupoid (A xp B)(U) is a triple (X, [, Y) where X is an object of
A(U), Y isan objectof B(U) and/ : FX — GY is a l-arrow in P(U);

e al-arrow (X1, !, Y1) = (X2, [, Y2) between two objects of (A xpB)(U) is given by the
triple (m, o, n) where m : X1 — Xz and n : Y1 — Y, are 1-arrows in A(U) and B(U),
respectively, and «: [ o Fm = Gn o[y is a 2-arrow in P(U);

e a2-arrow between two parallel 1-arrows (m, «, n), (m’, &', n’) : (X1, 11, Y1) => (X2, l2,
Y2) of (A xp B)(U) is given by the pair (8, ¢) where § : m = m’ and ¢ : n = n’ are 2-
arrowsin A(U) and B(U ), respectively, satisfying the equationa’o(lpx F0) = (Gl )oa
of 2-arrows.

The fibered product A xp B is also called the pullback F*B of B via F : A— P or
the pullback G*A of A via G : B— P. It is endowed with two additive 2-functors pr; :
AxpB— Aandpr, : AxpB — Bandamorphism of additive 2-functors 7 : Gopr, = Fopr.

The fibered product A xp B satisfies the following universal property: For every diagram

H,
C——=A
| o |
B T) P
there exists a 4-tuple (K, y1, y2, ®), where K: C— A xp B is an additive 2-functor,

y1:pr; o K= Hj and y»: pry o K = H> are two morphisms of additive 2-functors, and
® is a modification of morphisms of additive 2-functors

a G*ya
(Gpry)) K —= G(pr,K) —= GH>

n*Kﬂ/ 2 \H]T
(€]

(Fpr))K —= F(pr;K) =——= FH,
a Fxy

This universal property is unique in the following sense: For any other 4-tuple (K, y/, 5, ©")
as above, there exists a 3-tuple (¥, X1, ), where ¥ : K = K’ is a morphism of additive
2-functors, and X1, ¥, are two modifications of morphisms of additive 2-functors

pri*y pro*y
prlK:1> rlK przKé

i/ \Ez/
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satisfying the compatibility

(Gpry) K =2 G(pr, K) =GI™” OPY == (Gory) K =2 G(prK) —2> G Hy
(GP@)*W = G*(ll"ﬁ*w) ﬂTG*Ez n*K\H/ ‘m@ Mr

Fx
(Gpr)K' = GOonK) == Gl = Gk = (Fpr)K =2 Fpr K) == FH; (4.1)

axK' =

2
n*K’H/ ﬂT@’ \Hf (FPJ‘)*V/ = F*(P‘"‘I*‘/’) mF*Zl
U U
(Fpr)K :a>F(pr]K)F:*/1>FH1 >(Fprl)K :a>F(pr1K)____ Fay,
so that for another 3-tuple (', &7, Zé) as above, there exists a unique modification p :
Y = ' satisfying the following compatibilities fori = 1,2

pr*y

Y , pri*y ,
pr; K ﬁ pr; K pr; K ———= pr; K
N = £
Vi % v Vi i v
H; Hi

The cells with = in diagram (4.1) commute up to a natural modification due to the Picard
structure explained in Example 3.3.

Fibered product of length 3 complexes

Let f : A— P and g : B— P be two morphisms of complexes in K[=2%(S). In the
category of complexes K[=2%(S), the naive fibered product of A and B over P (i.c., the
degree by degree fibered product) is not the good notion of fibered product of complexes
since via the triequivalence of tricategories 2st (3.1) it doesn’t furnish the fibered product of
Picard 2-stacks. The good definition of fibered product in K[=2%1(S) is the following one:

Definition 4.3 The fibered product A xp B of A and B over P is the good truncation in
degree O of the mapping cone of f — g shifted of -1:

A xp B :=1<0(MC(f — &)[-1]).
_ra-2%4 4-1 24 40 _rp—225% p1t8 5o _rp-29% p-12 no
FA=[A23 A 'S5 AN B=(B22B 12 B0, P=[P 25 P13 PO

and f = (2, L Y A—> P, g=(g2 g ", ¢%: B— P, the complex A xp B =
7<0(MC(f — g)[—1]) is explicitly the length 3 complex

SAx pB AAxpB
(A24+B 2 @0———=A"+B )@ P 2——ker(0, f* — g° — Ap),
(4.2)

f2-g70
MxpB = ( batip 0 ) and the differential from (A + B®) @ P~' to 0 @ P°

where ker(0, f© — g — 2p) € (A% 4+ BY) @ P!, Sax,p = ( 54+ 08 0),

fl—gt —8p
is( 0 0 )
0—g% —ap )
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Proposition 4.4 Let A, B, and P be complexes in KI=291(S) and let F : 25t (A) — 2st**(P)
and G : 25t (B) — 2st” (P) be additive 2-functors induced by the morphisms of complexes
f:A—Pandg: B— P in KI=204S). Then we have the following equivalence of the
Picard 2-stacks

25t (A xp B) = 25t (A) Xy py 25t (B).
Proof To prove this proposition we construct two morphisms
©: 25" (A) Xy py 25t (B) —> 25t (A xp B),
W 25t (A x p B) —> 25t™ (A) X0 (p) 251" (B),

and show that @o W = Wo® = id. We first construct ®: Let Z = (V, — U) be a hypercover
of an object U of S (see [1, §2]) and let ((a, m, 0), (I, @), (b, n, ¢)) be a 2-descent datum
representing an object of 25t (A) X5 (P) ZStbb(B) over U relative to % (see [7, §6]); in
particular, (a, m, ) and (b, n, ¢) are 2-descent data representing objects of 25t (A) and
2st”(B), respectively, and ([, «): G(b, n, ¢) — F(a, m, 0) is a 1-arrow of 2st*(P) over U
relative to %, i.e., | € P~1(Vp) and @ € P~2(V}) such that

@) —g°b) = rp ),
FNm) — g7 () = 8p() + di () — df (),
with the property
F20) — 87%(@) = dj () — df (@) + dj ().

Confronting the above relations with the complex (4.2), we deduce that the collection
((a,b, ), (m,n, ), (6, ¢))isa2-descent datum representing an object of 25t (A x p B) over
U relative to % . We define ® ((a, m, 0), (I, «), (b, n, ¢)) = ((a, b, 1), (n,n, a), (0, ¢)).
Now we construct W: Let ((a’, b', 1), (m',n’, '), (0’, ¢")) be a 2-descent datum repre-
senting an object of 2st” (A x p B) over U relative to %. We define its image under W by
((@,m', 60", l',a"), ', n',¢"). It follows directly from the definitions of the morphisms
Vand Othat Wo ® = O o ¥ = id. O

We extend the discussion of fibered product of length 3 complexes of abelian sheaves to the
tricategory 71-20(S). Let f = (q7, M, py) be a fraction from A to P and g = (gg, N, pg)
be a fraction from B to P in 71-2:91(S).

Definition 4.5 The fibered product AX p B of A and B over P is the fibered product M x p N
of M and N over P via the morphisms of complexes ps: M — P and pg: N — P in the
sense of Definition 4.3:

ARp B:=M xp N =1<0(MC(ps — po)[—1]).

Using Proposition 4.4 and the fact that M and N are quasi-isomorphic to A and B,
respectively, we get that the notion of fibered product of complexes in the tricategory
T1=2.01(S) corresponds to the notion of fibered product of Picard 2-stacks in 2PicarRD(S):
2st(A Xp B) = 2st(A) Xos(p)y 25t(B).

Fibered sum of length 3 complexes

The dual notion of fibered product of complexes is fibered sum. Let f : P — A and
g : P — B be two morphisms of complexes in KI=29(S). In the category of complexes
KL=201(S), the naive fibered sum of A and B under P (i.e., the fibered sum degree by degree)
is not the good notion of fibered sum for complexes. The good definition is
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Definition 4.6 The fibered sum A+* B of A and B under P is the good truncation in degree
-2 of the mapping cone of f — g:

A+P B = 1o ,(MC(f - 9)).

As in the case of fibered products, we extend the definition of fibered sum to complexes in
T1=2.0(S). Let f = (qr, M, py)beafraction from P to Aand g = (g4, N, pg) be afraction
from P to B in T71=2%(S). The complexes A and B are not under a common complex, but
under the complexes M and N which are quasi-isomorphic to P. So to define the fibered
sum of A and B under P, we first make the fibered product M xp N of M and N over
P via the morphisms of complexes g¢: M — P and g, : N — P in the sense of Definition
4.3. We denote by pry;: M xp N — M and by pry,: M xp N — N the natural projections
underlying the fibered product M x p N. Then, we define

Definition 4.7 The fibered sum ABY B of A and B under P is the fibered sum A +">?N B
of A and B under M x p N via the morphisms of complexes ps opry,: M xp N — A and
pgopry: M xp N— B in the sense of Definition 4.6:

ABP B:=A4M*PN B — =2 (MC(pyf o pry; — pg o pry)).

Fibered sum of Picard 2-stacks

To define fibered sum of Picard 2-stacks one needs the 2-stackification process. We cir-
cumvent this process, which is yet to be defined, by defining the fibered sum of two Picard
2-stacks in 2P1cArRD(S) as the image, under the triequivalence of tricategories (3.1), of the
fibered sum of the corresponding complexes in 71-201(S).

Definition 4.8 The fibered sum A +PB of A and B under P is the Picard 2-stack 2st([A] mF
[BD).

The fibered sum A +F B is also called the pushdown F.B of B via F : P— A or the
pushdown G A of A via G: P— B. It is endowed with two additive 2-functors incy :
A— A+PBandinc,: B— A+FBand witha morphism of additive 2-functors ¢ : inc,0 G =
incy o F. Moreover it satisfies the dual universal property of the fibered product. In Appen-
dix 10 we state this universal property and we sketch the proof of the fact that the fibered
sum A +P B satisfies this universal property.

Examples

Let A and B be two Picard 2-stacks and F : A — B be an additive 2-functor. We denote
by 0 the Picard 2-stack whose only object is the unit object and whose only 1- and 2-arrows
are identities.

Definition 4.9 The homotopy kernel Ker(F) of F is the fibered product A xp 0 via the
additive 2-functor F : A — B and the additive 2-functor 0 — B. The homotopy cokernel
Coker(F) of F is the fibered sum 0 +* B via the additive 2-functor F : A — B and the
additive 2-functor A — 0.

Using Proposition 4.4 we have

Lemma 4.10 (1) Let f : A— B be a morphism of complexes of KI=>9(S) and let F :
25t (A) — 25t (B) be the additive 2-functor induced by f.
We have Ker(F) = 2st” (t<o(MC(f)[—11)) and Coker(F) = 2st” (t=_>(MC(f))).
(2) Let F : A — B be an additive 2-functor between Picard 2-stacks and let f =
(gr, M, py) be the fraction of TI=2948) corresponding to F via (3.1).
We have Ker(F) = 2st(t<o(MC(ps)[—1])) and Coker(F) = 2st(t=_2(MC(py))).
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5 The 3-category of extensions of Picard 2-stacks

Let A and B be two Picard 2-stacks.

Definition 5.1 An extension (I, E, J, ¢) of A by B consists of

e a Picard 2-stack E;

e two additive 2-functors / : B — Eand J : E — A;

e a morphism of additive 2-functors ¢ : J o I = 0 between J o [ and the null 2-functor
0:B— A,

such that the following equivalent conditions are satisfied:

e 719(J) : mp(E) — mo(A) is surjective and [ induces an equivalence of Picard 2-stacks
between B and Ker(J);

e m(I) : my(B) — m(E) is injective and J induces an equivalence of Picard 2-stacks
between Coker(/) and A.

Let (1, E, J, &) be an extension of A by B and let (K, F, L, ¢) be an extension of C by D.

Definition 5.2 A morphism of extensions (I, E, J, e) - (K, F, L, ¢) is given by the collec-
tion (H, F, G, o, 8, ) where

e H:B—D, F:E—T,and G : A— C are additive 2-functors;
e a:Fol=KoHandp:LoF= GoJ are morphisms of additive 2-functors;
e & is the modification of morphisms of additive 2-functors,

Lxa,

(LF)I =2 L(FI) =2% [(K H) == (LK)H

Bl 2 cxH .1

D

(GNI == G GO 0H
Gxe

nG

where g : G o0= 00 H is the morphism of additive 2-functors defined as follows: For
any U € S and for any object X of B(U), the component of ¢ at X is the natural arrow
[nglx: Gex — ec in C(U).

Definition 5.3 Two extensions E; = (I1,Ey, Ji, 1) and Ey = (I, Ep, J2, &) of Aby B
are equivalent as extensions of A by B if there exists a morphism of extensions from E; to
E, inducing identities on A and on B.

In other words, E; and E, are equivalent as extensions of A by B if it exists an additive
2-functor F : E; — Ey, two morphisms of additive 2-functors «: F o I} = I o idg and
B: Jr» o F=idy o J; and a modification of morphisms of additive 2-functors @ such that
(idg, F,ida, «, B, @) is a morphism of extensions.

Let (Hy, F1, G1, a1, B1, ®1) and (Ha, Fa, Go, a3, B2, 2) be two morphisms of exten-
sions from (I, E, J,¢) to (K, F, L, ¢)

Definition 5.4 A 2-morphism of extensions (Hy, F1, G, a1, B1, ®1) =(Ha, Fr, G2, a2,
Ba, ®7) is given by the collection (y, §, €, ¥, 2) where

e y:H = H,§: F|= F,, € : G|y = G, are morphisms of additive 2-functors;
e W and 2 are modifications of morphisms of additive 2-functors
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Fil == KH, LF =L 6,7
5*1ﬂ Z \HK*)/ L*aﬂ 2 ﬂew (5.2)
v Q
I3y ?KHz LFQ?Gz]
2

so that the pasting of the 3-arrows in the diagram

Boxl a Gaoxe
(LF>)] =225 (Ga )] —2= Gr(J 1) 2225 G0

L*(B*I)W éul (e*ﬁ\)*l = e*{yl) = e*Oﬂ [
(LI =—— (G1)] —= G1(J]) =——= G0 = 0H; (5.3)
B+l a Gxe

1
a U Gy
L] 0%

L(Fi11) == L(KH) =—= (LK)H| —= 0H,
Lxo a~! c*xH|
is equal to the pastings of the 3-arrows in the diagram

Boxl a Goxe
(LF)] —— (G2 )] ——= Gr(J]) — G0

(L*B)*I/H a 4 %
@2
(LF1)I = L(F2I) :> L(K H>) :> (LK)H2 :> 0H, 5.4)

aﬂ %(5*{7 LE{F }(1{5 ~ }K)*y /

L(F11) = L(KH|) = (LK)H, ——> OH,
Lxay a~! GxHj

In the diagrams above the symbol = inside a cell means that the cell commutes up to a
natural modification of morphisms of additive 2-functors explained in Example 3.3.

Let (y,8,¢, W, Q) and (y/,8, €, ¥, Q) be two 2-morphisms of extensions from
(H1, F1, G1, a1, B1, ®1) to (H, F2, G2, a2, B2, P2).

Definition 5.5 A 3-morphism of extensions (y,8,¢€, ¥, Q) =(y', 8, €/, ¥, Q') is given by
three modifications of morphisms of additive 2-functors T : y =/, A : §= 8, and Y :
€ = ¢’ satisfying the equation

Fil == KH, Fil == KH,

~ ~ >~ ~

:Qﬁlﬂ\: 3 ‘H/K*y/= S*IH ? Q\H K?DE (5.5)
FQI:a2>KH2 le?KHZ

and a similar equation between the modifications 2, ', A, and Y.

Definition-Proposition 5.6 Let E = (I, E, J, &) be an extension of A by B and let F =
(K, T, L, ¢) be an extension of C by D. Then the S-2-stack Homgx (E, F) whose

e objects are morphisms of extensions from E to F;
e [-arrows are 2-morphisms of extensions;
e 2-arrows are 3-morphisms of extensions;

is a 2-groupoid, called the 2-groupoid of morphisms of extensions from E to F.
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Proof The proof is left to the reader. O

The extensions of Picard 2-stacks over S form a 3-category Extopicarn(s) Where objects
are extensions of Picard 2-stacks and where the hom-2-groupoid of two extensions E and F is
Homegy (E, F). For any two Picard 2-stacks A and B, we denote by Ext(A, B) the 3-category
of extensions of A by B.

6 Extensions of length 3 complexes via fractions

Let A and B be complexes of TI=2.01(8).

Definition 6.1 Anextension E = (i, E, j, R) of Aby B inthetricategory 7 [=2.01(S) consists
of
e acomplex E of T1-2.01(S);
e twofractionsi = (g;, M, p;)fromBto Eand j = (g}, N, pj)fromEtoAofT[*z’O](S);
e a l-arrow of fractions R = (r, R, r’) : j ©i = 0 between j ¢ i and the trivial fraction 0;
such that the following equivalent conditions are satisfied:
(a) Ho(pj) o (HY (qj))_1 :HYE)—>H%A) is surjective and i induces a quasi-isomorphism
between B and 1<o(MC(p;)[—1]);
(b) H2(pi) o (H2(g;))~': H2(B)— H%(E) is injective and j induces a quasi-
isomorphism between 7>_>(MC(p;)) and A.
Let (i, E, j, R) be an extension of A by B and (k, F, [, S) be extension of C by D with
i=(qi, M, pi),j=1(qj,N,pj). k= (q, K, px),and [ = (q1, L, p1).
Definition 6.2 A morphism of extensions (i, E, j, R) — (k, F, 1, S) is given by the collection
(f.g h,T,U, ) where
o =5 Qf.pp): E—>F.g=(qg, Qg Pg): A— C,andh = (g, Qn. pn): B— D
are fractions;
o T =, T,t"): foi=mkohand U = (u,U,u’): o f = go j are 1-arrows of frac-
tions
< quijA
Qh,,T 1‘111’ 1‘%
Qh lyT Qf Uﬂ Qg
phJ/ P |Pa
C

DQkakFQILPl

e o is a 2-arrow of fractions from the pasting of the 1-arrows of fractions (s, S, s’),
(u,U,u"),and (¢, T, t') to the 1-arrow of fraction (r, R, r’)

1(fi) === ()i =L (g))i == g(ji)
1xT Y g*R (6])
I(kh) 5 (lk)h 7 Oph o g0p

where Op = (idg, B,0): B— A,0p = (idp, D,0): D — C, and uy, is the 1-arrow of
fractions given by triple (idg,, On, gn)-
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Let (i, E, j, R) be an extension of A by B and (k, F, [, §) be an extension of C by D. Let
(f1, &1, h1, T1, U, w1) and (f2, g2, h2, T2, Ua, w2) be two morphisms of extensions from
(i, E,j,R)to(k, F,I,S).

Definition 6.3 A 2-morphism of extensions (f1, g1, h1, T1, U1, w1) =(f2, g2, h2, Tz, Ua,
@) is given by the collection (X ¢, X, Xj, 0, T) where

o Xyp=(xp, Xp.xp): fi = f2, Xg = (xg, Xg. Xp) 1 1 = g2, and Xjy = (xp, X, x})
h1 = hy are 1-arrows of fractions;
e o and t are 2-arrows of fractions

T U
fri == kh Ify == g1j
xf*iﬂ 2 ﬂk*xh l*xfﬂ 2 ﬂxg*j
foi == khy lfp == g2J
2 Uz

such that o, 7, w1, and w; satisfy a compatibility condition which can be obtained from
diagrams analog to (5.3) and (5.4).

Let (X, Xg, Xp, 0, 7) and (Y, Yg, Y, i, v) be two 2-morphisms of extensions.

Definition 6.4 A 3-morphism of extensions (X 7, X¢, Xp,0,7) =Yy, Yg, Yy, @, v)is given
by three 2-arrows of fractions o : Xy =Yy, B : Xg= Y, and y : X, = Y}, (i.e., isomor-
phisms) such that all regions in the following diagrams commute

o On

NN //\\ NN
NV \\// \\//

Qpn

and such that «, B, y, 0, T, 1, v satisfy the compatible conditions which are given by a
commutative diagram of 3-arrows analog to (5.5).

As for extensions of Picard 2-stacks we have the following Proposition whose proof is
left to the reader:

Definition-Proposition 6.5 Let E = (i, E, j, R) be an extension of A by B and
F = (k, F, 1, S) be an extension of C by D. Then the S-2-stack Homgy (E, F) whose

e objects are morphisms of extensions from E to F;
e [-arrows are 2-morphisms of extensions;
e 2-arrows are 3-morphisms of extensions;

is a bigroupoid, called the bigroupoid of morphisms of extensions from E to F.
The extensions of length 3 complexes in 71=>%/(S) form a tricategory £ Xtri-2,01(s) Where
objects are extensions of length 3 complexes in 71=>%(S) and where the hom-bigroupoid

of two extensions E and F is Homgy (E, F). For any two length 3 complexes A and B of
T1=2.01(S), we denote by Ext(A, B) the tricategory of extensions of A by B.
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Remark 6.6 Let E = (i, E, j, R) be an extension of A by B withi = (¢;, M, p;) and j =
(gj, N, pj). The morphism of complexes p;: N — A can be completed into a distinguished
triangle MC(p;)[—1] — N kil A — + which is isomorphic to B LEL A + in D(S).
Similarly, the morphism of complexes p;: M — E can be completed into a distinguished

triangle M Ly N MC(p;) — + which is isomorphic to B LEL A + in D(S).
As an immediate consequence of the above Definitions we have

Proposition 6.7 The triequivalence 2st induces a triequivalence between EXtypicarn(s) and
EXtT[—z‘()] )

7 Operations on extensions of Picard 2-stacks

LetE = (I, E, J, €) be an extension of the Picard 2-stack A by the Picard 2-stack B and let
G : A’ — A be an additive 2-functor. Recall that we denote by 0 the Picard 2-stack whose
only object is the unit object and whose only 1- and 2-arrows are identities.

Definition 7.1 The pullback G*E of the extension E via the additive 2-functor G : A’ — A
is the fibered product E x4 A’ of E and A’ over Avia J : E— Aand G : A’ — A.

Lemma 7.2 The pullback G*E of E via G : A" — A is an extension of A’ by B.

Proof Let G*E = (G*E, pr, pry, 7¢) be the pullback of Evia G and J, withpr; : G*E — A’
and pr, : G*E — E the underlying additive 2-functors and g : J o pr, = G o pr; the under-
lying morphism of additive 2-functor. From the morphism of additive 2-functorse : JoI =0
we get the morphism of additive 2-functors

B—2> A/

Il s iG

ET)A

Therefore according to the universal property of the pullback, there exists a 4-tuple
(I, y1, ¥2, ©) consisting of an additive 2-functor I’ : B— G*E, two morphisms of additive
2-functors y; : pryol’ = 0andy,: pryol’ = I, and a modification of morphisms of additive
2-functors ®

, _a A
(Jpr)l" == J(pryI') == J 1

ng*l’ﬂ/ s H/EG
I°)

’ /
(Gpr) 1" == G(pr 1) P GO

Moreover by composing the equivalence of Picard 2-stacks B = Ker(J) = E x4 0 with the
natural equivalence of Picard 2-stacks E x4 0 = E x4 A" x 4+ 0 = Ker(pr,), we get that B is
equivalent to the Picard 2-stack Ker(pr ). Finally, the surjectivity of 7o (J) : mo(E) — 7o (A)
implies the surjectivity of mo(pr;) : mo(G*E) — mo(A’). Hence (I’, G*E, pry, y1) is an
extension of A’ by B. |

The dual notion of pullback of an extension is the pushdown of an extension. Let E =
(I, E, J, ¢) be an extension of A by B and let F : B — B’ be an additive 2-functor.
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Definition 7.3 The pushdown F,E of the extension E via the additive 2-functor F : B — B’
is the fibered sum E +E B’ of E and B’ under B via F : B — B’ and / : B— E.

Dualizing the proofs done for the pullback of an extension, we get that the pushdown F,E
of the extension E via F : B — B’ is an extension of A by B’ which is endowed with a
universal property.

Now we can define the group law for extensions of A by B using pullback and pushdown
of extensions. Let E and E’ be two extensions of A by B. Remark that E x E’ is an extension
of A x Aby B x B.

Definition 7.4 The sum E + E' of the extensions E and E' is the following extension of A
by B

D (®g)+(E x E), (7.1)

where Dy : A— A X A is the diagonal additive 2-functor of A and ®g : B x B— B is the
morphism of 2-stacks underlying the Picard 2-stack B (i.e., ®p is the group law of B).

Proposition 7.5 The sum given in Definition 7.4 equips the set Ext' (A, B) of equivalence
classes of extensions of A by B with an abelian group law, where the neutral element is the
equivalence class of the extension A x B, and the inverse of an equivalence class E is the
equivalence class of —E = (—idp).[E.

Proof Associativity: Following the definition of the sum and using the universality of
pullback and pushdown, we obtain

(Ey + Ep) + E3 D} (®8)«[ (DX (®p)«(E1 x E2)) x Es3]

D} (®B)«|(Da x ida)* ((®B)«(E1 x E2) x E3)]

D} (®B)+| (Da x ida)*[(®p x idp)«((E; x Ez) x E3)]]
D} (Dy x idp)*(®B)«(®B X idp)«[ (B x Ea) x Es]
[(Da x ida) o D4]"(®5 o(®& x idp)), ((E1 x Ez) x E3)

By repeating the above arguments starting with E; + (E, + E3), we find that E; + (E> +
E3) = [(idg x Dp) o Di]*( ®p o(idg x ®B)), ((E1 x Ep) x E3). Using the associativity
constraint a: ®p o(®p X idp) = ®p o (idp x ®p) of a Picard 2-stacks and observing that
(Dp xidp) o Dy = (idp x Dp) o Dy, we find that (Eq 4+ Ey) + E3 = E + (Ep + E3).
Commutativity: It is clear from the formula (7.1).
Neutral element: It is the product A x B of the extension A = (0 — A, A,id : A — A, 0)
of A by 0 with the extension B = (id : B — B, B, B — 0, 0) of 0 by B. O

e e e e

8 Homological interpretation of extensions of Picard 2-stacks

Let A and B be two Picard 2-stacks.

Lemma8.1 Let E = (I,E, J,¢e) be an extension of A by B. Then the Picard 2-stack
Homopicarn(s) (A, B) is equivalent to Homgx (E, E). In particular, Homgx (E, E) is endowed
with a Picard 2-stack structure.

Proof The equivalence is given via the additive 2-functor

HomZPICARD(S) (A, B) —> Homgx (E, E)
F +— (ar a+I1FJ(a)).
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By the above Lemma, the homotopy groups 77; (Homgy (E, E)) fori = 0, 1, 2 are abelian
groups. Since by definition Ext™' (A, B) = m; (Homg (E, E)), we have

Corollary 8.2 The sets Ext' (A, B), fori =0, —1, =2, are abelian groups.

Proof of Theorem 1.1 for i=0,-1,-2 According to Lemma 8.1, the homotopy groups of
Homopicarn(s) (A, B) and Homex(E, E) are isomorphic and so by Example 3.3 we
conclude that Ext'(A,B) = m_;(Homopicarn(s) (A, B)) =~ H (t<oRHom([A], [B])) =
Homps) (A, [BI[i]). o

Before we prove Theorem 1.1 for i = 1, we state the following Definition:

Definition 8.3 An extension E = (I, E, J, ¢) of A by B is split if one of the following
equivalent conditions is satisfied:

1. there exists an additive 2-functor V : E — B and a morphism of additive 2-functors
a: Vol = idg;

2. there exists an additive 2-functor U : A — E and a morphism of additive 2-functors
B:JoU = idy;

3. E is equivalent as extension of A by B (see Definition 5.3) to the neutral object A x B
of the group law defined in (7.1).

Proof of Theorem 1.1 for i=1 First we construct a morphism from the group £xt! (A, B) of
equivalence classes of extensions of A by B to the group Ext! ([A], [B])

©: Ext' (A, B) — Ext!([A], [B]),
and a morphism from the group Ext! ([A], [B]) to the group Ext! (A, B)
W Ext! ([A], [B]) —> Ext'(A, B).

Then we check that ® o W = id = W o ® and that ® is an homomorphism of groups.

Before the proof we fix the following notation: if A is a complex of DI=>%(S) we denote
by A the corresponding Picard 2-stack 2st(A). Moreover if f : A— E is a morphism in
DI=2.0)(S), we denote by F : A — E a representative of the equivalence class of additive
2-functors corresponding to the morphism f via the equivalence of categories (3.2).

(1) Construction of ®: Consider an extension E = (I, E, J, ¢) of A by B and denote by
E = (i, E, j, R) the corresponding extension of A = [A] by B = [B] in the tricategory
T1=2.01(S). By Remark 6.6 to the extension E is associated the distinguished triangle B N

EL A—+in D(S) which furnishes the long exact sequence
io jo d
.. —=Hompyg)(A, B)—°~Homps) (A, E)—L>Homps) (A, A)—L=Ext! (4, B)—> -
8.1)

We set ©(E) = d(id4). The naturality of the connecting map d implies that ® (E) depends
only on the equivalence class of the extension E. O

Lemma 8.4 IfExt' (A, B) = 0, then every extension of A by B is split.

Proof By the long exact sequence (8.1), if the cohomology group Ext!' (A, B) is zero, the
identity morphisms id4: A — A lifts to a morphism f: A — E in DI=20(S) which
furnishes an additive 2-functor F': A — E such that J o F' = idy. Hence, E is a split
extension of A by B. O
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The above lemma means that ®(E) is an obstruction for the extension E to be split: E
is split if and only if idsy : A — A lifts to Homps) (A, E), if and only if ® (E) vanishes in
Ext!(4, B).

(2) Construction of W: Choose a complex K = [K~2 — K~! — K9] of DI=201(S)
such that K2, K~ K© are injective and such that there exists an injective morphism of
complexes s: B — K. We complete s into a distinguished triangle

B*S>K#>MC(S)*>+, (8.2)

in D(S). Setting L = t=_»MC(s), the above distinguished triangle furnishes an extension
of Picard 2-stacks

B— sK—L 1,

and the long exact sequence

o a
...—>Homps) (A, B)—=Homps) (A, K)—>Homps)(A, L)——>Ext' (A, B)—>0.
(8.3)

Given an element x of Ext! (A, B), choose an element u of Homps) (A, L) such that (1) =
x. The pullback U*K of the extension K via the additive 2-functor U : A — L corresponding
to the morphism u: A — L of D(S) is an extension of A by B by Lemma 7.2. We set
W (x) = U*K i.e., to be precise W (x) is the equivalence class of the extension U*K of A by
B. Now we check that the morphism W is well defined, i.e., ¥ (u#) doesn’t depend on the lift
u of x. Let u’ € Homps) (A, L) be another lift of x. From the exactness of the sequence
(8.3), there exists f € Homps)(A, K) such thatu’ —u = 1 o f, i.e., we have the following
commutative diagram
idy

A——A
Fl 7 U-U
KTL

Consider now the pullback (U’ — U)*K of the extension K via the additive 2-functor U’ — U :
A — 1. The universal property of the pullback (U’ — U)*K applied to the above diagram
furnishes an additive 2-functor H : A — (U’ — U)*K and a morphism of additive 2-functors
o :pryo H = idy (here pr; : (U — U)*K— A is the additive 2-functor underlying the
extension (U’ — U)*K of A by B). Hence from Definition 8.3 the extension (U’ — U)*A is
split, which means that the extensions U* A and U*A are equivalent.

(3) ® o W = id: With the notation of (2), given an element x of Ext!(A, B), choose an
element u of Homp(s)(A, L) such that d(u) = x. By definition W (x) = U*K. Because of
the naturality of the connecting map d, the following diagram commutes

Homps)(A, B) —— Homps) (A, [U*K]) —— Homps)(A, A) A Extl(A, B)

id luo lid

Homps) (A, B) ——— Homp(s)(4, K) ——— Homp(s) (4, L) —— Ext! (A, B)
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Therefore ® (¥ (x)) = O(U*K) = d(id4) = d(u oid4) = 3(u) = x, i.e., © surjective.

(4) ¥ o ® = id: Consider an extension E = (I, E, J,¢) of A by B and denote by
E = (i, E, j, R) the corresponding extension of A = [A] by B = [B] in 71-2.01 (S). Asin
(2), choose a complex K of DI=2.01(S) such that K2, K~!, K9 are injective and such that
there exists an injective morphism of complexes s: B — K. Complete s: B — K into the
distinguished triangle (8.2) and let L = 7=_»MC(s). The injectivity of K furnishes a lift
u: E — K of the morphism of complexes s: B — K. From the axioms of the triangulated
categories, there exists a morphism v': A — L giving rise to the morphism of distinguished
triangles

B——>E A BI1]
idi lu \Lv’ \Lid (8.4)
B——=K—=1L BI1]

which leads to a morphism of long exact sequences

io Jjo ]
Homps)(A, B) —>= Homps) (A, E) —— Homps) (A, A) ——= Ext!(A, B)

idl J/"O \Lv’o J/id (8.5)

Homps)(A, B) — > Homps) (A, K) ——— Homps) (4, L) e Ext!(A, B)

Let ®(E) = d9(id4) = y with y an element of Ext' (A, B). By definition ¥(y) = V*K
with v an element of Homps)(A, L) such that d(v) = y. From the commutativity of the
diagram (8.5), v/ —v =t o f with f € Homps)(A, K), which shows as in (2) that the
extensions V*K and V"*K are equivalent. From the universal property of the pullback V'*K
applied to the central square of (8.4), there exists an additive 2-functor H : E — V’*K and
two morphisms of additive 2-functors prioH = J, prooH = U (here pr; : V*K — A and
pry : V*K — K are the additive 2-functors underlying the pullback V"*K), which furnish a
morphism of extensions (idg, H,idp,a : Hol = I'cidg, B : prioH = idyoJ, ®) from
E to V*K inducing the identity on A and B (here I’ : B — VK is the additive two functor
underlying the extension V'*K of A by B). By definition, the extensions E and V"*KK are then
equivalent. Summarizing ¥(®(E)) = ¥ (y) = V*K = V*K = E, i.e., O is injective.

(5) © is a group homomorphism: Consider two extensions E, E' of A by B. With the
notations of (2) we can suppose that E = U*K and E' = U*K with U, U’ : A— L two
additive 2-functors corresponding to two morphisms u, u’ : A — L of DI=2%(S). Now by
definition of sum in Ext! (A, B) (see formula (7.1)), we have

E+E = D} (®p)«(U*K x U*K)

= D} (®8)(U x U (K x K)

= (U +U)Y"D}(®p)+(K x K)

= (U + U)K +K)
where Dy : A — A x Aand D : L — L x L are the diagonal additive 2-functors
of A and L, respectively, and ®p : B x B — B is the morphism of 2-stacks under-
lying the Picard 2-stack B. This calculation shows that ®(E + E') = 9(u + u’) where

d: Homps)(A, L) — Ext! (A, B) is the connecting map of the long exact sequence (8.3).
Hence, ®(E+E) =0(u +u') =0u) +3dW') = OE) + O(E).
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9 Appendix 1: Long exact sequence involving homotopy groups

Proposition 9.1 Let (I, E, J, ) be an extension of A by B. There exists two connecting
morphisms I : m(A) — 71 (B) and A : w1 (A) — mo(B) such that the sequence of abelian
sheaves

o (I a(J (L
0 —— m(B) = @) = i) — @) 2 )
J/ 7T1(J) J
A B E A
m) 3 molB) i moll) L molA) MCRY

is a long exact sequence.

Proof Consider the additive 2-functor A : Yut(ep) — Ker(J) defined as follows:
Any ¢ € ut(ep)(U) is sent to (eg, ¢ o ny) with wy: J(eg) — ea, and any 1-arrow
B: o= in Fut(ep)(U) is sent to (ideg, B * py). On the classifying sheaves, this
additive 2-functor induces the morphisms Aqg : wo(ut(ep)) — mo(Ker(J)) and A
w1 (2 ut(ep)) — w1 (Ker(J)). Recalling that B = Ker(J), we define I' and A as

A = Ap: m1(A) = mo(Fut(ep)) —> mo(Ker(J)) = mo(B),
I' = A1: m(A) = m(Fut(ep)) —> w1 (Ker(J)) = 71 (B).

From the extension (/, E, J, ), we obtain a sequence of Picard stacks

Ioy Jor
dut(ep) ————>Fut(eg) ———> . ut(en), 9.2)

where /., and J; are additive functors defined as follows: forany U € S and ¢ : ep — ep in
ut(e)(U), I (@) is an automorphism of eg over U suchthatay : pjol (¢) = Iy (p)oug,
where ©; and o are, respectively, a 1-arrow and a 2-arrow of E(U) which result from the
additivity of 7. Similarly for J. The sequence (9.2) is a complex of Picard stacks with
&7 Joyol gy = Qobtained frome: Jol = 0. Itexists afunctor I}y s Aut(eg) = Her(Jy)
that sends ¢ € Fut(ep)(U) to (Io7 (@), ear(9)) € Her(Joy)(U). Since B = Ker(J),
dut(eg) = szul(eKer(J)). Moreover, gfut(eKer(J)) = Xer(Jy) where CKer(J) = (eg, ).
Therefore the functor 7,/ is an equivalence and so the sequence of Picard stacks (9.2) is left
exact. Applying to it [1, Proposition 6.2.6], we get the exactness of (9.1) from the left end to
T (A)

The exactness at 7o (E) follows from the equivalence Ker(J) = B. The surjectivity of
o(J) follows from the definition of extension. It remains to show the exactness at 7o (B)
and 1 (A).

Exactness at wo(B): Let [(X, ¢)] € mo(Ker(J))(U) = mp(B) so that mo(H[(X, ¢)] =
[er], i.e., there exists a 1-arrow v : eg — X in E(U). Consider the class of the automorphism
x € mo(ut(ep))(U) = m1(A)(U) such that B : ¢ o J(¥) = x o uy with B a 2-arrow.
Then A[x] = Aolx] = [(eg, x o ns)] = [(X, )].
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Exactness at w1 (A): Let [¢] € mo(Lut(ep))(U) = w1 (A)(U) such that Alp] = Apgle] =
[Ap] = [(er, ny)]. That is, (eg, ¢ o uy) = (eg, ny). Then there exists ¥ : eg — e in
ut(eg)(U)and B : wy o J(¥) = ¢ oy in A(U). Thus, w1 (J)[V] = [¢]. ]

10 Appendix 2: Universal property of the fibered sum

Proposition 10.1 The fibered sum A +* B of A and B under P defined in Definition 4.8
satisfies the following universal property: For every diagram

P—2s A

ai v iH

B Hs = (10.1)

there exists a 4-tuple (K, y1, v2, ©), where K : A+PB — C is an additive 2-functor, y1: K o
inci = Hy and y»: K o incy = H, are two morphisms of additive 2-functors, and © is a
modification of morphisms of additive 2-functors

. a! . y2xG
K (inco,G) —= (Kinc)G —— H>G

K*lﬂ, Z ﬂr (10.2)
¢}

K (inc| F) — (Kinc|)F —= H|F
a™! yi%F

This universal property is unique in the following sense: For any other 4-tuple (K', y{, y;, ©")
as above, there exists a 3-tuple (Y, X1, ), where ¥ : K = K’ is a morphism of additive
2-functors, and X1, ¥y are two modifications of morphisms of additive 2-functors

Kinc :> K'incy Kincy :> K'incy
\m 7 \22 /s

satisfying the compatibility dual to (4.1) so that for another 3-tuple (', £, ) as above,
there exists a unique modification u : ¥ = ' satisfying the following compatibilities for
i=1,2

Yrkine;

VTR

Kinc; :> K'inc; King; :> K'inc;

Proof For simplicity, we assume that all additive 2-functors correspond to morphisms of
8 8 8
complexes. If A = [A2 24 A1 24 A0 B — (B2 2% g1 28 goy p — (p2 %

P~ 22 PO and F=(U2 LM PsAg=(2g "' g¢%: P— B, the fibered
sum A +° B = 7>_2(MC(f — g)) of A and B under P is explicitly the length 3 complex
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S,.pP Ay, P
coker(8p, f72 _ g72)%P0 o (A—l + B_I)L)O @ (AO + BO),
(10.3)

where coker(8p, f~2 — g~2) is the quotient of the abelian sheaf P~! @ (A=2 + B72)

. . Sp 0 Ap 0
by the image of the morphism _ _ , 0 = _ _ ,
y € p (fz_gzo) A+PB (fl—gl—SA—SB)
0 0

AparPp = (fo — g0 a4 _AB).Let?/ = (Vo — U) be a hypercover of an object U of

S. According to the complex (10.3), a 2-descent datum representing an object of A +F B over
U relative to 7 is the collection ((a, b), (p, k, 1), (m, «, B)), where (a, b) € (A + B)(Vy),
(p. k1) e (PP® (A" + B~ ))(V1), and (m,a, B) € (P~ & (A™2 + B~2))(V») satisfy
the relations

£2p) = ratk) = di (@) — dj (a),
—g%(p) — ap(l) = d(b) — d} (b),
Ap(m) = dy(p) —di(p) +d5(p),
f7Hm) = 8a(@) = di (k) — di (k) + d5 (k),
—g ' (m) = 85(B) = di (1) — di (1) + d5 (D),

so that there exists p € P~2(V3) with the property

di(m) — di (m) + d5 (m) — di(m) = 8p(p),
di (@) — df (@) + d5 (@) — di(@) = f2(p),
dg(B) — di(B) +d5(B) — d5(B) = —g (p).

From these relations we deduce that the collections

(ea(k), f=1m), F72(p))and(hp (D), —g " (m), —g > (p)),

are actually 2-descent data representing objects of A and B over Vj relative to % , respectively.
Construction of K: K takes the 2-descent datum ((a, b), (p, k, ), (m, o, B)) to the col-
lection

(h)Geak)) + W01, AT (7 m)) — hy Mg m)), kT2 (F72(0)) — ha 2 (g7 2(p))),

where h’i and h’2 are the components at the degree i of the morphisms of complexes that
correspond to H; and H», respectively.

Construction of y; and y»: Let (a, k, @) be a 2-descent datum representing an object of
A over U relative to % . Remark that inc(a, k, ) = ((—a, 0), (0, k, 0), (0, —c, 0)) and
K oincy(a, k,a) = (h?(AA (k)), 0, 0) is 2-descent datum representing an object of C over
Vo relative to 7. On the other hand, the image of (a, k, «) under the morphisms Hj is the
2-descent datum (h(l)(a), hl_1 k), hl_2 () representing an object over U relative to % whose
pullback to Vj is the collection (h(l)(k a(k)), hfl(rS A(@)), 0). Then the component of y; at
(a, k, @) is the 1-arrow (0, hl_z(a)). Similarly, the component of y» at (b, I, 8) is (0, h2_2 B)).

Construction of ®: Let (p, m, p) be a 2-descent datum representing an object of P
over U relative to % . The component of the 2-arrow obtained by composing the 2-arrows
2 * G and T on the top and the right faces of the diagram (10.2) at (p, m, p) is the 1-
arrow (9L p(m)), hz_z(g’z(p)) + 71 (6p(p))) where 79 and v~ are the components of
the chain homotopy that corresponds to the morphism of additive 2-functors t in diagram
(10.1). Similarly, the component of the 2-arrow obtained by composing the 2-arrows K ¢
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and y; * F on the left and the bottom faces of the diagram (10.2) at (p, m, p) is the 1-
arrow (hfl (f~'(m)) — h;l (g7 m)), h;z(g_2 (p))). Using the chain homotopy relations,
we deduce that the component of ® at (p, m, p) is the 1-arrow —t Y m).

The verification of uniqueness is cumbersome but straightforward. O
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