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Abstract In one complex variable, the existence of a compactly supported solution to the
Cauchy-Riemann equation is related to the vanishing of certain integrals of the data; trying
to generalize this approach, we find an explicit construction, via convolution, for a compactly
supported solution in C”, which allows us to estimate the L?” norm of the solution. We also
investigate the possible generalizations of this method to domains of the form P \ Z, where
P is a polydisc and Z is the zero locus of some holomorphic function.
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1 Introduction

In this paper, we investigate the inhomogeneous Cauchy—Riemann equation
=g
when g has compact support and belongs to some L" space. The question is whether it is
possible to find a solution u# with the same properties, namely compactly supported and in
L", expressed in terms of a linear bounded integral operator applied to g.
The L" solvability of the Cauchy—Riemann equation has been discussed by Kerzman
for smoothly bounded strongly pseudoconvex domains (see [9]), by Fornaess and Sibony
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1000 E. Amar, S. Mongodi

in C with weights and in Runge domains in C? (see [6]). Other works on the subject are
[1,4,5,8,10,11] and [15]. The problem of controlling the support of the solution is also
widely discussed. In one complex variable, the existence of a compactly supported solution
in C is related to the vanishing of some integrals, resemblant of the moment conditions which
appear in CR geometry:

/ g()zkdm (2),

C

where dm is the Lebesgue measure on C. If these integrals vanish for every k € N, then
there exists a function u such that du/dz = g and suppu € {|z| < R} for some R.

It is not hard to generalize this result to domains like punctured discs, as we do in
Lemma 3.2.

In higher dimension, it is well known that the existence of a compactly supported solution
depends on the vanishing of the cohomology with compact supports; H/*?($2) vanishes, for
Q C C”" Stein, if ¢ < n. For smooth forms, the existence of a solution compactly supported
in a sublevel of some strictly plurisubharmonic exhausting function has also been widely
studied, beginning with the work of Andreotti and Grauert ([3], but see also [12] and [13]).

We recall that, for (0, 1)-forms, we have the following well-known result: let 2 € C" be
a bounded Stein domain for n > 2 and w a (0, 1)-form with coefficients in L.(£2) such that
dw = 0. Then there exists a unique f € L’(2) such that 3 f = w, with || f|, < Clol|,,
where C depends only on 2.

This result leaves the question open for g > 1.

We tackle the problem for a very special class of domains, which generalize the punctured
disc: we consider the Stein open domain obtained by removing a complex hypersurface from
a polydisc D". Given f € O(D") with Z = {f = 0}, we consider the domain D" \ Z: the
particular structure of these open sets allows us to give a constructive proof of our results.
We will state our results in terms of (0, ¢)-forms, the extension to the (p, ¢)-forms being
obvious.

After fixing the notation and choosing suitable coordinates, we analyse the behaviour of
the support of the Cauchy transform with respect to a fixed variable, pointing out the link
with the moment conditions in Lemma 3.2.

In Sect. 4, the main tool of this note is defined; the coronas construction consists in
applying to a given function a collection of linear convolution operators K, ,Si) (see Definition
4.1) which produce a decomposition

o=¢1+ -+ @1+ ¢n

where each ¢, j < n, satisfies the moment conditions in the variable z ; (see Corollary 4.7).

The last function ¢, is obtained as a remainder of the coronas construction; therefore,
we do not have a priori any information about the vanishing of the moment integrals for
it; this is the goal of Sect. 5, where we introduce some quantities J :)l (¢) whose vanishing
ensures that ¢, satisfies the moment conditions with respect to the variable z,, as it is shown
in Theorem 5.1.

Sections 6, 7 and 8 are devoted to the study of the solutions with compact support in a
polydisc; while the (0, n) case follows quite naturally from the previous construction, we
need to apply some inductive arguments to treat the case of (0, g)-forms, so we make some
additional assumptions on the summability of the derivatives of the datum.

We remark that, in the case of the polydisc, the operators constructed in Sect. 4 are linear
and continuous, that is, bounded, from L/, to L] and preserve any additional regularity or
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On L" hypoellipticity of solutions 1001

summability. Therefore, we obtain estimates on the L” norm of the solution for (0, n)-forms;
for (0, ¢g)-forms we can estimate the sum of the norm of the solution and the norms of some
derivatives, with a partial gain of regularity.

More precisely, let w be a generic (0, g)-form, and let us write

w= Z wjdfj,

|J|=n—q

where dZ; = Ak ¢J dzx. Let us denote by § ;j the derivative with respect to the variable z;;
we denote by W7 (D") the space of (0, ¢)-forms @ with L[.(ID") coefficients such that
~5jka)]€Lr((Cn) k=1,....n—q, Y|J|=n—gq.

(CORNY

Jn—q "

The space WY (D") can be made into a Banach space with the norm

loollw = Z||wj||r+22||a,nq 900l

J k=1

In Theorems 6.2, 7.4 and 8.1, we show that, given w a (0, g)-form compactly supported
in C", with dw = 0, with L" coefficients and satisfying (), we can find a (0, ¢ — 1)-form
B € L7.(C") such that 98 = w, with B satisfying condition (x). The operator associating
with w is linear and bounded from W4 (D") to We~1(D").

This result in C" easily gives the corollary

Corollary 8.4 Let w be a 3-closed (0, q)-form with compact support in D"\ Z and satisfying
conditions (x), and then, for any k € N, we can find a (0, g — 1)-form € L.(D") such that
A(f*B) = w. Equivalently, we can find a (0, ¢ — V)-form n = f*B such that nelLl(DY), n
is 0 on Z up to order k and 31 = w.

The starting point of this work was an incisive question asked by G. Tomassini and the
second author to the first author.

2 Notations
We denote by D the unit disc in C and by D" its n-fold product, the unit polydisc in C"*. The
projection from C" onto the j th coordinate will be denoted by ;.

The standard Lebesgue measure on C" will be dm,,, and we will denote by g * i the
partial convolution in the kth variable:

(8 *x h)(zu.-.,zn):/g(--- k=15 Zht1s - DG Zh—1, 2k — &, Tkt 1, - - - )dm(2).

C
If T is a distribution in C", we set 3,7 = gf j=1,...,n
<J
Let J = (ji,...,J¢)s Jx = 1,...,n, then we define z; € C"~7 with coordinates in J

deleted. For instance, 2 = (- , Zk_1, Zks1. - -+ ) € C*7 L.

3 On the Cauchy transform

Given ¢ € D(C") a smooth function with compact support, the functions

= oG, 2k—1,8, Zkt1s 7)o
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1002 E. Amar, S. Mongodi

fork =1, ..., n, are still smooth and with compact support, contained in z (suppg). The
Cauchy transform of ¢ in the kth variable is

/fﬂ(“-,Zk—h ks ZTht1s 0 0)

7 (Sk — k)

1
Gr(p) (@) =g — = dmy (k)
T2k

and we know that [2]
Lemma 3.1 We have, with the above notations,

Gr(p)(2) =pz) VzeC"

and

x llellyr -

1
Gk @)l = H—
L' (D)

wll

So the Cauchy transform extends as a bounded linear operator on ¢ € L. (D"). Moreover,
G (@) is holomorphic in z; outside of the support of ¢ considered as a function of zz, Zj
being fixed.

Throughout this note, f will be a given function holomorphic in a neighbourhood of D",
and Z = Z(f) will denote its zero locus.

The set of directions for which there is a complex line with that direction contained in
Z is an analytic subset of CP"! of dimension n — 2; therefore, we can find n linearly
independent complex directions not lying in it. So, after a linear change of coordinates,
for every 1 < k < n, we can find a number Ny such that, given n — 1 complex numbers
aj, j €{l,...,n}\{k}, with | a; |< 1, the number of solutions of

fC L ak—1, 2k, kg1, ---) =0

as an equation in g, is less than Ny + 1.

Because these solutions are those of an analytic function, there is always a parametrization
of them by measurable functions: it is an easy application of [17, Theorem 7.34]; let us denote
these solutions by {c1 x(a), ..., cn, k(a)} where the functions c; x = c; x(a) are measurable
from C"*~! to C.

Let ¢ € LL(D"\Z) and fix % € D"~! ; denote by Sy (Zx) its support as a function of
zx which depends on Zx. Then, by compactness, there exist numbers §i, ..., 8, such that
Sy (Zx) has distance at least 8 from ¢ (a), j = 1,..., Ni, forevery a € C" !, so there
are numbers r; ; = r;x(Zx) = & > 0 such that the disc D(c;x, rj ) in the z; variable is
not in Sy (Zk).

However, these discs could intersect without coinciding; suppose that the discs

D(Cj|,k7 rj],k)v ey D(th,kv rjh,k)
form a connected component of the union of all the discs for the variable z;, then we can
suppose that rj, x = & fori =1, ..., h.If the discs
D(cji ks 8k/3Ni), ..., D(cj, k, 8k/3Ni)

are disjoint, then we are done; otherwise, let us consider a connected component of their union,
and let us suppose, without loss of generality, that it coincides with the union. Obviously, the
diameter of such a connected component is less than d; ; therefore, a disc centred in one of the
centres with radius §; will enclose the whole connected components and, by the definition
of 8, will still be in the complement of S,,.
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On L" hypoellipticity of solutions 1003

Therefore, we can set all the centres equal to one of them (it is not relevant which one)
and take &y as a radius. The functions c;; will still be measurable. The discs will be then
either disjoint or coinciding, and their radii will be bounded from below by 8y /3 Ni; we set
8 = min{81 /3Ny, ..., 8,/3N,}.

As we already said, ex(mzr) " = Gilp) is holomorphic for z; ¢ D and for z; €
D(cjk, rjk)-

This will be precised in the next section with the help of the following definitions.

Let ¢ € LL(D"), we define

1
() = ;/w(- o Tkt Sk Tk 1 - - ) EHdm ()
C

let o € L7.(D"\Z), we define

1 e Zh—1s Chs
lp, jlk() = ;/"’( U B T 70) gy
C

(G — cj )t

We have the following lemma linking this with 3 equation.
Lemma 3.2 Let ¢ € L.(D"\Z), then the following are equivalent:

@ [ol() = [g. jlc() = 0 foreveryl € Nand 1 < j < Ny
(i) Gi(p) € Le(D"\Z) (= 9xGi(p) = ¢).

Proof Without loss of generality, we can set k = 1; we notice that, by Lemma 3.1, G (¢) is
in L"(C"), so (ii) is equivalent to the compactness of its support. Moreover, we remark that
G1(p) has compact support in D" \ Z if and only if for almostevery a = (az, . .., a,) € C"~!
the function z — G1(p)(z, a2, . .., a,) has compact support in

D"\ Z)N{z2=az,....zn =an} =D\ {c1,1(@), ..., cL,n (@}

On the other hand, [¢]; (/) and [¢, j]; (/) vanishif and only if the integrals that define them van-
ish for almost every z», . .., z,. So, we are reduced to the 1 variable case: letthency, ..., cy
be pointsinD C Cand ¢ € LL.(D\ {c1, ..., cn}); weset G(z) = G1(9)(2).

If (ii) holds, forany h € O(D \ {cy, ..., cn}) we have

G
/ o(@h()dm; () = / a;Z)Mz)dml(z) / G (Z) @) =0
C C C

where we have used Stokes’ theorem, as G (z) has compact support. The last integral vanishes
because 4 is holomorphic.

On the other hand, suppose that (i) holds and let K = suppg. Consider r < 1 such that
K € D, ={|z|] < r} and take z with |z| > r; then

G(z) = m w(;)—dm(z) —/w(;“); 7dmi©)
= —*ZZ /¢(§)§[dm1(§)=—; > T el ).
>0 X >0

So, G(z) = 0if |z| > r, therefore suppG(z) € D.
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1004 E. Amar, S. Mongodi

Moreover, fix j, 1 < j < N; there exists r; > 0 such that the closure of D(cj,r;) =
{lz — c¢j| < rj} does not meet suppy(z). So, if |z — ¢;| < r;, we have

1 1 1 1 1
G(z) = — —d = d
@) nl{/g’(f)(g_c‘j)—(z—cj) @) nK/wc);_cj et
1 1 (z—c)) 1 o
= — 2 —d = — —cj , D).
n,/“’(‘“);_cj ;(;—cj)l mi(¢) = — ;(z c)lg, il d)
K 2 >
Therefore, by hypothesis, G(z) = 01if |z — ¢j| < rj,sosuppG(z) € D\ {cf,...,cy}. O

Moreover, we have the following relations between the Cauchy transform and the quan-
tities defined above.

Lemma 3.3 If g and h are L” functions, compactly supported in D", and g | % = h *| %
forz1 € D, then [g]1 (k) = [h]1 (k) for every k.
Proof 1f z; ¢ D, we have

1
1= &

21

dm (1)

21 71 — 61

1 1 1
g* — /8(51,21) dmy()) = */8(51,21)
e 21 J

D
1
Zszk/g(;“l,fl)Cf(de(l) = Z[g]l(k)zl_k_l-

k=0 ) k=0

A similar expansion holds for %, so that

1
ha — = > [hhtz

k>0

Therefore, given that (g — h) x % = 0 for z; ¢ D, we have [g]; (k) = [h]; (k) for every k.
O

Lemma 3.4 [f g and h are L" functions, compactly supported in D", and there exists j > 1
such that g »1 - = hxy L foreveryzy € D(c;1Gr). rjaGn), then (g, jli(k) = [h, j1i (k)
for every k.

We omit the proof as it can be easily obtained from the previous one. B
Finally, we recall a result about the solution with compact support of the equation d f = w
when w is a (0, 1)-form with compact support.

Proposition 3.5 Let Q € C", n> 2, be a bounded Stein domain and w a (0, 1)-form with
goeﬁ?cients in L7.(2) such that 9w = 0. Then there exists a unique f € L!.(2) such that
df =, with || f|l; < Cllwl|,, where C depends only on .

Proof We notice that if f] and f> are two compactly supported (distributional) solutions,
then the difference f; — f> is d—closed, that is, a holomorphic function, but then f; = f>.
Moreover, by Serre [16], HCO o1 (R2) = 0, so there exists at least one distributional solution to
AT = w, compactly supported in €2; on the other hand, we know that there is f € L/.(C"),
solving Fl f = o, given, as described in [14, Theorem 4.1, p. 71], by convolution with the
Bochner—Martinelli-Koppelman kernel (the desired estimate of the L norm follows by the
usual inequalities on convolution).

Therefore, we have T = f and the desired estimate follows. O
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On L" hypoellipticity of solutions 1005

4 The coronas construction

Let ¢ be a function in L, (ID"\Z) and consider the Cauchy transform G (¢)(z) ; for almost
every Z1, G1(z) is holomorphic in z; in the complement of S(Z).

Because 7 (suppy) is compact in D, there exists D(0, r) containing S(Z1) ; let § =
(1 — r)/3 and define the corona

Co={z1€D :r+é<|z1|<r+2}€h

and let Ag = m(Cp).
In the same way, set 8;(21) = r},1(21)/3 and define

Ci)={z1€D : 8;Z1) <lz1—c¢j11=28;(Z1)} €D
and set A;(Z1) = 1/m(C;(Z1)).

Definition 4.1 The outer corona component of ¢ is the function

K§P(9)(2) = Aolcy(z1)21G1(9)(2)

and the inner coronas components of ¢ are the functions

K](.l)((p)(z) = A;ED1c;¢h D@ = ¢j,DG1HP)(2).

Remark 4.2 The outer and inner coronas components of ¢ are well defined for almost every
71 , because ¢(-, Z1) is in L"(C) and has compact support for almost every Z;. We define
exactly the same way the quantities K ;k) (¢)(z) with respect to the variables zj.

Lemma 4.3 The operators K,(,,l), m =0,..., Ny, are linear and well defined from L!.(C")
to LT.(C").

Proof As noted before, K ,(nl)(go) is well defined almost everywhere, and it is obviously lin-
ear; moreover, it has compact support in D by definition. We know that, by Lemma 3.1,
1G1@ N -y < M ll@llLrcn)s hence, we have

1KS" (@) ll-< Ao |1, G1(9)]

L" < AOM ”‘P”L’,

1

where M = T

LDy
For j > 1, A;(Z1) = 1/m1(C;(Z1)), but m1(C;(Z1) = § > 0 uniformly in Z; € D!
hence A;(Z1) < §~! < 0o, uniformly in 2; € D"!. So we get

I KD @) 1= 1 AnOll ooty X [LeGi@) |, <87 M llgll .

So for fixed 2| € D" K, ,511 )(<p) has compact support in z1, and because it operates only
in z; and ¢ has compact support in C”, then K, ,(nl) (¢) has compact support in C". O

Remark 4.4 The operator Kél) is also bounded from L’ to L[, therefore continuous. The

operators K,(nl) for m > 1 are not.

The following results link the quantities [¢]; (k) and [¢, c;,1]1 (k) with the corresponding
ones for Ké”((p) and KJ(I)(<p).
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1006 E. Amar, S. Mongodi

Lemma 4.5 We have

K (@)@) = Aol (21) D el k)zr ™,
k>0

KD (@)@) = Aflc, e @) D e, k)@ —cji G,
k=0

the convergence of the series being uniform in Co or F,
Proof If |z1| > r + 8 and (¢, Z1) € suppg, then

ol r
lz1] — r+36

so, in particular, if z; € Cy, then |z1| > |¢1]. Therefore, if 71 € Co, we have

1 1
Gi(z) = n/w(fl Zl) ; dmy(¢)) = 7/(/’(4“1 Zl) 7 dmi(61)

Zl

— / (1, znZ—dml(m— Z[w]l(k)zl = > Itz "~

k>0 < k>0

So Ké”((p) = Aollco(zl)zkzo[gol](k)z]_k, and the convergence is obviously uniform
on Cy.
On the other hand, if z; € C;(Z1) and ({1, Z1) € suppg, then

71 —¢j1(21
| "’()|<7<1

161 —cj1EDl — 3

)

so we have that, for z; € C;(Z1),

1 @ 1 @
G = — d =— d
1) nc/m—;l MO =5 ] @ aa@ + e — o M

]
/é‘l _C] l(Zl)l z21—¢C; 1(21) ml(;l)

1 611(11)

(Zl — iGNk . .k
d =g L0 G — ¢ .
/gl_c] 1(Z1) - m1(¢1) [, jl1(k)(z1 —¢j1(21))

>0 (€1 —cj1G))k =0

So KM (g) = AjED ¢, e (@1) Xyzoles 1) (@1 — ¢j1(21))*F!, and the convergence is

obviously uniform on C;. o
We set
Ni
KV(p) =D KV ().
m=0

@ Springer



On L" hypoellipticity of solutions 1007

Proposition 4.6 We have [KD ()11 = [¢]1 and [KV(9), jTi = [g, j]i.
Proof We divide the proof into several steps.

1. [KP ()11 (k) = [¢]1 (k)—we calculate

1 1
H(z) = K (9) % = <A0]1c0(11)2[<ﬂ]1(k)zlk> s

k>0

= Ao Z[Qo]l(k) (1160(21)11 *1 Z) Ao Z[wh(k)/

k>0 k>0

dml(é“l)-

If z1 € D, we know that

/ ;fk dmi (1) = Ay 'z %!
71 — 1 0=
Co
SO
H(z) = Ao D _[oh () (Ag ') =D el oz

k>0 k>0
Then we have that, if z; ¢ D,

H(z) = G1(2)

so, by Lemma 3.3, [¢]; (k) = [K(()l)(w)]l(k)-
2. [Kj(.l)((p)]l(k) = 0 for j > 0—We calculate

k>0

1 . 1
Hi2) = K" (g) % = (Aj@)ﬂc,(zl)(znZ[go, NGIEE c,~,1<m))"“> "=

1
= Aj(ﬁl)Z[% Jlik) (1@(21)(21 — i1 Gy Z)

k>0
k1
= Aj (m)Zw Jl 1(k)/wdlnl(fl)~
k=0 ¢
If |21 — ¢j 1G] > rj,1(Z1),then
_ k1
/ (1 chji(gl)) dmy (1) = 0

for every k > 0. Therefore, H;(z) = 0, so by Lemma 3.3 0 = [K " (¢)11 (k).

3. [K{"(@). jli(k) = [g. jli (k) for j > 0—by direct computation, using Lemma 4.5, we
have

(KMo, ) = A;GD Y le. k) / @1—cj 1 GO @i —cjn @) dm @)

k=0 Ci(z1)

= > o, ilik)ss = lg, jhO).

k=0
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1008 E. Amar, S. Mongodi

4. (K@, jlitk) = 0ifm # j—by step 2, Hy(z) = 0if [z1 — cm1 (G| > rm.1(21). 50 in
particular if z; € D(cj,1(21), rj,1(Z1)) with j # m, we have H(z) = 0. By Lemma 3.4,
it follows that

K (@), jli(k) =0
ifm £ jand m # 0.

If m = 0, we notice that, if |z1| < r,

—k
H(z)=AoZ[¢»h(k>/ d .
Co

——dm; (1)
= 21— &1

and

{_k
/ L (5) = 0

1 — 461
Co

for every k, as |z;] < r < [¢1]. So H(z) = 0 and by Lemma 3.3 we have that
[K(gl)(go), Jjli(k) = 0 for every k.

Corollary 4.7 Let ¢ € L7.(D"\Z), there are ¢1, . .., ¢,, all in L.(D"\Z) and such that
p=01+ -+, Yi<n Vj=1,....N;, [¢ili = l¢i, jl: = 0.

Proof We set ¢ = ¢ — KMy, and we notice that [¢1]; = 0, [¢1, j1i = O for every
j=1,...,Ny.

Now, we can repeat this procedure replacing z; by z» and ¢ by KV (¢) ; we will apply
then the operators K, ,512 ), defined with respect to the variable z,, with the relative coronas.

We set ¢ 1= K(l)ga — K(Z)K(l)w with the property that [¢2]> = 0, [¢2, jlo = O for
every j =1,---, Np.

Iterating the algorithm we set ¢, 1 := K@= ... KDy — k=D ... kMg and

On =@ —¢1— " —Pn—1-
By an easy recursion we have
©On = K(nil) e K(l)(p

with, of course ¢ = @1 + - - + @,.
So finally, we find a decomposition ¢ = ¢ + - - - + @, such that for i < n, we have
[pili =0, [¢;, jli =0forevery j =1,..., N;. 0

5 Obstructions to a solution with compact support

Let us define the two quantities which tell us when the last term in the decomposition from
Corollary 4.7 verifies also

Vj =1,..., Ny, [(pn]n =0, [(pn,j]n =0.
‘We note that

@n = K@= .. K(l)(p
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On L" hypoellipticity of solutions 1009

and, more precisely, we have

Ny—1 N
on = Z o K,Z;__}) o K’gl)((p)_
mp—1=0 mp=0
We set
My i={(my, ..., my_y) =mj < N;} c N"~L;
w= (mp,...,my_1)€Mu_1, I(w):={tk<n—1:m=0}, I=(y,..., l,_1)eN"!
and

)l_,'+l

, (zj —cm;,j(z,8)
[T¢ 11 lcﬁ-[?(z,;)(Zj)(Z] e n(6)
J

AP g
il jel(w §j—cm;,j(z, )7

1
I = [ etk
’ T
Cn

. 1 i
1w = — / oG =i T & [T Tepen@

Ccn iel(p)  s¢l(p)

(zs — me,S(Z! g))lﬁ_l

dmy (¢);
s~ ama (e 0T )
where
cnk(z,8) =cnp(@t, ooy Zh15 Ckt1s -5 Gn) L <k <nm
Ch,l(zs é‘) = Ch,l(;za MR g‘l’l)
chn(z,8) = cpn(z1y .oy Zn—1)-

and the same notation is used for ]lc(j)(z 0 (zj). We have the link:
k ]

Theorem 5.1 Consider ¢ € L.(D"\Z). Ileiol) (p) = 0 forevery u € My_y andl € N,

then [yl = 0; given also j =1, ..., Ny, ilei{I)(qJ) = 0 for every u € My_1 andl € N,
then [¢n, jln = 0.

Proof By direct calculation, using the series expansions given by Lemma 4.5, we have that

1
(Ko @1 () = — AL o0 (en) D55 / [Plh(DEky dmi (Gngr)
>0 C

(h) [NO) - leln (D)
K@)t ®) = A Lo 3 / T dm )
= C

1
(K" @1 () = — AP T @) D @n = i)™ [ To, Ok dmi @)
J a /G —~
Z C

1 , Jln(d
[Kj(.h)(ga),m]h+1(k) = ;Aﬁh)]lc(_h) (zn) Z(Zh_cj,h)lJrl Lp, J1n®) dm i (gpt1)-

_ k+1
=0 J (Cht1—Cmn+1)
Therefore, by induction, we obtain that

(KD KD eln(ln)

n—1
=149 TT tene X T &9 @

i=1 iel(p) VeNt—liel ()
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and

[K;S’ff,” KD, 1)

_HA(I) [1 Teo (i) > I &9 @

iel () I'eNn—liel(n)
So, if J ;0; (p)=J /-(L] l) (¢) = 0, all the coefficients vanish, then
[@n]n (k) =0 [‘pm J]n (k) =0
as we wanted. O

Definition 5.2 We shall say thatg € L[ (D" \Z ) verifies the structure conditions if J ;EO; (p) =
0 forevery u € M,,_1 andl € N, and if JI(L{[)(w) =0 forevery u € M,_; and ! € N".

6 (0, n)-forms on the polydisc

As for now, we do not have a way to deal with the integrals J ;EM) (k) on the domain D" \ Z,
so we turn to the much easier case of the polydisc itself. We look first at the problem for
(0, n)-forms.

Let w be a (0, n)-form with L. (ID") coefficients; we can find a function ¢ € LL(ID") such
that

w=¢dZ| A AdZ,.

In this case, the operators K coincide with the outer corona components K(gm) , so the

obstructions to a solution of compact support are given by the integrals J(;O) (k), where the
subscript 0 stands for a multi-index of the appropriate length containing only Os. We have
the following result.

Lemma 6.1 If there is a current T with compact support in D" such that 3T = w, then we
have

VIeN'! Vji=1,... Ny J37@)() =0,
that is, ¢ verifies the structure conditions for the polydisc.

Proof Let {pc} C D(C") be a family of functions such that p. — §p, when € — 0, in the
sense of distributions, with supppe C {|z] < €} and ||pe|l1 = 1.
We write

T =Tidz + -+ T,dz,
so we have
(p:51Tl+"'+5nTn:tl+"'+tn

where, obviously, every #; is compactly supported in D".
We set T,f = Ty * pc € D(C"); by standard theorems on convolution,

supp(Ty;) C {z | dist(z, suppTj) < €}
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so, for € small enough, all the regularized functions are compactly supported in D" and
TS =ty * pe = 1,
By Lemma 3.2, we have that
[t;1n (k) =0

foreveryk e Nandh =1,...,n
Moreover, we have that

W =pxpe=1t] +...+1,

and ¢ — (pinL’ ase — 0.

As ¢ and @€ are compactly supported in D", for € small enough, we can see them as
continuous functionals on LY (") (where ¢ ~' 4+r~! = 1). The convergence ¢¢ — ¢ holds
also in this sense.

The functions {,’f Hl 1 ;“ are in L10C (D) forevery I € N*~1 k e N; therefore,

loc

87 (@) (k) — 787 (@) (k).

Now, consider the, with i < n — 1; we know that [ths]h (I) = 0 for every [ so we can apply
Fubini and get

o0 @) (k)

1 L
— / i@k [ & dma)
cn i=1

= /c Hc /rh(;)zhhdmm)dmn 1Gn)

cn—1 ;7&}' C

/ & H & [t 10 U dmu—1 (Zn) = 0;
(ot t;éh
If i = n, it is again an application of Fubini’s theorem to show that J, © L) (k) =0.

By additivity of the integral, it follows that Jéo) () (k) =0, so lettlng € — 0 we obtain
the thesis. o

Theorem 6.2 If w is a (0, n)-form in L7(D") such that there is a (0,n — 1) current T,
compactly supported inD", such that 0T = w, thenwe can finda (0, n—1)-formn € L;(D")
such that 9n = w and the operator associating n with w is linear and bounded in the L"
norm.

Proof Again, we can find a function ¢ € L”.(D") such that

w=@dz; A--- Adz,.
By Corollary 4.7 we can write ¢ = ¢1 + - - - + ¢, and by Lemma 3.2, the convolutions
1

TZn—1

1
fil=@1%1 —, ..oy fao1 = Qn—1 *n—1
w71
are compactly supported and

Nfi+ + o1 foci =01+ + 1 =@ — @n.
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Moreover, by Lemma 6.1, ¢ satisfies the structure conditions, and then, by Theorem 5.1,
[¢n 1, (k) = O for every k € N. So, also

o= On*n —
TZn

is compactly supported, always by Lemma 3.2.
We set

n
n=> (=)' fdz;
j=1
so that
an = odz

and the coefficients of n belong to L. (D").

The dependence of 1 on w is clearly linear; moreover, we have that || f;ll, < yll¢jll,,

where y depends only on the dimension 7 and on the radii of D". We recall that || K ém)w IIr <

AoM|lgllr, so [ fill- < (AoM + 1)y |lgl,. o

Remark 6.3 We note that
n
n=> (=17 f;dZ; = > n,di;
j=1

is such that 3 jnj € LL.(D") for every j and actually

> ldnilr < Cllol.
J

7 (0, n — 1)-forms on the polydisc

We turn our attention to (0, n — 1)-forms. Firstly, we give a refined version of Lemma 6.1.

Proposition 7.1 Suppose ¢ € L"(C") and Ty, ..., T,—1 are distributions, compactly sup-
ported in D", such that

o=01T1 + -+ 3,_1T,_1.

Then we can find @1, ..., po—1 € L"(C"), compactly supported in D" such that ¢ = @1 +
-+ @n—1 and [¢;]; (k) = 0O, for every k € N.

Proof After performing the same regularization as in the proof of Lemma 6.1, we have

n—1
1 e i
7,n/th(;“)a(;“n)i]_[l42‘ dma(8) =0

(ol

for every a(¢,) for which the integral is well defined (e.g. @ € L'). This is because 4 ranges
from 1 to n — 1, so we can isolate the terms [; ], (/) employing only the functions which
appear in the product.
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Therefore, the function

n—1
1o L
= [ i [Ttan @

cn—1 i=l

vanishes for almost every z,, and the same is true for the function
1 n—1
€ li 2
;/wwﬂgmm>
cn—1 i=1

and, letting ¢ — 0, also for

n—1

1 o o
— | v© H ¢ dmay ().
cn—1 i=1

By the analogue of Theorem 5.1 in the first n — 1 coordinates,
(K" K Vgl (k) =0,
so defining ¢1, ..., ¢,—2 as in Corollary 4.7 and setting ¢,—1 = ¢ — @1 — - -+ — QPp_2, We
have that [¢; ]; (k) = 0, as requested. O
The following corollary is immediate.
Corollary 7.2 Let w be a (0, n)-forln with LL.(D") coefficients, and let T be a current,
compactly supported in D" such that 9T = w, with
T = T]dél + -+ El—ldéll—ly
that is, T = S A dzy, for some (0,n — 2)-current S. Then we can find n with L"(C")
coefficients, compactly supported in D", such that 0n = w and with
n=mdZ + -+ ny_1dZut.

Remark 7.3 Obviously, we can suppose that the coefficient of dZx in T is zero and obtain
that there exists a solution with coefficients in L (C") with compact support in D" where the
coefficient of d%k is zero.

By induction, we can show that if there exists a solution with the coefficients of

d%k1 R dgk, equal to zero, then we can produce a solution in L” with the same vanishing
coefficients.
We note that the construction of ¢1, ..., ¢,—1 does not involve the n-th coordinate, so

9n¢ and 3,¢; share the same regularity, whatever it is.
We denote by W7 (ID") the space of (0, g)-forms w with L.(D") coefficients such that
w = z w]dfj
IJ|=n—q
and
(*)  9j,_,dwyel’(C) k=1,....,n—q, Y|J|=n—gq. (7.1)

jn—q :

The space W7 (D") can be made into a Banach space with the norm

n—q
lolw =" Nl + D> ), dj0sl
J

J k=1
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Theorem 7.4 If wis a (0, n — 1)-form in LL.(D"), dw =0, such that € W'~ (D"), then
we can find a (0, n — 2)-form B € W'=2(D") such that 3f = w. The operator associating
n with w is linear and bounded from W'~ (D) to W"=2(D").

Proof We proceed by induction on n; the case n = 2 is true. If there exists a distribution 7'
with compact support such that 37" = w, then by Corollary 7.2, we have

n—1

wy = E Wpj
Jj=1

with wpj € L" and [a)nj]j(k) =0.
We consider the following family of compactly supported (0, n — 2)-forms in C"~!,
depending on the parameter z,:

n—1

0wy 1 A
— E . _ + nj o =
Ve = (wj + =D 0Zn * an)de'

Jj=1

Note that as v, is thought as a form in €1, the notation dZ ;j has to be understood as the
exterior product of the differentials dzy, ..., dz,—1, with dz; missing.
Now, we have that

@ Y.) AdZ, = 0w =0
where 9’ operates in the first » — 1 coordinates. We note that

dwyj 1 ) _ _
—Lxj— ) =00 + (=D 9,0y,
dZn JJTZ]' i@+ (=D e

9 )
—|w; + (-1 ntJ
0z; ( i+ (=D
belongs to L"(C*~ 1) for almost all z,,. By inductive hypothesis, we can solve 5/51” =Y,
with compact support (and the result will be in W"=2(D"~!) for almost all z,).
We have d(&;, A dz,) = ¥, A dz,; we define a (0, n — 2)-form in C" with

n—1
) 1 .
Yy = Z(—l)lila)nj *j 7den.
o Tz
So we have
l don; 1
Uy = wadZy + > (=D a7,
14 nAdZn ; 3z, 4 7wz, J
therefore

Ay + &, AndZy) = .

The form y + &;, A dz, has compact support and belongs to L"(C").
Moreover, by inductive hypothesis, for almost every z,,,

162, W < Clivrz, -

Integrating with respect to z,, we get

1/r
&, Adzallw <C (/ III//znllﬁydml(Zn)) < (C+n =Dz D llellw.
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On the other side,

lVjnll < Cillwllw

10;¥jnll < Callwnll,
19,Yjnll < C3ll05nll,
1005 ¥jnll < Calldnwnllr

SO

lyllw < C'llollw.
Summing up we get
ly +&, AdZallw < Cllolw.
All the constants depend only on n and on the radii of the polydisc. O

Remark 7.5 Looking with some attention to the construction of the solution we performed in
the proof of the previous theorem, we can notice that where w depends on some parameters
with a given regularity or summability, the constructed solution n would depend on the same
parameter, with the same regularity or summability.

8 The general case on the polydisc

Let w be a generic (0, g)-form, and let us write

In the previous two sections, we treated the existence of compactly supported solutions with
L" estimates for the Cauchy—Riemann equation with datum w wheng = norg =n — 1.
Moreover, by Proposition 3.5, we know the answer also when ¢ = 1. Therefore, we have
a complete answer for n = 1,2, 3. We now proceed to state and prove the general result,
covering alsothe case 2 < g <n — 2.

Theorem 8.1 If w is a (0, g)-form, with 1 < g < n — 1, in LL(D"), dw =70, such that
w € WI(D"), then we can find a (0,q — 1)-form B € WA= (D") such that 38 = w. The
operator associating 8 with w is linear and bounded from W3 (D") to Wi~ (D).

Proof Again, we note that we already know the result wheng = 1 org = n — 1, so we will
prove it for 2 < g < n — 2. Following Hérmander [7, Chapter 2], we can write

w=gAdZ, +h

where g, h do not contain dz,,.

We can look at / as a family of (0, ¢)-forms in C*~!, depending on the complex parameter
Zn; similarly, g can be understood as a family of (0, ¢ — 1)-forms.

We denote by dcn-1 the @ operator in the first n — 1 variables, that is,

dom ¥ =D > xyrdzx Adz

négl kglU{n}

If ¢ does not contain dz,,, then 5/w = den1 .
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We proceed by induction on the dimension, and we prove the following:

I,,.1 The statement of the theorem holds in C", and the estimates on the WW¢ norms depend
only on the dimension and the radii of the polydisc;

I,,.2 if the coefficients of w depend on a parameter z,41 € D in such a way that w €
WA ("), then also € Wi~ (D" and ||8llw < C|lw|lw, with C depending only on
the radii of the polydisc and the dimension.

We note that the case ¢ = 1 of I,,.1 holds by Proposition 3.5; also, the case ¢ = 1 of
I,,.2 holds as well, because the solution can be constructed by convolution with the Bochner—
Martinelli-Koppelman kernel, so we can apply the usual results concerning the derivatives
of a convolution and Young inequality to obtain the desired estimates. In particular, given
that for n = 2 the only case is ¢ = 1, we have proved that /5.1 and /.2 hold true.

We also know from Theorem 7.4 that I,,.1 holds in the case ¢ = n — 1, and in Remark
7.5 we note that I,,.2 holds in that case as well.

We assume 7,,_;.1 and I,,_1.2 to hold for 1 < g < n — 1. As we just noted, we need only
toshow I,.1 and [,.2 for2 < g <n — 2.

Reduction. We note that dcn—1h = 0; therefore, 4 is a family of d—closed (0, ¢)-forms in
C"~! depending on the parameter z,,. Moreover, by assumption, 9,/ € L7(C"). We denote
by U; the (n — 1)—dimensional open set D" N {z,, = t}, and we note that U is still a polydisc,
hence Stein, for every ¢ for which it is non-empty.

As a well-known consequence of Serre’s duality (see [16]), we have HY (U;, ©) = 0, if
2 < g < n — 2; therefore, we can find a family 7 of (0, g — 1)—currents in C"~! such that
5@4 T = h for almost every z,,. Then, by 1,,_1.2, we can find a family H with H € L/.(D")
(and therefore H,, € L’.(U,,) for almost every z,,) and with H € W4~1(D").

Moreover, as H, depends linearly on h by I,,_;.1, if h;, = 0, then also H;, = 0.
Therefore, H is compactly supported in D".

Now,

OH = dco1 H+ Y 9,HidZ, AdZ; =h+ 9, H;dZ, AdZy
1 I
SO
w—0H =g Adz,
where g’ does not contain dz,,. Moreover, as @ and 9 H are in L7 (D"), also g’ is. Further, we
observe that
(Ocn-18") AdZ, = d(w — 0H) = 0w =0
and finally, for z,, fixed, g’ is a (0, ¢ — 1)-form in C"~!, belonging to W4~ (D"~ 1).

Solution. We have reduced ourselves to solve 0G = g’ A dz,, but as 5@4 g =0, we can,
by the same argument used in the reduction, obtain a family G’ of (0, ¢ — 2) forms in C"~!
such that dcn1G’ = g’, by I,-1.2.

Again, by the same reasoning, G’ € L’.(D"), and if we set G = G’ A dZ,, we obtain a
0, g — 1)-form G € W4~ (D") such that 3G = g’ A dz,.

So, B = G + H is the solution we looked for. Moreover, the norms || H |w and |G ||w are
controlled, respectively, by ||2||w and ||w|lw + [|d H||w, which is controlled by

lolw + 1 Hllw < llollw + [I2lw < 2|wllw.

This shows 7,,.1.
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To show [,.2 it is enough to notice that all our operations are constructive and preserve
the regularity (or summability) of an extra parameter; the case ¢ = n — 1 of I,,.2 was already
noted in Remark 7.5. O

Remark 8.2 We have to separate the proof for (0, n — 1)-forms from the general case because
in the former Serre’s duality tells us only that HC”’1 (U;, O) is equal to the topological dual
of HO(U,, @"~1) (we recall that U, is an open set in c 1Y, in general not vanishing, so the
induction does not work there.

Remark 8.3 We note that, in the proof of Theorem 8.1, we never actually used the fact that
our domain is the polydisc. Indeed, if we had the analogues of Theorems 6.2 and 7.4 for the
domain D" \ Z in every dimension, then we could apply the same proof to get Theorem 8.1
for D" \ Z, with exactly the same statement.

As a corollary of the previous results, we obtain the following.

Corollary 8.4 Let w be a 3-closed (0, q)-form with compact support in D"\ Z and satisfying
conditions 7.1; then, for any k € N, we can find a (0,q — 1)-form B € L.(D") such that
A(f*B) = w. Equivalently, we can find a (0, g — 1)-formn = f*B such that n € L.(D"), n
is 0 on Z up to order k and 3n = w.

Proof The (0, q)-form ¢ = w/f¥ is still d—closed and satisfies 7.1; hence, we have a
(0, g — 1)-form B € LL.(D") such that 38 = ¢. Son = f* B verifies all the requirements. O

Remark 8.5 We note that the solution operators we constructed are defined from W47 (D")
to W9~ 1(D") which means that we have a partial gain of regularity: every coefficient of the
datum is supposed to have derivatives in n — ¢ variables in L", while the solution we find
has derivatives in L for n — g + 1 variables.
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