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664 P. Budzynski et al.

1 Introduction

Composition operators (in L2-spaces over o-finite spaces), which play an essential role in
Ergodic Theory, turn out to be interesting objects of Operator Theory. The questions of
boundedness, normality, quasinormality, subnormality, hyponormality etc. of such operators
have been answered (cf. [8-10,16,17,19,20,23,30-32,34,42-44,54,56]; see also [15,18,33,
45,47] for particular classes of composition operators). This means that the theory of bounded
composition operators on L2-spaces is well-developed.

The literature on unbounded composition operators in L2-spaces is meager. So far, only the
questions of seminormality, k-expansivity, and complete hyperexpansivity have been studied
(cf. [11,24]). Very little is known about other properties of unbounded composition opera-
tors. To the best of our knowledge, there is no paper concerning the issue of subnormality of
such operators. It is a difficult question mainly because Lambert’s criterion for subnormality
of bounded operators (cf. [29]) is no longer valid for unbounded ones. In the present paper,
we show that the unbounded counterparts of the celebrated Lambert’s characterizations of
subnormality of bounded composition operators given in [31] fail to hold. This is achieved by
proving that a composition operator satisfies the requirements of Lambert’s characterizations
if and only if it generates Stieltjes moment sequences (see Definition 2.3, Theorem 10.4).
Thus, knowing that there exists a non-subnormal composition operator which generates Stielt-
jes moment sequences (see [25, Theorem 4.3.3]), we obtain the above-mentioned result (see
Sect. 11). We point out that there exists a non-subnormal formally normal operator which gen-
erates Stieltjes moment sequences (for details see [7, Section 3.2]). This is never the case for
composition operators because, as shown in Theorem 9.4, each formally normal composition
operator is normal, and as such subnormal. We refer the reader to [48—51] for the foundations
of the theory of unbounded subnormal operators (for the bounded case see [14,21]).

The above discussion makes plain the importance of the question of when C*°-vectors of a
composition operator form a dense subset of the underlying L?-space. This and related topics
are studied in Sect. 4. In Sect. 3, we collect some necessary facts on composition operators.
Illustrative examples are gathered in Sect. 5. In Sect. 6, we address the question of injectivity
of composition operators. In Sect. 7, we describe the polar decomposition of a composition
operator. Next, in Sects. 8 and 9, we characterize normal, quasinormal and formally normal
composition operators. Finally, in Sect. 10, we investigate composition operators which gen-
erate Stieltjes moment sequences. We conclude the paper with two appendices. In “Appendix
A.” we gather particular properties of L2-spaces exploited throughout the paper. “Appendix
B” is mostly devoted to the operator of conditional expectation which plays an essential role
in our investigations.

Caution. All measure spaces being considered in this paper, except for “Appendices A
and B”, are assumed to be o -finite.

2 Preliminaries

Denote by C, R and R the sets of complex numbers, real numbers and nonnegative real
numbers, respectively. We write Z . for the set of all nonnegative integers and N for the set
of all positive integers. The characteristic function of a subset A of a set X will be denoted
by xa. We write A A A'=(A\A") U (A" \ A) for subsets A and A’ of X. Given a sequence
{An}52 | of subsets of X and a subset A of X such that A, € A, for every n € N, and

A= U;’il Ay, we write A, /' A (as n — 00). Denote by card(X) the cardinal number of
X. If X is a topological space, then 98 (X) stands for the o-algebra of Borel subsets of X.
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On unbounded composition operators 665

Let A be an operator in a complex Hilbert space H (all operators considered in this
paper are linear). Denote by D(A), N(A), R(A), A and A* the domain, the kernel, the range,
the closure and the adjoint of A (in case they exist). If A is closed and densely defined,
then A has a (unique) polar decomposition A = U|A|, where U is a partial isometry on
‘H such that N(U) = N(A) and |A] is the square root of A*A (cf. [3, Section 8.1]). Set
D>X(A) = ﬂ;’lozo D(A™). Members of D°(A) are called C°°-vectors of A. Denote by || - || 4
the graph norm of A, that is,

I£1I% = IFII> + IAfI%,  f € D(A).

Given n € Z., we define the norm || - || 4, on D(A") by
n
I3, =D AT FIZ, f € DA™,
=0

Clearly, for every n € N, (D(A"), || - [|la») and (D(A™), || - ||a.») are inner product spaces
(with standard inner products). A vector subspace £ of D(A) is called a core for A if £ is
dense in D(A) with respect to the graph norm of A. Denote by / the identity operator on H.

By applying Propositions 2.1 and 3.2, one may obtain a criterion for closedness of a linear
combination of composition operators.

Proposition 2.1 Let Ay, ..., A, be closed operators in H (n € N). Then 27:1 Aj is closed
if and only if there exists ¢ € Ry such that
2
n n n
DA fIP < c(ufn2 + D Aif ) fe()D@p. @.1)
j=1 j=1 j=1

Proof Define the vector space X = ﬂ?:1 D(A;) and the norm || - ||, on X by 112 =
||f||2 + z;f:] ||Ajf||2 for f € X. Since the operators Ay, ..., A, are closed, we deduce
that (X, |- ||,) is a Hilbert space. Recall that A := 27:1 Ajisclosedif and onlyif (X, |- |l 4)

is a Hilbert space. Since the identity map from (X, || - ||x) to (X, || - ||4) is continuous, we
conclude from the inverse mapping theorem that (X, || - || 4) is a Hilbert space if and only if
(2.1) holds for some ¢ € R;.. O

A densely defined operator N in H is said to be normal if N is closed and N*N = NN*
(or equivalently if and only if D(N) = D(N*) and |[Nf] = ||[N*f]|| for all f € D(N),
see [55, Proposition, p. 125]). We say that a densely defined operator A in H is formally
normal if D(A) € D(A*) and ||Af]|| = |A*f| for all f € D(A) (cf. [2,12]). A densely
defined operator A in H is called hyponormal if D(A) € D(A*) and ||A* f| < ||Af] for
all f € D(A) (cf. [27,35,53]). Clearly, a closed densely defined operator A in H is normal
if and only if both operators A and A* are hyponormal. Obviously normality implies formal
normality and formal normality implies hyponormality. It is well-known that none of these
implications can be reversed in general. We say that a densely defined operator S in H is
subnormal if there exist a complex Hilbert space X and a normal operator N in /C such that
‘H C K (isometric embedding), D(S) € D(N) and Sf = Nf forall f € D(S).

The members of the next class are related to subnormal operators. A closed densely defined
operator A in H is said to be quasinormal if A commutes with the spectral measure E 4| of |A],
that is, Ej4(A)A € AE|4(A) for all A € B(Ry) (cf. [4,49]). In view of [49, Proposition
1], a closed densely defined operator A in H is quasinormal if and only if U|A| € |A|U,
where A = U|A] is the polar decomposition of A. This combined with [3, Theorem 8.1.5]
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666 P. Budzynski et al.

shows that if A is a normal operator, then A is quasinormal and N(A) = N(A™*). In turn,
quasinormality together with the inclusion N(A*) € N(A) characterizes normality. This
result can be found in [52]. For the reader’s convenience, we include its proof.

Theorem 2.2 An operator A in 'H is normal if and only if A is quasinormal and N(A*) C
N(A). Moreover, if A is normal, then N(A) = N(A¥).

Proof Inview of the above discussion, it is enough to prove the sufficiency. First, we show that
if A is quasinormal and A = U|A] is its polar decomposition, then U|A| = |A|U. Indeed, by
[49, Proposition 1], U|A| € |A|U. Taking adjoints, we get U*|A| C |A|U*, which implies
that U*(D(JA|)) € D(JA|). Hence, if f € D(|A|U),then U*Uf € D(|A]). Since [ — U*U
is the orthogonal projection of 7 onto N(]A|), we conclude that f = U*Uf+(I—-U*U) f €
D(]A]). This shows that D(|A|U) C D(U|AJ), which implies that U |A| = |A|U.

Now suppose that A is quasinormal and N(A*) € N(A). Since the operators P := UU*
and Pt := (I — P) are the orthogonal projections of H onto R(A) and N(A™*), respectively,
we infer from the inclusion N(A*) C N(A) that

R(PT) C N(A) = N(JA]) € D(AP). (2.2)
It follows from U|A| = |A|U and A* = |A|U™ that
AA* = U|APPU* = |A]*P. (2.3)
We will show that
|AI?P = |A%. (2.4)

Indeed, if f € H, then, by (2.2) and the equality f = Pf 4+ P+ f, we see that Pf € D(|A|%)
ifand onlyif f € D(|A|?). This implies that D(|A|> P) = D(]A|?). Using (2.2) again, we see
that |A|> f = |A|?Pf for every f € D(|A|?). Hence, the equality (2.4) is valid. Combining
(2.3) with (2.4), we get AA* = A*A.

The “moreover” part is well-known and easy to prove. O

Recall that quasinormal operators are subnormal (see [4, Theorem 1] and [49, Theorem
2]). The reverse implication does not hold in general. Clearly, subnormal operators are hypo-
normal, but not reversely. It is worth pointing out that formally normal operators may not be
subnormal (cf. [13,40,46]).

A finite complex matrix [c;, J']?, =0 is said to be nonnegative if

n
Z ciyjoz,-&j> 0, og,...,a, €C.
i,j=0

If this is the case, then we write [c; ;] j=0 > 0. A sequence {y,,}flo:0 of real numbers is said
to be a Stieltjes moment sequence if there exists a positive Borel measure p on R such that

Yn = /s”d,o(s), neZy.
Ry

A sequence {y,},°, € R is said to be positive definite if for every n € Z, [yi+j]?j:0>0.
By the Stieltjes theorem (see [1, Theorem 6.2.5]), we have

a sequence {y, ooy € R is a Stieltjes moment sequence if and only if

the sequences {y, ;2 and {yy+1}ac are positive definite. (2.5)
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Definition 2.3 We say that an operator S in H generates Stieltjes moment sequences if
D°(S) isdense in H and {||S” f ||2};',10 is a Stieltjes moment sequence for every f € D>(S).

It is well-known that if S is subnormal, then {||S” f ”2}20:0 is a Stieltjes moment sequence
for every f € D(S) (see [7, Proposition 3.2.1]; see also Proposition 2.4 below). Hence, if
D(S) is dense in H and S is subnormal, then S generates Stieltjes moment sequences. It
turns out that the converse implication does not hold in general (see [7, Section 3.2]).

The following can be proved analogously to [7, Proposition 3.2.1] by using (2.5).

Proposition 2.4 If S is a subnormal operator in H, then the following two assertions hold:
@) [||Si+jf||2]7i=0>0for all f € D(S*)andn € 7,
(ii) [||si+/'+1f||2]jj:0>0far all f € DSty andn € Z,.

For the reader’s convenience, we state a theorem which is occasionally called the Mittag-
Leffler theorem (cf. [41, Lemma 1.1.2]).

Theorem 2.5 Let (£,},°, be a sequence of Banach spaces such that for everyn € Z, €41
is a vector subspace of &,, E,+1 is dense in &, and the embedding map of £, into &, is
continuous. Then, ﬂ;’lozo &y is dense in each space &, k € 7.

3 Basic properties of composition operators

From now on, except for “Appendices A and B”, (X, </, ) always stands for a o-finite
measure space. We shall abbreviate the expressions “almost everywhere with respect to
©” and “for pw-almost every x” to “a.e. [u]” and “for pw-a.e. x”, respectively. As usual,
L*(n) = LA(X, o, ) denotes the Hilbert space of all square integrable complex functions
on X. The norm and the inner product of L2 () are denoted by || - || and (-, -), respectively.
Let ¢ be an &7 -measurable transformation! of X, that s, ¢)’l (A) € o forall A € &/. Denote
by i o ¢! the positive measure on <7 given by 1 0 ¢~ (A) = u(p~'(A)) forall A € «.
We say that ¢ is nonsingular if ;1o ¢ is absolutely continuous with respect to . It is easily
seen that if ¢ is nonsingular, then the mapping Cy : L*(uw) 2 D(Cyp) — L%(1) given by

D(Cy) ={f € L*(): fopp e L>(w)}and Cypf = f o for f € D(Cy), (3.1)

is well-defined and linear. Such an operator is called a composition operator induced by ¢;
the transformation ¢ will be referred to as a symbol of Cy. Note that if the operator Cy given
by (3.1) is well-defined, then the transformation ¢ is nonsingular.

Convention. For the remainder of this paper, whenever Cy is mentioned the transformation
¢ is assumed to be nonsingular.

If ¢ is nonsingular, then by the Radon-Nikodym theorem there exists a unique (up to sets
of measure zero) .«7-measurable function hy: X — [0, co] such that

wop~l(A) :/hd,d,u, Acd. (3.2)

A

Here and later on ¢" stands for the n-fold composition of ¢ with itself if n>1 and ¢° for the
identity transformation of X. We also write ¢ " (A) := (@M~ (A)for A e of andn € Z,.

1 By a transformation of X we understand a map from X to X.
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Note that hyo = 1 a.e. [u]. It is clear that the composition ¢ o ... o ¢, of finitely many
nonsingular transformations ¢, . .., ¢, of X is a nonsingular transformation and

Cyy ...

n

C¢)l g C¢1°-~~°¢n’ neN. (33)

Now we construct an <7 -measurable transformation ¢ of X such that ¢ is not nonsingular
while ¢? is nonsingular.

Example 3.1 Set X = {0} U{1}U[2,3]. Let & = {AN X: A € B(Ry)}. Define the finite
Borel measure ¢« on X by

n(A) = xa0) + xa(l) + m(AN[2,3]), Ae,

where m stands for the Lebesgue measure on R. Let ¢» be an .«/-measurable transformation
of X given by ¢(0) = 2,¢(1) = 1 and ¢(x) = 1 for x € [2, 3]. Since n({2}) = 0 and
(o dp~1H({2}) = 1, we see that ¢ is not nonsingular. However, @ is nonsingular because
¢*(x) = 1 forall x € X and u({1}) > 0.

Suppose that ¢ is a nonsingular transformation of X. In view of the measure transport
theorem ([22, Theorem C, p. 163]), we have

/ |fo ¢|2du = / |f|2h¢du for every o/-measurable function f: X — C. (3.4)
X X

This implies that

D(Cy) = L*((1+hy)dw), 1INz, = / IfPA+hg)de, (3.5
X

D(C$)=L2((i0h¢j)du), |If||2c¢,n=/|f|2(i)h¢j)du, neZi. (36)
J= X J=

Moreover, if ¢1, ..., ¢, are nonsingular transformations of X (n € N), then
n
D(Cy, .- Cp) = L*((1+ D Ngonop,)du). (3.7)
j=1

The following proposition is somewhat related to [17, p. 664] and [11, Lemma 6.1].

Proposition 3.2 Let ¢ be a nonsingular transformation of X. Then Cy is a closed operator
and

D(Cy) = xF, L*(n) with Fy = {x € X: hy(x) < oo}. (3.8)
Moreover, the following conditions are equivalent:
(1) Cy is densely defined,
(ii) hy < oo a.e. [u],
(ili) the measure o ¢~ is o -finite.
Proof Applying (3.5), we get Cyp = Cy and D(Cy) < XF, L%(1). To prove the opposite
inclusion xg,L*(u) € D(Cy), take f € L*(u) such that flx\, = 0 ae. [u], and set

X, = {x € X: hg(x) < n} forn € N. Noting that X,, /* Fy as n — oo, we see that

Jx xx, fI2(1 + hy)du < oo forall n € N, and limy o0 [y | f — xx, f*du = 0, which
completes the proof of (3.8).
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()< (ii) Employ (3.8).
(ii)<(iii) Apply (3.2) and the assumption that u is o-finite. ]

Corollary 3.3 Supposethat ¢y, . .., ¢, are nonsingular transformations of X and Ay, ..., Ay
are nonzero complex numbers (n € N). Then, Z;ZI 1;jCg; is densely defined if and only if
Cy, is densely defined for everyk =1, ..., n.

Proof By (3.5), D(Z;le 1jCy,) = L2((1 4+ ijl hy;)du), and thus the “if” part follows
from Proposition 3.2 and Lemma 12.1. The “only if” part is obvious. O

4 Products of composition operators

First we give necessary and sufficient conditions for a product of composition operators to
be densely defined.

Proposition 4.1 Let ¢y, ..., ¢, be nonsingular transformations of X (2 < n < o0). Then,
the following assertions hold:

(i) Cg, ...Cy, is a closable operator,
(ii)) Cgy, ...Cy, is densely defined if and only if Cy,o..op, is densely defined for every
k=1,...,n,
(iii) if Cy,_, ... Cy, is densely defined, then

C¢]o._,o¢k =C¢k...C¢1, k=1,...,n, (4.1)

(iv) if Cpjo...0p, is densely defined, then so is the operator Cg,,
(V) if Cg, ...Cy, is densely defined, then so are the operators Cg,, ..., Cg,.

n

Proof (i) Apply (3.3) and Proposition 3.2.

(ii) To prove the “if” part, assume that Cy,o...o¢, is densely defined for k =
It follows from Proposition 3.2 that hg o o¢, < 00 ae. [u] for k =
Applying (3.7) and Lemma 12.1to p;y = l and oo = 1 + Z?:1 Ngio..0p;, We get
D(Cy, ...Cy)) = L?(w). The “only if” part follows from (3.3) and the fact that the
operators Cy, ...Cy,, k =1, ..., n, are densely defined.

(iii) It follows from (ii) and Proposition 3.2 that 2 := Z'};} h¢lomo¢j < oo a.e. [u]. Set
Y ={x € X: hgo..04,(x) < o0}and oy ={A € o&/: A C Y}. Equip D(Cyyo...0p,)
with the graph norm of Cg,....o¢, and note that the mapping

1,...,n.
I,...,n

O: D(Cpro..0p,) > f > fly € L*(Y, oy, (1 + Nyyo. 0p,)dit)

is a well-defined unitary isomorphism (use (3.5)). It follows from Lemma 12.1 that
L? (Y, ay, 1+ h+ h¢lo__,o¢n)d,u) is dense in L2 (Y, ay, (1 + Ngo.. 00, )du). Since,
by (3.3) and (3.7), @(D(Cy, ...Cy,)) = L2(Y, oy, (1 + h + g0 og,)dn), we
deduce that Cg, ...Cyp, = Cgpo...00,- Applying the previous argument to the systems
(Cgpyy - Cy) k e{l,...,n— 1}, we obtain (4.1).

(iv) It is sufficient to discuss the case of n = 2. Suppose that Cy, o¢, is densely defined. In
view of Proposition 3.2, the measure @ o (¢ o ¢2)_1 is o -finite. Since o (¢ o ¢2)—1 =
(n o¢)2_] )o¢)1_] , we see that the measure ;Loqb{l is o -finite as well. Applying Proposition
3.2 again, we conclude that Cy, is densely defined.

(v) Apply (ii) and (iv). ]
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Corollary 4.2 If C g_l is densely defined for some n € N, then Fg = Cyn.
The following is an immediate consequence of (3.7) and Corollary 12.4.

Proposition 4.3 If ¢1,..., ¢, and ¥y, ..., ¥, are nonsingular transformations of X,
then D(Cy, ...Cy) S D(Cy,, ...Cy,) if and only if there exists ¢ € Ry such that

Z’;l:l hllflomollfj < C(] + z?:l h¢10m0¢j) a.e. [l

Now we give necessary and sufficient conditions for a product of composition operators
to be closed.

Proposition 4.4 Let ¢y, ..., ¢, be nonsingular transformations of X (2 < n < o0). Then,
the following three conditions are equivalent:

(i) Cy, ... Cp; = Cpio...opy

(ii) D(Cpio...opy) S D(Cy, ...Cy)),
(iii) there exists ¢ € Ry such that 27;} h¢lomo¢j < c(1 4+ Ngo.09,) ae [1].
Moreover, any of the conditions (i) to (iii) implies that

(iv) Cg, ...Cgy, is closed.

If Cy,_, ...Cy, is densely defined, then all the conditions (i) to (iv) are equivalent.

Proof The equivalence of (i) and (ii) is a direct consequence of (3.3). The equivalence of
(ii) and (iii) follows from Proposition 4.3. That (i) implies (iv) follows from Proposition 3.2.
Finally, if the product Cy, _, . .. Cy, is densely defined, then (iv) implies (i) due to Proposition
4.1 (iii). O

Corollary 4.5 If ¢ is a nonsingular transformation of X, then the following assertions hold
foralln € N:

(i) Cyn is densely defined if and only if hgn < oo a.e. [ju],
(i1) Cg is densely defined if and only ifzzle h¢j < oo a.e. [u],
(iii) Cg = Cyn if and only if there exists ¢ € Ry such that hyr < c(1 + hgr) a.e. [u] for
k=1,...,n.

Proof Use Propositions 3.2, 4.1 (ii) and 4.4 (for (ii) see also [24, p. 515]). m]

Corollary 4.6 If ¢ is a nonsingular transformation of X and D(C Z’) = L?(u) for some
m € N, then there exists a sequence {X,}°° | C o such that

n=1 =
i) X, /" Xasn — oo,
(i) u(X,) <ooforalln € N,
(iii) Z']":l hyi (x) < n for p-a.e. x € X, andn € N.

The question of when C°°-vectors of an operator A in a Hilbert space H form a dense
subspace of H is of independent interest (cf. [28,39]). If every power of A is densely defined,
then one could expect that D°°(A) is dense in H. This is the case for any closed densely
defined operator (even in a Banach space), the resolvent set of which is nonempty?. As shown
below, this is also the case for composition operators. However, this seems to be not true in

2 This can be deduced from the fact that the intersection of ranges of all powers of a bounded operator which
has dense range is dense in the underlying space.
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On unbounded composition operators 671

general. Dropping the assumption of closedness, we can provide a simple counterexample.
Indeed, take an infinite dimensional separable Hilbert space . Then, there exists a dense
subset {e,: n € Zy} of H which consists of linearly independent vectors. Let A be the
operator in H whose domain is the linear span of {e,: n € N} and Ae; = e;_; for every
Jj € N. Since {e, : n>k} is dense in H for every k € Z,, we deduce that the operator A” is
densely defined for every n € Z . However, D> (A) = {0}.

Theorem 4.7 If ¢ is a nonsingular transformation of X, then the following conditions are
equivalent:

(1) D(Cg) is dense in L*(11) for everyn € N,
(i) D®(Cy) is dense in L* (),
(iii) D°(Cy) is a core for C; foreveryn € Z,
(iv) D*(Cy) is dense in (D(Cy), || - lcy.n) for everyn € Z...

Proof The implications (iv)=-(iii), (iii))=>(ii) and (ii)=(i) are obvious.

(i)=(@v) In view of Corollary 4.5(ii), 0 < hgn < oo a.e. [u] foralln € N. Givenn € Z
we denote by H,,, the inner product space (D(C;), Il - llcy.n)- It follows from (3.6) that H,
is a Hilbert space which coincides with Lz((zyzo h¢ ;)dw). Hence, in view of Lemma 12.1,
‘Hyu+1 is a dense subspace of H,,. Clearly, the embedding map of H,, 41 into H,, is continuous.
Applying Theorem 2.5 to the sequence {H,,}2,, we conclude that D*°(Cy) = (72, H; is
dens; in D(C g) with respect to the norm | - ||c,,, for every n € Zy. This completes the
proof. O

Regarding Theorem 4.7, we mention the following surprising fact which can be deduced
from [39, Theorem 4.5] by using Theorem 2.5 and [39, Corollaries 1.2 and 1.4].

Theorem 4.8 Let A be an unbounded selfadjoint operator in a complex Hilbert space H
and let N be a (possibly empty) subset of N\ {1} such that N\ N is infinite. Then, there exists
a closed symmetric operator T in H such that T C A, D*°(T) is dense in H and for every
k € N, D>®(T) is a core for T* if and only ifk € N\ M.

5 Examples

We begin by showing that Corollary 4.2 is no longer true if the assumption that Cg_l is
densely defined is dropped.

Example 5.1 We will demonstrate that there is a nonsingular transformation ¢ such that Cy is
densely defined, C, and C(é are not densely defined for every j € {2, 3, ...}, and C; G Cys
(however, by Corollary 4.2, Cq% = Cy2). For this, we will re-examine Example 4.2 given in
[24]. Suppose that {a;}{2,, {bi}i2, and {c;, j}?j‘zo are disjoint sets of distinct elements. Set
X ={ai}25 U b} U {Ci,.i}?f/:o and &7 = 2%, Let 11 be a unique o -finite measure on &7
determined by

1 ifx =a; for some i € Z,
u({x}) = 2,% ifx =b; forsomei € Z,,
21% ifx = ¢, j forsomei, j € Z.
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Define a nonsingular transformation ¢ of X by

aj+1 ifx =a; forsomei € Z,,
¢(x) = 1ao if x = b; for some i € Z,
bi ifx =c;; forsomei,je€Zy.

Then hy < oo a.e. [u], and thus by Proposition 3.2, the operator Cy is densely defined.
Since h¢z (ap) = oo, we infer from Proposition 3.2 that Cy» is not densely defined. It follows
from (3.7) that @(c;) = L*((1 4+ hg + hy2 + hys)du). This and hy(ag) = oo imply
that f(ap) = O for every f € D(C;;). Since the convergence in the graph norm is stronger

than the pointwise convergence, we deduce that f(ap) = O for every f € D(F;). As
D(Cy3) = L2((1 + hys)du) (cf. (3.5)) and hys(ap) = 0 (because ¢ ({ap}) = @), we see

that x{ap} € D(Cy3)\D (Cg). Finally, arguing as above and using the fact that h¢j+2 (aj) =00
for every j € Zy, we conclude that Cy; is not densely defined for every j € {2,3,...}. As

a consequence, Cj; is not densely defined for every j € {2, 3,...}.

The composition operator Cy constructed in Example 5.1 is densely defined, and its square
is not densely defined; however, dim D (C g) = oo forall n € N (because x,,) € D(C ;) for
all i>zn — 1). In fact, there are more pathological examples.

Example 5.2 1t was proved in [26, Theorem 4.2] that there exists a hyponormal weighted
shift S on a rootless and leafless directed tree with positive weights whose square has trivial
domain. By [25, Lemma 4.3.1], S is unitarily equivalent to a composition operator C. As a
consequence, C is injective and hyponormal, and D(C?) = D®(C) = {0} (see also [6] for
a recent construction).

Regarding Proposition 4.1, we note that it may happen that the operators Cy, and Cy, are
densely defined, while the operators Cy, 04, and Cy, Cy, are not (evenif ¢1 = ¢, see Example
5.1). Below, we will show that for some ¢ and ¢ the composition operator Cy, 04, is densely
defined (even bounded), while Cy, is not.

Example 5.3 Set X = Z, and &/ = 2. Let u be the counting measure on X and let ¢;
and ¢, be the nonsingular transformations of X given by ¢1(2n) = n, ¢1(2n 4+ 1) = 0 and
¢2(n) = 2n forn € Z,. Then, @1 o ¢ is the identity transformation of X, and hence, Cy, 04,
is the identity operator on L?(w). However, since (o l({0})) = 00, the measure o ¢, !
is not o -finite, and thus by Proposition 3.2, the operator Cy, is not densely defined.

Our next aim is to provide examples showing that the equality C; = Cy» which appears

in Corollary 4.5 (iii) does not hold in general even if D°°(Cy) is dense in Lz(,u,) (which is
not the case for the operator given in Example 5.1).

Example 5.4 Set X = Nand &7 = 2%. Let ;1 be a counting measure on X and let {Juloo, be
a partition of X. Define a nonsingular transformation ¢ of X by ¢(x) = min J,» for x € J,
and n € N. Set Ny = {n?: n € N} and note that

x={u || {¢":nez}, (5.1

q€N\Ng

where all terms in (5.1) are pairwise disjoint (they are equivalence classes under the equiv-
alence relation ~ given by: p ~ ¢ if and only if pzm = qzn for some m,n € Z,). Since
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h¢,j (x) = card(¢—/ ({x})) forx € X and j € N, we infer from (5.1) that for all j € N and
x € X (m appearing below varies over the set of integers)

card(Jy) if x = min Jp,
hgi (x) = card(qumf_,-) if x = min J o withg € N\ Ny and m>j, (5.2)
0 otherwise.

By (5.1), (5.2), Proposition 3.2 and Theorem 4.7, the following are equivalent:

e card(Jy) < 8o forevery k € N,
o Cy is densely defined,

° Cg is densely defined for some n € N,
o C g is densely defined for every n € N,

D*®(Cyp) is dense in L2(w).

The above, combined with (5.2) and Proposition 4.4, implies that if Cy is densely defined,
then for every integer n>2, C g is closed if and only if there exists ¢ € R4 such that

card(qus) <c¢, s=0,...,n—-2, g € N\Nj,
card(J »+1) < c(l+ card(J, 2 )), s €Zy, g €N\N;.
Using this and an induction argument, one can prove that if Cy is densely defined, then either
C g is closed for every integer n> 1, or C7} is not closed for every integer n>2. Summarizing, if
we choose a partition {J; }72 | of X such that J, is finite forevery n € N, and sup{card(J,): q €
N\N;s} = Rg (which is possible), then D°(Cy) is dense in L?(w) and Cg is not closed for

every integer n>2. On the other hand, if «>2 is any fixed integer and a partition {J;}7°, of
X is selected so that Jj is finite and card(qun) =" foralln € Z; and g € N\ Ny (which

is also possible), then D°(Cy) is dense in L?(u) and C g is closed and unbounded for every
neN.

6 Injectivity of Cy
In this section, we provide necessary and sufficient conditions for a composition operator to
be injective. The following set plays an important role in our considerations.
N¢ = {x eX: h¢(x) = 0}
The following description of the kernel of Cy follows immediately from (3.4).

Proposition 6.1 If¢: X — X is nonsingular, then N(Cgy) = xN, L%(1).

Proposition 6.2 Let ¢ be a nonsingular transformation of X. Consider the following four
conditions:

(i) N(Cy) = {0},

(i) u(Ng) =0,
(iii) xn, 0 ¢ = xN, a-e. [1],
(iv) N(Cyp) S N(Cp).

Then the conditions (i), (ii) and (iii) are equivalent. Moreover, if Cy is densely defined, then
the conditions (i) to (iv) are equivalent.
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Proof (1)<(ii) Apply Proposition 6.1 and the o -finiteness of jt.

(ii)=(iii) Since ¢ is nonsingular, we have t(Ng) = 0 and wip™! (Ng)) = 0, which implies
that £(Ng A ¢! (Ng)) = 0. The latter is equivalent to (iii).

(iii)=>(ii) By the measure transport theorem, we have

M(N¢)=/XN¢d/L=/XN¢o¢d,u=/XN¢h¢dM=O_
X X X

Now suppose that Cy is densely defined.

(i)=(iv) Obvious.

(iv)=(ii) Let {X,,};2 | be as in Corollary 4.6 (with m = 1).

Then, by (3.4), we see that xx, , xN,nx, € D(Cy) and ||C¢(XN¢an)||2 = wax” hgdu =0
for all n € N, which together with our assumption that N(Cy) C N(C:;) yields

0= (xn,nx,. Coxxy) = / xx, 0 bdi = u(Ng N X, N~ (X))
N(pﬁXy,

foralln € N. Since Ny N X, N o (X, Ng as n — oo, the continuity of measure implies
that £t(Ng) = 0. This completes the proof. O

Corollary 6.3 If Cy is hyponormal, then N(Cy) = {0}.

Proof Itfollows from the definition of hyponormality that N(Cy) € N(C;). This and Propo-
sition 6.2 complete the proof. O

Corollary 6.4 If Cy is formally normal, then
D(Cy) N N(C;;) = {0}.

Proof If f € D(Cy) NN(Cy), then [[Cy f 1| = [IC4 fII = 0, which means that f € N(Cp).
Applying Corollary 6.3 completes the proof. O

It turns out that composition of hy with ¢ is positive a.e. [1] (see also the proof of [23,
Corollary 5]).

Proposition 6.5 If ¢: X — X is nonsingular, then hg o ¢ > 0 a.e. [u].
Proof Note that (¢~ (Ng)) = [ xn, o #du = [y xn,hgdu = 0. This combined with

¢~ '(Ng) = {x € X: hy(¢(x)) = 0} completes the proof. o
Corollary 6.6 If ¢ is a nonsingular transformation of X and hg o ¢ = hy a.e. [, then
N(Cy) = {0}

Proof Apply Propositions 6.1 and 6.5. O

7 The polar decomposition

Given an «/-measurable function u : X — C, we denote by M,, the operator of multiplication
by u in L?(u) defined by

D(M,) ={f e L*(w): u- f € L*(W)},
Muf =u- f’ f € D(Mu)~

The operator M,, is a normal operator (cf. [3, Section 7.2].
The polar decomposition of Cy can be explicitly described as follows.
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Proposition 7.1 Suppose that the composition operator Cy is densely defined and
Cy = U|Cy| is its polar decomposition. Then,

@ [Cyl = My,

(ii) the initial space of U is given by

RACsD = {ngf: 1 e L2hyd ], .1)
(iii) the final space of U is given by
R(Cy) = {fod: f e L (hgdu)}, (7.2)
(iv) the partial isometry U is given by*
_ goo 2
Ug - (h¢ O¢)1/2’ 8 € L (M)s (73)

(V) the adjoint U* of U is given by

Utg =h/*-v7'Pg. ge L,

where V : L2(h¢d,u) — R(Cy) is a unitary operator defined by Vf = f o ¢ for
fe L2(h¢d,u) and P is the orthogonal projection osz(u) onto R(Cy).

Proof (i) We will show that C;C(z, € Mhp,. Let {X.};2, be as in Corollary 4.6 (with
m = 1). Take f € D(C;C¢) and fix n € N. By (3.5), xa € D(Cy) whenever A € &/
and A C X,,. Thus, for every such A, we have

(3.2)
/C$C¢fdﬂ =(C3Co f, xa) = (Cp f, Copxa) = /fh¢du-
A A
Since both functions (C;C¢f)XXn and (fhg)xx, are in LY(w), we deduce that
C:;C¢f = fhyg ae. [u] on X,,. This and X,, /' X give C:;quf = fhy ae. [u].
As a consequence, we have C:;Cq; C M, . Since both are selfadjoint operators, they
are equal. Thus |Cy| = M;d/)z = Mhl/z.

(i) By [3, Section 8.1] and Proposition 6.1, we have
R(ICyD) = N(Cg1)" =N(Cy)" = xx\N, L (), (74)

which as easily seen gives (7.1).
(iii) By (3.4) and (ii), the mapping W: R(|Cy|) — L2(w) given by

Why>f)=fop. feL*hyduw). (7.5)

is a well-defined isometry. Using (i), we verify that W|x(c,)) = Ulr(c,p, which
implies that R(Cy) = R(U) = R(W). Hence, (iii) holds and, by (7.5), we have

U*(fop)=hy’f. feL*hsdu). (7.6)

3 Note that the mapping L2(h¢du) > f h;/zf € L2(p) is an isometry.

4 Recall that hy o ¢ > 0a.e. [u] (cf. Proposition 6.5).
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(iv) Applying the measure transport theorem to the restriction of ¢ to the full ©-measure
set on which hy o ¢ is positive (cf. Proposition 6.5), we get

° 2

/'g O g = / ePdu. g e L. .7)
hy o

X X\Ng

This and Proposition 6.1 imply that the mapping U : L?(u) > g — mﬁj’% e L% ()
is a contraction such that N(f/) = XN¢L2(M) = N(|Cy|). Hence, by (7.4) and (7.7), U
is an isometry on R(|Cy|). Clearly, by (i), 0|C¢|g = Cyg for g € D(Cy) = D(ICyl),
which implies that U = U.

(v) By (3.4) and (7.2), V is a well-defined unitary operator. If g € L%(u), then by (iii),
Pg = fo¢ae. [u] forsome f € Lz(hd,d,u). Thus, by N(U*) = R(I — P) and (7.6),
we have

U*s =U*Pg=U*(fog)=h/>f=h/> v 'pg.

This completes the proof.
]

Regarding Proposition 7.1, we note that the formulas for [Cy| and R(Cy) are well-known
in the case of bounded composition operators (cf. [23, Lemma 1]). The formula (7.3) has
appeared in [10, p. 387] in the context of bounded operators without proof.

Corollary 7.2 Suppose that Cy is densely defined and g € L%(1). Then g belongs to R(Cy)
if and only if one of the following equivalent conditions holds”:

(i) there is an <7 -measurable function f: X — C such that g = f o ¢ a.e. [1],
(ii) thereis a (Z)’l(%)-measurablefunction f: X — Csuchthat g = f a.e. [u],
(iii) g is (¢~ ())*-measurable,

(iv) for every Borel set A in C there exists A’ € o/ such that

n(g™' () a ¢~ (a)) =0.
In particular, R(Cy) = L*(it] (-1 (oppy)-
Proof Apply (3.4), (7.2), (13.1), (13.2) and Lemma 13.3. -

Corollary 7.3 If Cy is densely defined, then the map V : Lz(hq;d,u) — R(Cy) given by
Vf=fodpforf e L2(h¢,du) is a well-defined unitary operator such that

D(Cy) ={g e L*(w:hy -V 'Pge L*(w)}
Cjg=hy -V 'Pg. geD(C)), (7.8)
where P is the orthogonal projection of L*(i) onto R(Cy) = L2(/L|(¢_1(d))ﬂ).

Proof 1If Cy = U|Cy]|isthe polar decomposition of Cy, then C;'f = |Cy|U*. This, Proposition
7.1 and Corollary 7.2 complete the proof. O

Remark 7.4 Concerning Corollary 7.3, we observe that, in view of (13.3), E(g) :=
E(gl¢™" () = Pg ae. [u] and thus Cjg = hy - (E(g) 0 ¢~ ") for every g € D(C}),
where E(g) o ¢*1 is understood as in [11, Lemma 6.4].

5 See “Appendix B” for definitions and notation.
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8 Normality and quasinormality

It turns out that the characterizations of quasinormality and normality of unbounded compo-
sition operators take the same forms as those for bounded ones.

Proposition 8.1 If Cy is densely defined, then Cy is quasinormal if and only ifhy = hg o ¢
a.e. [|].

Proof Let Cy = U|Cy| be the polar decomposition of Cy. Suppose that Cy is quasinormal.
Then, by [49, Proposition 1], U|Cy| € [Cy|U. Let {X,};°, be as in Corollary 4.6 (with
m = 1). Then, by (3.5), {Xxn}flozl C D(Cy), which together with Proposition 7.1 implies
that for every n € N,

hy \1/2
X, 06 = UIColxx, = 1ColUxx, = (5 5) " ax, 09 ae.lul

Since X, /' X asn — oo, we conclude that hy, = hy o ¢ a.e. [u].
For the converse, take f € D(|Cy|). By (7.3) and D(|Cy|) = D(Cyp), we have

h 1/2
hj2ur=(-"22)"fog=rode L.

h¢ o¢p
Hence, by Proposition 7.1(1), f € D(|Cy|U) and |Cy|Uf = Cy f = U|Cy|f. Therefore,
U|Cy| € |Cy|U. Applying [49, Proposition 1] completes the proof. O

Proposition 8.2 If D(Cy) = L%(1), then the following are equivalent:
(i) Cy is normal,
(i) hy =hg o ¢ a.e. ] and N(C:;) C N(Cy),
(iii) hy =hg o ¢ a.e [pu] and N(C;‘)) = {0},
(iv) hy = hy o ¢ a.e. [u] and for every A € o there exists A" € o such that p(A A
¢~'(a)) =0.
Moreover, if Cy is normal, then N(Cy) = {0} and hy > 0 a.e. [u].

Proof (i) = (iii) Since normal operators are always quasinormal, we infer from Proposition
8.1 that hy = hy o ¢ a.e. [u]. Clearly, N(Cy) = N(C;;). That N(Cq”;) = {0} follows from
Corollary 6.6.
(iii)=(ii) Evident.
(ii)=(i) This is a direct consequence of Proposition 8.1 and Theorem 2.2.
(iii)<(iv) Since N(C;) = {0} if and only if R(Cy) is dense in L2(w), it suffices to apply
Corollary 7.2, Lemma 13.2 and (13.1).

The “moreover” part follows from the above and Proposition 6.5. O

9 Formal normality

In this section, we show that formally normal composition operators are normal. The proof
of this result relies on a characterization of composition operators for which hy> = hé a.e.
[1£]. We also provide an alternative proof which depends heavily on the fact that quasinormal
formally normal operators are normal.

We begin by proving a result which is of measure-theoretic nature. We refer the reader to
“Appendix B” for the definition and basic properties of E(-|¢~! (7)) (which makes sense if
hy < oo a.e. []). For brevity, we write E(-) = E(-l¢p~ ().
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Lemma 9.1 If ¢ is a nonsingular transformation of X such that hy < oo a.e. [, then the
following two conditions are equivalent for every n € N:

(i) h¢n+l = h¢n . h¢ a.e. [,LL],
(ii) E(h¢n) = h¢n o ¢ a.e. [,LL|¢71(VQ¢)].

Proof (i)=-(ii) Note that
/ ammmz/ hgndie = (9" (@~ (A)))
o~ 1(A) o~ 1(a)
:uw*“Wmnzémmwszwhwu

=Aumwmwo@m= / hyr o ddi, A€ o,
d1(Q)

which, by the uniqueness assertion in the Radon-Nikodym theorem, implies (ii).
Arguing as above, we can prove the reverse implication. O

The next two lemmas are key ingredients of the proof of Theorem 9.4. The first lemma
shows that hy» = hé a.e. [u] if and only if Cy is “formally normal” on its range. This result
is of some independent interest.

Lemma 9.2 Suppose that Cy is densely defined. Then, the following two conditions are
equivalent:

@) C;‘; is densely defined, D(Cé) C D(C;Cy) and ||c; fll = IC3Cyf for every
[ eD(Cy),
(i) hg = hg a.e. [1].

Proof (1)=(ii) Take f € D(Cé). Then, by Proposition 7.1(i), we have
/UﬂﬁwzMmﬂﬁzwxwwzwwfwzfv%wm. ©.1)
X X

Let {X,,};2, be as in Corollary 4.6 (with m = 2). Then, {xx,};>, ’D(C;) and

n=1

/héd,u(9='l)/h¢zdu<oo, Aedd, AC Xp, neN,
A A

which implies that hé = hy ae. [] on X,, for every n € N. Hence, (ii) holds.

(ii)=(i) Since, by Proposition 3.2, hy < oo a.e. [u], we infer from (ii) and Corollary
4.5 that C is densely defined. Now we take f € D(C}). Then, by (3.6), [y | fhy|*du =
fX |f|2h¢zdu < 00, which means that f € D(Mp,) = D(C$C¢). Arguing as in (9.1), we
obtain (i). ]

It is worth pointing out that implication (i)=>(ii) of Lemma 9.2 is no longer true if we drop
the assumption that C> is densely defined. To see this, it is enough to consider a nonzero
densely defined composition operator whose square has trivial domain and to apply Corollary
4.5. For examples of such operators, we refer the reader to recent articles [26] and [6].
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Lemma 9.3 If ¢ is nonsingular transformation of X, then the following conditions are
equivalent:

(i) Cy is normal,
(it) Cg is formally normal and 'D(Cé) = L%(p).

Proof (i)=-(ii) Evident (since powers of normal operators are normal, cf. [3]).
(ii)=(i) First we will show that

D(Cy) NR(Cy) = D(C}) NR(Cy). (9.2)

Indeed, if g € TD(C;) NR(Cy), then by (7.2) there exists f L2(h¢,d/¢) suchthatg = fo¢
a.e. [p1]. It follows from Corollary 7.3 that hy f = h,V~'g € L?(11). This combined with
the fact that (ii) implies condition (i) of Lemma 9.2 leads to

[1georan= [1ro9*Pa= [1sPhgae= [ 1nsPau < .
X X X X

which means that g € D(Cy). This yields (9.2).
Let P be the orthogonal projection of L?() onto R(Cy). We will prove that

PD(Cy) € D(Cy). 9.3)

Indeed, take f € D(Cy). Since (I — P)f € N(C;) and D(Cy) C D(C;), we get

Pf e D(Cq’;) N R(Cy). Hence, by (9.2), Pf € D(Cy), which proves (9.3).
It follows from (9.3) and Corollary 6.4 that

D(Cy) S (D(Cy) NN(CP)) ® (D(Cy) NR(Cy)) = D(Cyp) NR(Cy),

which together with D(Cy) = Lz(,u) imply that R(Cy) = Lz(pL). Therefore, by (9.2),
D(Cy) = D(Cj;), which completes the proof. ]

Now we show that the assumption D(C ) = L2(w) can be dropped without affecting the
conclusion of Lemma 9.3.

Theorem 9.4 Let ¢ be a nonsingular transformation of X. Then, Cy is normal if and only
if Cy is formally normal.

Proof It suffices to prove the “if”” part. Suppose Cy is formally normal. Let {X,,};2 |, € &/
be as in Corollary 4.6 (with m = 1). Take A € <. Since {xx,na}°2 D(Cy), we get (see
also Remark 7.4)

nl—

/ hode X 1C G2 = 165 G2
X,NA

(1.8)
05 - VB Guna) Pl
= f(h¢ o #)(E(xx,na))*du, neN.
X
Using (13.6) and Lebesgue’s monotone convergence theorem, we obtain

/ hpdi = / (hy o ) EGa) dt, A e o,
X

A
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which yields
/ hgdu = / hg opdu, Aeo.
¢=1(4) o~1(A)

This in turn implies that E(hg) = hg o ¢ ace. [lg-1(er))- By Lemma 9.1, h¢2 = hé ae. [u].
Since hy < oo a.e. [i], we see that hy + h¢,2 < oo a.e. [u]. Using Corollary 4.5 (ii), we get

iD(Cé) = L%(1). Applying Lemma 9.3 completes the proof. O

Remark 9.5 The “if” part of Theorem 9.4 can be proved using a different more advanced
way. Indeed, assume that Cy is formally normal. Then, by the polarization formula, we have

[ 7ot = (Cos. o) = (€5 1.
X

w /X h2 (V'E(H) (V-TE(g))du

_ /X (hy 0 $) E(N)E@)du. fog € D(Cy). 9.4)

By Propositions 3.2 and 6.1, and Corollary 6.3, we can assume that 0 < hg(x) < oo for all
x € X. Let {X,}0°, € & be as in Corollary 4.6 (with m = 1). Set ¥, = {x €
X, : hg(x)>1/n} for n € N. Clearly, ¥, / X asn — oo. Take A € /. Since

o0
{XY,,}ZOZI, [h;l . XY”QA]H_I C D(Cy), we can substitute f = hq;l - Xy,na and g = xy,
into (9.4). What we get is

n(Y, N A) = [y(hg o @) Ehy" - xv,na) ECry,)du

(13.5) h
=" Jrna ﬁ7w E(xy,)du, neN.

Using (13.6) and Lebesgue’s monotone convergence theorem, we obtain

hg o
M(A)=/¢T¢du, Aed,
¢

A

which implies that hy o ¢ = hy a.e. [u]. By Proposition 8.1, Cy is quasinormal. Since
quasinormal formally normal operators are normal (cf. [49, Corollary 4]; see also [52]), the
proof is complete.

10 Generating Stieltjes moment sequences

We begin by proving two lemmas which are main tools in the proof of Theorem 10.4 below.
Lemma 10.1 Suppose ¢ is a nonsingular transformation of X and {€,};2 | is a sequence of
subsets of L®(w) satisfying the following three conditions:

(1) &, fulfills (12.5), &, < ‘D(C(’;) and &, = Lz(u)for alln € N,

) [icy™ FIPY >0 forall f € &, andn € N,
(i) [l1c;"*! FIP)Y _g>0 forall f € &y andn € N.

Then the following three assertions hold:
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(a) {f:ld)n (x)}:io is a Stieltjes moment sequence for p-a.e. x € X,
(b) C¢ = Cyn for everyn € N,
(c) D®(Cy) is a core for Cg foreveryn € Z.

Proof (a) By (i) and Corollary 4.5 (ii), there is no loss of generality in assuming that 0 <
hgn(x) < coforallx € X and n € Z,. Using (3.4), we obtain

n
/’ Z (xi&jh¢i+_;‘

X i,j=0

|flPdu < oo, feDCM. {aifg S C.neZy. (10.1)
If {o;}7_, € C, then by (i) and (ii) we have

n n
" . )
0< E ”C:p T flPaia; 2/ E oo jhgiv |f1Pdu,  f €&m. neN.
i.j=0 X \ij=0

Combining (i), (10.1) and Corollary 12.6 (with £ = &,,), we see that

n
z a;@jhyiv; >0 ae. [p] forall n € N and {o}7_y € C.
i,j=0

Let Q be a countable dense subset of C. Then, there exists aset Ag € 7 suchthat u(X\ Ag) =
0 and Z?,j:O Otj&jh¢,i+j (x)>0foralln € N, {a;}'_; € Q and x € Ag. As Q is dense in
C, we conclude that [h¢i+j (x)]?j:o>0 foralln € Nand x € Ag. Using (iii) and applying a
similar reasoning as above, we infer that there exists a set A; € .7 such that u(X\ A1) =0
and [h¢;+/+1 (x)]lf”j=020 for alln € Nand x € A;. Employing (2.5) yields (a).

(b) By (a), there exists A €  such that (X \ A) = 0, hyo(x) = 1 and {hgn (x)}ZiO is
a Stieltjes moment sequence for every x € A. Hence, for every x € A there exists a Borel
probability measure 1, on Ry such that hy (x) = fR+ s"dpy (s) for all n € Z. This yields

n

(gohdﬂ)(x) = /R (Zs-’)dux(s)

j=0
n

= I ) (: +/ ( Af) .
/w,n(jz::os)d’“ o+ [ (Xv)anw

j=0

<+ 1)/ lduy(s) + (n + 1) s" dp (s)
[0.1) [

1,00)

<M+ DA +hgn)(x), xeA, neN.

Hence, the domains of Cg and Cyn coincide for all n € N. By (3.3), this gives (b).
(c) Apply (i) and Theorem 4.7. This completes the proof. O

Lemma 10.2 Suppose that ¢ is a nonsingular transformation of X satisfying the following
two conditions:

@) D(C;) is dense in L*(w) for everyn € N,

n

(ii) [||Cé)+jf||2]i’j:020for all f € D(C3") andn € N,

Then the assertions (a), (b) and (c) of Lemma 10.1 hold.
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Proof Set &, = D(Cg) for n € N. According to (3.6), each &, satisfies (12.5). Substituting
Cy f for f in (i) implies that the hypothesis (iii) of Lemma 10.1 is satisfied. Applying Lemma
10.1 completes the proof. O

Corollary 10.3 If Cy is subnormal and D(C, g) =L%(p) foralln € N, then the assertions
(a), (b) and (c) of Lemma 10.1 hold.

Proof Apply Proposition 2.4 and Lemma 10.2. O

The following theorem completely characterizes composition operators that generate
Stieltjes moment sequences. It should be compared with Lambert’s characterizations of
bounded subnormal composition operators (cf. [31]). In particular, condition (ii) of The-
orem 10.4 is the Lambert condition, which in the bounded case is equivalent to subnormality.

Theorem 10.4 If ¢ is a nonsingular transformation of X, then the following conditions are
equivalent:

(1) Cy generates Stieltjes moment sequences,
(ii) {h¢n (x)}:O o s a Stieltjes moment sequence for pi-a.e. x € X,
(iii) D(Ck) = L*(n) forall k € N, and {u(¢™"(A))}52, is a Stielties moment sequence

for every A € o such that u(¢p=%(A)) < oo forallk € 7.,
(iv) hgn < oo a.e. [u] foralln € N and L(p)=0 a.e. [i] whenever p(t)>0 for all t € Ry,
where L: C[t] — M is a linear mapping determined by®

L")y =hgn, neZy;
here C[t] is the set of all complex polynomials in one real variable t and M is the set of
all o/ -measurable complex functions on X.
Moreover, if (i) holds, then C}; = Cyn and D*°(Cy) is a core for C; foralln € Z.
Proof (1)=(ii) Set &, = D>°(Cy) for n € N. By (2.5), (3.6) and Lemma 10.1, we see that

the condition (ii) and the “moreover” part hold.
(i)=(i) Take f € D*(Cy),n € Z and {a;}7_, < C. Then, by (2.5), we have

n n
> walc fF e / ( > aidjhyis (x>)|f(x)|2du<x)>o.
i j=0 X \ij=0
Applying the above to Cy f in place of f, we deduce that the sequences {||C(’l§ f ”2}1?10 and
{ll Cg“ f IIZ}I‘E‘;0 are positive definite. Therefore, by (2.5), {|| Céjf ||2},‘310 is a Stieltjes moment
sequence. It follows from Corollary 4.5(ii) and Theorem 4.7 that D*°(Cy) is dense in L? ().
(i)=(iii) Evident (because x4 € D*°(Cy) for every A as in (iii)).
(iii)=>(i) By Theorem 4.7, the set D*>(Cy) is dense in L?(w). Consider a simple
&/ -measurable function u = Zk 1 Qi X4;» Where {oz,} _, are positive real numbers and
{A; }f | are pairwise disjoint sets in .o7. Suppose that u is in D*>°(Cy). Then, by the measure

transport theorem, { XA; } € D*®(Cy) and

k
IChull® Za,a, / hgndu = Za /h¢n "”Zafu(w"mi))
i=1

6j=1 2iN4; ;

6 To make the definition of L correct we have to modify h¢n so that 0 < h¢n (x) < oo forall x € X and
nely.
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for all n € Z.. Hence, by (iii), we have

{ll Cgu ||2}Z°:0 is a Stieltjes moment sequence for every simple
nonnegative .o/ -measurable functionu € D°°(C¢). (10.2)

Now take f € D*°(Cy). Then, there exists a sequence {u,};> ; of simple 7-measurable
functions u, : X — R4 such that u,(x) < up4+1(x) < |f(x)| and limg— 00 ux(x) = | f(x)]
foralln € Nandx € X. Thisimplies that {u,,},;2 ; € D*°(Cy) and, by Lebesgue’s monotone
convergence theorem,

€371 = [ 17Phgde = fim [ o = tim ICGuIP, € 2.
k—00 k—o00
X X

Since the class of Stieltjes moment sequences is closed under the operation of taking pointwise
limits (cf. (2.5)), we infer from (10.2) that {||C;f||2};’l°=0 is a Stieltjes moment sequence.

(i))=(@v) If p € C[t] is such that p(t)>0 for all # € R, then there exist g1, g2 € Cl[t]
such that p(r) = t]q1(1)|> + |q2(t)|* for all € R (see [36, Problem 45, p. 78]). This fact
combined with (2.5) implies that L(p)>0 a.e. [u].

(iv)=(ii) Let Q be a countable dense subset of C. If ¢ € C[t] is a polynomial with
coefficients in Q, then the polynomials p; := |¢|? and p» := t|q|? are nonnegative on R .
Hence, L(p;)>0 a.e. [u] for i = 1,2. Since Q is countable, this implies that there exists
A € of such that u(X \ A) =0,

0 < hgn(x) < o0, z ai&jh¢i+]‘ (x)=0 and Z ai@jh¢i+j+1(x)>0 (10.3)
i j=0 i j=0

foralln € Zy, {o;}i_y € Q and x € A. As Q is dense in C, we see that (10.3) holds for all
n € Zy,{a;}i_y € Cand x € A. This and (2.5) complete the proof. ]

11 Conclusion

We close the paper by pointing out that there exists a composition operator generating Stieltjes
moment sequences which is not subnormal and even not hyponormal. Such an operator can be
constructed on the basis of a weighted shift on a directed tree with one branching vertex (cf.
[25, Section 4.3]). In view of Theorem 10.4, any composition operator Cy which generates
Stieltjes moment sequences, in particular the aforementioned, satisfies the conditions (ii),
(iii) and (iv) of this theorem as well as its “moreover” part (specifically, D>°(Cy) is a core
for C; for every n € Z4, which is considerably more than is required in Definition 2.3).
Therefore, none of the Lambert characterizations of subnormality of bounded composition
operators (cf. [31]) is valid in the unbounded case. It is worth mentioning that the above
example is built over the discrete measure space. However, it can be immediately adapted to
the context of measures which are equivalent to the Lebesgue measure on [0, 00) by applying
[24, Theorem 2.7].
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12 Appendix A

Here we gather some useful properties of L2-spaces. The first two lemmas seem to be folklore.
For the reader’s convenience, we include their proofs.

Lemma 12.1 Let (X, 7, ) be a measure space and let py, p» be </ -measurable scalar
functions on X such that 0 < p; < oo a.e. [u] fori =1, 2. Then, L2(p1d) N L2(padp) is
dense’ in Lz(pidu) fori=1,2.

Proof Since L2(p1dp) N L2(padp) = L2((p1 + p2)dp), we can assume that 0 < ps(x) <
p1(x) < oo forall x € X. Take A € & such that xyo € Lz(pzd/,b). Set A, = {x €
A: pr(x) <nand % < pz(x)} for n € N. Note that {),};2, € L?(p1dp). Since A, 7 A
as n — oo, we see that {y,}°2, converges to x4 in L2 (ppdu). Applying [38, Theorem
3.13] completes the proof. O

Note that Lemma 12.1 is no longer true if one of the density functions p; and p; takes the
value oo on a set of positive measure u (even if p» < p1). Employing Lemma 12.1 and the
Radon-Nikodym theorem, we get the following.

Corollary 12.2 Let (X, <7, ju1) and (X, 7, u2) be o -finite measure spaces. If the measures
w1 and o are mutually absolutely continuous, then L*(1) N L2 (o) is dense in L (u;) for
i=1,2.

Corollary 12.2 is no longer true if one of the measures w1 and p, is not o -finite.

Lemma 12.3 Let (X, o, 1) be a o -finite measure space and py, pa be of -measurable scalar
functions on X suchthat 0 < p; < oo a.e. [u] and0 < py < oo a.e. [i]. Then, the following
two conditions are equivalent:

@) fX|f|2p2d,u < 00 for every «f-measurable function f: X — C such that
Jx 1 Pprdu < oo,

(ii) there exists ¢ € Ry such that p» < cpy a.e. [1].

Proof (1)=(ii) Without loss of generality we can assume that p; < oo a.e. []. We can also
assume that pp < oo a.e. ] (indeed, otherwise, since p; < oo a.e. [u] and u is o -finite,
there exist £2 € &/ and k € N such that p;(x) < k and pp(x) = oo for all x € £2, and
0 < u(£2) < oo; hence [, prdu < oo and [, podu = oo, which is a contradiction).
Finally, replacing p> by % if necessary, we can assume that pj(x) = 1 for all x € X. Now
applying the Landau-Riesz summability theorem (cf. [5, Problem G, p. 398]), we obtain (ii).
The implication (ii)=>(i) is obvious. m]

Corollary 12.4 Let (X, o/, ) be a o-finite measure space and p1, py be </ -measurable
scalar functions on X such that 0 < p; < oo a.e. [u] fori = 1,2. Then, Lz(pld,u,) -
L2 (ppdu) if and only if there exists ¢ € Ry such that pp < cpy a.e. [u].

Implication (i)=>(ii) of Lemma 12.3 is not true if we drop the assumption that p; > 0 a.e.
[1e]. Corollary 12.4 is no longer true if 1 is not o-finite (e.g., X = N, &/ = 2X n{1) =1,
u({i}) = ocofori>2, py =1and pp(n) =nforn € X).

The following lemma generalizes [24, Lemma 2.1].

7 This makes sense because the measures p1dp and ppdu are mutually absolutely continuous.
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Lemma 12.5 Let (X, o, i) be a o -finite measure space, £ be a dense subset of L*>(11) and
h: X — C be an <7/-measurable function such that

JulhlIf1?du < oo and [, h|f1*du=>0 forall f € € and A € o, (12.1)

where of, = {A € o7 u(A) < oo}. Then, h>0 a.e. [u].

Proof Set Ey = {x € X: |f(x)| > 0} for f € &. First, we will show that
h(x)>0 for pu-a.e. x € Ef and forevery f € £. (12.2)

Indeed, fix f € Eandset E7x = {x € X: | f(x)|>}}fork € N.Itfollows from Chebyshev’s
inequality that 57 € </ for k € N. Applying (12.1), we deduce that

/ |h|| f1*di < oo and / h|f)?du=0 forall A € o and k € N.

Ef_k Ef_kﬁA

This implies that #>0 a.e. [u] on &y for every k € N. Since 7 /" Ey as k — 00, we
conclude that >0 a.e. [u] on Ef.

Set ¥ = {x € X: h(x)>0}. Suppose that, contrary to our claim, (X \ X) > 0. As u is
o -finite, there exists a set £2 € & such that 2 C X \ X and 0 < u($2) < oo. This means
that yo € L2(w). Since € is dense in L2(u), there exists a sequence {f,};2; € & which
converges to xo in L2(u). Passing to a subsequence if necessary, we can assume that the

sequence { f,,}7>; converges a.e. [u] to xg, and thus

lim,— o frn(x) = xo(x) =1for u-a.e. x € 2. (12.3)

It follows from (12.2) that (2 N Z¢) = O for every f € £. Applying this property to
f = fu (n € N), we see that /L(Q NUp2 &) = 0, which means that

fn(x) =0foralln € Nand for u-a.e. x € 2. (12.4)

Combining (12.3) with (12.4), we conclude that ;£(£2) = 0, a contradiction. ]

Applying Lemma 12.5 to # and —h, we see that this lemma remains valid if “>" is replaced
by 55:”.

Corollary 12.6 Let (X, o, i) be a o -finite measure space and & be a dense subset of L2(w)
such that

fxa€&forall f € €and A € . (12.5)

Ifh: X — Cis an <7 -measurable function such that fX |h||f|2du < oo and fX h|f|2du>0
forall f € &, then h>0 a.e. [1].

13 Appendix B

In this appendix, we describe (mostly without proofs) some results from measure theory
which play an important role in our analysis of composition operators. Let (X, <7, 1) be a
fixed measure space and let Z C .o/ be a o -algebra. We say that A is relatively j1-complete
if @y C B, where o = {A € &1 u(A) = 0} (cf. [23]). It is easily seen that the smallest
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relatively p-complete o -algebra containing %, denoted by %", coincides with the o -algebra
generated by Z U <), and that

B ={Aeo/|IA € B: u(An A)=0). (13.1)
The %*-measurable functions are described below (cf. [38, Lemma 1, p. 169]).

Lemma 13.1 A function f: X — C is PB"-measurable if and only if there exists a
PB-measurable function g: X — C such that f = g a.e. [u].

By the above lemma L2 (11| ) is a subset of L%(w) if and only if # = #". The question
of when L2(u|%) = L*(w) has a simple answer (o -finiteness is essential!).

Lemma 13.2 If w is o-finite and 2 is relatively ji-complete, then L*(u|z) = L*(w) if and
only if # = 4.

Proof Suppose that L*(ulg) = L*(w)and A € & \ A. Since p is o -finite, we may assume
that £ (A) < oo. Then, xx € Lz(//,)\Lz(um), a contradiction. m]

Given a transformation ¢ of X, we set ¢_] () = {¢_1 (A): A e ).

Lemma 13.3 Suppose that ¢ : X — X is an o -measurable transformationand f: X — C
is an arbitrary function. Then f is (¢~ (o7))*-measurable if and only if there exists an
of -measurable function u: X — C such that f = u o ¢ a.e [u].

Proof Applying the following well-known fact

afunction g: X — Cis ¢_1 («7)-measurable if and only if there

exists an .7-measurable function #: X — Csuchthat g =u o ¢, (13.2)

and Lemma 13.1 completes the proof. O

Let Pg be the orthogonal projection of L2(w) onto its closed subspace L2(u|ge). Set
By ={A € B: u(A) < oo}. It follows from Lemma 13.1 that

forevery f € Lz(u) there exists a unique (up to sets of measure zero)
%-measurable function E(f|%): X — C such that P f = E(f|%) ae. [u]. (13.3)

This and the fact that (xa, f) = (xa, Pz f) forall f € L%(w) and A € B, yield

/fdu - / E1Ddn, [ € L2w), A Z.. (13.4)
A A

Now suppose that 11| g is o-finite. It follows from (13.4) that E(f]|2)>0 a.e. [u] whenever
f>0 ae. [u]. By applying the standard approximation procedure, we see that for every
o/ -measurable function f: X — [0, oo] there exists a unique (up to sets of measure zero)
Z-measurable function E(f|%): X — [0, oco] such that the equality in (13.4) holds for every
A € %.Thus for every «7-measurable function f: X — [0, oc] and for every #-measurable
function g: X — [0, oo] we have

/gfduz/gE(fI%’)du. (13.5)
X

X
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We call E(f|%) the conditional expectation of f with respect to Z (cf. [37]). Clearly,
if0< f, /' f and f, f, are &/-measurable, then E(f,,|%) / E(f|9%), (13.6)

where g, ' g means that for u-a.e. x € X, the sequence {g,(x)};> is monotonically
increasing and convergent to g(x).

Concluding “Appendix B”, we note that if w is o-finite and ¢: X — X is a nonsingular
transformation such that hy < oo a.e. [11] (equivalently, Cy is densely defined), then the
measure i|y-1(z) is o-finite (cf. Proposition 3.2). Thus we may consider the conditional

expectation E(- |qb_1 (7)) with respect to ¢_1 ().
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