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Abstract Let @ C RN be an arbitrary open set with boundary 92, 1 < p < oo and let
f € L1(R) for some g > N > 1. In the first part of the article, we show that weak solutions
of the quasi-linear elliptic equation —div(|[Vu|P72Vu) + a(x)|ulP2u = f in Q with the
nonlocal Robin type boundary conditions formally given by |Vu|?~28u/9v+b(x)|u|P~2u +
©®, () = 0 on I belong to L*°(L2). In the second part, assuming that Q has a finite mea-
sure, we prove that for every p € (1, 00), a realization of the operator A, in L?(2) with the
above-mentioned nonlocal Robin boundary conditions generates a nonlinear order-preserv-
ing semigroup (Se(7));>0 of contraction operators in L?() if and only if 92 is admissible
(in the sense of the relative capacity) with respect to the (N — 1)-dimensional Hausdorff
measure 52V~ |3o. We also show that this semigroup is ultracontractive in the sense that,
forevery ug € L9(2) (g > 2) one has Sg (¢)ug € L (2) for every t > 0. Moreover, || Se ()
satisfies the following (LY — L°°)-Holder type estimate: there is a constant C > 0 such that
for every t > 0 and ug, vo € L1(2) (¢ > 2),

IS (uo — Se (vollcs,a < CIRIP flug — voll] g

where 8, §, and y are explicit constants depending on N, p, and g only.
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204 M. Warma

1 Introduction

Before we present the problems considered in this article, we first clarify the notion of the
normal derivative and the nonlocal boundary conditions on arbitrary open sets. Let @ ¢ RY
be an arbitrary open set with boundary d€2. Since 92 may be so bad such that no normal
vector can be defined, we will use the following generalized version of a normal derivative
in the weak sense introduced in [7]. Let x be a Borel measure on 92 and let F : @ — RV
be a measurable function. If there exists a function f € L llo C([RN ) such that

/FV(pdx—/fgadx—f-/god,u (1.1)

Q Q2

forall ¢ € C cl (Q), then we say that w is the normal measure of F that we denoted by
N*(F) := . If N*(F) exists, then it is unique and d N*(¥ F) = ¥d N*(F) for all ¢ €
C'(Q). If p € (1,00), u € W)! () and N*(|Vu|P~2Vu) exists, then we will denote by
Npu) := N*(|Vu |P~2Vu) the p-generalized normal measure of |Vu |P~2Vyu. The derivative
dNp(u)/do (where o denotes the restriction to 92 of the (N — 1)-dimensional Hausdorff
measure 2N ~1) will be called the p-generalized normal derivative of u. To justify this
definition, let £ C RY be a bounded domain of class C!, v the outer normal to 92 and let
o be the surface measure on 9. If u € C'(Q) is such that there are f € Lllo C(IRN ) and
g € L1392, o) with

/|Vu|1’ 2VuvVe dx_/fw dx+/ go do (1.2)

Q aQ

forall ¢ € C'(Q), then g = |Vu|P~23u/dv and hence, d N, (u) /do = |Vu|P~2du/dv.
Throughout the remainder of this article, if @ C RY is an arbitrary open set with bound-
ary 02, then without any mention, 0 = 2#N=1,6 (which coincides with the surface mea-
sure if 2 has a Lipschitz continuous boundary). Moreover, if u € Wlla’j (R2) is such that
there exist f € L}OC([RN) and g € L' (3R, o) satisfying (1.2), then we will simply denote
dN,(u)/do = |VulP~29u/dv.
For a measurable function # on 92 and p € (1, 00), we let

_ 14
[u]f, o // |M(X)y|/5t+(i)|2 dor, do.

0N2x0Q

We let the Besov type space
BP(9Q,0) == {u € LP(Q): [ulf , < o0}

be equipped with the norm

— p p \P
lullsro.o) = (Il} 4 + 1] ) "
Throughout the remainder of this paper, we let
kp(x, y) = x — y V472,

Let (B” (02, 0))* denote the dual of the reflexive Banach space B” (32, o). We define a
(nonlocal) operator ®, : BP (32, 0) — (B”(9L2, 0))* as follows: for u, v € B7 (9L, o),
we set
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The p-Laplace operator with the nonlocal Robin boundary conditions on arbitrary open sets 205

_ lu(x) —u(y)|P=2
(©,(u), v) : e (u(x) — u(»)(v(x) — v(y)) doy day,  (1.3)
oo kp(x,y)

where (-, -) denotes the duality between B” (3€2, o) and (B” (€2, 0))*.
In the first part of this article, given an arbitrary open set 2 C R" with boundary 92, p €
(1,00) and f € L9(R2) for some g € [1, co], we study the existence of bounded weak
solutions (see Definition 3.1 below) of the quasi-linear elliptic equation with the nonlocal
(see Subsection 5.1) Robin type boundary conditions formally given by
—div(|Vu|P=2Vu) + a(x)|u|P2u = f in Q (1.4)
IVulP=29u/dv + b(x)|ulP2u+ O,u) =0 on 9. '

Here, the nonnegative functions a, b belong to L°°(£2) and L*°(9€2), respectively. We show
that for arbitrary open sets, if ¢ > N > 1, then weak solutions of Eq. (1.4) belong to L°°($2)
and we also provide the a priori estimates of the solutions and the difference of solutions.
The local Robin boundary conditions, that is, the second line in Eq. (1.4) without the term
©® (1), have been investigated in [6,7,14] and the references therein. In [6,7], replacing the
measure o by an upper d-Ahlfors measure (for some d € (0, N)), the authors have shown
that weak solutions of the corresponding local problem are bounded provided that €2 has
the extension property of Sobolev functions (see Definition 4.5 below). The case of variable
exponents, that is, p = p(x), has been investigated in [5]. The local problem on general
domains is included in [14] where the authors have also obtained that weak solutions are
bounded by using some Moser type iterations. The associated linear problem, that is, p = 2,
without any regularity assumption on €2 has been considered in [1,2,12,13,35]. In [34], the
authors have considered the nonlocal problem as in Eq. (1.4), but they have also replaced
the measure o by an upper d-Ahlfors measure p and have shown that weak solutions of
the corresponding problem are bounded under the restriction that €2 has the extension prop-
erty of Sobolev functions. In [32,33], it has been said that on a bounded domain with a
Lipschitz continuous boundary, weak solutions of Eq. (1.4) are uniformly continuous on 2.
Unfortunately, the proofs of the main results in [32] are incorrect. Some interesting spectral
properties of the linear (p = 2) nonlocal Robin boundary conditions on Lipschitz domains
are included in [20]. In this article, we obtain that weak solutions of Eq. (1.4) are bounded
without any regularity assumption on 2. This improves the results obtained in [34] since
we do not assume any regularity assumption on the open set, and for “bad open sets”, the
measure o is not always an upper d-Ahlfors measure (for any d € (0, N)).
Of concern in the second part of the paper is the following first-order Cauchy problem

du(t,
u( x)=Apu(t,x) 1>0, xeQ
|Vu(t,x)|”_28u(t,x)/8v+b(x)|u(t,x)|p_2u(z,x)—i—@p(u(l,x)):O t>0, x€dQ
u(0, x)=uog x e,

(1.5)

where uq is a given function in L>(£2) and we assume that € has a finite measure. We show
that forevery p € (1, 00), (1.5) corresponds to a well-posed Cauchy problem in L%(Q)ifand
only if the relatively open set I'g © 92, on which the measure o is locally finite, is Cap,, o-
admissible (see Definition 4.3 below) with respect to o. Then, assuming that the solution of
(1.5)is given by u(t) = Se (t)up where (S (?)):>0 is a strongly continuous order-preserving
nonlinear (linear if p = 2) semigroup of contraction operators on L2(£2). We show that there
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206 M. Warma

is a constant C > 0 such that for every ug, vg € L4(2) (¢ > 2)and ¢ > 0,

ISe (1o — So(vollcc.a < CIRAPL |luo — vol! o, (1.6)

=t Gt o  )

N
and y := (L) .
g—2+p

The estimate (1.6) shows in particular that the semigroup (Se(?));>0 is ultracontractive in
the sense that it maps L9 (£2) into L°°(€2). Similar results for the linear local Robin boundary
conditions on arbitrary domains are obtained in [2,14,35].

We outline the plan of the paper as follows. In Sect. 2, we introduce the Maz’ya space
that plays an important role here. The main results obtained in this paper are based on some
properties of this space. Section 3 concerns the study of the elliptic problem. We show that
weak solutions of (1.4) belong to L°°($2) provided that f € L?(Q2) withg > N > 1, and we
also give an a priori estimate of the solutions. In Sect. 4, we introduce the relative p-capacity
and the notion of admissible subsets of 9$2. We also give a large class of admissible sets and
some examples of nonadmissible sets. Finally, in Sect. 5, we characterize the well-posedness
of Eq. (1.5). If it is well posed, we show that its unique solution is given in terms of a strongly
continuous nonlinear semigroup of contraction operators on L?(£2) that is order preserving,
nonexpansive on L°°(£2), and ultracontractive.

where

2 The Maz’ya space

Let 2 C RY be an open set with boundary 32 and let p € [1, 00). We recall that the measure
o =Nl laq. Itis well known that o is a regular Borel measure on 92 but is not a Radon
measure, that is, compact subsets of 2 may have infinite o -measure.

We denote by W7 (Q) the first-order Sobolev space endowed with the norm

» » 1/p
lllrrg = (I} g + lul? o)
The following important inequality is due to Maz’ya [25, Section 3.6, p.189].

Theorem 2.1 (Maz’ya) Let Q@ C RY be an arbitrary open set with N > 1. Then, there is
a constant C = C(N) > 0 such that for every u € W“(Q) N C.(R2),

||MI|%,Q <CWN) (IVuli,e + lulliag) - 2.0

In the inequality (2.1), the constant C(N) is exactly the so called isoperimetric constant.
As a corollary of the Maz’ya’ theorem, we have the following two results.

Corollary 2.2 Let Q@ C RN be an arbitrary open set with N > 1 and let 1 < p < 0. Then,
there exists a constant C(N, p) > 0 such that for every u € WLP(Q) N C.(Q),

p p p 1/p
lull v o = CN, p) (IVull g + il g+l o) 2.2)
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The p-Laplace operator with the nonlocal Robin boundary conditions on arbitrary open sets 207

Proof Let1 < p < oo and let u € W'P(Q) N C.(R). Then, u? € WHI(Q) N C.(Q). It
follows from (2.1) that

P o =171y g < COV) (19l + I, 00)
N-1" -

= CV) (plu” = Vully + [l )

= C) (plu” 2l Vullp.e + lul} 4q)
p _ ’
< cmv) (;nup P g+ IVull) o + ||u||5,m)

= CON. p) (Il g + IVal) o + el ) -
We have shown (2.2), and the proof is finished. ]

Corollary 2.3 ([26, Corollary 2.11.2]) Let @ C RN be an open set of finite measure with
N > landlet1 < p < oo. Then, there is a constant C = C(N, p, ) > 0 such that for
everyu € WHP(€) N C.(Q),

s o= € (19D g+ l} ) - 23)

N-1"

Throughout the remainder of this paper, for 1 < p < occand N > 1,welet p*:=pN/(N—1).
Now, we let the Maz’ya spaces W;’ p(Q, 0€2) and Wp{ p(Q, d%2) to be respectively the
abstract completion of

W :={ueWh?(Q)NC(Q) : /|u|P do < o0
Q2

with respect to the norm

p p p 1/p
el @ag = (1Vul15,g+ lulf o+ lulf 4q)

and to the norm
1/p
P P
gy @am = (19015 g + lul? 40) -

It follows from Corollary 2.3 that if  has a finite measure, then the spaces Wpl’ p(Q, 092)
and WI; p(Q, d%2) coincide with equivalent norms. Moreover, by (2.2) and (2.3),

W;, p(SZ, 0Q) — LP '(Q) (only continuous embedding) 2.4
and
Wpl’p(Q, 0Q2) — L (£2) (only continuous embedding). 2.5)

Note that an example of a domain showing that the exponent p* := pN/(N — 1) in (2.5)
cannot be improved without any regularity assumption on €2 is contained in [26, Example
2.11, p.123].

To conclude this section, we give the logarithmic Sobolev inequality associated with the
Maz’ya space.
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208 M. Warma

Lemma 2.4 Let @ C RN be an arbitrary open set of finite measure with N > 1 and let
1 <p<oo. Letfe 7/1,1!1,(9, 0Q2), f = Owith || fllp,aq = L. Then, for every ¢ > 0,

/ £Plog(f) dx < % (— log(e) + eCIIV I o + ec) , (2.6)
Q

where C = C(2, N, p) > 0 is the constant appearing in the Maz ya inequality (2.3).
Proof Letl < p < ocoandlet p* := Np/(N —1),q = p/(N — 1) so that p + g = p*. Let

fe Wp]yp(Q, 0Q2), f > O with || f]| 5,3 = 1. Using the well-known Jensen’s inequality, we
get that

1 1 *
/fplog(f)dxfflog /f”“ dx | = —log /fp dx
q q
Q

Q Q

1
< —log |l o = 10g 117 g

_Q

Since log ||f||p, o = —log(e) + s||f||£,’Q for every ¢ > 0, it follows from the preceding
estimate and (2 5) that for every ¢ > 0,

F71og(f) d = ° (~log(e) + 1 711 o)

IA

(—log(e) + eCIVFIL o +eCIFID og)

IA
S|z S

(—tog(e) +CIV £} o +C)
and the proof is finished. O
We note that in several papers, the logarithmic Sobolev inequality is due to Gross [21,22],

but at our knowledge, it has been first obtained by Federbush [19].

3 The elliptic problem

Let Q2 C RN be an arbitrary open set with boundary 9$2. For 1 < p < oo, we let ”f/®1’p(S2, aR2)
be the completion of

_ 14
Woo:i=uecW'P(Q)NCA(Q) : /|u(x)|f’ do + / lu@) —u)P” do, do, < 00
s kp(x,y) ’
X

with respect to the norm

ully 00 a0

— P
/|W|P dx+/|u|!’ dx+/|u|1’ da+/ lu@) = un doy do,
kp(x,y)
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The p-Laplace operator with the nonlocal Robin boundary conditions on arbitrary open sets 209

It follows from the Maz’ya embedding (2.5) that if |Q2] < oo, then ||| - is

equivalent to the norm

lu(x) —u(»I”
el g pg /|Vu|1’ dx+/|u|P do + // ey oo

IN2x0Q

Iy @00

1/p

It is clear that “//G;‘p(Q, d€2) is a reflexive Banach space for every p € (1,00) and it is

also continuously embedded into W;p(Q, 092). Let (“//(é’p(ﬂ, 092))* denote its dual and let
(-, )@ be the duality map. We consider the quasi-linear elliptic equation formally given by

[_divuwv—sz +a@)|ulP2u=f in £ (3.1)

IVulP=29u/dv + b(x)|ulP2u+O,u) =0 on 9L,

where f is given in (7/(;’]’ (2, 9R2))* and a, b are nonnegative measure functions that belong
to L°°(2) and L*°(92), respectively. We also assume that there is a constant by > 0 such
that

b(x) > by >0 for 0 —a.e. x € 022. (3.2)

Definition 3.1 A function u € “//(;’p (€2, 0€2) is said to be a weak solution of (3.1) if for
every v € ”VHI‘p(Q, 092),

o (u, v) —/|Vu|p 2VuVv dx+/a(x)|u|p Zuv dx+/b(x)|u|p 2uv do
Q IQ

_ p=2
+ / 1) = WO () — () (0(x) = v(»)) do doy = (£, e

kp(x,y)
Q99
3.3)

If f € LY(R) for some g € [1, oo], then (f, v)g = fQ fv dx. Using Brodwer results [17],

it is straightforward to verify that for every p € (1, oo) and for every f € (7/(;*”(52, IQ))*,
Eq. (3.1) has a unique weak solution. In particular, if €2 is of finite measure, then for every
f € L1() with ¢ > (p*)’, Eq. (3.1) has a unique weak solution.

Before we state the main result of this section, we give the following lemma which is taken
from [29, Lemma 3.13] and will be used in the proofs of the main results of this section.

Lemma 3.2 Let kg > 0 and let V : [kg, 00) — R be a nonnegative, nonincreasing function
such that there are positive constants c, o, and § (8 > 1) such that

W(h) <cth—k)™*Wk)? Vh>k> k.
Then W (ko + d) = O withd = ¢V/*W (k) G—1/23G=D)

The following well-known inequalities will be also useful. For more details, we refer the
reader to [5,6,16] and the references therein.

Lemma 3.3 The following assertions hold true.

(a) Let p € (1,2l and a, b € RN with a # b. Then,

(lal”~2a — |b|P~?b,a — b) [la|” + Ibl"]Tp > (p— Dla—b|". (34
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210 M. Warma

(b) Let p € (1,2) and & > 0. Then, for every a,b € RN with |a — b| > & - min{|al, |b|},
we have

(lal”=2a = 1bI""2b,a = b) = (p = D(1 + 1/&)P"*|a = b|". (3.5)
(¢c) Let pe[2,00)and a,b € RY. Then,
(al’"%a — |b|P™2b,a — b) > 2°7P - |a — b|P. (3.6)
(d) Let p € [2,00) and a,b € RN. The inequality (3.6) implies that
2270 ja — b|P7 < JjaP2a — |bIP72b]. (3.7)
3.1 Case of open sets of finite measure

We have the following result.

Proposition 3.4 Let Q@ C RN be an arbitrary open set of finite measure and let f € L1()
withg > N > 1. Let1 < p < oo, and letu € ‘//(_l)’p(Q, ) satisfy (3.3). Then, u € L*°(2)
and there is a constant C > 0 such that

-1
lullbe o < Clifllg.Q- (3.8)

Proof Let1l < p <ocoandletu € %(;*”(sz, 0%2) satisty (3.3). Let £ > 0 be a real number
and set uy = (|u| — k) sgn(u). Then, uy € 7o " (R, 09). Let Ay == {x € Q: [u(x)| > k}.
Since ux = 0on Q\ A and Vg = x4, - Vu, we have that

o (u, uy) = / |Vug|? dx + / a () |u|? " 2uuy dx (3.9)
ArNQ AN
+ / bCo)|u|P " uuy do +
ArNIQ ArNI) X (AxNIQ)
_ p—2
M(u(x) —u(Y) (ur(x) — ug(y)) doy do,
kp(-xv Y)
= of (up, ug) + / a(x)(|ul”uuy — |ug|”) dx
AN
+ / b)) (JulP~uug — |ug|?) do + //
ArNaQ ArNI) x (AxNI)
| (x) —u ()P~ () —u(y) (g () —uge () — lug (x) — g (y)]7
X doy doy.

kp(x7 y)

It is easy to check that (lu)?~2uug — lug|P) > 0 on Ag. Moreover, |u(x) — u(y)lp_z(u(x) -
u(¥)(up(x) — ug(y)) — lur(x) — ur(y)|” > 0 on Ax x Ag. We have shown that for every
k>0,

of (g, uk) < o (u, ug) = / Sfuy dx.
ArNQ
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The p-Laplace operator with the nonlocal Robin boundary conditions on arbitrary open sets 211

Let f € L1(Q2) withg > p*/(p* — p) = N. Using the classical Holder inequality, we have
that for every k > 0,

/ Jui dx < I fllg.ellucll pr.ell xalls.

ApNQ

where s € [1,00] issuch that 1/s + 1/g + 1/p* = 1, thatis, /s = (1 — 1/p* — 1/q) >
(p — 1) /p*. Hence, there is a constant C > 0 such that for every k > 0,

p
Cllucllyy (g ooy < k) < @) < 1S g2l 2l Xl

This estimate, together with the embedding (2.5), show that there is a constant C > 0 such
that for every k > 0,
p—1
il o = Clfllg.llxaclls-

Let h > k. Then, A, C A and on Ay, the inequality |ug| > (h — k) holds. Therefore,
p—1 —(p=D
Xl = Ch=k) I fllg. el xals- (3.10)

Leté :=p*/s > p—1, 8o :=8/(p— 1) > 1. Then, ||xa, lls = ||XAk||‘[S,* and using (3.10),
we get that for 2 > k > 0,

—1 (n_ —1 o
Dl = €=~ PV flgg [Iac '] (3.11)
Letting W (h) := |l x4, ||Z:1 inLemma 3.2, on account of (3.11), we have that || x4, |I£:l =0
with the constant K givenby K = C'!/(=Dyr(0)%0= 125060 =1y 1 /=0 = & £ /7.
Hence, |u| < K a.e. on Q. We have shown (3.8) and the proof is finished. O

Next, we consider the difference of weak solutions.

Theorem 3.5 Let Q@ C RN be an arbitrary open set of finite measure with N > 1 and let
f1, f» € L4(Q). Let 2(N — 1)/N < p < coandletu,v € 4//@‘*”(9, 0K2) be such that for
every ¢ € %;’p(Q, 0Q), o (u, ¢) = [q fio dx and o/ (v, ) = [ frg dx, so that,

A, 9) — A (v, ¢) = / (fi — f) dx. (3.12)
Q

(@ If2 < p<oocandq > N, thenu,v € L* () and there is a constant C > 0 such that,

e —vl2 6 < Cllfi — fallg.- (3.13)
(b) If2(N—-1)/N < p <2andq > Np/(Np —2N + 2) then u,v € L*(Q2) and there
is a constant C > 0 such that,

2=p

p—1

2
lt —vlcoo <C| D I fillpry | I = fallg.- (3.14)

j=1

To prove the second part of the theorem, we need the following result.
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212 M. Warma

Lemma 3.6 Let A, B,C, 7, p € [0, +00), p € [1, +00) and assume that A < te~P +&PC
forall e € (0, 1]. Then,

A<(t+1) [BP/(P+p)CP/(P+p) + B] ) (3.15)

Proof Assume firstthat 0 < B < C andlet«w := 1/(p + p) and g1 := (B/C)* € (0, 1].
Then,

A<te”B+elC=1(B/C)P*B+ (B/C)’*C = tB'=P*CP* 4 greC'—re
= (t + DBP*CP* = (1 + 1)BP/(P+P)CP/(P+/9).
If B=0then0 < A < ¢”C for all ¢ € (0, 1]. This shows that A = 0 and hence (3.15)

holds. If B > C, lete, := 1. Then, A < 16, "B + ¢/CtB + C < (v + 1)B and (3.15)
holds. 0

Proof of Theorem 3.5: Let 2(N — 1)/N < p < oo, f1, fo € L1(RQ) and let u,v €
7/(_%’”(52, d€2) satisty (3.12). Letw :=u—v € "I/(;’I’(Q, d€2). For every real number k > 0, let
wy = (Jw|—k)* sgn(w) andset A(k) := {x € Q: |w(x)| > k}. Then, w; € ”V(;‘p(ﬁ, 092).
Let s € [1, oo] be such that 1/g + 1/s + 1/p* = 1. Taking ¢ = wy as a test function in
(3.12), we get that for every k > 0,

o (u, w) — (v, w) < 1 f1 — Lllg.elwell el xamlls- (3.16)

Throughout the proof, we let U(x,y) := u(x) — u(y), V(x,y) = v(x) — v(y) and
Wi(x, y) = wi(x) — wi (y).

(a) Case 2 < p < ocand g > N: As g > N, it follows from Proposition 3.4 that
u,v € L®(). Note that

o (u, wy) — o (v, wy) :/(|W|P—2w — |[Vu|P72Vu) Vg dx + 2277

x /a(x)|wk|p dx + 22_p/b(x)|wk|P do +2%°7

Q
_ 14
// lwi(x) —we(WI” do, do,
kp(x,y)
ISR 1Y
+/a(x)(|u|l"2uwk — [v[P vwg — 227 |wye|P) dx
Q
+/b(x)(|u|f’*2uw — v|P2vwg — 227 P jwg|?) do
F U,v,w
// Fa . OV W 45 g, 3.17)
kp(x,y)
0Q2x0Q

with

F(x,y, U, V, W) :=[|U G, NIP2U(x,y) = |V(x, DIP 2V (x, )]
X Wi (x, y) — 2277 | Wi (x, y)IP.
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The p-Laplace operator with the nonlocal Robin boundary conditions on arbitrary open sets 213

Since wy = 0on Q \ A(k) and Vwy = XAwk) - V(u — v), it follows from (3.6) that for
every k > 0,

/(|W|f’*2w — VP2V u)Vuy dx > 22*"/ |Vwy|? dx. (3.18)
Q Ak

Since |u — v| > k on A(k), it follows from (3.7) that on A (k)
P2 = [o]P"20] = 227 P Ju = v| = 227 P|ju — v| — kP =22 P w1
Multiplying this inequality by |wg|, we get that
("2 — [0l 2o)we = 2P Jug P (3.19)
Similarly, we have that on A(k) x A(k),

[1UG P20, ) — IV, 0IP72V (e, )] TWk (e, 9T = 227 [ Wi (x, )12

(3.20)
It follows from (3.18), (3.19), (3.20) and (3.16) that for every k > 0,
min(l, bo)zz—"||wk||,’;y;.‘pmm) < 227 (i, wi) < (4, wi) — A (v, wy)
< If1 = fallg.ellxawls- 3.21)

Using the embedding (2.5), we get that there exists a constant C > 0 such that for every
k>0,

—1
||wk||§*,g < Clfi — £2lllg.ellxamwlls- (3.22)

Now proceeding exactly as at the end of the proof of Proposition 3.4 (after Eq. (3.10)),
1

we get that || xa(k) [l p» = O with the constant K = é’||f1 - f2||£- Hence, lw(x)| < K
a.e. on 2 and we have shown (3.13).

(b) Case2(N —1)/N < p <2andqg > Np/(Np — 2N + 2): First, note that a simple
calculation shows that ¢ > Np/(Np — 2N + 2) > N and hence, by Proposition 3.4,
u, v € L*(R2). Next, we claim that there is a constant C; > 0 such that for every k > 0,

p/2
IVwilh o < € / (\VulP2Vu — |Vv|P72Vv)Vuy dx
A(k)NQ2
1—p/2
IVl p.ago + 19005 a0 ] 72 (3.23)
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Fore € (0, 1], welet B; := {x € Q: |[Vu(x) — Vu(x)| > ¢|Vu(x)l|}. Using (3.5), we get
that for every k > 0 and ¢ > 0,

/(|W|P—2w — |Vu|P72Vv) Vg dx
Q

= / (Vul?2Vu — |Vu|P2Vu)V(u — v) dx
A()NQ

> / (IVu|P~2Vu — |Vu|P2Vv)V(u — v) dx
A(k)NBg

> (p— D[l +1/e]P7? / |Vu — Vol? dx

A(K)NB,

> (p— DI1+ 1/e1P2 /|Vwk|"dx— / Vuel? dx
_A(k)ﬂQ A(k)\ B¢

> (p= DI+ 176172 / Vuel? dx — & / Vul? dx
AN AN

Using the fact that [1 + 1/¢]>77 < 2>7PgP~2 we get that

22-p
IVwgllh < 18P_2 / (\VulP"2Vu—|Vo|P"2Vv)Vwy dx +ePIVull? 4
b :
A()NQ
Applying Lemma 3.6 with
P 22—[1 p
A= |[Vwllp, T:= FESE p=2—p, C:=[IVulpaw + IVllpam]
and
B = /(|W|P*2w — VP72V ) Vuy dx,
Alk)
we get that
2277 4 p—1
IVurlly < =L =" [Br2c'=r/ 4 B].

p—1

Using the estimate

B < / [VulP~ Y Vu — Vol dx + / [VolP~ Vi — V| dx < 4C,
A()NQ A()NQ
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we get that there is a constant C; > 0 such that (3.23) holds. Similarly, we have that there is
a constant C» > 0 such that for every k > 0,

r/2

2 _2 (1-p/2)
lwgllh 5o < Ca / (Jul”"%u — [P “v)wy do [lullpoe + vl p.ae]” ey

AN
(3.24)

Combining (3.23) and (3.24) and using the fact that for every k > 0,
(UG, yIP2U(x, ) — [V, DIPT2V 0, y) Wilx, y) > 0 on A(k) x Ak),

we get that there is a constant C > 0 such that for every k > 0,

p r p( )
llwkllwp]_p(g’m) =C- [ (u, w — (v, wi)]? ’[llullwg.p(g,m)-i-|Iv||«/yp1,p(sz,asz)] :
(3.25)

Note that, since u satisfies (3.3), letting u as a test function, we get that there is a constant
C3 > 0 such that

ey (@50 = Callfillgry.aliulg @00
and this shows that

”u”Wl (Q Q) — C3||fl ”(17 )/ Q> (326)

and similarly for v with f; replaced by f>. Hence, there is a constant C > 0 such that
1/(p=1)

lull (@00 + IVl @00 =C Z;, I1fillpry . . (3.27)
]:

It follows from (3.16), (3.25), (3.27), and the Sobolev embedding (2.5) that for every k > 0,
p(1-5)

lwl e g <€ | 1m0 i = £l glxam s (3.28)

Let§ := p*/s.Sinceq > Np/(Np —2N +2),then § > 1. Let h > k. Then, A(h) C A(k)

and |we| > h — k on A(k). Hence, (h — )" | xam 12 < lwel2%. Letting W(h) =
2 . .

| xam IIz{ , it follows from (3.28) and the equality || xa)lls = Ilxa®) |I‘;*, that

1
2 =T
_ 2
W) < Ch—k 2| D Wil | - ILA = LIVGYE?.
j=1
. 2 P(G-D
It follows from Lemma 3.2 that W(K) = 0 with K = C [ijl IIf,-II(pw,sz]
I fi — f2ll4,2- We have shown (3.14) and the proof is finished.
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3.2 Case of general open sets (not necessarily of finite measure)

If |©2] = o0, then we also assume that there exists a constant @y > 0 such that

a(x) > ap a.e.on L. (3.29)

Proposition 3.7 Let Q C RN be an arbitrary open set. Let 1 < p < oo, and let u €
"V(_)l’p(Q, Q) satisfy (3.3) where f € L1(Q2) withq > N > 1. Then, u € L*°(Q2) and there
is a constant C = C(N, p, q, ag, bo) > 0 such that

C -1
llulloo,@ < ko + gllull‘,",,llfllj,gé, (3.30)
plg — N)

where ko > 0 is any fixed real number and¢ = ——————.
g(N—-D(p-1

Proof Let 1 < p < oo and letu € 7/@;”’(9, 02) satisfy (3.3). Let ko > 0 be a fixed
real number and set uy := (Ju| — k)Tsgn(u) for k > ko. Then, uy € “//(;’p(Q, 092). Let
Ap = {x € Q: |u(x)| > k}. Since ko < k < |u(x)| for every x € Ay, we have that

! P 1 P ! P
|A| = dr=p [ Hars g [ Wl dr= glul)q <o (331)
AN 0 AN 0 AN 0

Hence, the set Ay has finite measure for every k > ko > 0. Now, proceeding exactly as in
the proof of Proposition 3.4 (by using (3.29) and (2.4) if |2] = 00), we get that for every
h>k>ky>0,

—1 (p— —1 )
lals" = €n =~V fllg.a [l 2] (3.32)

where we recall that 8o := (p*q —q — p*)/q(p — 1) > 1. Letting W(h) := | x4, ||Z:l in

Lemma 3.2, the estimate (3.32) shows that there is a constant K (independent of f) such that
-1 . . - 1/(p—1

W(ko + K) =l XAk ||£, = 0 with K given by K := Cllxa,, ||f,0* 1||f|||q{§zp ). Hence,

lu] < ko + K a.e. on Q. Using (3.31), we get that

3g—1
o

1 1
So—1 So—1
a1 = / I X S
koﬁQ 0
with @ := §p — 1. We have shown (3.30) and the proof is finished. O

We have the following result as a corollary of Proposition 3.7.

Corollary 3.8 Let 2, f, p, q, and u be as in Proposition 3.77. Then, there is a constant C > 0
such that

1
lulloo.2 < llullp» + Cllflllf,};. (3.33)
Proof Letu € “l/é’p(ﬂ, 02) satisfy (3.3) where f € L9(Q2) withg > N > 1. Theinequality

(3.33) is trivially satisfied if u = O a.e. on Q. If u # O a.e. on L, taking ko = ||u|| p» in (3.30)
we get (3.33). O
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To conclude this section, we also consider the difference of weak solutions.

Proposition 3.9 Let Q@ C RN be an arbitrary open set with N > 1 and let f1, f» € L1(R).
Let 2(N — 1)/N < p < oo and let u,v € 7/91’]7(52, d2) be such that for every ¢ €
e

Vo P (Q,09), o (u, ¢) = [q fig dx and o/ (v, ¢) = [, fo¢ dx, so that,

A (u, ) — (v, 9) = /(fl — e dx. (3.34)
Q

(@ If2 < p<oocandq > N, thenu,v € L* () and there is a constant C > O such that,

1

c 1
Iu = vl < Ko+ -l = vIfh g Lfi = folg (3.35)
0

where ko > 0 is any fixed real number and 81 := p(q — N)/q(N — 1)(p — 1).
(b) If2(N—-1)/N < p <2andq > Np/(Np —2N + 2) then u,v € L>*(Q2) and there
is a constant C > 0 such that,
PG=D

2
C
I = vl < Ko+ - = oI%% o [ D il ey LA = Fllg.0
0 j=1

(3.36)

where ko > 0 is any fixed real number and By ‘= (p*q — 2q — p*)/q.

Proof Let f1, fo € L1(2). Let2(N — 1)/N < p < ooand letu,v € ’V(;’p(Q, 0Q2) satisfy
(334). Letw :=u—v € ”//(N)l’p(Q, 0€2). Let ko > O be a fixed real number. For every real
number k > ko, let wy := (Jw| — k)" sgn(w) and set A(k) := {x € Q: |w(x)| > k}. Then,
wp € 757(Q,09).

(a) Case2 < p < ooand g > N: It follows from Proposition 3.7 that u, v € L>(2). Let
80 := (p*q —q — p*)/q(p —1). Proceeding exactly as in the proof of Theorem 3.5 part
(a) and noticing that |A (k)| < oo for every k > ko > 0, we get that there is a constant
C > 0 such that ¥ (h) := ||)(,4(h)||£,_l satisfies the estimate

W(h) < Ch—k)~ P VIfi — fallg.o¥®)®, Yh>k=>k>O0.

It follows from Lemma 3.2 that W (kg + K) = O with K = C||XA(k0)||‘;°f1 Il f1 —f2||q”’Q
Let 81 := 89 — 1. Since

1
—1

1
do—1
Ixaco N < 5l = ol o
0
we have shown (3.35) and the proof of part (a) is complete.
(b) Case 2(N — 1)/N < p <2and g > Np/(Np — 2N + 2). Since ¢ > N, it fol-
lows from Proposition 3.7 that u, v € L>®(R2). Let W(h) := ||A(h)||";{2 and let § :=

(p*q — p — p*)/q > 1.Proceeding as in the proof of Theorem 3.5 part (b), we get that
> =
W) < Ch—k) 21 3 il | 1A= LIZGRK?, ¥ h >k >k > 0.
j=1
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It follows from Lemma 3.2 that W(ko + K) = 0 with K = Cllxaw) ||5p:1[z§=1 I

(21 .
Filoy]” 71 fi = follg.q- Since
I P < =)
XA(kO) p* — kﬁz p*7527
0

with By ;=8 — 1 = (p*q — 2q — p*)/q, we have shown (3.36) and the proof is finished. O
We have the following result as a corollary of Proposition 3.9.

Corollary 3.10 Let 2, f1, f2, p, q, and u, v be as in Proposition 3.9.

(@) If2 < p <ooandq > N, then there is a constant C > 0 such that,

1
=
lu —vllco,o < llu —vlipra+Clfi = L2l q-

®) If2(N—-1)/N < p<2andq > Np/(Np — 2N + 2), then there is a constant C > 0
such that,

12
) P'2-1

e = vlloo < lu = vlpra+C | DI fillpry Ifi = £2llg. -
Jj=1

4 The relative p-capacity and admissible sets

Let © C RN be an arbitrary open set with boundary 82 and let p € [1, o). We let

{ | A (9))
WP (Q) == WLP(Q) N C.(Q)

It is well known that 717 (Q) is a proper closed subspace of W7 (), but they coincide if
for example €2 is of class C (see [26, Theorem 1 p. 23]).

4.1 The relative capacity and a remark on the Maz’ya space

In this subsection, we introduce the relative capacity that plays an important role in the
remainder of this article.

Definition 4.1 Let Q@ C RY be an open set and let p € [1, 00). The relative capacity Cap p.Q
with respect to € is defined for sets A C Q by

1 N
. P S uewHP(Q), 30 CR" open,
Cap,, o(A) := inf ||u”WW(Q) "AcOandu>1lae.onQNO|["

o Aset P C Qis called Cap,, o-polarif Cap, o(P) = 0.

e We say that a property holds Cap,, o-quasi everywhere (briefly q.e.) onaset A C Q,if
there exists a Cap,, o-polar set P such that the property holds forall x € A\ P.

e A function u is called Cap,, -quasi continuous on a set A C Q if for all ¢ > 0, there

exists an open set O in the metric space 2 such that Cap »,0(0) < & and u restricted to
A\ O is continuous.
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The relative capacity Cap, g, has been introduced in [1] (see also [2,35]) to study the Laplace
operator with linear Robin boundary conditions on arbitrary open subsets in R" . Biegert [4]
has extended the definition of the relative capacity to every p € [1, 00). Note thatif & = RY,
then Cap,, rpv = Cap),, is the classical Wiener capacity.

By [4], for every u € #'1-P(), there exists a unique (up to a Cap,, -polar set) Cap,, o-
quasi continuous function i : @ — R such that i# = u a.e. on Q. Moreover, if u € wlr(Q)
andu, € #P(Q)isa sequence that converges to u in % Lr(Q), then there is a subsequence
of ii,, that converges to i g.e. on Q.

Remark 4.2 We have the following situation regarding the Maz’ya space. Let @ C RY be
an arbitrary open set with boundary 9€2 and let

N :={z€dQ: o(B(z,r)NIR) =00 Yr > 0} “4.1)

Then I'y, is a relatively closed subset of 9€2 and every function u € W, satisfies u|r,, = 0,
where we recall that

W, = dueWhP( Q) NC.(Q) : /Iul" do < o0
IR

Since the closure of the set {u € WP () N C.(Q) : ulr,, = 0}in Whr(Q) is the space
wewtP(Q): a=0 g.e. on I'so}, it follows that functions in W;qp(Q, 0%2) are zero q.e.
on ['w. The complement of ', denoted by

[Ny =0Q\ N ={2€0RQ: 3r>0: o(B(z,r) NIN) < oo} 4.2)

is the relatively open subset of 92 on which the measure o is locally finite. Note that it
may happen that I'oe = <. In that case, W) ,(Q,9Q) = ¥, ,(Q,0R) = Wol’p(Q) =

_wl
9 (Q)W p(m. This is the case for the well-known 2-dimensional open set bounded by the

von Kuch curve (also known as the snowflake) and is also the case for many domains with a
fractal geometry.

Definition 4.3 Let © C RY be an arbitrary open set with boundary 9$2. We say that a mea-
surable subset I' of 92 is Cap,, o,-admissible with respect to o, if Cap,, (A) = 0 implies
o (A) = 0 for every Borel set A C T'.

The following result shows that the embedding (2.4) is not always injective. This result
has been first proved in [35, Theorem 4.2.1] for p = 2. The case of general p is contained in
[7, Theorem 2.11] where the authors have replaced the measure o with a Radon measure & on
d%2. Since for “bad domains”, ¢ is not always a Radon measure and for seek of completeness,
we include the proof.

Theorem 4.4 Let Q@ C RN be an open set with boundary 3$2 and let p € [1, 00) be fixed.
Then, the following assertions are equivalent.

(i) The operator R : W!I,VP(Q, 0Q) — LP(Q), u — ul|g is injective.
(i) The set I'y is Cap p‘Q-admissible with respect to o.

Proof Let p € [1, 0o) be fixed.
(i1)) = (1): Assume that the set I'g is Cappvg-admissible with respect to o. We have to

show that R is injective. Let u € W;y p(Q, d$2) and suppose that Ru = 0. Then, there exists
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a sequence u, € W"7(Q) N C.(Q) such that u, — u in W]Lp(Q, 0L2), and therefore,
Ru, — Ru = 0in %P (Q). By possibly passing to a subsequence, we have that u,, con-
verges to zero g.e. on . Since T is Cap »,o-admissible with respect to o, it follows that u,,
converges to zero o-a.e. on I'g. As u, |1, converges to u|r, in L”(I'g), the uniqueness of the
limit implies that u = 0 o-a.e. on ['g and therefore u = 0 o-a.e. on 9€2 (since by definition,
everyu e W l (Q 0Q)issuchthatu = 0on 'y := 02\ [p).

1 = (11) Assume that T'p is not Cap Q" admissible with respect to o. Then, there is
a Borel set K C T such that Cap,, (K) = 0 and o(K) > 0. By the inner regularity
of o we may assume that K is compact. Since o is locally finite on I'g, one also has that
o(K) < o0. Since Cap, o(K) =0, there exists a sequence u, € WLP(Q) N C.(Q) such
that 0 < u, < 1,u, =1 o0n K and |lunlly1.r(q) — 0. Fork € N we let

Ok = {x € RN : dist(x, K) < 1/k}.
Then

K CO1 CO [)Ok=K and o(0NIQ) — o(K).
k>1

Let vy € 2(0y) be such that vy = 1 on K and 0 < v < 1. It is clear that v € WP(Q) N
Cc(22) and [lupvillwip — 0 asn — oo. Note that u,v; € Whre(Q) N C.(R),0 <
upvy < 1 and u,vr = 1 on K for all n, k. Now, let ny be such that [|wg | w1, @) = 2k
where wy := 1y, vx. Then, wy — 0in W'P(2),0 < wy < 1wy = 1 on K and wy — 1g
everywhere on 2. Since wi = 1 on K, it follows that ||wk||Lp(r0) > o0 (K) > 0. This shows
that 1x € p!p(Q, dQ2) \ {0} and R1x = 0; hence, R is not injective. ]

4.2 Admissible sets

In this subsection, we give some examples of admissible and nonadmissible sets.

Definition 4.5 Let p € [1, co). We say that  has the W !-P-extension property if for every
u € WhP(Q) there exists U € WP (RV) such that U|g = u a.e.

In that case, by [24, Theorem 5], there exists a bounded linear extension operator &),
from W!-7(Q) into WL?(RY). Moreover, the spaces W7 (Q) and #''"P(Q) coincide. In
particular, one also obtains that for every p € (1, N), the space W'7() is continuously
embedded into LPs (Q2) with pg = pN/(N — p).

Lemma 4.6 Let p € [1, 00) and let Q@ C RY be a bounded domain which has the WP -
extension property and let &, denote the bounded linear extension operator from whr(Q)
into WHP(RN). Then, for every A C 9<2 one has,

1
& CPp(A) = Capp o(4) = Cap, (4). @3)

Proof First, we claim that for every u € WLP(Q) N C(RQ), there exists a function U €
WP (RN) N C(RY) such that U|g = u. Since 2 has the W !-7-extension property, by [24,
Theorem 2], it satisfies the measure density condition, that is, there exists a constant cg > 0
such that

|B(x,r)N Q| > cor™ forall x € Qandall0 <r < 1.
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Moreover, Ay () := |9€2] = 0. For a measurable set G ¢ RV, we let M!"P(G) be the
Sobolev type space introduced by Hajtasz [23], which is the set of all functions u € L?(G)
with generalized gradient in L”(G). We recall that a measurable function g on 2 is called a
generalized gradient of u if the inequality

lu(x) —u(y)| < |x — yl(glx) +g(y))

holds a.e. on €2, that is, there is a set E C 2 with |E| = 0 and the inequality holds for every
x,y € Q\ E. It follows from [31, Theorem 1.3] that M7 (RY)|q = M7 (Q) and there
is a linear continuous extension operator &, : M'P(Q) — M'P(RY). Using the fact that
MUP(RNY = WP (RN) as sets with equivalent norms, we get that M7 (Q) = WhP(Q)
as sets with equivalent norms; hence, the extension operator &), constructed for M Lp (Q) is
also a linear continuous extension operator from WLP(Q) into WL-P(RN).

To verify that the extension operator &), constructed by Shvartsman [31] maps whr@)n
C(Q) into WP (RN)YNC(RY), we describe shortly the construction of this explicit extension
operator. By [31, Theorem 2.4], there exists a countable family of balls W = W() such
that RV \ Q@ = | gy B, every ball B = B(xp, rp) € W satisfies 3rp < dist(B, Q) < 25rg
and further every point of RY \  is covered by at most C = C(N) balls from W. Let
(¢p) for B € W be a partition of unity associated with this Whitney covering W with prop-
erties 0 < ¢p < 1, supp(¢p) C B(xp, (9/8)r3),ZB€W ¢p(x) = 1 on RY \ , and for
all x,y € RN, |¢pp(x) — ¢p(y)| < Cdist(x, y)/rp for some constant C > 0 independent
of B. By [31, Theorem 2.6], there is a family of Borel sets {Hp : B € W} such that
Hp C B(xp,y1rg) N R, Ay(B) < y2An(Hp) for all B € W whenever rg < cq, where
y1 and y, are positive constants. Now, by [31, Theorem 1.3 Equation (1.5)], a continuous
extension operator &, : M'7(Q) — M'P(RV) is given by

_ 1
(&pu)(x) == ug,¢p(x) for x € RV \ @, where UH, ‘= ———— / u dx,
P B;/V B \ B )\-N(HB)H

B

and (&pu)(x) = u(x)if x € Q. Now, the claim follows from the construction of Ep.

Next, let A C 952 be an arbitrary set. By definition, Cap, (A) < Cap,(A). The proof
of the first inequality in (4.3) follows as the case p = 2 included in [1, Proposition 1.4] (but
in [1], the authors did not know that the previous claim holds for all extension domains). For
seek of completeness, we include the proof for general p. Let ¢ > 0 be arbitrary.

Step 1: Assume that A C 92 is a compact set and let u € wLr(€) N C(Q) such that
u(x) > 1forallx € A and ||u||€v1,p(m < Cap, o(A) + ¢. Let Uizz &pu. Then,
UeWP(RYYNC(RY)and U = u on €2, and hence, u = U on £ by continuity.
Thus, U(x) > 1 on A and this implies that

Cap,,(4) < NUID 1, oy < N7 Nl < 16517 (Cap,, o (A) +2).

Since ¢ was arbitrary, one obtains Cap ,(A) < [|&} || P Cap .o (A) forevery compact
set A C d%2.

Step 2: Assume that A C 92 is arelatively open set. Then, there exists an openset O C RN
such that A = O N €2. Since Cap,, , is a Choquet capacity (see [4]), we get
Capp(A) = sup{CapI,(K) : KCONQ compact}

<|I&pll? sup{Cap,, o(K): K C O NQ compact) < &P Cap,, o(A).
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Step 3: Finally, if A C 92 is arbitrary, then,
Cap,(A) = inf{Cap,(0) : A C O CR" open}.
Using the definition of Cap,, ,, we get that
Cap,(A) = inf{Cap,(0): ACO C RN open} < &), ||pinf{Capp’Q(0 nQ)
: AC 0 CRNopen} < |&,||” inf{Cap, (%) :
A C U C Q,% relatively open } < 6117 Cap, o(A)
and we have shown (4.3) for every A C 92 and the proof is finished. O

Note that it is easy to verify that the inequalities in (4.3) hold for every A C Q2. Now, we
are ready to give a large class of admissible sets.

Lemma 4.7 Let p € (1, N) and let @ C RN be a bounded domain which has the W'-P-
extension property. Then, 9S2 is Cap , -admissible with respect to o.

Proof Let p € (1, N) and assume that @ C R" is a bounded domain which has the W!-7-
extension property andlet A C 92 be a Borel setsuchthatCap,, (A) = 0. Then, Cap ,(A) =
0 by (4.3). Now, it follows from [18, Theorem 4.7.4, p.156] that 7#°(A) = O for any
s > N — p, where /#* denotes the s-dimensional Hausdorff measure. Since o = N1 lag
and N —1 > N — p, we have that 0 (A) = 0 and the proof is complete. O

Since bounded Lipschitz domains and the domain bounded by the von Kuch curve (for
example) have the W!-P-extension property, then their boundaries are Cap ».o-admissible
with respect to o for every p € (1, N).

To conclude this section, we mention that all the examples of open sets, whose boundaries
are not Cap, -admissible with respect to o, given in [1, Examples 1.5, 1.6, 4.2, 4.3], are
also not Cap,, o-admissible with respect to o, for every p € [1, 00).

5 The parabolic problem
Let 2 C RY be an arbitrary open set of finite measure and with boundary 9<2. In this sec-

tion, given p € (1, 0o), we want to investigate the well-posedness of the first-order Cauchy
problem formally given by

ou(t, x)
a7 = Apu(t, x) t>0, xe
[Vu(t, )[P720,u(t, x) + b()|u(t, )|P~2ut, x) (5.1)
+0O,(u(,x)) =0 t>0, xed
u(0, x) = ug x € Q,

where u is a given function in L2(2) and the coefficient b € L (9€2) and satisfies (3.2).
We define the functional ®¢ : L2(Q) — [0, +00] by

/|Vu|” dx + — /b(x)|u|p do + — //

Do (1) = ) dSZdeZ .
% do, day, if u € D(®e)

+00 otherwise ,
(5.2)
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where D(®g) = “//(;'p(Q, Q) N L2(2). As we have mentioned in Remark 4.2, if u €
Yo' (2.89) € ¥, (2, 3%), one has

/b(x)|u|P do :/b(x)|u|p do

IQ To

and
/ M do, doy = / M doy doy

kp(x,y) kp(x,y)
QX0 oxTo

where 'y denotes the relatively open subset of 92 on which o is locally finite and is given
in (4.2).
5.1 The nonlocal boundary conditions

In this subsection, we justify the terminology “nonlocal” boundary conditions.

Definition 5.1 We say that a functional ¢ : L2(Q) — (—o00, 400] is local' if for every
u,v e L*(Q)

ul Aol =0 = @u+v) =9 +eO). (53)

Here, u A v denotes the (pointwise) infimum of the functions u and v. A functional which is
not local is said to be nonlocal.

Some properties of local functionals are given in [8] and the references therein.
Now, let ®g be the functional defined in (5.2). Let u, v € D(®g) N C.() be such that
supplu] N supp[v] = @. It is clear that

/|V(u +v)|? dx +/b(x)|u +v|” do
Q hle}
= / |[Vul? dx + / b(x)|u|? do + / [Vu|? dx + / b(x)v|? do.
Q aQ Q a0
On the other hand, it is easy to see that there are functions u, v € D(®g) N C.(Q) with
supp[u] N supp[v] = ¥ and
[+ v)(x) — (@ +v)(Y)|=u(x) — u(y)lsupplu] x suppfu1+1v(x) — v(¥)|supplv] x suppiv]
+ |u(x) —v(¥)|supprul x suppiv] + v (x) —u(¥) |suppivlxsuppru]
# |u(x) —u(y)|suppiuixsuppiu] + [v(x) —v(¥)Isuppiv] x supppv]-
This shows that ®g (1 + v) # Pe(u) + Pe(v), and hence, the functional ®g is nonlocal.
Since the nonlocality comes from the boundary conditions, more precisely from the opera-
tor ® ,, we say that we have a nonlocal boundary condition. If ®¢ is lower semicontinuous

(Ls.c.) its subgradient 0 ®g is called a realization of the p-Laplace operator with the nonlocal
Robin boundary conditions.

! In the literature, one can also find the term additive.
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5.2 The lower semicontinuity of the functional
Let ®p be the functional defined in (5.2). We have the following result.

Theorem 5.2 Let @ C RN be an open set of finite measure and with boundary 3 and let
p € (1, 00) be fixed. Then, the following assertions are equivalent.

(i) The functional ®g is l.s.c. on LQ(Q).
(i) The set I'y is Cap pﬂ-admissible with respect to o.

Proof Let p € (1, 00) be fixed.

(i) = (i): Assume I’y is Capp,Q-admissible with respect to o. We show that ®g is
Ls.c. Let u, be a sequence in D(Pg) = ’V@i’p(ﬂ, Q) N L%() that converges to u €
L2(2). If lim inf,,_ oo dg(uy) = 400, there is nothing to prove. Hence, we assume that
liminf,_, o ®e(u,) < oco. Take any subsequence of u,, which we also denote by u,, such
that lim,, - Pe(u,) = const. Let the Banach space Wpl,p(fz, Q) N L2($2) be endowed
with the norm

) P P l/p
all = (1Vul] g + el o) " + Il

Then u, is a bounded sequence in the reflexive Banach space Wpl » (2,0Q)NLEQ). Let v,
be a convex combination of u, that converges strongly to v in ”//ply p(Q, 02) N LZ(Q) and
hence converges strongly to v in % 1?(€2). The uniqueness of the limit shows that u = v a.e.
on 2. We have to show that v|yq = ulye o-a.e. on 92. Since v = u = 0 o-a.e. on 'y, it
remains to show that v|r, = u|r, o-a.e. on I'g. Since v, converges strongly to v on wP(Q),
by taking a subsequence if necessary, we may assume that v, converges to v g.e. on I'g and
hence o-a.e. (since by assumption I'y is Cap,, ,-admissible with respect to o). Now, since
vn |1, converges to v|r, in L?(I"p), the uniqueness of the limit shows that v|r, = u|r, o-a.e.
on ['g. Using the convexity of ®g, we obtain that

O (u) = liminf g (v,) < liminf Og(uy,),
n—o0 n—0o0

and the proof of (i) is finished.

(i) = (ii): Assume that I'¢ is not Capp’Q-admissible with respect to o. Then, there is a
Borel set K C I'g such that Cap,, o(K) = 0 and o(K) > 0. By the inner regularity of the
measure o, we may assume that K is a compact set. Let wi be the sequence constructed in
the proof of Theorem 4.4 part (i) = (ii). We recall that wy € wWLP(Q) N C(Q), wy — 0
in WhP(Q),0 < wy < 1, wy = 1 on K, and wy — lg everywhere on Q. Using this
fact, one also has that wy — 0 in L2(£2). Without any restriction, we may assume that the
sequence wy is decreasing. Let wy := w; — wy. Since wy — 1g everywhere, it follows that
wy — wilry\k everywhere. Since 0 < w; < wy, it follows that

/ blwi|? do < liminf/b|ﬁ1k|p do = liminf / blwg|P do < / blwi|? do.
k— 00 k—o00
Fo\K o To\K [o\K
Hence,

/ blwi|? do :likminf/b|lilk|p do. 54
—00
o\ K To
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Since Wy — wyp in L2() and Vioy — Vw; in LP () and w; = 1 on K, it follows from
(5.4) and (3.2) that

1 1 | - P
®@(w1)=7/|Vw1|p dx+—/b|w1|P da+—/ w109 = wiIT 4 4o,
p p p

kp(x,y)
To FoxTo
1 1 1
= —/|Vw1|p dx + — / blwi|? do + f/b|w1|p do
14 p p
Q To\K K
1 _ p
n 7/ [wi (x) — wi(y)] do, do,
14 kp(x,y)
IFoxTo
1 1 1
> —/ [Vwi|? dx + — / blwi|? do + —byo (K)
p p
To\K
_ P
// [wi (x) — wi(y)] do, do,
kp(x,y) ’
l"0>< 0
1
> —/|Vw1|" dx + — / blwi|? do
p p
Q To\K
1 _ p
+ - / [w1@) = w0 o, = Tim inf e ().
P kp(x,y) : k—o00
I‘0><I‘0
This shows that®g is not Ls.c. on L(Q2) and the proof is finished. ]

Next, let @ € RN be an open set of finite measure with boundary 3. Let p € (1, o0)
and assume that I'¢ is Cap,, ,-admissible with respect to 0. By Theorem 5.2, ®g is proper,
convex, and l.s.c. Let d®@ be its subgradient (which is trivially single value). Using the
definition of the normal derivative given in (1.1) and the nonlocal operator in (1.3), it is
straightforward to show that if f € L*(Q) and u € D(®g), then f € ddPg () if and only if
u is a weak solution of (3.1). Moreover, D(3®g) C D(Pg) = “//é’p(Q, Q) N L*() and
forevery u € D(0®p) and v € D(Pp),

0o u)(v) = /|Vu|1’ 2VuVv dx—l—/b(x)lulp 2uv do (5.5)
02

— p=2
n / M(u(x) —u(y)(v(x) — v(y)) doy do,.

kp(x,y)
0Q2x0Q

That is, d®g is the realization of the operator A, with the nonlocal Robin boundary condi-
tions

|VulP~20u/dv + b(x)|u|”?u + ©,(u) =0 weakly on <.

As a corollary of Theorem 5.2, we have the following result.

Corollary 5.3 Let p € (1, 00) be fixed and let @ C RN be an arbitrary open set with finite
measure and assume that I'¢ is Cap,, q-admissible with respect to o. Then, the subgradient

—dPg generates a strongly continuous semigroup (Se(t));>0 of contractions on L2(Q).
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In particular, for every uy € L%(S2), the orbit u(-) = So(-)ug is the unique strong solution
of the first-order Cauchy problem

14ecqomnxl?an)m‘M;f«omnxLZ«n)amiua,)elxa¢@)a£

5.6
w—i—a‘b@(u([’x)):(), t >0’ X EQ, M(O,X)=u0(x). ( )

Moreover, the semigroup (Se(t)):>0 is order preserving in the sense that Se (t)v < Se(f)w
forallt > 0 wheneverv, w € L%(Q) withv < w and is nonexpansive on L () in the sense
that ||Se(t)v — Se(HW|lc.Q < lv — w|leo,q for every t > 0 and v, w € L*°(2) N L3(Q).

Proof Let p € (1, o0) be fixed and assume that 'y is Capp_Q—admissible with respect to o.

Since ®g is proper, convex, and l.s.c. (by Theorem 5.2) on the Hilbert space L2(), It follows

from the well-known generation theorem by Minty [27,28] that —d®g generates a strongly

2
continuous semigroup (Se(?));>0 of contraction operators on D(<I>@)L @ _ L3(Q). By

the theory of evolution equations governed by subgradient of L.s.c. functionals (see [30]), for
every ugy € L2(), the orbit u(-) = Se(-)ug is the unique strong solution of the first-order
Cauchy problem (5.6). Now, since ®g(u A v) + Pa(u vV v) < ®g(u) + Pe(v) for every
u,v € Lz(Q), it follows from [3, Théoréme 2.1] (see also [11, Theorems 3.6 and 3.8])
that Sg(¢) is order preserving. Finally, proceeding exactly as in the proof of [34, Theorem
3.4] by using [11, Theorem 3.6 and Corollary 3.9]), we can easily verify that Sg(7) is also
nonexpansive on L>(2). ]

In the literature, a semigroup that is order preserving and nonexpansive on L () is
called submarkovian. For more details, we refer the reader to the paper [11] and the refer-
ences therein.

5.3 The ultracontractivity

Now, we formulate and prove the ultracontractivity property and the (LY — L°°)-Holder type
continuity.

Theorem 5.4 Let Q@ C RN be an arbitrary open set of finite measure with N > 1 and let
p € [2, 00). Assume that T is Capp,Q—admissible with respect to o and let (S (t));>0 be the

strongly continuous (nonlinear) semigroup on L*(S2) generated by —3®gq. Let g € [2, 00]
and let

N-1 N 1 N
B: 71—(L) , 0= —— 1—(L) and
N q+p-—2 p—2 q+p—2
N
()
g+p-2)
Then, there is a constant C = C(N, p, g, Q) > 0 such that for every ug, vo € L1(2) and
t >0,

IS (1) — So (D volleo < CI121P1 78 lug — voll . (5.7)

Proof Letp € [2, 00) befixed. Letug, vo € L*°(2), u(s) := So(s)ugand v(s) := Se(s)vo,
where s > 0. Let r > 2 and consider the function G, : (0, 00) — [0, co) defined by
G, (s) := |lu(s) — v(s)|l. First, notice that G, is well-defined because u and v are bounded
in © x (0, 00) and because 2 has finite measure. We show that G, is differentiable a.e. Since
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by Corollary 5.3, (Se(#));>0 is the strongly continuous semigroup of contractions generated
by the subdifferential —d®g of the proper, convex, and l.s.c. functional ®g, and D(0Pg) is
dense in Lz(Q), it follows from a result of Brezis (see [30, Proposition IV.3.2 and Corollary
1V.3.2] or Corollary 5.3 above), that, for every ug, vo € L*®(2) C L*(Q) = D(3Pg), the
function u(s) and v(s) belong to D(ddPg) forevery s > 0, and u, v (as functions of s) are con-
tinuous from [0, co) — L2(2) and Lipschitz on [a, co) forevery a > 0. Hence, u, v (as func-
tions of s) are differentiable a.e. Therefore, G, is differentiable a.e. Throughout the remain-
der of the proof, we let U(s) := u(s) — v(s), U(s, x, y) = u(s, x) — u(s, y), V(s, x,y) =
v(s, x) — v(s, y) and in our notation, we sometime omit the dependence of u, v in x. Since
Gr(s) = fQ |U(s)|" dx, by Leibniz rule, and using the fact that u(s), v(s) are solutions of
the Cauchy problem (5.6) with initial data ug, v, we get that for a.e. s > 0,

d
SNV =r / Us) " sen(U(s)HU'(s) dx
Q
S / V()" sen(U () [00o (u(s)) — 3o (v(s)] dx
Q
=— r/ lu(s) — v(s)|" "  sgn(u(s) — v(s))dPe(u(s)) dx
Q

+ r/ lu(s) — v(s)|’_1 sgn(u(s) — v(s))0Pe(v(s)) dx. (5.8)
Q

Using (5.5), we get from (5.8) that

d
LIVl ==r=1 / lu(s) — v() 2 Vu(s) P72 Vu(s)V(uls) — v(s)) dx
Q

U (x, y)|P~2

— r/b(x)Iu(s)lp_zu(s)lu(s) — v(s)lr_1 sgn(u(s) —v(s))do —r /
kp(x7 y)

0Q INQxIRQ
U(x, y)(U s, x)|" " sgn(U (s, x)) — U (s, y)I" " sgn(U (s, y))) doy doy

+r(r—1) / lu(s) — v(s)I" 2 V()P 2Vo(s)V (u(s) — v(s)) dx
Q

[V (s, x, y)[P~2

+r/b(x)lv(s)lpfzv(s)lu(s)—v(s)lrflsgn(u(s)—v(s)) dcr+r/
k}?(x» )’)

0Q QxR
Vs, x, VU Gs, )" sgn(U (s, x)) — [U (s, )" sgn(U s, y))) do do,

= —r(r — 1)/ lu(s) — v [IVu(s) P2 Vu(s) — [Vo(s)|P2Vo(s)] V(uls)
Q

—v(s) dx —r / b u(s) — v(&) 2 [lu)P2uls) — [v(s) 1P~ v(s)] (uls)

Q2
; T
mvende=r / — U(x}cy)(x )|1‘)/(X7 V) (U @)U (x)
92x9Q P
— UMV (y) doy doy. (5.9
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Using (3.6) and (3.7), we get from (5.9), that there is a constant C; > 0 such that

d
&IIU(S)H? =—Cir(r— 1)/ lu(s) — v IV (u(s) — ()| dx
Q

_ _ _ -1
- C]r/b(x)lu(s) — ()P do — Cyr / ) —v(x) = W) —vO)I”
kp(-x’ y)

aQ Q%02
[(u(x) = v(x) = (@) — vy~ doy do,

- anes 1)/ UG VU )P dx = Clr/b(x)lU(s)lr_zﬂ’ do
92

r—2+
e // U, x)k (l)]c(sy)y)| Pdaxday. (5.10)

02x0Q

Note that the integrals in the right hand side of (5.10) exist, since u(s), v(s) € ”V(;’p(Q, 0R2)
and u(s), v(s) (as functions of x) are bounded.

Next, let r : [0, 0c0) — [2, 00) be an increasing differentiable function. Using the above

argument, one has that the function s — [|U (s) ||:8 is differentiable a.e. Since

d 0
LG = + UG}

r=r(s) ds

r:r(s),

it follows from (5.10) that

%uws)n:ﬁf; <r'(s) / U™ log|U ()] dx — Cir(s) / b)IU ()" do

r(s)—2+
. / U (s, x) = Us, )l @247

do, do
kp(x,y) Y

02X 0

— C1r(s)(r(s) — 1)/ U ()" ~2|VU ()| dx. (5.11)

Using (5.11), we obtain the following estimates:

’( ) 1 1
log ”U(S)”r(s) +

d r(s)
T og IVl = Lo

$) r() U )II)) ds
) Ci(r(s) = 1) .
<= D log U)o~ o [ vuer ar

r<s IW® I 2

C )

- ——— [ bWUEIO P do
IlU<s>llr(‘s>m
UG, x) = Uls, y)" 7247
r(s) A dO'x dO'y

||U<s>||,(v) S PO, )
— O [ g w6 ax
rIU)

r(s) o
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I [ Uere ( UG )
= r(s) J ||U(s)||:8 U ()1l (s)
C —1
_ L)())/ UGs)["O~2VU (5)|? dx
IO 2
C r(s)—2+
———— | P@IU) P do
1T s) 5
Ci |U (s, x) = U(s, y)|"®=2r
_ = PR doy doy
IOy 2o Py
) |U (s)|"®) o ( |U ()] )
~r(s) J ||U(S)||:E§; UM s)
C] r(s)—2+
-0 | PO do
IIU(S)II,(S)M2
|U(x) — U(y)|[©=2+p
— - doy, doy
UG )||,(s) Y P )
CipP(r(s) — 1 HOTHE
1p?(r(s) ])} r(s)/| )| 7P dx. (5.12)
S C® =247 U A
r(s)—2+p
P O ; L.p =
et Fi= ———— 5. Itisclear that F € 75" (,0Q), F > Oand |[Fl|e = 1.
N, ) 24

It follows from (3.2) and the logarithmic Sobolev inequality (2.6) (applied to "//(;’p (2,09))
that there is a constant C, > 0 such that for every ¢ > 0,

—/|VF|P dx—/b(x)lFl” do — / Mdaxday

k[)(x5 )’)
Q aQ QX0
F(x) — F(y)|
<—/|VF|pdx—a—/ Mdaxday
kp(x,y)
I2x I
r(9)=2+p F(x) — F(y)|?
PR S VUG Py —a — Md@do,
r(s)—2+p k ()C y) y
”U(s)”r(s) 24p 90 %90 Pt
r(s)—2+
p [ UEI©-2p w7 log(e)
=- -2 r(s)—2+ X = . (513)
NG ) oI5 7L Coe
Q r$)=2+p ”U(S)”r(s)72+p

It follows from (5.13) and (5.12) that there is a constant C3 > 0 such that for every
e >0,
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d
— log ”U(S)”r(s) =<

/ r(s)
r'is) [ U(s)] o ( [U(s)| )dx
ds

(s)
) ) Uy \IU®le

r(s)=2+p

_ ( P )p_] pr(s) = D IUG )24
rs)=2+p NGe UG

r(s)
Ulre)—2+p U
U| o ( [U(s)| ) dx

S U@ le-24p

r(s)—2+p

) ( » )P r(s) — LIV, (5)—24p log(e)
r(s) .

—2+p) G el ¢

(5.14)

Let

U ( V)] )
K(r(s), U(s)) := : ’
(r(s), U(s)) /”U(s)”rm © U )rs) *

Q r(s)

By (5.14) we have that for every ¢ > 0,

d . ) r/(S)K U _( P )P—l
a5 eIV @) = ZEKE@, UG =\ 50,

r(s)—2+p
p(ris) — 1) IV 3

NCie U )|')

r(s)
r(s)—2+p

B ( P )P r(s) — 1 IUG, (524, log(e)
o) '

—2+p) G el ¢

K(r(s) =2+ p.U(s)

(5.15)

Let

_ pre)rs) — 1) p LU 5t
o e (r(s) )

NC3r'(s) ~2+p (IO e

Then it follows from (5.15) that

!/

d
i log U ($)1l(s) 5& [K(r(s),U(s)) — K(r(s) =2+ p,U(s))]
S r(s)

B Nr'(s)
(r(s) =2+ p)r(s)
r(s)—2+p

p )P‘l prs)(r(s) = D NIUG 551,

lo
£ (r(s) -2+p NC3r/(s) I

(5.16)

Since for every V, the mapping ¢ — log ||V||Z is convex and for a.e. ¢, % log ||V||Z =
K(g,V)+log|V|y, then the mapping g % log || V||Z is nondecreasing. Therefore, for
every g2 > q1 > 1,

IV llg

K(q1, V) — K(q2,V) < log :
1V llg,

(5.17)
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Applying (5.17) with g1 = r(s) and g2 = r(s) — 2 + p, we get from (5.16) the following
estimates:

d ’(s U r(s)— Nr'(:
4 g 1) Sr (s) log (|| )Ml s) 2+p) _ = r'(s)

ds () 10U ) 2+ pir(s) 8
WSy | N o
@I ) —2+pr(s) ¢
p—1 _
[( p ) pr(s)(r(s) 1)} . 518)
r(s)—24+p NC3r/(s)
It follows from (5.18) that
d '(5)
2 log IOl s% [0g U ($)lr5)-24p — 10g U ()]s ]
Nr'(s) Nr'(s)
- r(s) log ||U(S)||r(s)—2+p + m log ||U(S)||r(s)
Ny ( P )’” pr(s)(r(s) = 1)
o) —2+pre SI\r@—2+p NCyr'(s) |
Hence,

d
a0 IOg ”U(S)”r(s) <

ds
r'(s) Nr(s)
o) |:(1 — N) log [|U ($)Ilr(s)—2+p + (m - 1) log ”U(S)”r(s)]
/ p—1 .
I 7O N {( P ) pr(s)(r(s) 1)} a9
(r(s) =2+ p)r(s) r(s)—2+p NCsr'(s)

Since |2| < o0, it follows from the classical Holder inequality that,

p—=2
1U)lrs) < 1QI7OCOZE U () Nl r(s)~2+4p»

and this implies that

log |U () lr(s) < log 2| +1og [|U ($) [l (s)—2+p-

p—
r(s)(r(s) =2+ p)
Since (1 — N) < 0, it follows from the preceding estimate that

N-D(p-2)

1 —N)log||U - < (1 —N)log|U log |€2].
( ) log || (S)”r(s) 24p = ( ) log || (s)”r(s) + F$)r ) —2+ p) og 2]
Using this, we get from (5.19) the following estimates:
d N(p —2)r'(s) (1=N)(p =2Dr'(s)
—log [U)llry < — ——~ tog Ul — & log |

ds (r(s) =2+ p)r(s) r(s)(r(s) =2+ p)

B Nr/(s) o ( P )"1 pr(s)(r(s) — 1)
(r(s) =2+ p)r(s) o —2+p NCsr'(s) '

(5.20)

@ Springer



232 M. Warma

We set

Ay N@=2r'
(r($) =2+ pIr(s)

Y(s) :=1og U () lrs),

and

N/ (s) [( P )P“ pris)(r(s) — 1)}
B(s) := log
r(s) =2+ p)r(s) r(s)—24p NC3r/(s)

(1= N)(p—2)r'(s) )
r@s)(r@s) =2+ p)

It follows from (5.20) that Y (s) satisfies the differential inequality

og |L2[.

d
d—Y(s) + A(s)Y(s) + B(s) <0, forall s > 0.
s

Hence,

s s T

Y(s) < X(s) :=exp —/A(‘c) dr Y (0) —/B(‘L') exp /A(z) dz | dr
0 0 0
(5.21)

Letr(s) := % withg > 2 and 0 < s < t. A simple calculation gives

As) = N(p—2) .
(g—2+pt+Q2—p)s
Hence,
/A(r) dr = —N log g=2+pi+C=p)s
and

s N
lim exp —/A(r) dr | = (L) .
s>t~ q—2+p
0

A similar simple calculation gives

N T

lim Y(O)—/B(T)exp /A(Z) dz | dr

s—>1~
0 0

N
— Y ) — — [(qﬂ’_z) —1:|10g(t)
p—2 q

N-—1 +p-2\"
+ [(q P ) —1i|10g|S2|+C1,
N q
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where C| is a constant depending on p, ¢, N and can be computed explicitly. Therefore,

. q N 1 q N
smxo=(=55,) o1 (25) e

N_1 q N q N
+ 1 — log|Q+Ci1 | —— ) .
N q+p-—2 q—2+p

Using the submarkovian property (see Corollary 5.3) and (5.21), we get that forall0 < s < 1,

IU Oy = (@) — v llr(s) < Nuls) — vl =¥ <X (5.22)
Since limg_,; r(s) = oo and
Y(0) :=log [[u(0) — v(0)|l ) = log llup — vollg,

taking the limit as s — ¢~ of the inequality in (5.22), we get that
lu(®) = v(®) oo = lim u(@) = vl < lim X,
S—>t" S—>t"
Calculating and using the fact that 7(0) = g, we get that there is a constant C > 0 such that
forevery t > 0,

lu(t) = v(®)lloo < CI2UPL2 flug — voll}, (5.23)

r [0 e - )

N
and y := (L) .
q9-2+p

Finally, to remove the requirement that ug, vg € L*°(2), letug, vo € L2(2) and u,,0, vn,0 €
L*°(2) be sequences which converge, respectively, to ug and vg in L9(S2). Let u,(t) :=
So®)un,0, ut) := So(Hug, v, (t) := Se(t)u,,0and v(t) := Se(t)vo. Using (5.23) with first
vn.0 = 0 and then u,, o = 0, we obtain that for every r > 0, u,(¢) and v, (¢) converge, respec-
tively, to u(¢) and v(¢) in L°°(S2). Therefore, for every ¢ > 0, the sequence (u, (1) — v, (1))
converges in L°°(£2). By uniqueness of the limit, nli)n;o(u,, (1) —v,(t)) = u(t) —v(t). Hence,

where

for every ug, vo € L4(2) and t > 0, we have
() = vl = IS0 (1o — So()vollos < CI21°1*(lug — voll} -
We have shown (5.7) and the proof is finished. ]

Note that a simple calculation shows that

N
lim =0, iméd=— and Ilimy =1
p—2 p—2 q p—2
so that if p = 2 (that is the linear case), the estimate (5.7) reads

I1Se (Duollco < Ct™N4ugll,.

This last estimate has been obtained in [1, Theorem 5.1] for the linear (p = 2) local Robin
boundary conditions. The case of the Laplace operator with nonlinear local Robin type
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boundary conditions is contained in [6], where the authors have assumed that €2 has the
W12 extension property.

The proof of Theorem 5.4 giving here follows the lines of the proof of the abstract ultra-
contractivity result in the linear case contained in [15, Section 2.2], but the main ideas are
similar to the ones contained in the works by Cipriani and Grillo [9,10] who have consid-
ered the p-Laplace operator (or more general quasi-linear operators) with Dirichlet boundary
conditions.
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