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Abstract We study the structure of entire radial solutions of a biharmonic equation with
exponential nonlinearity:

A%u=2e* inRY,N>5 0.1

with A = 8(N — 2)(N — 4). It is known from a recent interesting paper by Arioli et al.
that (0.1) admits a singular solution Us(r) = In r~*. We show that for 5 < N < 12, any
regular entire radial solution u with u(r) — In r~* = 0asr — oo of (0.1) intersects with
U, (r) infinitely many times. On the other hand, if N > 13, then u(r) < U,(r) forall r > 0,
and the solutions are strictly ordered with respect to the initial value a = u(0). Moreover,
the asymptotic expansions of the entire radial solutions near co are also obtained. Our main
results give a positive answer to a conjecture in Arioli et al. (J Differ Equ 230:743-770, 2006)
[see lines —11 to —9, p. 747 of Arioli et al. (J Differ Equ 230:743-770, 2006)].
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1 Introduction

We are interested in structure and asymptotic behaviors of entire radial solutions of the
semilinear biharmonic equation
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188 Z. Guo

A2y =ie* inRY, N>5, A=8(N—2)(N—4), (1.1)

that is, in solutions u = u(r), which exist for all » = |x| > 0.
It is known from [1] that (1.1) admits a singular radial solution:

Us(r) =1n r

For all a, b € R we denote by u, , the unique solution of the initial value problem

u) =a, Au(0)=>b, u'(0) = (Au)'(0) =0. (1.2)

‘ Au(r) = e, forr e [0, o0)
It is known from (ii) of Theorem 2 of [1] that for any a € R, there is a unique by = bg(a) < 0
such that the unique solution u, 5, € C 4(0, 00) of (1.2) satisfies

lim [ug py (r) — Inr=*] = 0. (1.3)
r—00

This implies that for any a > —oo, there is a unique radial solution u, (r) € C*([0, 00)) of
(1.1) such that

lim [uq (r) — Inr—41=0. (1.4)

In this paper, we will use the main idea as in [9] to characterize the structure of {u,}q>—oco,
which gives a positive answer to a conjecture in [1]. Meanwhile, the asymptotic expansions
of {uy}a~—co near r = oo are also obtained. The main result of this paper is the following
theorem.

Theorem 1.1 Let N > 5. Then, for any a > —oo, the Eq. (1.1) admits a unique solution
u = u(r) such that u(0) = a, u’(r) < 0, Au(r) < 0forr € (0, 00) and u(r) — In r4 >0
asr — 0o. Moreover, if 5 < N < 12, then u(r) — Inr—* changes sign infinitely many times.
If N > 13, then u(r) < In r~*and Au(r) > A(lnr—%) for all r > 0, and the solutions are
strictly ordered with respect to the initial value a = u(0). Namely, if u1(r) and u>(r) are two
radial solutions of (1.1) with u1(0) < u2(0), then u;(r) < uz(r) and Auy(r) > Auy(r) for
r > 0.

The existence and asymptotic behavior of solutions to the fourth-order Eq. (1.1) have been
studied in the so-called conformal dimension N = 4 (see [5,11,13]) and in “supercritical
dimension” N > 5 (see [1]). More recently, the stability properties of the solutions of (1.1)
were determined in [12]. The authors in [3] classified solutions of (1.1) according to their
stability outside compact sets of RV, complementing again the results in [12] in the confor-
mal dimension N = 4 and showed different behaviors in “low dimensions” 5 < N < 12
and in “high dimensions” N > 13. They obtained that for the first case, there exist both
unstable solutions and solutions that are stable outside compact sets, and for the second case,
any radially symmetric solution to (1.1) is fully stable. Meanwhile, the radial solutions of
the Dirichlet and Navier boundary value problems of the equation A%u = Ae in the ball are
widely studied, see [2,4,6,7].
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Entire radial solutions 189

2 Some preliminaries

We first show the following lemma.

Lemma 2.1 For any a € R, (1.1) admits a unique radial solution u,(r) such that u,(0) =
a,ul,(0) =0,u,(r) —In r~* > 0asr — oo. Moreover,

Aug(r) <0, u,(r) <0 forr e (0,00).

Proof Existence and uniqueness of u, (r) of (1.1) satisfying u,(0) = a and u, (r)—In rt >
0 as r — oo are known from (ii) of Theorem 2 of [1]. Moreover, it is also known from The-
orem 2 of [1] that (Au,)(0) < 0.

To show that u/,(r) < 0 and Au,(r) < 0 for r € (0, 00), we only need to show that the
second claim holds. Indeed, if Au,(r) < O for all » > 0, we see that (rN’lu; (r)) < 0 for
all » > 0 and thus u),(r) < O for all > 0. Suppose that the second claim does not hold,
we see that there is rg € (0, oo) such that Au,(r) < O for r € (0, rg), Auy(rg) = 0 and
Aug(r) > 0 for r € (rg, 0o) since we know from the equation of u, that (Auy)’ (r) > 0 for
all » > 0. This implies that there exist 6 > 0 and Ry > 3rg such that Au,(r) > 6 > 0 for
r > Rg. Therefore,

VW () = 0rVT vr > Ry @2.1)

a

Ro\ V! 0 Ro\"
u, (r) = (7) u, (Ro) + v 1— (T) Vr > Ry. (2.2)

This contradicts the fact that u, (r) — —oo as r — oo since (2.2) implies that u, (r) — 400
as r — 00. Hence, the second claim holds, and the proof is complete. O

and thus

In the following, we shall assume that u, is the unique entire radial solution of (1.1) with
u4(0) = a. If there is no confusion, we drop the index a.
In radial coordinates » = |x|, Eq. (1.1) reads

u® () + @u”’(r) N (N — 1)§N - 3)u,,(r) (N - 1)§N —3) -
=1e"", r €0, ). (2.3)

Using the transformation
w(s) :=uE®) +4s, s=lInr (r >0), 2.4)

we see that the Eq. (2.3) can be rewritten as
w@ () + K3w"”(s) + Kow"(s) + Kiw'(s) = hw(s) = 1" —w(s) = 1) (2.5)
where
K3 =2(N —4), Ky=N?>—10N +20, K| =—2(N —2)(N —4).

The singular solution r +— In r—* of the differential equation in (2.3) corresponds to the
trivial solution w(s) = 0 of (2.5). The characteristic polynomial (linearized at w = 0) is

v v 2(V — 403 + (N? = 10N +20)v2 — 2(N — 2)(N —4)v — 8(N —2)(N — 4)
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190 Z. Guo

and, the eigenvalues are given by

_ N+ VN2 + 4N

Ni—VN2+4JN3

V] = V) =
2 2
v Ni ++V Ny — 44 Nj3 ) Ni —+/ Ny —44/N3
3 = s 4 = s
2 2

where
Ny =—(N—4), Ny=N>—4N +8, N3 = (9N —34)(N —2).
The following proposition is known from [2].
Proposition 2.2 (i) Forany N > 5, we have vi, v € Randvy <2 —- N <0 < vy.
(ii) Forany5 < N <12, we have v3, v4 ¢ R and Rev; =Revy = —% < 0.

(iii) Forany N > 13, we have v4 < v3 < 0 and

“4-N)

mw<4—N<wy< <ry<0<v, v3+vy=4—N.

3 The case of 5 < N <12

In this section, we prove that for 5 < N < 12, u(r) — U(r) must have infinitely many
intersections (and hence prove the first part of Theorem 1.1).

It is known from Proposition 2.2 that v3, v4 ¢ R provided that 5 < N < 12. Let 13 =
T +ik.Then, T = —NT_“ < 0.

Set ¢ (r) = u(r) — Us(r). The following theorem gives the asymptotic behavior of ¢ (r)
near oo, which is of independent interest.

Theorem 3.1 Assume that u is the unique radial solution of (1.1) with5 < N < 12, which
satisfies u(r) — In r~* = 0asr — oo. Then, there exist constants C, Cy, k1 with C #0
such that for r large:

&(r) = Crisinc Inr +«1) + C1r*2 + O (r27). 3.1

Proof Note that (3.1) implies that ¢ admits infinitely many zeroes in (0, co). Using the
transformation

w(s) :=u®) +4s (=), s=Inr (r>0), (3.2)
we see that w(s) satisfies w(s) — 0 as s — oo and

wP(s) + Kzw” (s) + Kow” (s) + Kjw'(s) — Aw(s) = A€ —w(s) — 1), s> 1.
(3.3)

We now write (3.3) as

(85 — v3) (05 — v4) (05 — v2)(ds — v)w(s) = g(w(s)) (34
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Entire radial solutions 191

where g(w(s)) = A”® — w(s) — 1) = O(w?(s)). We claim that for any S >> 1, there
exist some constants A; and B; (i = 1, 2, 3, 4) such that

w(s) = Aje™ cosks + Are™ sinks + Aze"?’ + Aze’t®

N N

+Bl/ef“‘—f) sink (s — 1) g(w(r))dr + Bz/e’(s_t) cosk(s — t)g(w(r))dt

N N
N s
+B3 / e g (w(r))dt + By / e g (w(r))dt.
N N

Moreover, each A; depends on S and v; (i = 1,2, 3, 4), whereas each B; depends only on
v; (i =1,2,3,4). In fact, it follows from (3.4) and the ODE theory of second order (see
[10]) that

(35 — 12) (35 — v w(s) = Are™ cosks + Are™ sinks

Ul
+;/ef“ Dsink (s — 1)g(w(t))dt, (3.5)
N

where A; and A, are constants depending on S, v3 and v4. Multiplying both the sides of
(3.5) by e7"2* and integrating it on (S, s5), we obtain that

S
35 — v)w(s) = Aze™® + / e2(6=0) [A]e” coskt + Are™ sin Kt] dr

N
N t

+%/e”2(s_’)/e’(’_5) sink (1 — &)g(w(&))d&dr.

S S

We now switch the order of integrations to see that

(3s — v w(s) = Aje™ cosks + Are™ sinks + Aze"?
N
+Bl/ef<s—f> sink (s — 1)g(w(r))dr

N
s

+E2/ef“‘—” cosk (s — 1)g(w(r))dr
S

N

+B; / e g (w(n)dr,
N

where Al, Az and A3 depend on S,v; (i = 2,3,4), B; (i = 1,2,3) depend only on
v; (i =2,3,4). Repeating the same argument once again, we obtain our claim. We can also
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192 Z. Guo

write w(s) as

w(s) = Aje™ cosks + Are™ sinks + Aze"?* + Mye"'’

N N
+B / e sink (s — 1)g(w(r))dt + By / e™ ¢ cosk (s — 1)g(w(r))dr
S S
N o0
+B3 / 26D g(w(t))dt — By / eV g (w(r))dr
S K

by using the fact that [¢ = [J° — [*. Since w(s) — 0 ass — oo, we have My = 0 (note
v > 0). Setting

wi(s) = A1e™ cosks + Are™ sinks + Aze™’

and
s N
w(s) = Bl/ef@—” sink (s — 1)g(w(r))dr + Bz/ef(s—” cos k(s — 1)g(w(r))dt
N S
S [o¢]
+B; / 0 D g(w(r))dt — By / e D g (w())dr,
S s

we see from the fact g(w(¢)) = O (w?(¢)) that

lwa(s)| < C [wi(s) + wals)] (3.6)
where C > 0 is independent of S and
s s 00
w1 (s) = max /e’(s_’)lwl(tﬂzdt,/e”m_’)|w1(t)|2dt,/e”‘(s_’)|w1(t)|2dt ,
N N s
S s oo
Wa(s) = max [ / "0 Jwy (n)]2dr, / 267Dy (1) |2dt, / e 0wy (1) |2 dr
S S s
We now show
lwa(s)| = o(e™). (3.7

There are three cases to be considered:

() [wa(s)] < C [B1(s) + [3 e wa ()] 2dr],
(i) |wa(s)] < C[wi(s) + [5 2wy (1) [*de],
(i) |wa()] < C [@i(s) + [° 6D s (r)2dr].
We only consider (i) and (iii). Case (ii) can be discussed similarly.
For case (i), we have
s
w2l = €| i)+ [ unar | (38)
N
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Entire radial solutions 193

Thus,

N
wa($)] < C | 1 (s) + max [wa(s)| / e" D wy(n)]dr | . (3.9)
s>
S

Let m(s) = sz e " |wy(t)|. Then, it is seen from (3.9) that

m'(s) < Cwi(s)e ™ + Cm>a§( [wa(s)| m(s). (3.10)

For any € > O sufficiently small, we can choose S sufficiently large such that 0 < dg :=
C maxg>s |wa(s)| < €. It follows from (3.10) that

s
m(s) < Cels’ / Wi (e Te s dr. (3.11)
S
Substituting m(s) in (3.11) into (3.9), we see that
s
lwa(s)] < Cy(s) + Cdge T / w1 (e Te s dr. (3.12)
S

Note that T + ds < 0 for S sufficiently large. We also know that if § = 7”1\[2”;4‘/1\73, then

8 > 0. Thus, v = t — § < t. This implies w1 (s) = o(e™). We also know from (3.12) that
lwa(s)| = o(eTT9s)s), Substituting this into (3.8), we eventually obtain that

lwa ()| = o(e™). (3.13)
For case (iii), we have
o0
w2l = | i+ [P |. (3.14)
N
Thus,
o
[wa(s)| < Cwy(s) + ClgljgiIW2(S)|/evl(s_”lwz(t)ldt- (3.15)
s

Let k(s) = foo e V!|wy(¢)|. Then, it is seen from (3.15) that

s

— K (s) < C1(s)e™ " + dgk(s). (3.16)
It follows from (3.16) that
o0
k(s) < Ce 98’ / Wy ()e " edstds. (3.17)

N

Since w1 (s) = o(e™), we obtain from (3.17) that
k(s) = o(e "), (3.18)
Substituting this into (3.15), we also have
lwa(s)] = o(e™). (3.19)
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194 Z. Guo

We now write w(s) as

w(s) = Mie™ cosks + Mae™ sinks + Aze'’
o0 o0
—B / e sink (s — 1)g(w(r))dt — By / ™07 cos k(s — 1) g(w(r))dr
N N
N [e.¢]
/ e
N

+B3 [ 26 Dg(w(r)dr — B4/e‘”(s’t)g(w(t))dt.

s

Then, it follows from the facts g(w(s)) = O(w3(s)), wi(s) = O™, wa(s) = o(e™) and
vy < 2t that

w(s) = Mie™ cos(ks) + Mae™ sin(ks) + Aze"> + 0(e>™). (3.20)

We now claim that M12 + M22 #0.

Suppose that M| = M, = 0. Then, it follows from (3.20) that w(s) = O(e>**) since
vy < 2t. Substituting this into the expression of w(s) and using the fact 4t < v, we obtain
that

w(s) = Aze”? + o(e"), (3.21)

where A3 is a constant depending on S. We now show that A3 # 0. On the contrary,
w(s) = o(e"?*). Substituting this into

w(s) = M3ze"*

o0 o0

—Bl/e“H) sink (s — 1) g(w(t))dt — Bg/ef@*” cosk (s — 1)g(w(r))dr
s s
o0 o0

—B;3 / 6D g(w(t)dt — By / "1 07D g (w(r))dt,
N s
we see that M3 = 0 and w(s) = o(e?"2%). Repeating this process, we eventually derive that

w(s) = 0. This is a contradiction. Moreover, A3z # 0 implies M3 # 0. Using the expression
of w(s), we obtain by direct calculations that for s sufficiently large

w'(s) = 0€™*), w'(s) = 0("™), w"(s) = 0e™). (3.22)
These also imply that
¢(r) ~ 2N @) ~ NI AR () ~ Y
(AP) (r) ~r N1l asr — o0, (3.23)
where n = —v, — (N — 2) > 0 by Proposition 2.2. Furthermore, ¢ () has no zeroes for r

large. We show that this is impossible. In fact, it is easy to see that ¢ must change sign in
(0, 00). Otherwise, we assume that ¢ (r) < 0 for r > 0 (note that u(r) < Us(r) for r small).
Then, using the behavior of ¢ near oo and integrating the equation A2¢ = A (e*") — eUs())
over RV, we see that

oo
/rN*I(eW) —e%Myar =0,
0
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Entire radial solutions 195

which contradicts ¢ = u — U; < 0. (Note that V=1 (AU,) (r) ~ rN=* for r near 0 and
hence lim, _, o+ rV "1 (A¢)'(r) = O since N > 5.)

Suppose that ¢ (r) has exactly k zeroes in (0, +00) (recalling that ¢ has no zeroes when
r is large) and ¢(r) ~ r2~N=" as r — o0, we easily see that ¥ ~1¢/(r) has at least k
zeroes. On the other hand, since the function &(r) := rN~1¢’(r) satisfies £(0) = 0 and
&(r) — 0asr — oo, we see that £(r) has at least k + 1 zeroes. Thus, A¢(r) = er—l &' (r)
has at least k + 1 zeroes. A similar idea implies that rN=1(A¢) (r) has at least k zeroes and
(rN=1(A¢) (r)) has at least k + 1 zeroes. Therefore, A2¢p = r,v%,(rN “1(A¢) (r)) has at
least k + 1 zeroes. This contradicts our assumption that ¢ has k zeroes, since A%¢ = ref @,
where ¢ (r) € (min{u(r), Us(r)}, max{u(r), Us(r)}) and ") > 0 forall » > 0. This proves
our claim.

Since M7 + M3 # 0, it follows from (3.3) that

w(s) = Me™ cos(ks) + Mae™ sin(ks) + M3e"?*
o0

—B; [ " Dsink(s — )g(w(r))dr — Bz/ef(s_t) cosk (s — t)g(w(r))dr

N

+B3 [ e Vg (w(r))dt — By / e g (w(n))dr. (3.24)

N

)
/ e
s
s oo
/ e
S
Writing (3.20) as
w(s) = Ce™ sin(ks + k1) + o(e™) (3.25)

where tank; = M>/Mjand C =,/ M12 + M2, and putting (3.25) back into (3.24), we obtain

w(s) = Ce™ sin(ks + k1) + Mze"?* 4+ 0(e*™) (3.26)
and hence

é(r) = Crisin(c Inr + k1) + Mar*? + O (%) (3.27)
This implies (3.1) and completes the proof of this theorem. O

Corollary 3.2 Let uy and uy be two different regular radial entire solutions of (1.1) satis-
fying ui(r) —In r4 > 0asr — ooand ur(r) —Inr—* — 0 asr — oo. Then, the graph
of uy intersects that of uy infinitely many times in (0, 00).

Proof Define w;(s) = u;(€*) +4s (i =1,2)ands =Inr, w(s) = wi(s) — wa(s). We see
that w satisfies the equation

w® )+ K3w” (s)+ Kaw” (s)+ K w'(s) — Aw(s) = L™ —e¥20) _y(s)), s > 1.
(3.28)

It is clear that w; (s) — 0 as s — oc. Therefore,
gw(s)) ="' =0 —u(s) = 0@™)w(s)
Similar arguments to those in the proof of Theorem 3.1 imply that for r sufficiently large,
@o(r) == ui(r) —usr(r) = Q1r¥ cos(k Inr) + Qar¥sin(k Inr) + 03r™ + 0Gr*")  (3.29)
with Q% + Q% # 0. This completes the proof of this corollary. O
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4 The case of N > 13
In this section, we consider the case of N > 13. We first study the following linearized
equation

A =8(N —2)(N —4)e*Dgp,  ¢(r) > 0 asr — oo. (4.1)

Lemma 4.1 The solution ¢ (r) to (4.1) is given by
o(r) =c@+ru'(r) 4.2)

for some ¢ # 0.

Proof The proof can be done by three steps:

(i) We show that if ¢(0) = 0, then ¢ = 0.
(ii)) We show that if ¢ (0) = 1, then A¢(0) < 0.
(iii) We obtain (4.2).

(1) Suppose ¢(0) = 0 and (A¢)(0) # 0, we may assume that (A¢)(0) > 0. Since
¢(0) = ¢'(0) = 0, we may assume that ¢ (r) > 0 for r € (0, R) and ¢(R) = 0. (R
can be +00.) Then, in (0, R), (A¢)’ > 0, and hence A¢(r) > 0 for r € (0, R). This
implies that ¢’(r) > 0 and ¢ (r) > 0 for r € (0, R] and contradicts ¢ (R) = 0. This
implies that A¢ (0) = 0. Since ¢ is the unique solution of the initial value problem

[ A2y = re¢ forr € [0, 00)

#(0) = ¢'(0) = Ap(0) = (A$)'(0) =0,
we then have ¢ = 0.

(ii) follows from the same arguments.

(iii) Let p(r) = 4 + ru/(r). Then, p(0) = 4. Direct calculations imply that p(r) is a
solution of the equation in (4.1) (we can also obtain this claim by using the equation
satisfied by w’(s) with w(s) being given in (3.2)). Moreover, we claim that

p(r) —> 0 asr — oo. 4.3)

To see this, we set w(s) as in (3.2) and see that w(s) — 0 and w'(s) — 0 ass — oo.
The second limit implies that our claim (4.3) holds and this limit can be obtained from the
expression of w(s) as in or similar to (3.24). (Note that we will obtain a similar expression
of w(s) for N > 13 later.) Let ¢ (r) be any nontrivial solution of (4.1) with ¢ (0) = o # 0.
We see that 5(r) := ¢(r) — $p(r) with 5(0) = 0 is a solution of (4.1). It follows from (i)
that o = 0. Therefore, ¢ = 7 p. This completes the proof of this lemma. O

Theorem 4.2 For N > 13, we have u(r) < Uy (r), Au(r) > AUs(r) forr > 0.
Theorem 4.3 For N > 13, the solution to (4.1) remains of constant sign, that is,
44ru'(r) >0, AM@+ru'(r) <O. (4.4)

Proof of Theorem 4.2 This theorem is just a slight improvement of Lemma 12 in [3]. Let
¢ (r) = Ug(r) — u(r). Then, ¢ satisfies

A2p = a(eV ) — V=00 < 3eUs g (r), Wr > 0. (4.5)
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(Note that 1 —e™ — x < O forall x € R. In fact, if we define h(x) =1 —e™ — x, we see
that 2(0) = 0 and &' (x) > 0 forx < 0; h/(x) < 0 for x > 0.) Now let ¥ (r) = r'3. Then, by

Proposition 2.2, v3 > %. We have that

Ay = reV Oy, (4.6)

Thus, forany 0 < R < 1, fBR(O)r_4|¢|w < CfBR(O)r_4|lnr|r% < +oosince N > 5.
This implies that the integral 1e¥s ") ¢4 is integrable. Multiplying (4.5) by ¥ and (4.6) by ¢
and integrating over B, (0), we have the following inequality:

/ [(AG)' Y — Agy'] + / [Ay¢ — (AY)d] <0, @.7)

9B-(0) 9B, (0)

Note that ¢ (r) > 0 and A¢(r) < O for r small. If ¢(r) > 0 and A¢(r) < 0 forr € (0, 00),
we are done. Let us assume that there exist rq, r» € (0, oo] such that

¢(r) >0, re,r), ¢@r1) =0, Ap(r) <0, re,r), Ap@i)=0. (4.)

Then, we have four cases here: (i) r{ = oo and rp, = 00, (ii) r1, r € (0, 00), (iii) r; = o0
and rp € (0, 00), (iv) r» = oo and r; € (0, 00). If (i) occurs, then we are done. We only
consider case (ii) in the following, the other two cases can be discussed similarly. (Note that
case (iii) can be discussed as the case r; > r; in the proof of case (ii) and case (iv) can be
discussed as the case rp > rq in the proof of case (ii).) We will derive contradictions from
(4.7) and (4.8).

Let [(r) = [y [(A®)Y — Ady/Tand L(r) = [y5 ) [AV¢ — (AY) 1. We first
see r; # rp. Otherwise, we take r = r; = r, and obtain that /1 (r) > 0, Io(r) > 0. But these
contradict with (4.7). (Note that Ay < 0. The fact ¢’(r) < 0 forr € (0, r1] can be obtained
from A¢ (r) < 0 forr € (0, r1). The fact (A¢)'(r) > 0 for r € (0, r1] can be obtained from
the equation of ¢.)

We then see that r, > ri. Otherwise, we have r» < ry. In this case, we take r = r». Then,
1;(r) > 0. It remains to estimate /(7).

To this end, we first show that A¢ > O for r € (2, r1). In fact, since A2¢> = Aeg(’)qb >0
in (0, r1), where £(r) € (Us(r) — ¢ (r), Us(r)), we see that (A¢)' (r) > 0 forr € (0, ry).
(Note that if k(r) = rN=1(A¢)'(r), then k(0) = 0.) This implies that A¢ must be positive
for r > rp and near . Suppose that there exists 3 < ry such that A¢(r3) = 0. Then, we
have A¢ > 0, A(A¢p) > 0in (rp, r3). This is impossible, since A¢ must attain its maximum
in (2, r3) where A(A¢) < 0.

Now, we consider the function W (r) = rN =1 (Ay¢’ — (AY) ¢). Its derivative is given
by

V() = N ) Ay ) — N AY) () ¢ ()
=r'""N[Ap()AY(r) — p(r)A*Y ()] <0 forr € (ra, r1).

(Here, we have used the fact that Ay < 0.) So W (rp) > V(r1) = rfv_] Ay (r))¢’(r1) > 0.
As a consequence, we have proved that I (rp) = r2l -N f 3B,,(0) W(rp) > 0. So again, we have
I1(ry) > 0, Ir(ry) > 0, and this gives a contradiction to the inequality (4.7).

Finally, we show that r, > r; is also impossible. If we take r = r in (4.7), we see that
I(r) = faBrl (0)[A1/f¢’] > 0. It remains to estimate /;(r1).

As before, we first show that ¢ (r) < 0 for r € (r1, r2). In fact, since A¢ < 0 in (0, rp),
we see that ¢ must be negative for r > r| and near ;. Suppose that there exists r3 < r, such

@ Springer



198 Z. Guo

that ¢ (r3) = 0. Then, we have A¢ < 0, ¢ < 0 in (r, r3). This is impossible, since ¢ must
attain its minimum in (r3, r2) where A¢ > 0.
Now, we consider the function ®(r) = rN=1((A¢) ¥ — Agy’). Its derivative is given by

' (r) = ¢V THAY)Y ) Y () — N T (1) Ag ()
rTNIA2G (Y (r) — Ad(r)AY(r)] <O forr € (r1, r2).

So, ®(r1) > ®(r2) = )~ (AP) (r)Y(r2) = 0. So, Li(r) = r|~ faB, o ®0) > 0.
So again, we have I1(r1) > 0, I5(r;) > 0 and a contradiction to (4.7). These contradictions
imply that ¢ (r) > 0, A¢(r) < 0 for r € (0, 0o) and this completes the proof. ]

Proof of Theorem 4.3 Let $(r) be a solution of (4.1). By Lemma 4.1, we may assume that

$(0) = 1, A$(0) < 0. We will show that ¢(r) > 0 and A (r) < 0 for r > 0.
Let ¥ (r) = r*. Then,

A2 = 2600 4.9)
By Proposition 2.2, we see that v4 > 4 — N. This implies that fB,(O) r 4oy < 4oo.
Multiplying (4.1) by ¥ and (4.9) by ¢ and integrating over B, (0), we obtain

0= /)M¥“—eﬂ$¢+ /1KA$ﬁﬁ—A$¢ﬂ+Q/IAﬁﬁ—%A¢Y@(4m)
B, (0) 9B, (0) 9B, (0)
=1(r) + L(r) + ()

where ; (r) are defined in the last equality.
Let us assume that there exist r{, r» € (0, oo] such that

é(r) >0, re©,r), ¢@r) =0, 4.11)
and
AP(r) <0, re(0,r), Ap(r) =0. (4.12)

Then, we also have the four cases as those in the proof of Theorem 4.2. As in the proof of
Theorem 4.2, we only need to consider the case r1, rp € (0, c0). By Theorem 4.2, we see that
il (r) > 0 forr € (0, r1]. We first see that r; # r. On the contrary, we choose r =r; = rp
and see that I (r) =0, I (r) = 0. The identity (4.10) gives a contradiction.

We now show that 7, > r;. On the contrary, we see that r; > r,. In this case, we take
r = rp in (4.10). Then, I1(r2) > 0, L(r2) = fBBQ(O)(A(zN))/& > 0. It remains to estimate

f3 (2). By arguments similar to those in the proof of Theorem 4.2, we can see that i3 (rp) = 0.
So again, we have fl (r) >0, fz(rz) >0, i3 (r2) > 0, and these give a contradiction to the
identity (4.10).

Fmally, we show that rp > rq is also impossible. In this case, we take r = rq in (4 10).
Then, I; (r1) = 0 by Theorem 4.2, 13 (r) = faB [(0) Alqu > 0. It remains to estimate I ().

By arguments similar to those in the proof of Theorem 4.2, we obtain that I,(r;) > 0. So
again, we have Il (r1) > 0, Iz(rl) >0, 13(r1) > 0, and these give a contradiction to the
identity (4.10). These contradictions imply that é and A¢ remain of constant sign, and the
proof is complete. O

Let

x —44/x2—4x+8—4/0Ox —3H(x —2)
x—4—x2—4x+8-4/Ox —3Hx -2)

fx) =
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Direct calculations show that f(x) is an increasing function for x > 13. Moreover, 2 >
f(13) > 1. Note that f(N) = =% Let £(k) := f~'(x). We see that £(k) is also an

—v
increasing function for k > f(13) > 31.

Theorem 4.4 Assume that N > 13. Then, the set of solutions {u,(r)} to (1.1) is well ordered.
That is, if a > b, then uy,(r) > up(r) for all r > 0. Moreover, we also have the following
asymptotic expansion for u:

(i) For any positive integer k > 1, if N = £(k), then near 00,

u(r)y=Inr *+Mir"3 + Mor® + -+ Mpr®™ + Mpr®3 Inr + Q17 + o(r™).
(4.13)

(ii) For any positive integer k > 1, if £(k) < N < £(k + 1), then near oo,
u(r) = Inr=* 4+ Myr™ + Mar?” 4 - 4+ Mpr*™s £ Tir™ - 0(r™). (4.14)

where M1 # 0 and the coefficients My, M3, ..., My are uniquely determined once, M is
determined.

Proof Since uq(r) = a + uo(e¥r), if we define ¢ (r) := 24" then

1
90 =G+ pwo)y), (p=e""r).
It is clear that ¢ (0) = 1. We see that qg(p) = %(4 + p(uo),) satisfies the equation
Apd = e (p).
Then, Theorem 4.3 implies that

dg(p) > 0, ApdA)(p) <0 forp>0.

This implies that ¢ (r) > 0 and A,¢(r) < O forr > 0. Thatis, if a > b, then u,(r) > up(r)
and Au,(r) < Aup(r) for all r > 0.

To see that expansions of u near co, we only show the second case. The first case can be
done similarly. The arguments we use here are similar to those in the proof of Theorem 2.5
of [8].

As in the proof of Theorem 3.1, we see that for s sufficiently large, in the leading order,

w(s) = Mye™ + Tie"" + Te™ 4 O (em™i2vs1als), (4.15)
Note that v» < vy < v3 < 0 and thatif £(k) < N < £(k + 1), then —vq > k(—v3).

w(s) = Mie”* + Te™ + Tes

) s

+171 / e e (w(r))dt + 1 / e g (w(r))dr (4.16)

S S
K 00

+13 / 20 e (w(t))dr + 14 / "1 g (w(r))dr.

S s

For each positive integer M > 2, g(w) admits the following expansion

2(®) = dho* + 3’ + -+ + dyo™ + 0(@MT) 4.17)
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near T = 0, where d; = 1/(i!). Substituting (4.15) and (4.17) into (4.16) and iterating this
process, after (k — 1) steps we arrive at

w(s) = M1e"s + Mye?’> + ... Mpek™s + 0(e™) (4.18)

near s = oo. (We use arguments similar to those in the proof of Theorem 2.5 of [8] here.
The relation between M and each M; withi € {2, 3, ..., k} is also known from the proof
of Theorem 2.5 of [8].) Repeating this process once more, we obtain

w(s) = M1e"* + Mye?5 + ... Mpekss + Tye™s + 0 @ek+Thvss) (4.19)
near s = o0o. This implies (4.14).
If M =0,then M, =--- = M; =0 and
ur) =Inr 4+ 0™, (4.20)

which implies that ¢ (r) = O(r"*) for r near co, where ¢ (r) = Us(r) — u(r). Since ¢
satisfies the equation

A%p(r) = 2" — ") = e g (r)

where £(r) € (u(r), Us(r)), as in the proof of Theorem 4.3, we have that
o
/(eU‘ O —eENp(ryrrVNldar =0 4.21)
0

where the integral is finite because v4 > 4 — N and 2v4 < 4 — N. (Note that we can obtain
an identity similar to (4.10) for ¢~5 = ¢ and 1&, to derive (4.21) we only need to send r in this
identity to co. The behaviors of (A¢) (r), ¢’(r) for r near oo can be obtained by arguments
similar to those in the proof of (3.23).) This is impossible since ¢ (r) > 0 for r € (0, co) by
Theorem 4.2 and e¥s () — ¢§() > 0. Therefore, M| # 0. O

Remark 4.5 1f we do the same procedure as that in Theorem 4.4 between v4 and v, we can
obtain more exact expansions of u(r) near oo.
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