Annali di Matematica (2014) 193:133-161
DOI 10.1007/s10231-012-0270-1

Solutions for nonlinear elliptic equations with variable
growth and degenerate coercivity

Xia Zhang - Yonggiang Fu

Received: 24 October 2011 / Accepted: 12 March 2012 / Published online: 3 April 2012
© Fondazione Annali di Matematica Pura ed Applicata and Springer-Verlag 2012
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1 Introduction

Recently, the following problem

—div (a(x, )| Vu|P~2Vu) = f(x) xeQ,
ux)=0 x € 092,

with a(x, t) vanishing for ¢ going toward infinity has been considered in [1,4-6,15]. This
degeneracy implies that the classical methods for elliptic equations cannot be applied even
if the datum f is regular. In order to get existence and regularity of solutions, in [1,4], and
[6], the authors use an approximation procedure.

Motivated by their works, in this paper, we will study the following nonlinear elliptic
problem
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134 X. Zhang, Y. Fu

(P)

—diva(x,u, Vu) = f(x) x €,
ux)=0 x €08,

where @ ¢ RV (N > 2) is a bounded domain and f e L™ (), for some Lebesgue mea-
surable function m(x) > m_ > 1. We will use the variable exponent spaces wlr@ () and

Wo1 P (x)(Q), the definitions of which will be given in Sect. 2. Under various hypotheses on
the data f, we obtain some existence and regularity results for (P). )
In order to study problem (P), throughout this paper, we assume that p € C(2) satisfies

l<p-<px)<pt <N (1.1
anda : Q x R x RY — R is a Carathéodory function satisfying the following conditions:
(al) Forany (¢,&) e R x RV,

a(x,1,£)€ > b(x, |t)|EIPY ae.in Q,

where b(x, 1) = 7(]%)5&@71),
(a2) Forany (t,£) € R x RV,

la(x,t, &) < c1(g(x) + 1|77 41617071 ae.in Q,

for some ¢cg > 0 and 6 > 0.

where ¢; > 0 and g is a nonnegative function in L ® () with p/(x) = pf’x(;‘ll .
(a3) Foranyt e Rand &,7 € RY with £ # 7,

(a(x,t, &) —a(x,t,n)E —n) >0 ae. in Q.

Remark 1.1 0 is not the solution of problem (P). In fact, if we take & € RV with & # 0 and
A > 0, using assumption (al), we obtain

a(x, t, AE)E > AP Ip(x, |e))E|P™)

and
—a(x, 1, —AE)E = AP Ip(x, o)) g [P,
Let A — 0+, we geta(x,t,0) = 0.

As far as the existence and regularity results for (P) are concerned, there are two difficulties
associated with this kind of problems.

Firstly, from hypothesis (a2), the operator A(u) = —diva(x, u, Vu) is well defined
between W& P (X)(Q) and its dual space W’l*”/(x)(Q). However, by assumption (al), the
lg1P0—2¢

o and

operator A is in general not coercive. For example, take a(x,?,&) =
n(p+—N)

up(x) = |x| @O+ — 1, for [x|] < 1. We obtain that ||Vuy,|| ,() tends to infinity while

(A(un),un)

”vuan(x)

(P) cannot be applied.

The second difficulty appears when we give a variable exponential growth condition (a2)
for a. The operator A possesses more complicated nonlinearities; thus, some techniques used
in the constant exponent case cannot be carried out for the variable exponent case.

In this paper, the results are achieved by using the approximation procedure and we con-
sider a sequence of nondegenerate Dirichlet problems, which thus have solutions. We will
obtain some a priori estimates on approximate solutions and pass to the limit to find a solution
for (P).

The first result deals with data f having higher summability.

— 0. So, classical methods used in order to prove the existence of a solution for
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Solutions for nonlinear elliptic equations 135

Theorem 1.1 Assume that 0 < 6 < 2;:} and f € L") (Q) withm_ > pﬁ_ Then, there
exists at least one nontrivial weak solution u € Wé'p(x)(ﬂ) N L*°(2) for problem (P), in

the sense that for any v € W(;’p(x)(Q),

/a(x,u,Vu)Vvdx :/fvdx. (1.2)
Q

Q

The next result deals with data f, which give unbounded solutions in WO1 ) ().

Theorem 1.2 Assume that 0 < 0 < Z;:i and f € L™ (Q) withm_ = 1% Then, there

exists at least one nontrivial weak solution u € W(;'p(x)(Q) in the sense of (1.2). Moreover,
foranyr >0, u € L"(Q).

Theorem 1.3 Assume that0 < 0 < i’_l and f € L") (Q) with

=1

Opr —0+ 1N+ (p—- —1—-0py +0)Na N
<m_ < —, (1.3)
Opy —0+1)p-+ (p- —1—06py +0)Na =

where a € (0, 1). Then, there exists at least one nontrivial weak solution u € WO1 P (2)
for problem (P) in the sense of (1.2). Moreover; |u|® € LY() with

p-—1—-0(py —1)
m

_Na. 1.4
N —m_p_ o (IL.4

S =

Remark 1.2 Under condition (1.3), we could verify that s > 1.

If we continue to decrease the summability of f, solutions we obtain in general do not

belong to WO1 ) (€2). In the following, we will introduce a different definition of solution,
which also involves a different definition of gradient for a measurable function.

We start with the existence of weak gradient for every measurable function u such that
forany k > 0, Ty (u) € WO1 P (Q), where the truncation function 7y is defined by

Ty (t) = max{—k, min{k, t}},

for any ¢+ € R. And we recall the following result which appears in [23].

Proposition 1.1 Ifu is a measurable function such that for any k > 0, Ty, (u) € W(; P (),
then there exists a unique measurable function v : Q — RN such that for any k > 0,

VX(xeuul<k} = V() ae x € Q, (1.5)

where x g denotes the characteristic function of a measurable set E. Moreover, if u belongs
to WO1 ’I(Q), then v coincides with the standard distributional gradient of u.

A function u such that T (u) € WO1 P (X)(Q), for any k > 0, does not necessarily belong

to Wol’1 (€2). However, according to the above proposition, it is possible to define its weak
gradient, still denoted by Vu, as the unique function v which satisfies (1.5).
We will extend the notion of entropy solution (see [23]) to problem (P) as follows:
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136 X. Zhang, Y. Fu

Definition 1.1 A measurable function u is an entropy solution to problem (P) if, for any
k>0, Ti(u) € W™ (Q) and

a(x,u, Vu)(Vu — Vo) dx < /ka(u — ¢)dx,
{xeQ:lu—¢|<k} Q
forany ¢ € W, "™ (@) N L™(Q).

It is useful to extend the above definition of entropy solution to more general truncation
functions than T}. We introduce the class 7 of functions 7 € C2(R) N L (R) satisfying:

T0)=0 and T(—t)=—T(), T'(t) >0, foranyt € R,
T'(t) = 0, forany ¢ large enough and T7”(¢) <0, foranyt > 0.

Proposition 1.2 The definition 1.1 is equivalent to the following statement that

/a(x,u,Vu)VT(u—¢)dx g/fT(u—qb)dx,
Q

Q
forany T € T and ¢ € W(}’p(x)(Q) N L®(Q).

The proof of Proposition 1.2 is similar to Lemma 3.2 in [3], and we will omit it here.

Theorem 1.4 Assume that0 < 0 < i;:i and f € L") (Q) with

max[l Opr —0+ DN+ (p- —1—-0py +0)Na ]
"Opr—0+Dp_+(p-—1—0py +6)p_Na
Opy —0+1)N+(p—-—1—-0py +0)Nax
<m_ < (1.6)

Opy =0+ Dp_+(p- —1—0py +60)Na’
where o € (0, 1). Then, there exists at least one nontrivial entropy solution u € Wé’q(x) ()
for problem (P), where

(p- —1—0py +0)m_Nap(x)
Opr —0+1D)(N—m_p_)+(p—- —1—6py +0)Na’

q(x) = (1.7)

Moreover, |u|® € LY() with s as in (1.4).

Remark 1.3 According to the definition of g (x), we could verify that g (x) > 1 is equivalent
to

Opr —6+ 1N+ (p_ —1—06py +6)Na
T Opr =04+ Dp_+(p- —1—-6py +6)p_Na’

m

Theorem 1.5 Assume that 0 < 0 < L= and f € L") (Q) with

@p+ —0+ DN+ (p— —1—-0py +6)Na
"(Opy =0+ Dp_+(p-—1—60py +60)p_Na |’
where o € (0, 1). Let g(x) be as in (1.7), then there exists at least one nontrivial entropy

solution u for problem (P) such that fQ [Vul9®) dx < oo. Moreover, |u|® € LY(Q) with s
as in (1.4).

(1.8)

1§m_§max[1
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Solutions for nonlinear elliptic equations 137

2 Variable exponent function spaces

In recent years, the differential equations and variational problems with nonstandard variable
growth conditions have been greatly studied, see for example [7,12,14,18-21]. In the studies
of this class of nonlinear problems, variable exponent spaces play an important role. Since
they were thoroughly studied by Kovacik and Rakosnik [16], variable exponent spaces have
been used to model various phenomena. In [22], Rizicka presented the mathematical theory
for the application of variable exponent spaces in electro-rheological fluids. As another appli-
cation, Chen et al. [8] suggested a model for image restoration based on a variable exponent
Laplacian.

For the convenience of the reader, we recall some definitions and basic properties of var-
iable exponent spaces LP® () and WHPX) (), where @ C RV is a domain. For a deeper
treatment on these spaces, we refer to [9].

Let P($2) be the set of all Lebesgue measurable functions p : 2 — [1, co], we denote

Py () = / WlP® dx + sup [u()l,
e x€ Qoo

where Qs = {x € Q: p(x) = oco}.
The variable exponent Lebesgue space L”™)(Q) is the class of all functions u such that
Pp(x) (tu) < oo, for some t > 0. LPW(Q) is a Banach space equipped with the norm

lull pxy = inf{A > 0 : ppr)(Au) < 1}.

For any p € P(Q2), we define the conjugate function p’(x) as

0, xeQ={xeQ:pk)=1},
p/(_x): 1, X € Qoo
pg;()x_)l, x €2\ (Q U Q).

Theorem 2.1 For any u € LP®(Q) and v € Lp/(x)(Q),

/Iuvldx = 2{lull peoy vl prx)-
Q

For any p € P(2), denote
p+ = sup p(x), p— = inf p(x)
xeQ xeQ

and we denote by p; < p» the fact that inf cq (p2(x) — p1(x)) > 0.
The variable exponent Sobolev space W-P®) (Q) is the class of all functions u € LP™) ()
such that |Vu| € LP®)(Q) and it can be equipped with the norm

lull1, py = Nullpeoy + 1Vl per)- (2.1)

By Wol’p(x)(Q), we denote the subspace of W7 (Q), which is the closure of C§°(2)
with respect to the norm (2.1). We know that if Q2 C RY is a bounded domain and p € C(Q),

llull1, pxy» and | Vul| p(x) are equivalent norms on W(}' p(x)(Q). Under condition 1 < p_ <
p(x) < py < oo, WP (Q) and Wol’p(x)(fl) are separable and reflexive Banach spaces.
And we denote the dual space of W&’p(x)(SZ) by W_l'p/(x)(Q).
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138 X. Zhang, Y. Fu

Theorem 2.2 (Fan, [11]) Let Q be a bounded domain with the cone property. If p € C(S)
satisfying (1.1) and q is a measurable function defined on Q2 with

Np(x)

———— a.e.x €9,
N — p(x)

() = q(x) K p*x) £
then there is a compact embedding WHP™) () — L1 ().

Theorem 2.3 (Fan, [11]) Let Q2 be a bounded domain with the cone property. If p is Lipschitz
continuous and satisfies (1.1), q is a measurable function defined on Q with

p(x) <gx) < p*(x) ae.xeQ,

then there is a continuous embedding W1P& (Q) — LI5(Q).

3 A priori estimates

In order to prove all the existence results for problem (P), in this part, we will give some a
priori estimates for solutions of the following approximating problems:

[—diva(x, T,(w), Vu) = fu(x)  x e, .

M(X)=O XGBQ,

where n € Nand f, € L®(Q).
Lp(x) P —1,p'(x)
Foru € W, (2), define the operator A, : W, Q) > W (2) by

(A (), v) = /a(x, T, (1), Vu) Vv dx
Q

forany v € WOI"D(X)(Q).
First, using the classical theory of pseudo-monotone operators in reflexive Banach spaces
(see [17]), we obtain the following existence result for problem (P,).

Lemma 3.1 For any n € N, there exists at least one weak solution u, € Wol’p (x)(Q) for
(Py) in the sense that for any v € Wol’p(x)(Q),

/a(x, T (uy), Vuy)Vodx =/f,,v dx. 3.1
Q

Q

Proof (1) The operator A, is coercive on WOl ) (€2). In fact, using assumption (al) we
obtain

A > col Vul P dx > €0 Vul?P® 4
(An(u), u) = 1+ |Tn(u)|)0(17(x)—l) =z (1+ n)@(p+—1) [Vul X
Q Q

which implies

p—
(An(u), u) - o IVull,
IVullpey — (L +nm)0P+=D [ Vil pry

)

as ||Vu||p(x) — OQ.
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Solutions for nonlinear elliptic equations 139

(2) The operator A, is pseudo-monotone on WOl PO Q).

(i) A, is bounded on Wol’p(x)(ﬂ). In fact, let £ C Wol’p(x)(Q) be bounded. For any
u € E, condition (a2) yields

[An@)ll = sup  [(Au(u),v)| = sup |/a(x,Tn(u>,w>Vudx|
”VU”p(x)zl ”VUHp(x)zl
Q
< sup /q(g(x) + 1T @) PO 4 | Vu PO~ V| dx
”VU”p()():1
Q
<C sup g+ T @) PO+ VPO o IV pey < C.
”VU”p(x):l

(1) Ifu,, — uweaklyin W(;’p(x)(Q),asm — ooandlim sup,,_, o (An(Um), um—v) <0,
for any v € Wol‘p(x)(Q), then

Liminf (A, (up), um —v) > (A, (), u — v).
m—0Q

In fact, by Theorem 2.2, we get u,, — u in LP™) (€2). Moreover, we assume that u,, — u
a.e.in Q.
In the following, we will verify that A, (u,,) — A, (u) weakly * in w—LP(Q), as
m — oo. For any m € N, denote
hm(x) = (a(x, Ty(um), Vup) — a(x, Ty(u), Vu))(Vuy — Vu).

Then, it follows that

() = A 00t =) = [ ) .
Q
Note that lim sup,, _, oo (An (Um), um — u) < 0, we get

lim sup/hm(x) dx <0. 3.2)

m—0oQ

Denote 7} (x) = max{h,(x), 0}, h, (x) = max{—h,(x), 0}, then &, (x) = A} (x) —
h,,(x). By condition (a2), we obtain
h(x)=a(x, Ty(um), Vi) Vuy —a(x, Ty(wy), Vi) Vu—a(x, T, ), Vu)(Vu, —Vu)
>~ _ c
= (14 n)f+—D
—c1(g(x) + nP I 4 VU PO (Vi | + V).

Vit P = c1(g(x) + n? =1 4 |V, |PO 1 | V|

Take 0 < ¢ <

< W, by Young inequality, we get

Vit | — €] Vi |P® — C(1+ g ()" 4 Vu 7))

() 2 5 0
3.3)

T n)0Ps—D
co

- p(x) _ P'x) p(x)—1
= s Vel = €+ g 4 9,

Therefore, {|Vi,, [P} is bounded almost everywhere in the set {x € Q : h,,(x) < 0}
and

h(x) < C(1 + g(x)P' @ 4 |Vu PO, (3.4)
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140 X. Zhang, Y. Fu

Note that
h(x) = (a(x, Ty (um), Vuy) — a(x, Ty(uy), Vu))(Vuy — Vu)
+ (a(x, Ty (um), Vu) — a(x, Ty (u), Vu))(Vupy — Vu),

condition (a3) implies that
hin(x) > (a(x, Tn(up), Vu) —a(x, T,(u), Vu))(Vuy, — Vu).
If h,,(x) <0, —h,,(x) = hy(x), we obtain
0> l,innl)igof —h,,(x) > l,innl)iélof(a(x’ T, (uw), Vu) —a(x, T,,(u), Vu))(Vu,, — Vu) =0,
which implies lim sup,,, _, o, £, (x) = 0. Thus,
mlgnoo h,,(x) =0.

It follows from inequality (3.4) that {h,,} is equi-integral in L' (). Thus, using Vitali
theorem [25], we obtain

/h;dx—>0, as m — o0.
Q

/h;dx:/hmdx—l—/h,;dx,

Q Q Q

Note that

combining with (3.2), we derive
/h;:dx—>0, as m — 0o.
Q

Passing to a subsequence, still denoted by {A;}}, we assume that 2, (x) — 0 a.e. in Q.
Therefore,

/hmdx—>0 and h,,(x) - 0 ae.in 2.
Q

By inequality (3.3), {|Vit |PDY is equi-integral in L'() and bounded a.e. in . For
almost everywhere x € €2, up to a subsequence, we assume that Vi, (x) — &, as m — oo.
By the definition of &, (x), we get

(alx, Ty (u),§) —a(x, Ty(u), Vu))(§ — Vu) = 0.

Then, it follows from condition (a3) that Vu(x) = &. Thus, Vu,,(x) - Vu(x) a.e. in €2,
as m — oo, which implies

a(x, T,(uy), Vuy,) — alx, T,(u), Vu) a.e.in Q.
Forany v € WO1 P (x)(Q), condition (a2) implies

la(x, Ty (um), Vitr) Vol < c1(g(x) +nPO71 4|V, [P Vo),
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Solutions for nonlinear elliptic equations 141

thus {|a(x, T, (um), Vu,)Vvl} is equi-integral in LY(). By Vitali theorem, we get
(Ap(um), v) = /a(x, Ty (um), Vuy)Vodx — /a(x, T, (u), Vu)Vv dx,
Q Q

asm — 00, i.e. Ay(im) — An(u) weakly-% in W12 (Q).
Note that

(An(um), um — v)

(3.5)
=(Ap(up) — ApW), upm — u) + (Ap(Up), u —v) + (A, W), uy —u),
we derive
Lim (A, um), um — v) = (Ay(u), u — v).
m—0Q
By (1) and (2), the operator A,, is surjective (see Theorem 2.7 in [17]). As f, € L®°(RQ2) C
W 1P'()(Q), we obtain the existence of weak solution for (P,). O

In the following, we will prove some a priori estimates on the solutions of approximating
problems (P,), which are based on the rearrangement techniques.
Let u : 2 — R be a measurable function, for simplicity, we denote

fu>t}={xeQ:ulx)>1t} and {u <t}={xeQ:ulx) <t}

Next, we recall the definition of decreasing rearrangement of u. If we denote | E| by the
Lebesgue measure of a measurable set E, the distribution function p,(¢) of u is defined by

pu (1) = [{lul > t}],
for any 7 > 0. The decreasing rearrangement u™* of u is defined by
u*(o) =inf{t € R: u, (1) < o},

for o € (0, |2)).
We recall that for any t > 0, u,(t) = p,=(t). Then, for any monotone function v, it
follows

€]

/wuu(x)ndx =/w<u*<a>)da,
Q 0

and in particular, for any r € [1, col, |lu|l - (@) = llu*|lL o, -
We say that a measurable function u belongs to the Marcinkiewicz space M" (2) with
r > 0, if there exists a constant C such that for any ¢t > 0,

pu (" < C.

And the above condition is equivalent to the following statement: for any o € (0, |2|),
1 . ..
u*(o)or < C,where C is a positive constant.
The norm on Marcinkiewicz space is defined by

1
lullmr@ = sup u(o)or.
00,12

We also recall that if u € L"(2), thenu € M" (R2).
For solutions of (P, ), we obtain the following differential inequality:
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Lemma 3.2 Foranyt > 0, define

O(p+—1)

t
B(r):/(lﬂ)* =T ds.
0

Suppose uy, is a weak solution of (Py), then for almost every o € (0, |2]),

d oy A [ (veto Y Lo (vetor)
- d—aB(un(a)) <2r-- NCyow + ¢ NCyow

Pl

[roe] |, (3.6)
0

: : : N 7 _ _P- r_ _N
where Cy is the measure of unit ball in R", p’ = p__l,andN =y

Proof For any k > 0,t > 0, choose v = Ty (u, — T;(uy,)) as a test function in (3.1), we
obtain

/a(x’ T (un), Vu)VTi(uy — T (uy)) dx = / SuTx(uy — Ty (uy)) dx,
Q Q

which implies

a(x, T, (up), Vuy)Vu, dx < k / | ful dx.

{t<|up|<t+k} |un|>1

By condition (al), we get

CO|V”n|p(x)
/ A+ | TynpPrm-n =k / [fnldx,

{t<lun|<t+k} lun |t
then
< px)
(I +k+ 00D V|V dx <k [ | fuldx. 3.7)

{t<|un|<t+k} [un|>t

As 1 < p_ < p(x), using Young inequality, we obtain

/ |Viy P~ dx < / |V, | dx + / [V, |PX dx,

{t<|uy|<t+k} {t<|u,|<t+k} {t<|un|<t+k}

moreover,

1
(f{z<|un|sz+k} Vg |7~ dx ) e

f{t<\un\§t+k} [Vuy|dx

1
_ (f{t<u,,|<t+k} |Vu,|dx + f{t<\u,,\§t+k} |Vt | P dx)lp
B Jit<unizray 1V un dx
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Solutions for nonlinear elliptic equations 143

I
Note that the function s '=7- is convex for s > 0, Jensen’s inequality for convex functions
gives

o
f{t<\un\§t+k} |V [P~ dx \ =0 < Hun (1) — p, (€ + k)
St <tuni <ty Vit dx " Jr<tugizrky | Vin] dx

Combining with (3.7), we obtain
Mu, () — Mu, (t+k)
Ju<tuniity 1Vunl dx

1
—1 _ L
> (f{t<|un|<t+k} V| dx + € k(1 +k+ t)e(p+ b f\un|>t |fn|dx)] pi

Jit<uni ity | Vitn] dx
Let k — 04, we get

d ~1 -1 =
_M/“n (t) = (dz |u"|§t Ivunl dX + CO (1 + [)9(p+ : f|lln|>t |fn|dx)1 p
d z d

a Sy o [Vitn] dx d Syl < 1Vitnl dx

thus
p_
/ 1—p_ [ d d —1 0(ps—1)
(=, @) P & |Vu,|dx SE [Vup|dx 4+ ¢y (1 +1)70*
Juan | <t un <t
[ iniar
lup|>t
Note that
L 1 d
N,V < 3 [ ulax (3:8)
Jun| <t

where Cy is the measure of unit ball in RY. Inequality (3.8) is an easy consequence of
Fleming—Rishel formula [13] and of the isoperimetrie theorem. The proof is essentially the
same as Lemma 2 in [24] and we will omit it here.

Using inequality (3.8), we obtain

(—py,, ()7
€ 1\ ! I €1 1\ 7!
< (Ncﬁ uunaw) L+cg' (4D (NC,s uunmv) / | ful dx

[un|>1

i i A #py=) s 1\ P
<27 (Ncﬁuun(t)N’) o A+ T (NCﬁMun(ﬂN/)

/ |l dx

Up|>t

1
p——1
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=1 1 G\ !
2”*" (I+1) =T (NCN Mu,,(f)N’)

/
p_

P—

L 1 G\ P
+C$ " (NCAIVMM,,(I)N/) / | fnldx

Up|>t
Note that

d 0(py 1
i — B(uy(0)) = B'(uy; (0)) (1, (1))~ ! ((1+1) = W, (f)) ,

therefore,

d 1 1 a\7!
_EB(MZ(U)) <2r--1 (NC,’Juun(t)N’)

/
1

— 1 1 —pP-
+ep " (NCI(,V/LM,,(t)N’) / | fnldx

We get the inequality (3.6). O

Theorem 3.1 Assume that0 <6 < ";j andm_ > % Let u,, be a weak solution of (Py),
then there exists a constant C > 0 which depends on 2,0, m_, N, py, p_, and || fullm(x)
such that

luplloo = C
and
IVupllpy < C.
Proof Note that u(]2]) = 0. Integrating both sides of (3.6) between ¢ and |2|, we obtain

B3 (@)
1] o Z*/:

1 1 1 - Pl
<271 N|Q|N +ey (NCA”,’) /O_V /f,f(f)df do
0

o

(3.9)

As f, € L®(Q), f,F € L"™-(0, |2]). By Holder inequality, we get

(o2

1
/ FEOAT <0 | FF
0
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where m’ = = thus
o
9] A = o 1 ,";—é
/G_V /f,i‘(f)dt do Sllfn*llrﬁi/a’”—”* ¥ do
o 0 o
7N _—1 m_p_—N _ m_p_—N p’*
=mm Igp _N) (|Q|m,N(p,—l) _O-m,N(p,—l)) ||f}’l||]7
Using inequality (3.9), we derive
B(uy,(5))
1 1 P N(p_ — m_p_—N .
szp——l( i e (vef) T R D i N<f'—-1>||fn||m-)
Note that B(u;(0)) = B(|lunllo), We get
B(llunlloo)
i 1 - N(p_ m_p_—N j
52”“( it ra (vef) D ) )
Thus,
lunlloo < B7(C). (3.10)

As u, is a weak solution for (P,), we obtain

/a(x, T, (u,), Vuy,)Vu, dx = / fntty dx.
Q

Q
By condition (al), we derive

[V, | PO
BRI RIS —/'f””"'dx

which implies

/ Vit [P9 dx < €A+ Nttnlloo)? P+~ Dl llooll fullm_ dx < C.

Now, we complete the proof. O

Theorem 3.2 Assume that0 <6 < — Yandm_ = p— Let u;, be a weak solution of (P, )
then for any r > 0, there exists a conszant C > 0 which depends on 2,0, m_, N, p4, p—
and || fullm(x) such that

Il 1 < C
and

IVupllpy < C.
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Proof As f, € L () C M™- (),

T
L L «
frmT <o / £t < [l
0

Take r > 0, inequality (3.9) implies
9]

(B @) d5 <27 (e Vit
0

0 \o

’ r
. \—pe e =
+cp " (NCI(}’) //G*W /f,j(r)dr do| d&
0

Note that £, (o) = 1 [ f#(r) dt is decreasing, it follows from Lemma 2.1 in [2] that

. r
[S2] [ 1€2] o = I£2 / / /
_r= ~ — L~ £~£+r—£ ~
/ /o N’ /f,:‘(r)df do | do < C/(fn(a)) =g P- N do
0 o 0 0
plr
‘Q‘ G = q q / ‘Q‘ / /
B =
:C/ /fn*(r)dt G- NTU— do §C/fn*(0) -5 N do.
0 \o 0
Thus, we obtain
1€2]
[wu@nr
0
o 9] ,
rtt [ oLl T AN brorr
<27 feyNIQIvt 4o (NCY c/fn*(r) rm TN dr
0
) o 182 ;o
i (e Fiorpt 1o (ved) R
<2 O IRINT 4 ¢ NCy Cll fullm_ T Nom-r—dr
0
3.11)
In the following, we will verify that

B(uy,(0)) = (B(lun)* (o).

If (B(Ju,|))* (o) = t, we obtain [{x € Q : B(Ju,(x)|) > t}| = o, thus |[{x € Q : |u,(x)| >
B~1(1)}| = 0. Moreover, we get ui(o) = B~ (), ie., B(uj(0)) =1t.
Therefore, we obtain
1B lun ) It = 1(Bun)™" 1 = I(Bu) 1 = C,
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which implies

O(p—1)
|“n|(1 ) <C. (3.12)

1

As r is arbitrary, we obtain
lunl"ll1 < C.
Similarly to Lemma 3.2, we obtain

o VP )
3 AT pem s [ aldr,

{t<lun|<k+t} ltn|>t

which follows

k

o |Vun|l7(x)(] + |un|)*9(p+71) - )
1+ |un|)9(1)(x)71)70(p+71) X = | fuldx.

{t<lun|<k+t} >t

Letk — 0+, we get

|V, [P -1 0(p+=1)
dr / A e ¥ = (L0 | ful dx
lunl=t s>t

Moy (1)
=y (1 400D / (o) do,

Moy (1)

OQd Vi, [P co

u
/a / o dxdffca‘/(1+r>(’@+*“ / fi(o)do di
0

(1 + |uy|)fP@=pr+)
lun| <t 0 5

|Q| uy (o)
=661/ / (14 0)"P+=D ¥y dr do
0 0

19]
—1 1

= - - * O(p+—D+1 "
0

191 12
SC/MZ(U)G(p+_1)+lfn*(O')dO'+C/fn*(0')d0'
0 0
1
12| m
<l m / Wt @Y OP D 4o | O
0
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which implies

[V, |P(x)
| o 4 <
then

|Vu PO dx < [Vian | dx < C.
(1 + |u,|)fP@)=r+)

Now, we get the result. O

Theorem 3.3 Assume that 0 < 6 < p’ 1 Land 1 <m_ < T Let s and q(x) be as in (1.4)
and (1.7), respectively, and u, be a weak solution of (Py), then there exists a constant C > 0
which depends on 2,0, m_, N, py, p—, and || fullm(x) such that

lunl’lly < C.

Moreover, we obtain

(1) if m_ satisfies (1.3), |Vullpy < C;

(2) if m_ satisfies (1.6), | Vuyll4x) < C;

(3) if m_ satisfies (1.8), ||Vun|?® |1 < C and for any k > 0, {T(u,)} is bounded in
W, P ().

Proof Take r = "2 ="Da where @ € (0, 1). Inequality (3.11) implies

I((B(lun))"ll1 < C,
thus ||(B(Ju,])) |1 < C. Moreover,
lunl’lh < C. (3.13)

Therefore,
(o2
uy(o)o < /uﬁ(f)‘ dr < [[(uy)’ Il = lual* 1 < C,
0

which implies
e ll s ) < C. (3.14)

Similarly to Lemma 3.2, we obtain

€0 |Vu,,|1’(x)
k / A3, peo-n 4= [ Ifuldx,

{t<|up|<k+t} |un|>t
which follows
Vi, PO (1 =ar
for + -
<o [Viu,| ( [tn]) _dx < | fol dx.
k O(p)—D+1—
(1<lupizk+ry (1 lunl) - liun >
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Let k — 0+, we get

d | Vi, |P™) ) =
T/ e =g A [ s
i<t (L4 1unl) - lup|>1
s Moy (1)
=cy 1+ / f¥(0)do.
0
Similarly to Theorem 3.2, we obtain
< d |V |I7(X) 5 s
Un * * K *
5/ o S =Cl ([ l@r o) I
0 <t (IFlunl) - s
which implies
Vi, |[PX)
/ [Vin] —dx < C.
(p+—D+1-=-
o 0+ luyl) -

(i) If Op+—O0+1)N+(p_—1—-0p+0)Na <

N .
Opr =0+ DpFip —T=bp +0)Na = M- < 5> where @ € (0, 1), we could derive

S
O(pr —D+1-— <0,
m_

then

| Vi, [P dx < |Vit, |7 dx <C
" = G- =
Q o I+ luxD) 1

. (Ops—0+1)N+(p_—1—-0p.+0)Nax
(i) 1 max {1, gl e ]
Opy—60+D)N+(p_—1-60p +6)Na
Opy—0+D)p_+(p——1-6py+0)Na>

<m-_<
we obtain

N
O(py —)+1——>0
m

and
I <gq(x) < px).

Thus, using Theorem 2.1 we obtain

/ Vi, |9 dx
Q

Vi, |1 (6<p+—1>+1—+)‘“';)
:/ | n| (1+|Mn|) m’_ D()dx
(os-41- ) 523

¢ (14 ua)

Vu, |1 (e(p —1>+1—+)€<'?
<C | al (1+|un)) + m ) P

s ) a)
9(p+_1)+1_i) RI6) ! (P(X))/

(1+|un|)<
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It follows from (1.4) and (1.7) that
q(x)
0(p —1)+1——)7,
( i p(x) —q(x)
which implies

o( 1)+17—)‘1— ﬂ/
/(1+|unl>( " gl dx=/<1+|un|)fdx <C,
Q
thus

/|w,,|‘1<)‘> dx < C.

(Op+—0+1D)N+(p_—1-6p.+0)Na
<
(i) If1 < m_ < max {1, @0 p Tr —T—0p: 70)p_Na

discussion, we obtain

} . Similarly to the above

/|wn|q°‘> dx < C.
Q

In addition, we could verify

s<N <m_.

€0 [V, [P
3 / AT, proe-n dx= [ laldx

t<|up|<k+t lup|>t

Note that

Let k — 04, we get

d _ _
& / |Viun P dx < gt (14 0)fP+=D / | ful dx
[up|<t [t |>t
Foap (1)
R A AL
0
then
k Moy ()
/ Vi, |PX) dx gcg‘/(l +1)?P+=D / f¥(o)do dt.
lun|<k 0 0
Using Holder inequality and (3.14), we obtain
Houy (t) . s
/ fi(@)do < (pu, )" 11 fyf lm- < Ct "=,
0
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thus
k ¢
Uy, x < 4t t "= dr
/ |V |P(X)d C/(l )9(P+—1) mq
|un|<k 0
1=
<C(1 _|_k)9(P+*l)k m’_
k9(p+—1)—i+l7
as k is large enough, i.e.,
/|VTk(un)|P<x> dx < kD=t (3.15)

(iv) If m_ = 1. It follows from (3.9) that

(B(un))* @) < 2771

¥ ‘ I\ fN(p
><( |§2|N+c‘ - (NC]G) ||fn||1’7_

)~17f
p—

1

g oLy Nepe
<2715 "W [ C\ NV |QIV T NG—D

(et NG =
T (NCI(,") Nillfnll’ ,

Pl
thus (B(Juy|))*(@) < Cc~71_7, which implies

IB(luxDIl vp-—-» =< C.
M N=rP- (@)

We obtain ||u,||  Np_—1-6p1+6) < C, then
M N Q)

Hunl*lh < C.

Similarly to the above discussion, we could obtain

/|wn|q<x> dx < C

and

/|VTk(Mn)|p(X) dx < CkOP+=D+1
Q

Now, we complete the proof.

(3.16)

Remark 3.1 The definition of the function B(¢) in Lemma 3.2 implies the following:

() If6 > Pf—* ,B() < W for any 1 > 0;

Tp——1
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(i) Ife < p‘— ,lim;_ o0 B(t) = 00, i.e. B(t) is unbounded.

In the proof of Theorems 3.1-3.3, we assume that 6 < 5’—}, thus, we could obtain
(3.10), (3.12) and (3.13). We also observe that in Theorems 3.2 and 3.3, the case

0= p’ } is a limit case where it is not possible. In fact, from || (B(Ju,|))" |1 < C we
can only get that {(In(1 + |u,[))"} is bounded in LY(Q).

4 Proof of the main results

In order to obtain the existence of solution for problem (P), firstly, we will prove the fol-
lowing result about the almost everywhere convergence of the gradients of the approximate
solutions u,, which allow us to pass to the limit in the approximate equations (P,,).

Lemma 4.1 Let f, € L°°(Q2) be a sequence of functions which is strongly convergent to
fe LY() and let u,, be the weak solution of (P, ) which converges to u almost everywhere
in Q. If

(1) forany k > 0, Te(u) € Wy "™ (Q);

(2) there exists r1 > 0 such that {|u,|""} is bounded in LY (Q) and |u|™" € LY(Q);

(3) there exists ry > 0 such that {|Vu,|"} is bounded in L' (2) and |Vu|? € LY(Q),
then, up to a subsequence, Vu, converges to Vu almost everywhere in 2.

Proof Take A € (0, 1). Denote

A
I, = / ((a(x, Ty (un), Vun) — a(x, Ty (up), Vu))V(u, —u))” dx
Q
using condition (a3), we obtain 7, > 0.
In the following, we will verify that lim,_, » I, = 0. Take k£ > 0. By condition (a2), the
integral on {|u| > k} gives
A
Iy}’k 2 / ((a(x7 Ty (un), Vun) — a(x, T (un), Vu))V(u, — u)) dx
{lul=k}
=C / (&7 [P+ [V [P 4 | VuP0) dx
{lul=k}
P’ (x) AD+ Ap4 Apy
<C / 1+g + |up|*P* 4+ |Vu, |"P+ + |Vu|*P*) dx.
{lu|=k}

Take A sufficiently small such that Ap; < min{ry, r,}. By Holder inequality, we obtain

Ap4
1

A r 17“’4
|un |+ dx < [un]™ [{lu] =k}~ N
{lul=k} u|>k
and
Ay
L)
N 1=t
[V |+ dx < |V, |™ {lul =k} 2.
{lul=k} ul>k
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Note that [u|"" € L'(€2), we obtain u € M™ (), i.e., for any k > 1,

Hlul = K} < [{lul >k =1} < G

As g7 |Vu|P+ € L'(Q) and {|u,|"}, {|Vu, |2} are bounded in L'(2), respectively,
using the above inequalities and the absolute continuity of Lebesgue integral, we obtain

lim lim sup I,} =0
- n—ooo

Denote
Inz,k = / ((a(x, T (up), Vun) —a(x, T, (uy), Vu))V(u, — l")))L dx.
{lu| <k}

As Vu = VT (u) on the set {|u| < k}, we obtain

I,ik =< / ((a(x’ To(un), Vuy) —a(x, Ty (uy), VI (w)V (1, — Tk(”)))}L dx.
Q

Take h > k + 1. We split the integral on the right side of the above inequality into two
parts:

L= / ((aCx, Ty (un), Vup) — a(x, Ty (un), VT @)V (uy — Tk(u)))A dx,
{lun — T (u)| > h}

I, = / ((@Cx, Ty (). Vitn) — aCx, Ty (), VTGV Gty — Te(w)))” dx.
{lun—Ty ()| <h}

As |uy| > h — k on the set {|u,, — Ty (u)| > h}, we get

Hlup — T ()| = b} < {lupl = h —k}| < m

Similarly to the discussion of I,: ¢» We obtain

lim lim limsup I>, = 0.
k—>00h—00 p—00 ’

Note that VTj, (1, — Ty (1)) = V(u, — Tx (1)) on the set {|u, — Tx(u)| < h}, by Holder
inequality, we derive

A

<o /(a(x, T (un). Vitg) — a(x, Ty (), VI )V Ty — T (1)) dx
Q

Next, we will verify

lim lim lim sup/(a(x, T.(uyn), Vuy)—a(x, T,,(uy), VT (w))VTy(u, — T () dx = 0,
Q

k—00oh—00 5n—00
which implies
lim lim limsup 7, , = 0.

k—>00h—>00 500
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Denote

L, = / a(x, Ty (un), Vir)VTi (un — Ti(u)) dx
Q

and

I, = /a(x, Ty (), VI () VT (uy — Ti (1)) dx.
Q

As u, is a weak solution for (P,), we get
/a()ﬁ T (up), Vu)VTy(uy — Ti(u))dx = / fnTh(un — Tr(u)) dx.
Q Q

As fn — f in L'(R), we obtain lim, o0 17 o = [o fT(u — Ti(u)) dx.
For almost every x € Q, there exists ko > 0 such that |u(x)| < ko. If k > ko, Tx (u(x)) =
u(x), thus
lim lim lim 0, =0.
k—>00 h—oon—>00

Take n sufficiently large such thatn > h+k. As |u,| < h+kontheset {|u, — Ty (1)| < h},
we obtain

I, = /a(x, Thosk(un), VT @) VT (un — T () dx.
Q

By condition (a2), we obtain
A, Thaiin), VI@)| < €1 (866) + G+ 0P~ 4 VT P97
Note that
a(x, Tp4+x(uy), VI (u)) — a(x,u, VIi(u)) ae.in€2,
using Lebesgue dominated convergence theorem, we derive
ax, Tyr (), VTe@)) = a(x,u, VIr@) in (LP @)Y, asn — co. (4.1)

As u, is a weak solution for (P,), choose v = T4, (u,) as a test function in (3.1), we
obtain that {7y (u,)} is bounded in WO1 P (x)(Q). It follows that

/|VTh(un — T w)|P®dx < C / (IVun [P + VT (u)|P) dx < C.
Q |ty | <k-+h

Thus, {7}, (u,, — Ty (1))} is bounded in WO1 ) (£2), passing to a subsequence, still denoted
by {T),(u, — Ty (u))}, we assume that

Ty, (up, — T (u)) — v weakly in WOI’P(X)(Q), asn — oo.

By Theorem 2.2, we get Ty, (u, — Ty (1)) — vin LP™) (). Moreover, we assume T}, (i, —
Ti(u)) — va.e.in 2, as n — o0o. Thus, v = Ty (u — Ty (u)) and

Ti(un — T () = Ty(u — T () weakly in Wy "™ (),
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as n — oo. Using (4.1), we obtain

lim 18, = /a(x, u, VT () VT, — Ty (1)) dx,
n—o0 ?
Q

thus limy_, o0 limj— oo lim, 00 18, = 0.
Combining with the above discussion, we get lim sup,,_, o, I, = 0, thus

lim I, =0,

n—00
which implies
((@(x, Ty (un), Vi) — a(x, Ty(u), Vu)) V(uy —u)* — 0 in L'(Q).
Passing to a subsequence, we assume that
(a(x, T,,(uy), Vuy) —a(x, T,(u,), Vu))V(u, —u) — 0 ae.inQ. 4.2)

Next, we will verify that Vu, — Vu a.e. in Q. Firstly, we claim that for almost every
x € 2, the sequence {|Vu,(x)|} is bounded. In fact, on the contrary, there exists a subse-
quence, still denoted by {|Vu, (x)|}, such that
\Y -V
Vi) — Vu(o)l > 1, &= Ve g,
[Vup(x) — Vu(x)|
asn — 00.
In the following, for the sake of simplicity, we omit the dependence of #,, and u on x. By
condition (a3), we get

. To(ty). Vity) T ). Vit Vu,—Vu v v Vu,—Vu >0
a(x, u,), Vuy)—a | x, u,), Vui+ —— u,—vVu — ——— | > 0,
e " nn |Vu, —Vu| " Vi, —Vu|

which implies

Vu, — Vu
a(x, T,(u,), Vuy) —a\x, T,,(u,), Vu + m (Vu, — Vu) > 0.
n
Note that
0 < T.( )V+Vun—Vu . Ty ). Vi) Vu, — Vu
alx, T,(up),Vu + —— | —a(x, T,,(u,), Vu) | ——
- e |Vu, — Vu| e |Vu, — Vu|
Vu, —Vu Vu, —Vu
= T Y _) = , T, ,V e B—
(a (x n(un), Vu + Vi, — Vu|) a(x, T, (uy) un)) Vi, — V|
Vu, —V
+ (@, T, Vitg) — a(x, Ty(up), Vi) o
Vi, — Vul
Vu, —V
<@, Ty ), Vitg) = aCx, Ty(un), Vi)t
|Vu, — Vu|

<(a(x, T,(uy), Vup) —a(x, T,(u,), Vu))(Vu, — Vu),

using (4.2), we obtain

T.( )V+Vu,,—Vu e T (i), Vi) Vu, — Vu 0
alx, uy), Vu + ———m ) — a(x, uy), V) | —— — 0.
e |Vu, — Vu| e |Vu, — Vu|
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For almost every x € 2, u, (x) — u(x), which implies |u,(x)| < [u(x)|+ 1 < n forn
large enough, thus 7}, (u,(x)) = u,(x). We obtain

Vu, —Vu Vu, — Vu
a x,un,Vu—l—ﬁ —a(x,u,, Vu) ﬁ—m,
u, —Vu u, —Vu

as n — oo, thus
(a(x,u, Vu+E*) —a(x,u, Vu))§* =0,

this contradiction proves our claim. Therefore, there exists a subsequence, still denoted by
{IVu,(x)|} such that

Vip (x) — &,
as n — oo. It follows from (4.2) that
(a(x,un, Vuy) —a(x, un, Vu))V(@u, —u) — 0,
which implies
(a(x,u, &) —a(x,u, Vu))(§ — Vu) =0.
By condition (a3), we obtain £ = Vu(x), thus
Vu, - Vu ae.in 2, asn — oo.
Therefore, we get the result. O

In the following, we are going to prove Theorems 1.1-1.5.
As C§°(Q) is dense in (L") (), || |lm(x)) (see Theorem 1.8 in [10]), there exists { f;,} C
C§°(2) such that

fo— f inL™9(Q).

Then, there exists a weak solution u,, for (P,) in the sense of (3.1).
Firstly, we will verify that {u,} satisfies the assumptions of Lemma 4.1.
For any k > 0, choose v = Ty (u,) as a test function in (3.1), we obtain

/a(xv Ty (un), Vup)VTi(uy) dx = / SuTi(uy) dx.
Q Q
By condition (al), it is easy to verify that {7} (u,)} is bounded in WO1 P (£2). We assume

that Ty (u,,) — v weakly in Wol’p(x) (2),asn — oo. Using Theorem 2.2, we obtain 7y (#,) —
v in LP™ (). Moreover, we assume that 7y (1) — v a.e. in €2, as n — 00.

Let s be as in (1.4), it follows from Theorems 3.1-3.3 that {u,} is bounded in M*(2).
Then, there exists C > 0 such that for any k > 0,

C
Hlun| > K} < TR
we get

lim limsup [{|u,| > k}| = 0.
k—00 pn—soo

Take ¢t > 0, we obtain

{lun —um| >t} C {lunl > k} U {lum| > k} U {|Tie(un) — Tie(um)| > t},
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thus
Hlun — uml >t} < Hlunl > k3 + Hlum| > kY + {1 Tk n) — T (um)| > t}].
Note that
Tk (up) — Ti(um)| > t}]
Tic(up) — Ty )
< k (en) : k() dx
Tk un) =Ty () |>1}
<P 410 / T un) — Tic(um) [P dx
Tk () =Tk (wm)|>1}
thus

lim [{|Tk(up) — Tic(um)| > 1}] =0,
,N— 00

m

which implies

lim  [{luy —up| >t} =0,
m,n—00

i.e. {u,} is a Cauchy sequence in measure. Furthermore, there exists a measurable function

u such that

u, — u 1in measure and a.e. in €2,

asn — oo, thenv = Ty (u) € Wol‘p(x)(Q). Moreover,

Ti(un) — Ti(u) weakly in Wy ™ (),

asn — oQ.

(1) There exists r; > 0 such that {|u, |} is bounded in L'(Q) and lult € L' (). In fact,

it follows from Theorems 3.1-3.3 that

/|l4n|s dx < C,

Q

where s is as in (1.4). By Fatou Lemma, we obtain

/|u|s dx < liminf/ lun|® dx < C.
n—o0
Q Q

Thus |u|* € L'($2), furthermore, u € M* ().

(2) There exists r, > 0 such that {|Vu, |2} is bounded in L' () and [Vu|? € L1().

. @pr—O0+1)N+(p_—1—-0p+0)Na
G Ifm_ > (9p:—9+1)p_+(p_—1—9p:.+9)Na’ where @ € (0, 1).

It follows from Theorems 3.1, 3.2, and 3.3(1) that {u,} is bounded in W,'"™(Q). As
WO1 P (x)(Q) is reflexive, passing to a subsequence, we assume that u, — u weakly in
Wol‘p(x)(Q), as n — oo. By Theorem 2.2, u, — # in L?™) (). Furthermore, we assume

that u,, — u a.e. in €2, thus 7 = u.
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Note that [, [Vv]|?™) dx is convex and continuously differentiable on WOl PO(Q), we
obtain

/ [Vu|P® dx < liminf / |V, |P® dx < C.
n—
Q Q

.. Op+—0+1)N+(p_—1-6p1+0)Na
(ii) If max {1’ @p 04D p—F(p_—T—0ps T0)p_Na
Op+—0+D)N+(p——1-6p . +6)Na
Ops—0+D)p_+(p_—1-0p+0)Nar*

<m-<

It follows from Theorem 3.3(2) that {u,,} is bounded in WO1 4 (x) (€2). Similarly to (i), up to
a subsequence, we assume that u,, — 1 weakly in WO1 40 (Q), then

/|W|W> dx < liminf/ Vi, |99 dx < C.
n—
Q Q

i) If 1 < m_ < max [1 (6ps 0+ DN +(p-—1-0p:+6)Na ]

> Op+—0+D)p—+(p——1-0p4+0)p_Na
Using (3.15), we obtain

O(pr—D—=—+1
/|VTk(un)|P°‘>deCk Rl

Q
thus

O(pr—1—=—+1
/|VTk(u)|”(x) dx gliminf/wTk(un)v’(x) dx<ck TTUTRCT
n—oo
Q Q

For any r > 1, we have

{IVul| > t}|

A

{IVul > ¢, lul <k} + [{IVul > 1, |u| > k}|
Vi [P

C
dx + —
x+ks

IA

{|IVul|>t,lu|<k}
O(p+—D——+1
<C (k " M- TP +k’s) .

O(pr—1——+1

Take the minimization of h(k) = k t—P- + k%, we obtain

{IVul > t}| < Ct™7,

where y = 9(p++_m++l+f thus |Vu| € MY (). Furthermore, there exists 0 < 7 < y,
such that
[Vul” € L'(Q).
Gv) If m_ =1.

By (3.16), we get

[ 19 ax < i,
Q
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similarly to (iii), there exists 7 > 0, such that
\Vul” € LY(Q).
Combining with the above discussion, it follows from Lemma 4.1 that
Vu, — Vu ae.inQ, asn — oo. 3.3)

The Proof of Theorems 1.1-1.3 As u,, is a weak solution for (P,) in the sense of (3.1), for
any v € W&’p(x)(Q) N L°°(R2), we derive

/a(x, T, (uy), Vu,)Vo dx =/fnv dx.
Q

Q

As {u,} is bounded in W, "™ (), using condition (a2), we get {a(x, T, (un), Vu,)}
is bounded in (L” @ (2))N. Note that a(x, T, (u»), Vin) — a(x,u, Vu) a.e. in £, then
a(x, Ty(uy), Vu,) — a(x, u, Vu) weakly in (LP ©)(Q))N. Moreover, we obtain

/a(x,u,Vu)Vvdx:/fvdx,
Q

Q

i.e., u is a solution for (P) in the sense of (1.2). ]

The Proof of Theorems 1.4-1.5 For any T € T and ¢ € W, "™ (Q) N L®(Q), choose
v =T (u, — ¢) as a test function in (3.1), we obtain

/a(xa T, (up), Vu)VT (uy, — @) dx =/fnT(un — ¢)dx.
Q Q

Take so > O such that 7/(s) = 0, for any s > sg. Denote M = ||¢|loo + So and take
n> M, we get

/a(x, T, (un), Vu)VT (u,, — ¢) dx

Q

- / 0 s Vi)Vt — ) - Tty — @) dx

{lun—ol<so}
:/a(x, U, Vi)V - T (U, — ¢)dx — /a(x, U, Vu)Ve - T (u, — ¢) dx.
Q Q

By Fatou Lemma,

/a(x, u, ViyVu - T'(u — ¢) dx < liminf/a(x, wn, Vu)Vuy, - T (u, — @) dx.
n—0o0
Q Q

Using condition (a2), we obtain
|a(x, tn, Vi) T' (un — $)| < C(g(x) + MPO™1 4|V Ty (u,) PO,

thus {|a(x, tun, Vup)T' (un — $)|} is bounded in L? @) (Q). Note that a(x, i, Vi) T  (un —
@) — alx,u, Vu)T'(u — ¢) a.e. in Q, we get

a(x, n, Vu)T (un — ¢) — ale,u, V)T (u — ¢) weakly in (L?' @ ()N,
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thus

/a(x, U, Vu)Ve - T (u, — @) dx — /a(x, u, Vu)Ve - T'(u — ¢) dx.
Q Q

It is easy to verify that

/fnT(un _g)dr — /fT(u —¢)dx,
Q Q

therefore,

/a(x, u, Vi)V — 9T (u — ¢)dx < / fT(u— ¢)dx,
Q Q

i.e., u is an entropy solution for (P,).
Moreover, using (3.3) and Fatou Lemma, we obtain

/|W|‘1<X> dx < liminf/ |V, |99 dx < C.
n—oo
Q Q

Now, we get the result. O
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