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Abstract We consider a nonlinear Neumann logistic equation driven by the p-Laplacian
with a general Carathéodory superdiffusive reaction. We are looking for positive solutions
of such problems. Using minimax methods from critical point theory together with suitable
truncation techniques, we show that the equation exhibits a bifurcation phenomenon with
respect to the parameter A > 0. Namely, we show that there is a A, > 0 such that for A < A,
the problem has no positive solution; for A = 1., it has at least one positive solution; and for
A > Ay, it has at least two positive solutions.
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Local minimizers - Upper and lower solutions - p-Laplacian
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1 Introduction

Let 2 C IR be a bounded domain with a C2-boundary <2. In this paper, we study the exis-
tence and multiplicity of positive solutions for the following nonlinear Neumann problem:

[—Apu(z)+ﬁ(z)|u(z)|”zu(z) =u(z)? " = f(z,u(z)) inQ
(P);
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2 T. Cardinali et al.

withl < p < g < p*, B € L®(Q)4+, B # 0, L > 0; here A}, denotes the p-Laplace
differential operator defined by

Apu(z) = div(|| Du(z) |’ "> Du(z)) , forallu € W"P(Q) and all z € Q,

n(-) denotes the outward unit normal on 92 and p* > 1 is the Sobolev critical exponent
defined by

In (P),, f is a Carathéodory function (i.e., for all x € IR,z — f(z, x) is measurable and,
fora.a. z € Q,x — f(z, x) is continuous), which exhibits a (p — 1)-superlinear growth
near +00.

If p=2and f(z,x) = x"~! with 2 < r < 2*, then the resulting equation is known as
the logistic equation and models various population dynamics phenomena and reaction-dif-
fusion processes (see [12,16]). More recently, there have been papers dealing with logistic
equations driven by the p-Laplacian (p-logistic equation, for short). All of them consider
Dirichlet problems and have a reaction term (right hand side) of the form

gz, x) =ax97" —x"7! forallz € Qandall x € R
where g < r.
There are three different types of p-logistic equations depending on the relation between
g and p:

e ¢ < p < r (subdiffusive case)
q = p < r (equidiffusive case)
e p < g < r (superdiffusive case)

with r < p*.

The first two cases are essentially similar and for the Dirichlet problem with large A > 0
produce a unique solution u# with flat core (i.e., U = {z € Q : u(z) = 1} is nonempty). In
contrast, the superdiffusive case differs and exhibits bifurcation phenomena.

The subdiffusive Dirichlet logistic equation was studied in [24] (for N = 1, ordinary
differential equations) and in [7] (for N > 2, partial differential equations).

The equidiffusive Dirichlet equation was investigated in [14] (for N = 1) and in [7,9]
(for N > 2).

Finally, the superdiffusive Dirichlet logistic equation is examined in the works of Dong
[5] and Takeuchi [22,23]. We should also mention the very recent work [4], where a general
form of the Dirichlet p-Laplacian equation is considered. More precisely, the authors deal
with the problem

—Apu(z) = Af(z,u(2))in 2, wujye =0.

Indeed, their hypotheses restrict their work to (p — 1)-sublinear reactions. Indeed, hypoth-
eses Hy and Hs(i) are compatible within the context of a (p — 1)-sublinear nonlinearity.
Moreover, hypothesis Hs(i) is needed to establish the bifurcation phenomenon (see the
proofs of Lemmata 3.1 and 3.2, where Hs(i) is used in an essential way). So Theorem 1.1,
which is the main result in [4], covers a (p — 1)-sublinear reaction, a situation that precludes
superdiffusive logistic equations.

Another related Dirichlet work worth mentioning is that of Rabinowitz [21], where a
logistic-type semilinear (i.e., p = 2) Dirichlet equation was studied, with the parameter
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Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 3

A > 0 multiplying the whole reaction term. Rabinowitz established certain bifurcation phe-
nomena for the equation using variational and topological methods.

Finally, we also mention the Dirichlet works [6,10,11,18,19]. In [6,11], the authors con-
sider a somehow dual situation to the logistic equation, by studying problems where in the
reaction we have the combined effects of concave and convex terms, i.e., the reaction has the
form

g(z,x) =AxT V417! forallz € Qandall x > 0

withl <7 <p<r<p*

They establish bifurcation phenomena for small values of & > 0. Their work also produces
results relating C I'and WP local minimizers of a C!-functional. On the other hand, Guo [10]
studied nonlinear eigenvalue problems driven by the p-Laplacian and imposed more restric-
tive hypotheses on the reaction (namely, f(z, x) = f(x) belongs to C2(IR)). We should also
mention that in [10], as well as in [11,22] and [23], it is assumed that p > 2. Motreanu et al.
[17] also consider nonlinear eigenvalue problems with a Carathéodory reaction of arbitrary
polynomial growth near 00 and (p — 1)-linear near 0. They prove a multiplicity theorem
(three nontrivial smooth solutions) for all small A > 0. Finally, Motreanu et al. [18] consider
p-Lapalacian parametric equations with a nonsmooth potential (hemivariational inequalities)
and examine the near resonant (from above and below the principal eigenvalue), the resonant
(with respect to the principal eigenvalue) and the nonresonant cases.

In the best of our knowledge, there are no works on the nonlinear Neumann logistic equa-
tion. Somewhat related are the works [3,19,26]. In [3] the authors deal with the equation

) L) . u
—Apu(z) = ra(@)|u@)""u@) + h(@)u )" ~“u(z) in Q, PPl 0 on 9%2

witha € L*®(Q)+,h € C(R), A > 0. They prove the existence of one or two (for p > 2)
solutions, when A > 0 is in a certain bounded interval. In [19], the authors extend the work
of [18] to Neumann problem:s.

Finally, in [26], the authors assume that p > N (low dimensional problems), essinf § > 0
and f(z, x) satisfies certain technical restrictive conditions. They show that there is an open
interval I C [0, +00) such that for all A € I the problem

0
—Apu(z) = Af(z,u(z)) in 2, a—u =0on o2
n

has three solutions. Their approach is completely different from the aforementioned works
and uses the KKM-principle.

In the next section, for the convenience of the reader, we briefly review the main mathe-
matical tools that we will use in this work.

2 Mathematical background

Let X be a Banach space and X * its topological dual. By (-, -), we denote the duality brackets
for the pair (X*, X).

Letg € C'(X). We say that ¢ satisfies the “Palais-Smale condition” (the “PS-condition”,
for short) if every sequence {x,},>1 € X such that {¢(x,)},>1 C IR is bounded and ¢’ (x;)
— 0in X* as n — oo has a strongly convergent subsequence.

The topological notion of linking sets is crucial in the minimax characterization of the
critical values of a C!-functional.
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4 T. Cardinali et al.

Definition 2.1 Let Y be a Hausdorff topological space and Eg, E, D nonempty subsets of
Y such that Ey € E. We say that the pair {Eq, E} is linking with D in Y if

(a) END =9,
(b) forany y € C(E,Y) such that y| g, = id| g,, we have y(E) N D # .

Using this notion, we have the following general minimax principle concerning the critical
values of a C!-functional (see, for example, [8], p. 644).

Theorem 2.1 If X is a Banach space, ¢ € C'(X) and satisfies the PS-condition, Ey, E,

and D are nonempty closed subsets of X such that the pair {Eq, E} is linking with D in

X,supgp < i%f(p and ¢ = in? sup p(y(x)), where I' = {y € C(E,X) : g, = id| g},
Eo Ve

xekE
then ¢ > inf ¢ and c is a critical value of ¢.
D

By appropriate choices of the linking sets, from Theorem 2.1 we obtain, as corollaries,
the mountain pass, the saddle point and the generalized mountain pass theorems. For future
use, we recall the mountain pass theorem.

Theorem 2.2 If X is a Banach space, ¢ € C'(X) and satisfies the PS-condition, there exist

x0,Xx1 € X and r > 0 such that ||x; — xol| > r and max{p(xp), ¢(x1)} < inf{e(x) :

v = xoll = r} = 1, and ¢ = inf max p(y(1)). where T' = {y € C([0, 1. X) : (0) =
yel O=i=

x0, Y(1) = x1}, then ¢ > n, and c is a critical value of ¢.

In the analysis of problem (P);, we will use the following “natural” spaces:

1oy — 1o ,8l_
Cr(@) = jueC@: - =00ndQ
n

and its completion

W@ =l

where || - || is the norm of the Sobolev space W,,l’p(Q), thatis, |lu|| = |[Dull, + [lull, for all
e W, (). i
The Banach space C,i (2) is an ordered Banach space with positive cone

Ci={ueClQ) : uz) >0forallz € Q).
This cone has a nonempty interior given by
intCy ={ueCy :u(z)>0forallz e Q).

Considered the nonlinear map A : W,}’p () —> W,}’p (2)* defined by

(A(w), y) = / I1Du(2)|1”~2(Du(z), Dy(2)) gv dz, forallu, y € W, (%), ey
Q

the following result is well-known (see, for example, [2]).

Proposition 2.3 The map A : W,,1 Q) > Wn1 P (Q)* defined by (1) is continuous, bounded
and of type (S) +, that is, if u, — u in W,}’p(Q) andlimsup,,_, o (A(uy,), up —u) <0, then
U, = uin W,}’p(Q).
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Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 5

If X is a Banach space, it is well-known that a vector ug € X is a local X-minimizer for
a function ¢ : X — IR if there exists ro > 0 such that ¢o(ug) < @o(ug + h) forallh € X
with ||2]|x < ro.

Next, we recall a result relating local minimizers in C}l (€) and in W,,]’p (2) proved in
[19]. (As we already mentioned analogous results for the “Dirichlet” Sobolev spaces can be
found in [6,11].)

So, let fo : & x IR — IR be a Carathéodory function such that

| fo(z, x)| < ao(z) + colx|"™", foraa.z € Qandall x € R,

with ag € L®(RQ)4,c0 >0, p <r < p*.
Weset Fp : 2 x IR — IR, Fy(z,x) = fox fo(z, s)ds and consider the functional ¢y :
W,a?(Q2) — IR defined by

1
w0t = —1Dully — [ Fote. dz . forallu < W) @)
P
Q

Evidently, go € C'(W,"7()).

Proposition 2.4 ([19], Proposition 2.5) If ug € W, " (Q) (1 < p < o0) is a local C}(Q)-
minimizer of o, then it is a local Wnl’p (2)-minimizer of @o.
In the analysis of problem (P); , we will also use the notions of upper and lower solutions,

which we recall next.

0
Definition 2.2 A function & € W17 () with a—u = 0 is said to be an upper solution for
n
problem (P); if

/,3|ﬁ|/’_2ﬁhdz +/||Dﬁ||p_2(Dﬁ, Dh) v dz
Q Q

> A/ﬁqflhdz - /f(z,ft)hdz, forallh € Wnl’p(Q), h>0.
Q Q

An upper solution is a strict upper solution for problem (P), if it is not a solution.

d
Definition 2.3 A function ¥ € W?(Q) with 872 = 0 is said to be a lower solution for
n
problem (P), if

/ BlulPuhdz + / | Dull?~2(Du, Dh) g dz
Q Q

< )\/gq_lhdz — /f(Z,E)hdz, forall h € W,:‘P(Q), h>0.
Q Q
A lower solution is a strict lower solution for problem (P); if it is not a solution.

In what follows, we use the notation r* = max{=r, 0}, for all r € IR. Also, by || - ||, we
denote either the norm of the Sobolev space W7 (2) and the one of RV ; it will always be

clear from the context which one is in use. Finally, by || - ||, we denote the norm of L*(£2)
or of L(2, RN) , 1 <5 <o00, and by | - |y the Lebesgue measure on RN,
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6 T. Cardinali et al.

3 Bifurcation theorem

In this section, we show that problem (P);, governed by a superdiffusive nonlinear Neumann
p-logistic equation, exhibits a bifurcation phenomenon with respect to the parameter A > 0.
The hypotheses on the nonlinear perturbation f are:

H: f:Q x IR — IR is a Carathéodory function such that f(z,0) = 0 a.e. in Q and

(i) there exista € L®°(Q)+, ¢ >0, p <r < p* such that
|f(z,x)| <a(z) + c|x|’_1 ,fora.a.z € Qandall x € IR;

(ii) fora.a.z € Qandall x > 0, f(z,x) > 0 and there exist M,y > 0Oand 6 > ¢
such that

f(z,x) > yxefl, fora.a.z € Qandall x > M;

(i) lim,_, o+ % = 0 uniformly, for a.a. z € Q;

(iv) for every r > 0 and every bounded interval / C (0, +-00), there exists n =
n(r, I) > 0 such that, fora.a. z € Q,x — axa—1 — f(z,x) + nxe_l is nonde-
creasing on [0, r], forall A € 1.

Remark 3.1 Since we are interested in positive solutions and hypotheses H(ii),(iii),(iv) con-
cern only the positive semiaxis [0, +00), by truncating things if necessary, we may (and
will) assume that f(z, x) = 0 for a.a. z € @, all x < 0. Hypothesis H(iv) implies that near
400 f(z,-)is (p — 1)-superlinear. Similarly, hypothesis H(iii) dictates a (p — 1)-sublinear
behavior near zero.

Remark 3.2 Note that the following functions satisfy hypotheses H:

0 ,x <0
NG x) = ’b(z)x"’1 ,x>0

where b € L*°(Q)+, essigfb >0andg <r < p*;

0 ,x <0
frlz,x) =1 x77! ,0<x <1
X0V —xPllnx, 1 <x

where p <1, g <0 < p*.
The function f; corresponds to the standard nonlinear logistic equation (superdiffusive
case) with a z-dependent coefficient in the extinction term.

By a positive solution of (P);, we mean a function u € int C that solves (P),. Let
S = {A > 0 : problem (P), has a positive solution}.

First, we will show that S # . To this end, we will need the following simple Lemma.

Lemma 3.1 If 8 € L*°(Q)4, B # 0, then there exists & > 0 such that

Yo) = ||Dull, + /ﬂlulpdz > &llull”. forallu € Wy ().
Q
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Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 7

Proof Note that 9 > 0. Suppose that the Lemma is not true. Exploiting the p-homogeneity
of ¥, we can find {u,},>1 C W,,l’p(Q) with |u,|| = 1, n > 1, such that Yo (u,) — 0T as
n — oo. By passing to a suitable subsequence if necessary, we may assume that

u, — uin W,,l’p(Q) and u, — uin L?(Q) asn — oo 2)

(recall that Wn1 "7 (Q) is embedded compactly in L?(€2)). Then, since (see (2))

| Dull’; < liminf ||Duy,|’ and /,3|un|1’ dz — /ﬂ|u|p dz,
n—00
Q Q

in the limit as n — oo, we obtain ¥y (u) < 0; so we have

1Dull? < —/ﬁlul"dZSO. 3)
Q

Therefore, the limit function u is constant, thatis, u = & € IR. If £ = 0, then Du,, — 0 in
LP(2, IRN), hence u, — 0in W,"7(Q2) as n — oo (see (2)), a contradiction to the fact that
luy|l =1 foralln > 1.

If & # 0, then from (3), we have || Du ||£ < —|&P fQ B dz < 0, again a contradiction.
This proves the Lemma. O

Proposition 3.2 If hypotheses H hold and B € L*°(Q2)4, B # 0, then S # 0.

Proof We consider the following auxiliary Neumann problem

. —Apu(2) + B@u@)|Pu(z) = Mu(2)|9%u(z) in Q
(P))L ou
% =0on o2

with A > 0, p <g < p*. B
Claim: for every A > 0, problem (P); has a solution # € intC..
Let ¢, : W,f "7(Q) — IR be the Euler functional for problem ( P); defined by

1 1 A
¥ (1) = ;HDullﬁ + ;/ﬂ|u|p dz — ;||u+||3, for all u € WP (Q).
Q

Evidently, ¢, € C! (W,,l’p(Q)). We show that 1, satisfies the P S-condition. So, let
{untn=1 € W,:’p(Q) be a sequence such that
[V (uy)| < My, forsome M; > Oandalln > 1 “4)
and
Wl (i) — 0 in WP (Q)* as n — oo. S)

From (5), we have
(AGun), h) +/ﬂ|un|f’*2unh dz — A/(u,f)‘f*‘h dz| < s, |Ihll, forall h € WP ()
Q Q

(©)

where ¢, — 07 and A is defined in (1).
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8 T. Cardinali et al.

In (6), we choose h = —u; € W, (). Then,

| Duy 115 +/ﬂ(u;>”dz < enlly |
Q

so, by using Lemma 3.1, we have
Eollu, II” < enllu,, |I, foralln > 1
and, since p > 1,
u, — 0in W,}'p(Q) asn — 0o. (7)

From (4) and (7), we have

1||Du,j||§ + g/ﬁ(u;{)l’ dz —)\/(u;r)q dz < My, foralln > 1, 8)
P P
Q Q

for some M> > 0.
On the other hand, if in (6) we choose h = u;:' S W,} "7 (Q), we obtain

1Dy~ [ gy ae o @iz s ealitl, foratnz 1 ©)
Q Q
We add (8) and (9) and have
(% - 1) 1Dl I} +/ﬂ(u:)1’dz < Ms(llu;t | + 1), foralln > 1,
Q

where M3 > 0.
Then, again by Lemma 3.1, we get

(% - 1) Eollu 17 < M3(llu) | + 1), foralln > 1,

therefore, since 1 < p < ¢, we have that
{t p=1 € WP () is bounded. (10)

From (7) and (10), it follows that {u,},>1 < Wnl’p(Q) is bounded, and so we may assume
that

U, — uin W,:’p(Q) and u, — u in LY(Q) as n — oo (recall g < p*). (11)

In (6), we choose h = u,, —u € W,,l’p(Q) and pass to the limit as n — oo. Using (11),
we have

lim (A(un), up —u) =0;
n—o0
then (see Proposition 2.3)

U, — uin Wnl’p(Q).

This proves that the functional v, satisfies the P S-condition.
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Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 9

Also, we have (see Lemma 3.1)

A
Vo (u) = %OIIMIIP - 5IIM|I", forall u € WP (). (12)

Since ¢ > p, from (12), it follows that there exists p € (0, 1) sufficiently small so that

inf [V (u) @ |lull = p]l =n, > 0= ¥,.(0). (13)
Finally, for & € (0, +00), we have

P AED
Pa® = 181 - 2.
4 q
Since ¢ > p, it follows that
Y (§) > —oo as & — 4-o00. (14)

Then (13), (14) and the fact proven earlier that ¥, satisfies the P S-condition permit the use
of Theorem 2.2. So (see (13)) we obtain u € Wnl’p(Q) such that

Vi(0) =0 <np = ¥ 15)
and
5 (i) = 0. (16)
From (15), we infer that # # 0. From (16), we have
A@) + Bla)P2a = a@t)e 1. (17)

On (17), we act with —ii— € W,""P(2) and obtain

IIDﬁfllﬁJr/ﬂ(ﬁ*)”dz =0;
Q

so, from Lemma 3.1, we get
Eolla~|I” <0

and then

Then, from (17), we have
A@) + BaP ™ = !
and so (see [20])

— Apii(z) + B@i(z)P~ ! = ri(2)? " ae.in Q, g—u =0ond%Q. (18)
n

Nonlinear regularity theory (see, for example, [8]), implies that # € C4 \ {0}. From (18), we
have

Apit(z) < B@)i(2)P ™" < IBllsoit(z)P " ae. in Q
so (see [25])

ue il’ltC+.
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10 T. Cardinali et al.

By virtue of hypothesis H(ii), we have f(z, u#(z)) > 0 a.e. in Q and so
— Apit(2) + B2 = 2ii(2)? 7 = ria ()47 — f(z,id(z)) ae.inQ  (19)
that is, u € int C4 is an upper solution for (P); (see Definition 2.2).
We consider the following truncation of the reaction term in (P);:
0 ,x <0
8.z, x) = { a7l — f(z,x) , 0 <x <ii(z) (20)
M) = f(z,i4(2)) , i1(z) < x.
This is a Carathéodory function. We set G, (z, x) = fok gx(z, s) ds and consider the C I_func-
tional ¢y : Wy () — IR defined by

R 1 1
or(u) = ;IIDullﬁ + ;/ﬂlulpdz —/GA(Z, u)dz, forallu € W,,l’p(SZ).
Q

From (20) and Lemma 3.1, we see that there exist ¢g, ¢; > 0 such that
« §o, \p Lp
. (u) > ;Ilull —collull —cy, forallu € W,""(€2)

and then ¢, is coercive.

Also, exploiting the compact embedding of W,,1 "7 () into LP(R2), we can easily check
that ¢, is sequentially weakly lower semicontinuous. Therefore, by the Weierstrass theorem,
we can find ug € W,}’p(Q) such that

@1.u0) = inf [ 1) < u € WP (@) = iy @1

By hypothesis H(iii), there exists § (1) > 0 such that forevery x €]0, §(1)[ wehave f(z, x) <
xP~ 1

Letus fix § € (0, ming u) (recall thati € intCy) and § < §(1). Then, since f(z,x) >0
fora.a. z € Q and all x > 0 (see H(ii)), we have

R %‘P )\‘%‘q E
ou(®) = ||/5||1——|9|N+//f<z,s)dsdz
)4 q
A A
<Y ||/3||1—i|sz|N+i|sz|N
P q P

We observe that £ = £()); anyway, we can assume & not depending on 1. Indeed, fix > 0;
for every A > X the minimal solution i;, of problem (P)y is an upper solution for the prob-
lem (P)w therefore u; € [0, u3] NintCy. So we have & € (0, ming u3) C (0, ming i)
for every A > 7. and we assume & < ming u;. Hence, we can choose A > 0 such that

¢ UBLAIRIN  5£0-P, Then,

P65 <0
so, by (21), we have

1 (ug) =y, < 0= ¢,.(0)

and then

ug # 0. (22)
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Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 11

Also for such a A > 0, from (21) we have
Auo) + Bluol?~*ug = Ny (uo), (23)

where N, ()(-) = g5.(-, u(")) , for all u € W,"7(Q).
On (23), first we act with —u, € Wn]’p(Q) and obtain (see (20))

1 Dug I +/ﬂ(ua)sz _0;
Q

hence, by Lemma 3.1, we deduce
Eollug I” <0
therefore, by (22),
uy =0, ie. up >0, ug #0.

Also on (23), we act with (ug — )" € W,:’p(Q). Then, (see (20) and (19))

(A(uo), (o —i)™) + / Bul ™ (o — )" dz
Q

= / gz, uo)(uo — i)+ dz
Q
= k/ﬁq’I(MO —i)Tdz — / fz i) (uo — i)t dz
Q

Q

< (AG), (o —i)*) + / Bit? (o — in)" dz ;
Q

then

0< / (||Dﬁ||”_2D17t — | Duol|”~2Dug, Dug — Dﬁ)m,\, dz
{uo>u}
+ / B~ —ul ™o — @) dz, (24)
{uo>u}

where {ug > u} = {z € Q : up(z) > u(z)} (for the sake of simplicity, in the sequel, we will
use this kind of notation).

Recall that the map ¢ — || I17=2¢ ,forz € RV, is strictly monotone. Hence, from (24),
we have |{ug > u}|y = 0andsoug < u,i.e. ug € [0,u] ={u € W,,l’p(Q) 10 <u(z) <
u(z) a.e. in 2}. So, by using (20), (23) becomes

AGug) + ud ™" =2l ™" = N(uo),
where
N@w)(-) = f(,u(-)), forallu € WP () (25)
so (see [20])

—Apuo(z) + B(@)uo(2)P ™" = rup(2)77" — f(z,u0(z)) ae.in Q, % =0ondq.
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12 T. Cardinali et al.

Therefore, by H(iv), there exists 7, such that
Apup(z) < B@uo(@)? ™" + nuug(z)? !, foraa. z € Q.

Hence (recall 6 > g > p), we can write

Apuo() = (I1Bllso + malldllee”) uo(2)” ™
so (see [25])
up € iIltC+.

Therefore, we see that at least for A > ZW gql -, problem (P); has a solution

ug € int C4, hence S # 0. m]
Let A, = inf S. Evidently A, > 0.
Proposition 3.3 If hypotheses H hold and B € L°°(Q2)4, B # 0, then L, > 0.

Proof Suppose that A, = 0. Then, we can find {A,},>1 C § decreasing, A, > 0 for all
n > 1,and u, € intC4 for all n > 1, such that (see (25))

Ay + Bul ™ =3l = N(uy), foralln > 1 (26)

so, by considering the constant M postulated by H(ii), we have

|Duyl + /ﬁun a<mtulf~ [ feumdz= [ feumun;
{upn=M} {O<u, <M}
therefore, put C,, = {z € Q : u,(z) > M}, by Lemma 3.1 and H(ii), we obtain that there
exists ¢o > 0 such that

Eollunll” + vl xe, unllf < Allxe, unlld + c2, foralln > 1. (27)

It is easy to see that { ., #n}n>1 is bounded in LY (2)+. Recalling that 6 > ¢ (see H(ii)), we
get that the sequence {x, uu}u>1 is bounded in L7(€2) . Then, by (27), we deduce that

{ttn}n=1 is bounded in W, * (). (28)

So, by passing to a suitable subsequence if necessary, we may assume that u, — u in
1,
W, P (Q).
Because of (28) and Theorem 1.2 of [15] (see also [13], Proposition 5), we can find
€ (0,1) and M4 > O such that

u, € C,{‘“(fl) and ||u,1||C’1 e < My, foralln > 1. (29)

©@ =

Exploiting the compact embedding of C,l’“ () into C,ll (€) and recalling that u,, — u in
W, P (Q), we have

U, — uin C,{(Q) asn — oo. (30)

Suppose u = 0 and set y, = ” ” ,n > 1.Then, | y,|| = 1 forall n > 1, so we may assume
that o

Yo — yin W,:’p(Q) andso y, — yin LY(Q) (recall ¢ < p*). 31)
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Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 13

From (26), we have

_ 1 g— N (uy)
Alyn) + Byl =yl — — (32)
lluen [P
From (30) and hypothesis H(iii), we can easily check that
N i 17 (@ p+1/p =1
W 0in ()asn—>oo(/p+ /p— ). (33)

Also, acting on (32) with y, —y € W,:’p(Q), passing to the limit as n — oo and using (31)
and (33), we obtain

Jm (AQyn), yn = y) =03
so, by Proposition 2.3, we deduce
yp — yin W,,l’p(Q) asn — 0o
hence
Iyl = 1. (34)
Passing to the limit as » — oo in (32) and using (30), (31) and (34), we have
Ay) + gy’ =0
then, by Lemma 3.1, we can write

&lyl” <0

so that y = 0, which contradicts (34).
Therefore, u # 0.
So, recalling that u,, € intCy,n > 1, we have

ue Cy\{0}. (35)
From (26), if we pass to the limit as n — oo and use the fact that A,, — 0%, we obtain
Aw) + puP ! = —N(u)

so, by Lemma 3.1, (35) and H(ii), &||#||” < 0 and then u = 0, which contradicts (35).
Therefore, we can conclude that A, > 0. ]

Proposition 3.4 If hypotheses H hold and 8 € L*°(Q2)+, B # 0 and A > Ay, then problem
(P);. has at least two distinct positive solutions ug, i € int C4.

Proof Let & € (Ay, &) N S. Then, we can find i € int C; such that
AGi) + Ba?™" = 2tV — N(i) < 247" — N(@i) in WP ()

so i € int C is a strict lower solution for problem (P); (see Definition 2.3).

Let o(8) = A&971 — yg9~! for £ > 0 and with y > 0 and & > g as postulated by
hypothesis H(ii). Since 6 > ¢, we see that 6(§) — —o0 as & — +o00. So, for & > M
(M > 0 as in H(ii)) large, we have o (§) < 0; hence

21— yg?t <0
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14 T. Cardinali et al.

so, by H(ii), we get

A9 — £(z,6) <0, foraa.z € Q.

Therefore, u = £ is a strict upper solution for problem (P);.
By taking £ > M even bigger if necessary, we may also assume that # = & > ||if||co-
Consider ¢, : W,,1 "P(2) — IR the Euler functional for problem (P); defined by

1 1 A
on(u) = ;||Du||£ + ;/ﬂ|u|” dz — ;||u+||3 +/F(z,u) dz, forallu € W,"7 ().
Q

Evidently, ¢; € C'( W,:’p (£2)), it is sequentially weakly lower semicontinuous and clearly
coercive on the order interval [it, u] = {u € W,:’p(Q) s u(z) <u(z) <u(z)ae.in Q}. So,
by the Weierstrass theorem, we can find ug € W,l1 "7 () such that

@1 (uo) = inf{ey (u) : u € [u,ul}. (36)

Forany y € [it, u], let s(t) = ¢, (ty + (1 — Dug), t € [0, 1]. From (36), we have 0 < s'(0),
from which

0= (A(uo),y—uo)+/,3M(])Fl(y—uo)dz—)»/ugil(y—Mo)dz
Q

Q
+ / f(z,u0)(y — uo) dz. (37
Q
Leth € W,:’P(Q) and § > 0. We define
i(z) , 7 € {ug + 8h < it}
v(2) = uo(z) +8h(z) , z € (i <uo+8h < u}
u(z) , z €{u < ug+8hy.

Then, y € [u, u] and so it can be used as a test function in (37). We obtain

0< 5/||Duo||P*2(Duo, Dh) gn dz+8/ﬁug‘1hdz—x5/ug‘lhdz
Q Q Q

+ S/f(z,uo)hdz + / | Dii||P~%(Da, D(it — ug — 8h)) gy dz
Q {uo+sh=<it}

—+ / B’ (i — ug — Sh)ydz — A / 197 (i — ug — 8h) dz

{uo+5h<ii} {uo+oh<ii}
+ / f(z, i) (@ — ug — 8h)dz — / BitP~ (uo + 8h — it) dz
{ug+38h<ii} {u=<uo+éh}
+ A / 19" g + 8h — 1) dz — / f(z, i) (uo + 8h — i) dz
{it<ug+8h} {iu<uo+3sh}
+ A / @11 —ug_l)(ﬁ — up — 8h) dz
{uo+sh=it)
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- / (f (z,u) = f(z,u0)) (@t — ug — 8h) dz

{up+8h<it}
- / @' —ul Yo + 8h — ) dz
{a<uo+5h)
+ / (f (o) — f(zu0)) o+ 5h — i) dz
(a<uo+5h)

- / (| Duo||P =% Dug — || Dii||"~% Dit, Dug — Dii) g dz
{up+38h<u}
- [ e - e - na:
{up+38h<u}
-5 / (| Dug||”~2Dug — || Dii||"~2Dit, Dh) gv dz
{uo+38h=<ii}
-4 / Bl — i YHndz — / | Duo||” dz
{up+sh<u} {u<uo+déh}
o —1 _
+ / BP! —ug Y(ug — i) dz
{iu<uo+38h}
— 8 / | Duo||”~(Dug, Dh) gw dz + 8 / B —ul ™" dz,

{it<uo+8h} {i<ug+8h}
(38)

Since i € int C is a (strict) lower solution for problem (P);, we have

/ | Dii|”~2(Dii, D(ii — ug — 8h)) gw dz + / B~ (@i — ug — 8h) dz
{uo+8h<ii} {uo+8h<ii)
—A / iY@ — ug — Sh)dz + / f(z, @)@ —ug — 8h)ydz < 0. (39)

{up+sh<u} {up+sh<u}

Similarly, since u = & € int C is a (strict) upper solution for problem (P);, we have

- / B’ (uo + 8h — i) dz + A / 19 (g + 8h — ) dz

{u<uo+éh} (i <uo+8h}
- / f(z, u)(up +8h —i)dz < 0. (40)
{i<uo+5h)
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16 T. Cardinali et al.

Recall that the map ¢ — ||¢[|”?72¢, ¢ € IRY, is monotone. Hence,

/ (| Duol|P~2 Dug — || Dii||P~2 Dit, Dug — Dii) g dz
{up+dsh=<iu}
/ Bl ™ — i (up —it)dz > 0. (41)
{up+3sh=<iu}

Since ug € [i, u], we have

BaP~" —ul ™ —ug)dz = 0; 42)
{u<uo+é8h}
moreover, also using hypothesis H(i), we get
A / @0 = ud ™G — uo — 8h) dz
{up+dh<u}
- / (f(z, i) — f(z,up)(@ —ug —8h)dz < —c36 / hdz (43)
{up+sh<u} {up+Sh<u<up}
for some ¢3 > 0 (recall that 2(z) < O a.e. on {ug + 8h < u}), and
—g—1 g—1 —
A / @' —ugy Y(uo +8h —it)dz
{i1<uo+8h}
- / (f(z,u) — f(z,u0)) (o +8h —u)dz < ca 6 / hdz (44)
{u<uo+Sh} {ug<u<uog+3Sh}

for some ¢4 > 0 (recall that 2(z) > 0 a.e. on {u < ug + 8h}).
We return to (38), use (39)—(44) and divide with § > 0. Then,

0 </||Du0||p 2(Dug, Dh) g dz+/ﬁu” lhdz—x/ug”hdw/f(z,uo)hdz
Q Q Q

—c3 / hdz + ca / hdz

{uo+8h<ui<uo} {uo<u<uo+éh}

- / (I Duo||”~> Dug — || Ditl|"~> Dii, Dh) g dz

{up+sh<u}
/ Bl —aP~Mhdz
{uo-+8h<ii}
- / | Duo||”~2(Dug, Dh) g dz + / B —ul Yndz.  (45)
{i1<uo+38h) {i1<uo+8h}

Note that

{uo + 8h < ii < ug}|ly — Oand |[{ug < it <ug~+8h}|y — 0ass — 0OF.

@ Springer



Bifurcation phenomena for nonlinear superdiffusive Neumann equations of logistic type 17

Also from Stampacchia’s theorem (see, for example, [8] pp. 195-196), we know that
Duo(z) = Du(z) a.e. on {ug = u} and Dugp(z) = 0 a.e. on {ug = u}
(recall thatu = & > 0).
So, if in (45) we pass to the limit as § — 0T and recall that ug € [i, i], we obtain
0 < (A(ug), h) +/,3ug‘1h dz — A/ug_]hdz + / f(z, up)h dz. (46)
Q Q Q
Since h € W,,]’p (2) is arbitrary, from (46), we infer that
Auo) + puf ™" = 2™ = Nwo)
then (see [20])

—Apup(z) + B@uo(@)P ™" = rup(2)? " = f(z, up(z)) ae.inQ, % =0on Jf2.

Therefore, ug € int C4 (nonlinear regularity theory) is a solution of (P),.

Let n € (O, ming ﬁ) (recall that 1 € intCy). Also, let r = |lit]loo + 1, 1 = [As, L + 1]
and n = n(r, I) > 0 is the constant postulated by hypothesis H(iv). For § € (0, i) we set
us = uo — 8. Evidently, us € int C. For a.a. z € 2, we have

—Apus(2) + B@us(@P !+ nus2)’ " = —Apuo(2) + B(Dug ()P
+nuo(2)" " = p(8)
with p(8) — 07 as 8§ — OT. Since ug € int C is a solution of (P);, the previous becomes
—Apus(2) + B@us ()" 4+ nus2)? " = huo(2)? 7! — f(z, u0(2)) + nuo)" ! — p(8);
now, by H(iv) and since & € int C solves (P);, we have
—8pus(2) + B@us@" ™ +nus@) T 2 i@ = £ @ d@) + i@ = o)
> —pi = p@) +Ai()? " = f(zii(2) + i) !
==l = p) — Apii(z) + B + ni()? ! 47)

(recall A < A).
We choose 6 € (0, 1) small such that for § € (0, §], we have

p(d) < (A — A"
Using this in (47), for § € (0, 3], we obtain
Alus) + Bul ™"+~ = AG@) + paP ™ + i in W, T (). (48)

Fixed § € (0, 3], acting on (48) with (it — us)™ € W,:'p(Q), we obtain

/ (I Dus||”~2Dus — || Dii||P~> Dii, Dii — Dus) pndz

{i>us}
+ / B! ™ — Py — us)dz + 1 / @i~ — @YY@ — us)dz > 0.
{tt>us} {>us}

(49)
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18 T. Cardinali et al.

The strict monotonicity of ¢ — [||°2¢, ¢ € RV, for all ¢ > 1 and (49) imply
{ > us}|y = 0, from which

u<ugs, i.e.ug—u €intCy. (50)
Next let us = ug + 6, § € (0, r]. Then, for a.a. z € 2, we have
—Apus(2) + B@us ()P 4+ nus ()’ =—Apuo (@) + B(@uo()? ! +nuo) ! + H(8)

with p(8) — 0% as § — O7. Since ug € int C is a solution of (P); and by recalling that
u=£&=>M, ug < u and H(iv), we can deduce the following estimate

—Apus(2) + B@us)? " + nus()? " = ruo ()17 — f(z,u0(2)) + nuo)? ' + 5(8)
< A&V~ f(z, &) + g% 4 5(8).

Recall that A£97! — f(z, &) < 28971 — b1 < Ofora.a. z € Q2 (see the first part of the
proof). Since 5(8) — 0tass — 0%, wecanfind§y > Osuchthat A&7~ —p =14 5(8) <0
forall § € (0, &g], so

AT — f(z,6)+ p(8) <0, foraa z € Qandall § € (0, ).
Therefore,
—Apu(s(z)+f3(z)z45(z)”_1 +nus(z)? ' < B)EP " +ng?!, fora.a. zeQ and all § € (0, 8],
hence
Aus) + Bul ™ 4 qul ™! < AE) + BEP +0g% in W, P(Q), forall s € (0,8]. (51)
Acting on (51) with (us — &)* € W,,l’p(Q) as before, we obtain
us <&, ie.u —up €intCy. (52)

From (50) and (52), it follows that u is a local C,ll (Q)-minimizer of ¢y . Invoking Propo-

sition 2.4 it follows that u¢ is a local W,L1 "7 (Q)-minimizer of ;.
By virtue of hypothesis H(ii), we have F(z,x) > 0 for a.a. z € Q and all x > 0. So, for
allu € W,} "7 (), we have that there exist £ > 0 and ¢s5 > 0 such that (see Lemma 3.1)

0

§o A A
o) = Zlull? = =Nl = Zllull” — =csllul?.
P P q

Since ¢ > p, we can find 5e (0, 1) small such that
@1(u) > 0 = ¢,(0), forall 0 < [lul <3,

then u = 0 is a strict local minimizer of ¢,.
Without any loss of generality, we may assume that

©:.(0) =0 < @5 (uo) (53)

(the reasoning is similar if @, (#p) < 0 = ¢, (0)). We may assume that u¢ is an isolated crit-
ical point of ¢, . Indeed, otherwise we have a whole sequence of distinct positive solutions
of (P), and so we have done. Then, as in the proof of Proposition 29 of [1], we can find
p € (0, 1) small such that ||ug|| > p and

@1.(uo) < inf ;. () = llu —uoll = pl =1} . (54
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Let Eg = {0, uo}, E = [0, up]l and D = 0B,(ug) = {u € W,,l’p(Q) Clu — uoll = p}.
Clearly the pair {Eg, E} is linking with D in W,,l P () (see Definition 2.1). Moreover, since
0 > q (see H(ii)), we see that ¢, is coercive. Therefore, it satisfies the P S-condition. Hence,
we can apply Theorem 2.1 and obtain & € W,:’p (€2) such that (see (53) and (54))

@1(0) = 0 < @a(uo) < nf, < @a(it) (55)
and
(1) = 0. (56)
From (55), we see that iz ¢ {0, ug} and from (56)
A@) + Bla)P 20 = a@HT = N@). (57)
As before acting on (57) with —i~ € Wnl’p(Q), we obtainiz > 0, u # 0. So
A@) + g~ =@~ — N @)

which implies

A ~ -1 ~ —1 ~ . Bu
—Api(z) + BRI =ri(2)?7 — f(z,i4(2)) ae.in Q, o =0o0ndQ,

therefore 2 € C4 \ {0} (nonlinear regularity) solves (P);.
Moreover, as before using hypothesis H(iv) and the nonlinear maximum principle of [25],
we conclude that & € intCy. ]

Next, we examine the critical case A = A,.

Proposition 3.5 If hypotheses H hold and B € L*°(2)4, B # 0, then problem (P),,, has at
least one positive solution.

Proof Let {A;}n>1 S (A«, +00) be a decreasing sequence such that A, — Ay, asn — oo.
From the proof of Proposition 3.4, we know that for every 1,, we can find a solution u, €

intCy of (P);,, such that {u,},>1 C Wnl’p(Q) is bounded (in fact we have u,, < it where
i = & with £ > M large such that 119! — y£9~1 < 0, recall & > ¢). Then, by virtue of
Theorem 2 of [15] (see also [13], Proposition 5), we can find © € (0, 1) and M4 > 0 such
that

u, € CH(Q) and litnll c1e gy < Ma, foralln = 1.
Exploiting the compact embedding of C,"* (%) into C 1(Q), we may assume that

Uy — Uy in CH(Q).

Evidently, u, € Cy. If u, = 0, then introducing y, = n > 1 and reasoning as in the

Up
y . N luall* =
proof of Proposition 3.3, via hypothesis H(iii), we reach a contradiction. So, u, 7# 0 and

-1 -1
Als) + Bul™ = hgul™ = N(u),
which implies

—Apuy(z) + B@Dus(@)P N = hus (@) — F(z, ux(2)) ace. in Q, 33% =0on d.

As before, via H(iv) and [25] we have u,. € int C and of course solves (P);, . m]
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Summarizing we have the following bifurcation-type result for our superdiffusive nonlin-

ear p-logistic equation.

Theorem 3.1 If hypotheses H hold and B € L™ (Q2)+, B # 0, then there exists L > 0 such
that

(@) for A € (0, Ay) problem (P); has no positive solution;
(b) for A = Ay problem (P), has at least one positive solution;
(c) for A > iy problem (P), has at least two positive solutions.
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