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Abstract For a general class of second-order elliptic boundary value problems in the
lower half-plane, we show that the existence and uniqueness of solutions in L” Sobolev
spaces is reduced to the invertibility of the ordinary differential operators obtained by Fou-
rier decomposition. This terminology refers to the partial Fourier series expansion in the case
of horizontally periodic solutions and to the partial Fourier transform otherwise. The problem
is straightforward when p = 2 and, in the periodic case, the same question on a strip with
finite width can also be quickly settled by indirect arguments irrespective of p € (1, 00).
However, in the half-plane, the infinite depth raises serious difficulties when p # 2. These
difficulties are overcome by writing the problem as a first-order system and using existing
abstract results about operator valued Fourier multipliers. In that approach, the randomized
boundedness of the resolvent becomes the central issue.
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Fourier transform - r-boundedness
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1 Introduction

The goal of this paper is to show that for a general class of second-order linear elliptic bound-
ary value problems on the lower half-plane R x R_ with generic variable (x, y), the existence
and uniqueness of solutions in L? Sobolev spaces, p € (1, 00), can be reduced to the same
question for the collection of ODEs obtained by Fourier decomposition (Fourier series for
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1116 P. J. Rabier

solutions periodic in x, Fourier transform otherwise). While mostly routine when p = 2,
the problem is delicate when p # 2. For expository purposes, the main focus will be on the
27 -periodic case.

Consider the homogeneous boundary value problem

{ Pu = tyx + 2b(Y)ttyy + c(Nityy + a(Mux + By +y(Vu = g, (L

uy +6u=0o0nR x {0},

That the coefficient of u,, is 1 is just a convenient normalization, which can always be
achieved after factoring the coefficient of u,,. The other coefficients are complex valued and
0 eC.

If g and u in (1.1) are 2z -periodic in x and if g € L?((0,27) x R_) for some p €
(1, 00), the Fourier series approach consists in expanding g(x, y) = > ;7 e ikx gk (y) with
gk € L? := LP(R_)and looking for solutions u(x, y) = ZkeZ e_ik"uk(y). Then, formally
at least, the problem amounts to solving Pru; = gr where

Pew := c(nw” + (B(y) — 2ikb()w’ + (v (y) — k> — ika(y))w, (1.2)

with boundary condition u} (0) 4+ 6uy(0) = 0. Here and throughout the paper, the “prime”
refers to y-differentiation.
For consistency, the solutions u should be sought in the space

((0,27) x R_) := {u € W>P((0,27) x R_) : uy + 6u =0
on (0,27) x {0}, u(0,) =u@n,-), ux(0,)=u,Qm, )} (1.3)

(9) per

and the solutions uy of Pruy = gi in the space

W2P = (w e WP : w/'(0) + 6w(0) = 0}, (1.4)

©)—

where W™? := W™ P(R_) for every m € N. All these function spaces consist of complex-
valued functions.

The periodic boundary conditions incorporated in (1.3) ensure that the extension of u €

W(Zg')’jpe,_((o, 27) x R_) by periodicity is in [,y W?2P((—n, n) x R_) and that the 27 -peri-

odic solutions u of (1.1) in the space ﬂneN W2P((—n,n) x R_) are exactly the solutions of

Pu = g in W(e) » o ((0,2) x R_), extended by periodicity.

The question is whether the unique solvability of Pu = g in W( ((0,2m) x R-)
P

is equivalent to the unique solvability of Piuy = gk in W(e)— for all k € Z. This is quite
reminiscent of the question raised in the elementary treatment of evolution problems by sep-
aration of variables, but the functional setting raises the difficulty to a different level and it
seems that it can only be resolved with the help of fairly recent concepts and developments.

When p = 2, basic Hilbert space theory shows that the answer is positive provided
that the norm of Pk_1 in £(L?, WE*Z) is uniformly bounded by a constant independent of
k € Z. The existence of such a constant is not necessarily a trivial technical matter—it is not
known without assumptions about the behavior of the coefficients of 3 at infinity—but it is
conceptually straightforward.

The real challenge arises when p 7 2, for then the convergence of D, ., e ur(y) in
W2P((0,27) x R_) must depend upon more than the uniform boundedness of the norm of
P,:1 . This is true even when the coefficients are constant. Indeed, already in the much simpler
scalar case (when the uy are just complex numbers), the Fourier series of an L? function is

0),per

ikx
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Fourier decomposition of elliptic problems 1117

generally not unconditionally convergent in L” when p # 2, that is, the control of the size
of the Fourier coefficients alone does not suffice to assess L” convergence.

The exact condition that should be required of P,:l will be identified later on. For the time
being, we sketch a simple indirect procedure when the half-plane is replaced by a strip with
finite width: The domain is then a rectangle and the classical a priori estimates and the com-
pactness of the Sobolev embeddings show that 3 is semi-Fredholm with finite dimensional
null space (due to the periodicity in x of the solutions, the corners of the rectangle are not an
obstacle with the estimates). That its index is O can next be seen by using homotopy invari-
ance and a direct calculation in a simpler special case. In a different context, this procedure
is described in the appendix of Simpson and Spector [25]. Irrespective of p € (1, 00), it is
easily seen that the null space of % is trivial if and only if the null space of Py is trivial for
every k. Since Py is also Fredholm of index O (ordinary differential operator on a bounded
interval), this proves that the invertibility of 98 is equivalent to the invertibility of all the Pj.

The above method does not work in a half-space because the domain remains unbounded
after attention is confined to an interval of length 27 in the x direction, so that the embeddings
are not compact. As a result, the a priori estimates do not imply the semi-Fredholmness of

B, let alone its Fredholmness of index 0. The same statement is even true for the Py. Thus,
the unique solvability does not follow from the triviality of the null space and the argument
breaks down.

We now state our main result (Theorem 1.1 below) and explain our approach. We shall say
that the coefficients of B are asymptotically periodic if there are periodic functions by, . .., y¢
with the same period L such that limy o [b(y) — bg(¥)| = --- = limy, _ [¥(y) —
v:(»)| = 0. If so and if the coefficients of %} are continuous on R_, their uniform continuity
is equivalent to the continuity of by, ..., ;.

Theorem 1.1 Suppose that B in (1.1) is uniformly and properly elliptic with bounded uni-
Sformly continuous and asymptotically periodic coefficients. Let p € (1, 00) be given. Then,

B is an isomorphism of W(ze’fp”((o, 2m) x R_) onto LP((0, 27) x R_) if and only if Py is

an isomorphism of W(ze')p_ onto L? for every k € Z.

The subsequent comments help clarify the exact nature of the hypotheses made in Theo-
rem 1.1. First, since a bounded uniformly continuous function on R_ has a unique bounded
uniformly continuous extension to R_, the boundedness and uniform continuity of the coef-
ficients hold in R_ and R_ simultaneously. Next, the uniform ellipticity condition means
that

&7 4 2b()E1Er + c(0)EF| > v(EE + £D),

for some constant v > 0, every y € R_ (or, equivalently, y € R_) and every £ = (£1, &) €
R2. Note that the strong ellipticity of 9 is not assumed (variational arguments are nowhere
involved).

The usual formulation of the proper ellipticity of 98 is that it is elliptic and that, for every
y € R_ and every pair of linearly independent vectors § = (§1, &) and &' = (&1, &) in R2,
the polynomial of the variable T € C

(&1 + TED? +2b() (&1 + TE)(E + TEY) + c(V) (B2 + T8,

has exactly one root with (necessarily strictly) positive imaginary part, so that the other root
has strictly negative imaginary part.

Traditionally, proper ellipticity is only involved in connection with the boundary con-
ditions, which turns out to justify this rather convoluted definition. However, it is readily
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1118 P. J. Rabier

checked that, assuming ellipticity, the above root condition is equivalent to the requirement
that the polynomial of the variable A € C

c(HA +2b(MA + 1,

has exactly one root with strictly positive (negative) imaginary part. Since R_ is connected
and ellipticity rules out real roots, it suffices to check this property at a single point y € R.
This much simpler root condition is crucial to the arguments of this paper. In other words,
for once, proper ellipticity is not merely needed for the treatment of the boundary conditions.

Lastly, it should also be stressed that the periodicity (in y) of the limiting coefficients has
nothing to do with the periodicity (in x) of the solutions and that it is merely a coincidental
technical limitation. This will be explained further below.

A special case of Theorem 1.1 arises when the coefficients are real and asymptotically
constant, thatis, by, ..., y; are real constant functions b_«, . . ., Y—co. This is often relevant
in problems on unbounded domains. If so, Theorem 1.1 takes a simpler form (Theorem 6.1)
and an even simpler one when the coefficients are real and constant (Theorem 4.3). When
the coefficients and 6 are real, unique solvability for complex valued u and g is equivalent
to unique solvability when they are real valued, so that Theorem 1.1 and its variants are
applicable to both settings.

Our strategy will be to view Pu = g as an evolution problem, with x playing the role of
the time variable. In this perspective, the new variable v := u, is introduced and Pu = g
becomes the first-order system (details in Sect. 2)

£0)=0)-()

where
0 -1
o= ( o ) (16)
and P and Q are the differential operators on R_ given by
P ()d2+/3()d+() 1.7
=c(y)— — , .
e g, Tro
d
0= 2b(y)d— +a(y). (1.8)
y

For abstract first-order operators, the following theorem of Arendt and Bu [1, Theorem 2.3]
(rephrased) gives a necessary and sufficient condition for solvability in spaces of periodic
functions. It has already been used in various applications (integro-differential equations,
delayed equations, etc.) albeit with a more apparent evolutionary nature than the elliptic
problem of this paper.

Theorem 1.2 Let X be a (complex) UMD Banach space. If p € (1, 00), set
W,i’gf(O, 27; X) = {w € W'P(0,27; X) : w(0) = w(2m)} (1.9)

and let A be a closed unbounded linear operator on X with domain W, equipped with the
graph norm. Then, the operator dd—x + A is an isomorphism of L? (0, 27t; W)N W;’ef 0,2m; X)
onto L?(0, 27r; X) ifand only if (A—ikI)~" € L(X) exists for every k € Z and the sequence
(k(A — ikI)™YYez is r-bounded in L(X).

Several comments are in order. First, A need not generate a semigroup and indeed the
hypotheses are unchanged if A is replaced by — A. This (correctly) suggests that Theorem 1.2
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Fourier decomposition of elliptic problems 1119

does not implicitly contain any preferred direction of evolution, in sharp contrast with what
is well known for initial value problems.

Next, recall that X is a UMD Banach space if the Hilbert transform is a bounded operator
on L9(R, X) for some (and then, as it turns out, every) ¢ € (1, co). This is important, but
not an issue here since all the reflexive L? spaces, along with their closed subspaces (and
hence all the reflexive Sobolev spaces and their closed subspaces) are UMD [4,5,13].

In contrast, the -boundedness, shorthand for “randomized boundedness” (or “Rademach-
er boundedness™) will be our main focus. It is a concept of boundedness for sets of bounded
linear operators on Banach spaces, more restrictive than norm-boundedness, except in the
Hilbert space case. It is typically much more difficult to check than norm-boundedness, but a
necessary condition in Theorem 1.2. For convenience, the main properties of r-boundedness
are collected in a short appendix.

There are related results in the literature that directly address the periodic solutions of

abstract second-order operators (%22 + Q% + P. See [1] when Q = 0 or [18] when both P
and Q are closed operators on the space X. In general, these results cannot be used with (1.1).
For example, Q in (1.8) with (natural) domain Wl’p is not a closed operator on X = L? if
b vanishes at some point of R_.

Theorem 1.1 will follow from Theorem 1.2 with the choice

Xi=WPx 1P we=wel x wh?, (1.10)

and A = 2 in (1.6). This is explained in the next section. The remainder of the paper is
devoted to the proof of Theorem 1.1 and some of its variants.

The case when the coefficients are constant is treated in Sect. 3 when & = 0 (Neumann
boundary condition) and in Sect. 4 in general. In both these sections, we rely on explicit
formulas for solutions and estimates from harmonic analysis, in the spirit of Denk et al. [11],
where the r-boundedness of resolvents of elliptic systems is discussed. Since 2l is not (at all)
an elliptic system, the results of [11] are not applicable.

The next step is to prove Theorem 1.1 when the coefficients are periodic, which is done in
Sect. 5, by using the estimates when the coefficients are constant together with a partition of
unity on R_. In addition to the -boundedness issues, there are technical difficulties related to
the partition of unity, because it is crucial that the cut-off functions have uniformly bounded
derivatives. The periodicity of the coefficients makes it possible to obtain such cut-off func-
tions from a partition of unity on the circle and this is in fact the only reason why their
periodicity is assumed. As a result, Theorem 1.1 is clearly true in a much broader setting, but
finding alternative conditions as easily verifiable as the periodicity of the coefficients seems
to be a rather tricky exercise.

The final step of the proof of Theorem 1.1, when the coefficients are asymptotically peri-
odic, is given in Sect. 6, based on the results when the coefficients are periodic and with
another, more standard, partition of unity.

As we shall see, the unique solvability of fu = g is equivalent to the existence of an
inverse Ry (actually, R,f to keep track of the 6-dependence) of Py for every k € Z, together
with the r-boundedness of the sequences (k2 Ri)ez and (k Ry)xeyz in various function spaces.
Thus, when p # 2, r-boundedness rather than mere norm-boundedness is the correct and
necessary condition to verify. The two concepts coincide when (and only when) p = 2,
which explains why norm estimates suffice in this case.

Theorem 1.1 remains true for a Dirichlet boundary condition. It also has a direct im-
pact on the unique solvability property when the boundary conditions are not homogeneous
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(Sect. 6.3). By a simple change of variable, this can be extended to the more general boundary
operator Vu - N + Ou when N = (i, 1) is nontangential (Remark 6.3).

The nonperiodic problem (1.1) is discussed in Sect. 7. The question now is to relate the
invertibility of ‘B on a suitable space W(ZG’)IJ (R x R_) that does not incorporate periodicity

in x [see (7.1)] to the invertibility of P¢ on W(ze’)p_ for every £ € R, where P is obtained
from (1.2) by replacing k by &. Naturally, P arises, at least formally, from taking the Fourier
transform of (1.1) in the x direction. The arguments are almost exactly the same, provided that
Theorem 1.2 is replaced by an appropriate and already known substitute. Because the proof
of the otherwise simple Lemma 2.4 does not go through in that setting, a notable difference
is that the criterion obtained is only sufficient (Theorem 7.2). However, this is arguably the
more useful part in the applications.

Notation As is customary, if € is an open subset of R”, the norm of the Sobolev space
W5P(Q) (s € R,1 < p < 00) is denoted by || - ||s,p,@. In particular, for consistency,
[| - lo,p,c is the norm of L7 (2).

2 An equivalent first-order system

This section gives further details about the reformulation of the problem as a first-order
system and discusses related technical issues. The hypotheses of Theorem 1.1 are retained.
We begin with the remark that L? (0, 27; L”) is isometrically isomorphic to L ((0, 277) x
R_) in the natural way, that is, by identifying u € L? (0, 27r; L”) with the complex-valued
functionu(x, y) := u(x)(y). A proof] can be found in Benedek and Panzone [3, pp. 318-319].
It follows from this identification and from the definitions of the derivatives of scalar- and vec-
tor-valued distributions [22] thatif u € W7 ((0, 27r), L), the function of L? ((0, 27r) x R_)

corresponding to % € LP(0,2m; L") is just the partial derivative u,. Likewise, if u €

LP(0,2m; W ‘P, then uy, corresponds to the derivative gz € LP(0,2m; L?). The repeti-

tion of these remarks makes it possible to give vector-valued characterizations of Sobolev
spaces over (0, 2) x R_. For example,

W2P((0,27) x R_) = LP(0, 2r; W>Py n WhP (0, 27r; WhPy n w2P (0, 27: LP).

The space W(ze’)p » o ((0,27) x R_) in (1.3) can also be characterized in terms of vector-

5 e ((0,27) x R_) if and only if> u € LP(0,2; Wel)n

Wyt (0.27: W) and & e w,ie’,’(o 2m; L") [see (1.4) and (1.9)]. Since ¢ e

LP(0,27; W' P) (because u e Wp 2 ((0, 27; WP)), the latter condition is equivalent to

gz LP(0,27; WPy N Wk (0, 275 LP). This yields

valued spaces. First, u € W(

u (e)per((O 27) x R_) &

(du ) € L2, 2 Wil x WEP)y w0, 2 WhP x L), @)
dx

1 Although this is mostly Fubini’s theorem, measurability issues are not entirely trivial.

2 Minor technicalities are involved in checking the equivalence of the periodicity/boundary conditions. For
brevity, the verification is left to the reader.
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Fourier decomposition of elliptic problems 1121

This makes it obvious that solving Pu = g for u € W(a) per((O 27) x R_) and g €
LP((0,2m) x R_) is equivalent to solving (1.5) for (u,v) € L?(0, 2x; W(g) X Wi’p) N

per(O 27 WhP % LP). More is true:

Lemma 2.1 [fthe operator dd—x—i—Ql with A from (1.6) is an isomorphism of LP (0, 27 ; W(zé)p_ X
1’p) N W;;‘;(O, 2m; Wl’p x L?) onto L?(0, 27; Wi’p x LP), then B is an isomorphism

of W(e) per((O, 2m) x R_) onto LP((0,2m) x R_).

2,
Proof By (2.1), (u v) € ker (4 +2) ifandonly if v = d Ju € Wit L, ((0,2m) xR_) and
Pu=0, so that < 7; T2 and %3 are simultaneously one to one. Also PBisonto LP((0, 2r) xR_)

as soon as j—x + 2( is surjective, for then a solution u € W (9) per((O 2r) x R_) to Pu =
g € LP((0,2m) x R_) = LP(0, 2m; L) is obtained by solving (1.5) for (u, v). m]

The converse of Lemma 2.1 is true, but not trivial, for the invertibility of 3 does not imply
that % +2is onto L”(0, 27; Wl’p x L”) in any obvious way: Only that its range contains
the dense subspace (LI’(O, 27 Wl’p) N W,l,;‘;) 0, 27, Lf)) x LP(0,2m; L"). Actually, the
converse of Lemma 2.1 follows from the necessity of the criterion of Theorem 1.1—proved in
Lemma 2.4 below—because this criterion suffices to use Theorem 1.2 with A = 2(. However,
most of the proof of Theorem 1.1 consists precisely in justifying the latter claim.

In Theorem 1.2, the operator A must be closed. When A = %, this issue is resolved in:

Lemma 2.2 (i) The operator P in (1.7) is a closed operator on L? with domain W(e)p

(i) The operatorin (1.6)is a closed operator on Wi x LY with domain W(Q) X Wi P,
Proof First, (i) = (ii) by (1.6), (1.7) and (1.8). To prove (i), it suffices to find a constant
M > 0 such that [|wl|2,p r_ < M(||Pwl|lo,p,r_ + lwllo,p,r_) for every w € WE’F. Since
|c] is bounded away from 0 (by the uniform ellipticity of ¥ in Theorem 1.1), this follows at
once from w” = % Pw+ Lw where L is a first-order differential operator with bounded con-
tinuous coefficients, together with the well-known inequality (see [14, p. 26] for comments
and references)

2,
llw'llo.p.r_ < ellw”llo,p.r_ + Kellwllo,pr_,  VYwe W27,

where ¢ > 0 is arbitrary and K, > 0 is a suitable constant. O

It follows from Theorem 1.2 and Lemmas 2.1 and 2.2 that ‘B is invertible if the resolvent
@ —ik)~ e ZZ(W x L) exists for every k € 7 and the sequence (k( —ikl)™ Diez is

r-bounded. Our next task will be to rephrase these two conditions. In this aim, we introduce
the sequence of differential operators Py defined by

Py:=P —ikQ — k2, (2.2)

which are just the operators Py of (1.2). We shall view Py as an unbounded operator on L”
with domain W(ze’)p_ and set

R} =P " e L), (2.3)

whenever Py is invertible. By the argument of the proof of part (i) of Lemma 2.2, Py is a
closed operator on L” . As a result, it is invertible if and only if it is a linear isomorphism of

W(zg)p onto L” (since the graph norm on W(ze')p_ is equivalent to the WE”’ norm).
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Lemma 2.3 Foreveryk € Z, the operator A — ikl is invertible if and only if Py is invertible.
If so,

RY(Q —ik) RY ) 2.4)

— 7 71:
@ —ikD) (—PR,f+ik[Q,R,f] —ikR?

where [Q, R!] := QRY — RY Q. Furthermore, (kU —ikl)™V ez, is r-bounded in LW x
L") if and only if (k*R)rez is r-bounded in L(L”) and in LWEPY and (kR)rez is r-
bounded in L(L”, WP and in (WP, W>P).

Proof That 2 — ikl and Py are simultaneously invertible is trivial and both (2.4) and the
sufficiency of the condition for the r-boundedness of k(2 — ikI)~! follow from a routine
verification [ Py R,f = I must be used in the form sz,‘f = PR,f —1— ikQRf to verify (2.4)].

The necessity of the condition for r-boundedness can be seen as follows. First, if k(2 —
ikI)~" is r-bounded in £L(W'” x L"), then its restrictions to {0} x L” and W'? x {0} are
r-bounded, which implies that kR is -bounded in £(L”, W), that k2R{ is r-bounded in
L(L?) and that kR,f (Q —ik) is r-bounded in L‘,(Wi’p ). Since Q is a first-order differential
operator and we just saw that kR? is r-bounded in £(L”, w7y, it follows that K*RY is
r-bounded in E(Wi’p ).

It remains to show that k RY is r-bounded in L(WYP, WP, The r-boundedness of k(A —
ik)~!in ﬁ(Wi’p x L) is equivalent to the r-boundedness of (2( — ikD)~!in E(Wl’P X
L?, W(zg’)p_ x WPy thatis, in (WP x L, W*P x WP since W(zg’)p_ is equipped with

the WE”’ norm. To see this, use (A —ikI)~! = I +ik(A —ikI)~! and notice that, since A

is closed, the graph norm and the product norm are equivalent on the domain W(zé)p ~ X Wl’ b

Thus, the restrictions of (2 — ikI)~! to {0} x L? and to Wl"p x {0} are r-bounded in
LOWP x LP WP x W), The former implies that RY is r-bounded in £(L”, Ww2P) and
the latter that R]f(Q — ik) is r-bounded in ﬁ(Wl’p , WE"’ ). But then R,f Q is r-bounded in

E(Wl’p, WE*”), so that the same thing is true of kR,‘?. O

Remark 2.1 1t is obvious, but important for future purposes, that Lemma 2.3 is still true if
k € Z is replaced by {k € Z : |k| > k} where « is any positive integer.

The necessity part of Theorem 1.1 is essentially trivial:

Lemma 2.4 In Theorem 1.1, assume that 33 is an isomorphism of W(z(,’)’fp”((o, 27) x R_)
onto L?((0,2m) x R_). Then, Py is an isomorphism of W(zg’)p_ onto L? for every k € Z.

Proof If w € ker Py, then e ***w(y) is in ker B, so that w = 0. Next, if f € L”, then

e~ f(y) is in LP((0.27) x R_), so that there is u € W/ ((0.27) x R_) such that
Pu = e *** f(y). Upon multiplying both sides by e’** and integrating, it appears that

w(y) = % fozﬂ u(x, y)e”‘xdx is in W(zg’){ and that Prw = f. ]

Since the necessity was settled in Lemma 2.4, it follows from Lemmas 2.1 and 2.2 and
Theorem 1.2 that Theorem 1.1 is proved if, assuming that Py is invertible (i.e., R,‘f exists)
for every k € Z, so that (20 — ikl)~! exists by Lemma 2.3, it can be shown that (k(2 —
ikI)™Yez is r-bounded. In turn, since finite sets are r-bounded, this amounts to proving
that (k(2A — ikI)_1)|k|ZK is r-bounded if ¥ € N is large enough.
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Fourier decomposition of elliptic problems 1123

When the coefficients are constant, this will be done by showing that (k2R2)|k|ZK is r-
bounded in £(L”) and in L’(Wl’p) and that (kR,f)‘k\Z,( is r-bounded in £(L?, Wl‘p) and in
£(Wl’p, WE’p) (see Lemma 2.3 and Remark 2.1).

3 Constant coefficients: Neumann boundary condition

We now assume that the coefficients b(y), c(y), .. . etc., are constant, and that & = 0. Under
these conditions, following the strategy outlined at the end of the previous section, we prove
the -boundedness of k> R,? and kR,iJ for |k| large enough provided that 3 is properly elliptic.

In the Introduction, we pointed out that the proper ellipticity of ‘P boils down to the
assumption that 93 is elliptic and that cA% 4 2bA + 1 has exactly one root in the upper (lower)

open half-plane. In particular, ¢ # 0 and ¢ — b*> # 0. If (¢ — bz)% denotes either square
root of ¢ — b?, this means that the two numbers ¢~ (—=b + i (c — bz)%) have imaginary parts
of opposite signs. In turn, this amounts to saying that ¢! (:l:(c - bz)% + ib) have nonzero
real parts with opposite signs.
The operator Py in (2.2) is
Pew = cw” + (B = 2ikb)w’ + (y — k* — ika)w (3.1)
and its characteristic polynomial A+ (B —2ikb)A + (y — k% — ika) has roots

—B + 2ikb + [4K2(c — b?) — 4cy + B2 + dik(ca — bB)]?

Ax(k) = , (3.2)
2¢

from which it follows that

lim Kk 'Ap(k) =} (:l:(c Y ib) (3.3)
|k|— o0
and
lim [k~ (k) — A— (k) = 2¢~ (e — bH)? £ 0. (3.4)
|k|—00

From the above introductory remarks, the proper ellipticity implies that the two limits in
the right-hand side of (3.3) have nonzero real parts with opposite signs. As a result, when ||
is large enough, one among A (k) and A_ (k) has positive real part and the other has negative
real part. In addition, which is which depends only upon the sign of k and the choice of
(c — bz)% (but not upon k). From now on, this choice is made so that A (k) (A_(k)) is the
root with positive (negative) real part. This holds for |k| > « with k € NU {0} large enough.
Unless stated otherwise, any future reference to A4 (k) comes with the understanding that
k| > .

Because Re A_(k) < O, the only solutions w € WE*P of Pbw = 0 are the constant
multiples of e*+®Y | so that Py is one to one on W(zo’)p_. Its surjectivity is proved below.

The function ¢~ (A_ (k) — A4 (k)L Ex (y) with

ety iy <0,

E(y) = [ex— b e (3.5)

is a fundamental solution of P;. As a result, the Green’s function Gi(y,z) of Px
on R_ with homogeneous Neumann boundary condition is G (y,z) = c Yo (k) —
M.(k))_1 (Ek(y —2)+ Sze)“+(k)y) , where &, € C is chosen such that ‘)BGV" 0,2) = 0. A
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simple calculation yields &, = —i (k)" 'A_(k)e ™ ®2 As a result, if f € L”, then
ka € W _ is given by

(R,?f)(y) =

1

0
7 ( / LRy (k)
oo —an | E TN dz), 3.6

where f denotes the extension of f by 0.

3.1 r-boundedness of sz,? in £(L?)

By (3.3), (3.4), and (3.6) and the Kahane contraction principle, it is enough to prove that the
sequences f € L? > kE x fe L’ and f € L? kfi)oo e)‘+(k)y_’\*(k)zf(z)dz elL?
are r-bounded for |k| > k.

We begin with the first sequence. Since f € L” + f € LP(R) is continuous, it suffices
to show that (kEy*)x>« is r-bounded on L?(R), that is, that there is a constant C > 0
independent of n € N such that for every |k;j| > x and g; € LP(R),1 < j < n (see the
Appendix),

1 1

n n
> IkjEy, x g1 =c D 1e? ) (3.7)
Jj=1 j=
0,p,R 0,p,R

Furthermore, since finite subsets are r-bounded, it actually suffices to prove (3.7) when
|kj| > «" with &’ > « arbitrarily large.

Choose 0 < p < ’Re (c’l (:I:(c - bz)% + ib))‘ . By (3.3), if |k| > « and «' is large
enough, then ReA_(k) < —plk| < plk] < Reiy(k). As a result, [kEx(y)| < Hy(y)
for every y € R, where H(y) := e *I’l and Ht(y) = tH(ty) for t > 0. In particular,
|kE * g| < Hy * |g| and so Z 1 1k Ex; * gl 2 < Z —1 (Hjg;| * |g/|)2 Since H is even
and decreasing for y > 0, itis known (Steln [24, p. 57]) that

sugl(Ht * gD =< [I1H]Ilo,1,RMg(y), (3.8)
1>

where M, is the Hardy-Littlewood maximal function of g. Thus,
n n
D ki Eiy x gl <4072 D 1My, I, (3.9)
j=1 j=1

On the other hand, since the maximal operator is bounded in L”(R, 2) ([24 p- 51]),

there is a constant C > 0 independent of n such that || (Z —1 Mg, |2) llo,pr <

1
cll (zjzl g |2) ? |lo.p.- Thus, (3.7) follows from (3.9).

It remains to prove that f € LY kfi)oo eM(k)y”\*(k)Zf(z)dz e L” is r-bounded
for |k| > «. This can be written as Tj f where Ty is the operator on LP(R) given
by Trg(y) = ["o xm_(Mke*+®y2-®32yp (2)g(z)dz. It is useful to notice that if
v,z < 0, then Re A4 (k)y — ReA_(k)z < min{Re A, (k)(y — 2), ReA_(k)(y — 2)}. Thus,
if y,z < 0, then |[ke*+®=2-®2| < |kEx(y — 2)| < Hp(y — 2). It follows that
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|xr_ (Wke*+®Y=2-®zyp ()| < Hyjg(y — z) for every y,z € R and large enough |[|.
This implies |Txg| < Hjy * |g| for every g € LP(R), so that the exact same procedure as
above proves the r-boundedness of Tj.

3.2 r-boundedness of kR? in L(L”, WL?)

From the definition of the Wl‘p norm, kR]? is r-bounded in £(L”, Wl’p ) (for |k| > «) if
and only if kR is r-bounded in £(L”) (which follows from 3.1) and k (RY)" is r-bounded
in £(L?). From (3.6),

1

RO / - -
(Ref) O = o —aeo)

0
(E} % P — h(h) / =02 £ (7

By (3.3), (3.4) and (3.5), |E,’<| < C|k|Ex where C > 0 is a constant independent of
k € Z. Thus, by (3.3), (3.4) and the Kahane contraction principle, the ;:boundedness
of k(RY)" in £(L”) is proved if the sequences f € L” +> kEx % f € L” and
fel’ — kf?oo er+®y=2-(z £()dz € L” are r-bounded. Both issues were already
settled in 3.1.

3.3 r-boundedness of kK2RY in L(W! )

Initially, the question is a bit more technical to formulate, so we return to first principles. We

must find a constant C > 0 independent of n such that for |k;| > « and f; € whr 1< Jj =
n,

1 1
1 p P 1 p 4

/er(t)kngfj e <c /er(t)fj ar |
o /=t

o [l/=1 1,p,R_ 1,p.R_

where (7;) jen is the sequence of Rademacher functions. By definition of the Wl’p norm,
this amounts to

n n
> kiR f; + D k(R f)
j=1 LP(O0,)xR_)  I/=1 LP((0,1)xR_)
n n
=c||> rif +(Dorif
J=1 LP(0,)xR_)  II/=] LP((0,1)xR_)

Therefore, it suffices to find a constant C > 0 such that

n n
erkJZ-R/?fj <C erfj (3.10)
j=l LP((0.1)xR_) j=l LP((0.1)xR_)
and that
n n
> ki (RY £ <C|Drif : (.11
J=l LP((0,1)xR_) j=1 LP((0.1)xR_)
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The inequality (3.10) is just the r-boundedness of k2 R,(C) in £(L”) proved in 3.1. A major
simplification in the proof of (3.11) arises from the remark that if f € Wl’p andifw € W(zo’)p_
solves Pyw = f (so that w = RY ), then w’ = (Rgf)/ € Wol;p = Wol’p(R_) solves the
homogeneous Dirichlet problem

Pow' = f',

w’(0) =0,
because the coefficients of P, are constant. Now, since signRe A4 (k) = +£1 if k| > «,
no nontrivial linear combination of e*=®) is in Wol‘_p , whence Py is one to one on W(;’_p .

Therefore, Py is an isomorphism from W27 N Wol;p to L, with inverse S explicitly given
by

0

1
($00) = gy | BP0 — [ W) G2

—0o0

for every g € L” . This implies that if v € Wol’f’ and Pov =g € L? , thenv € w2’ n Wé;p
(elliptic regularity) and v = Sg. In particular, from the above, (R,? f )/ = Si f/ whenever
fe Wl’p and so the desired inequality (3.11) may be rewritten as

n n

> rikiSe, f] <C|> rif]

Jj=1 LP((0,1)xR_) j=1 LP((0,1)xR_)

This is nothing but the r-boundedness of (k2 Sk k| =k I L(L"), which can be proved by the
exact same arguments as in 3.1, just relying on the representation (3.12) instead of (3.6).

Remark 3.1 For use in 3.4 below, note that the result of 3.2 is also true—with the same
proof—when R is replaced by Sk, that is, (kSk) k>« is r-bounded in £(L”, wlpy.
3.4 r-boundedness of kR,? in LI(Wl’p, WE”’)

With the notation of 3.3, the problem is now to find a constant C > 0 independent of n such
that for [k;| > « and f; € whe 1< Jj <n,

n n
> rikiRf + Dk RS

Jj=1 LrO,HxR_) /=1 LP((0,1)xR_)

n
+ D k(R f)
j=1 LP((0,1)xR_)

n n

<C||2rifi +{D ik

Jj=l LP(O0,)xR_)  1I/=1 LP((0,1)xR_)

Since the r-boundedness of k2 R,? in K(Wl‘p ) proved in 3.3 implies that of kR,? in E(Wl’p ),
the sum of the first two terms in the left-hand side above is majorized as required. The only
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remaining question is the existence of C > 0 such that

n
D riki(RLf) <
J=1 LP((0,1)xR_)
n n
clI>ns > . (313)
Jj=1 Lr(O,HxR_) /=1 LP((0,1)xR_)

In 3.3, we noticed that if f € Wl’p, then (R,(()f)’ = S;f’ with S from (3.12). Thus,
’
(RYF;)" = (Scf]) andso

n n

/
erkj(R,?fj)” = qu,‘kj (Skjfj{) <
j=1 LP((0,1)xR_) j=1 LP((0,1)xR_)
n
c|Dorif
J=1 LP((0,1)x R_)

since (kSk)|k|>« is r-bounded in L(L?, Wl’p) (Remark 3.1), which is actually stronger than
(3.13).

3.5 Dirichlet problem

As noted above, 3.1 and 3.2 are still true when R,? is replaced by Si from (3.12) (homoge-
neous Dirichlet problem), but 3.3 and 3.4 fail for S;. For example, it is not difficult to see
that k2Sy is not even bounded in £(Wl’p ), let alone r-bounded.

However, for the Dirichlet problem, 3.3 and 3.4 are not quite the right properties: The
corresponding spaces X and W of Theorem 1.2 are W(}‘_p x L” and (W>P N W(}‘_p ) X wh? ,
respectively. Thus, the analog of Lemma 2.3 requires (k2Si)kez to be r-bounded in £(L?)
andin L(W,"”, W'P) and (kR)yez to be r-bounded in £(L”, WPy andin L(W,7, W2P).
In other words, in 3.3 and 3.4, the source space W should be replaced by the smaller W&;p .
With this modification, the desired r-boundedness properties continue to hold. For example,
ifg e Wol’_p in (3.12), then g(0) = 0, so that g’ = 57’ (extensions by 0), while integration by
parts yields

0 0
1
A (k) y——(K)z _ e ()y—=A—(K)z 7
/e g(2)dz ) /e g (z)dz.
00 —00
Thus,
1 At (k) ’
See) (v) = E. % o _ ot A (R)y—r-(0)z 4/ (g
(Skg) (v) OB = A ) (Ex * g")(y) ) € g (2)dz

—0o0

and hence k2(S;)’ is r-bounded in E(W&’f’, L?) by the arguments of 3.1 while k(Sy)’ is
r-bounded in E(Wol‘_p , Wl’p ) by the arguments of 3.2. Since it is already known that k> Sy
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and kS are r-bounded in £(L”) and £(L?, W'P), respectively, it follows that x2S and
kS are r-bounded in L(Wé;’7 , WPy and E(Wol;p WP, respectively.

4 Constant coefficients: general case

In this section, 6 € C is arbitrary but we continue to assume that the coefficients are constant
and that 8 is properly elliptic. As in the previous section, let « € N U {0} be such that
signRe Ay (k) = =£1 for |k| > «. If so, the operator Py is one to one on W(Ze’)p_ if and only
if the function w(y) = e+ ®y does not satisfy the condition w’(0) + Ow(0) = 0, that is, if
and only if & # —A, (k). Then, the inverse R,‘f of Py exists and

0

/ Oy —A-®z rhdz |, (4.1)

—0o0

~ I N
= o iy | B T

R f
for every f € L”, where Ej is given by (3.5) and fis the extension of f by 0. This is a
minor modification of the formula (3.6) when 6 = 0, and so the arguments of 3.1 and 3.2
can be repeated verbatim to show that (k2 R£)|k|z,( is r-bounded in £(L”) and (kR,f)”dZK
is r-bounded in £(L”, W"”) whenever & # —A, (k) for every [k| > k. At any rate, since
0 # —Xy (k) if |k| is large enough by (3.3), kZR,f and kR,f are always r-bounded in £(L?)
and in £(L?, wh? ), respectively, provided that |k| is large enough. For that reason, it will
be convenient to increase «, by requiring not only that signRe A+ (k) = %1, but also that
0 # —Xiy (k) for |k| > k. With this new definition of «, (szf)sz is r-bounded in £(L")
and (k R,f)|k|2,( is r-bounded in £(L?, Wi’p ) and all the r-boundedness results involving R,?
when |k| > « in the previous section are of course unchanged.

Unlike in Sect. 3, if w € W(Zé)p_ and Pyw = f, then w’ does not solve a simple boundary
value problem when 6 # 0, so that the procedure of 3.3 and 3.4 cannot be repeated to obtain
the r-boundedness of (kZRZ)\kIZK in £(Wl’p) and that of (kRZ)uqu in £(Wl’p, WE’P). We
use another argument.

Given k € Z with |k| > k and v € Wi‘p, set

0
v = 2O gy, 4.2)
Ay (k)
Clearly, Ty € LW P, W>P) ¢ £(W!?) and P;T = 0. Thus, if f € L” and v := R f,
then w := v + 6I';v solves P,w = f and wy(0) = 0. Since R,? exists for |k| > «, this
means

RY = R) — 0T\ RY if |k| > «. (4.3)

Lemma 4.1 The sequence (I'y) k>« is r-bounded in L(Wi’p) and the r-bound of (I'v)jk|>¢
in E(Wl’p) tends to 0 as £ — 0.

Proof Of course, the former property follows from the latter. Since I'y is the composite
of the evaluation v € W” > v(0) € C and of the mapping Ay : C — W” defined

by Ax(2) = ﬁe“(k)y € Wl’p, it suffices to prove that the r-bound of (Ax)k|>¢ in

L(C, Wl’p ) tends to 0 as £ — oo. In turn, this amounts to the similar question for Ay and
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(Ag) in £(C, L”). But since (Ay)" = Ay (k) Ay, it follows from (3.3) and the Kahane con-
traction principle that it suffices to show that the r-bound of (A (k) Ag)k>¢ in L(C, L?)
tends to 0 as £ — oo.

Given n € N, let k; € Z be such that |k;j| > £ and let {; € C,1 < j < n. Then,
Do lggerr @ = 3 g Pe?Re A+ KDY Since limyy 00 Re A4 (k) = 00 by (3.3), it
follows that Re A1 (k;) above is larger than any prescribed A > 0 if £ is large enough. As
a result, Z;:l |§-j|2€2 Rehy(kj)y — o2hy z;l':l I{j |262(Re)‘.+(kj)—)»)y < e2hy Z;:l |§-] |2 since
y < 0. This yields

N—=

1
n § n
_1
> Ihy (k) As; ()1 <077 [ D] 1g?
j=1 j=1
0,p,R_

1
In other words, the r-bound of (A4 (k) Ax)k|>¢ is (proportional to) (pA) 7, so that it can be
made arbitrarily small if A (and hence ¢) is large enough. O

The next lemma proves the remaining two properties needed to establish the validity of
Theorem 1.1 when the coefficients are constant.
Lemma 4.2 The sequences (szZ)\k\ZK and (kRZ)IkIZK are r-bounded in [Z(Wl'p) and in
E(Wl’p s WE*" ), respectively.

Proof We already know that R,f exists if |k| > k, so that, as usual, the r-boundedness needs
to be establish only for |k| > ¢ with £ arbitrarily large. By Lemma 4.1, there is £ > « such
that the -bound M, of (I'y)x|>¢ satisfies |0| M, < %

Let C¢ > 0 denote the r-bound of (k2R?) x> in L(W?), which is finite by 3.3. Let now
F be any finite subset of {k € Z : |k| > £}. Since finite subsets are r-bounded, (k> R,(j)kE Fis
r-bounded in £(W"?). Call Cr > 0 its r-bound.

By (4.3) and the properties of r-bounds, Cr < Cp + |0|M,Cr < C¢ + %CF, so that
Cr < 2Cy. From the definition of 7-boundedness, supr Cr < 2C; is the (finite) r-bound of
(K2R?) ¢ in LWEP).

Next, the r-boundedness of (kR,f)WZ,( in L(Wl’p , WE"’ ) is equivalent to its r-bounded-

ness in K(Wl’p ) plus the r-boundedness of (k (R,f)/) " in E(Wl’p ). The former follows
>k

from the stronger result above that (k2 RZ)WE,( is r-bounded in L(Wl’p ). To prove the latter,
note that (Tyv) = A4 (k)Txv = v(0)e*+ XY by (4.2), so that the differentiation of (4.3)
yields

k(RYY =k (RY) — k~"3 (k)T (K2RY) . @.4)

Since kR is r-bounded in £(W"”, W27) by 3.4, then k (R?)" is r-bounded in L(W"7).
Also, since it was just shown above that kZRZ is r-bounded in L(Wl’p) and since Iy is
r-bounded in L’(Wi’p ) (Lemma 4.1), it follows from (3.3) and the Kahane contraction prin-
ciple that k'3 (k)T (k2R?) is r-bounded in L(WL?). Thus, by (4.4), k (RY)" is indeed
r-bounded in C(Wl’p ). O

From the discussion at the end of Sect. 2, Lemma 4.2 completes the proof of Theorem 1.1
when the coefficients are constant. If they are also real (so that ellipticity and proper ellipticity
coincide), there is a simpler equivalent statement.
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Theorem 4.3 If B is elliptic with constant real coefficients, then B is an isomorphism of
W(zéfper((o, 2m) x R_) onto LP((0,27) x R_) ifand only if y < 0 and 60 # —xy (k) for
every k € 7, where Ay (k) is the unique root with positive real part of the characteristic
polynomial of Py.

Proof Note that ¢ > 0 by ellipticity and that, if 8 # 0 and y > 0, it follows from (3.2)
that the real parts of both roots A+ (0) have the same nonzero sign. This implies at once that
either ker Py # {0} (if B < 0) or that cw] — Bw) + yw, = 0, with boundary condition
w! (0) — (g — 0)w,(0) = 0, has a nonzero exponentially decaying (as y — —o0) solution

Wy € whee @if B > 0). Since fi)oo fws = 0 whenever f € Py (W(Zé)'i) (use integration

by parts), this shows that w, € L? and that w, ¢ Py (W(ze’)p_) . Thus, Py is not invertible if
B # 0and y > 0, and then it is not invertible either when y > 0 and 8 € R is arbitrary. That
0 # —A4 (k) is also needed for Py to be invertible was already noted at the beginning of this
section. Thus, by Theorem 1.1, both y < 0 and 6 # —X (k) for every k are necessary for
B to be invertible.

Conversely, if y < 0, an examination of (3.2) reveals that A (k) have real parts of oppo-
site signs for every k € Z. (To see this, observe that if ¢ € C, then (Re {)2 > Re {2 and let
¢ be the square root of 4k*(c — b*) — 4cy + B2 + 4ik(ca — bB) with nonnegative real part.)
This means that k = 0 in Sect. 3. If, in addition, 8 # —A (k) forevery k € 7Z, then obviously
« need not be increased to ensure the extra condition 8 # —A (k) for |k| > «, so that once
again « = 0. Since the existence of R,f was obtained earlier when |k| > «, it follows that Py,
is invertible for every k € Z and then the invertibility of ‘P follows from Theorem 1.1. O

The results of this section show that the sequence (k(2 — ik/ )_1)‘k|z,( is defined and
r-bounded in ﬁ(Wi’p x L”) when the coefficients are constant, provided that k € N is
large enough. This will be instrumental in the next step, which consists in proving the same
property when the coefficients are periodic.

5 Periodic coefficients

In this section, we retain the hypotheses of Theorem 1.1 and also assume that the coefficients
b(y),...,y(y) of B are periodic. In particular, they are defined for every y € R. With no
loss of generality, we confine attention to the case when the period is 2r. We shall prove that,
once again, the sequence (k(2l — ikl )’1)|k|z,< is defined and r-bounded in E(Wi’p x L?)
provided that « € N is large enough.

In what follows, v(y) := (b(y), ..., y(¥)) € © denotes the vector of coefficients of L
in (1.1). For future use, note that v(R) = v([0, 277]) is compact.

With yg € R being fixed, call 2, the operator (1.6) when the coefficients v(y) of * are
replaced by the constant coefficients v(yo). From the ellipticity of I3 and the results of the
previous section, (k(QlyO — ikl )_1) is defined and r-bounded in E(Wl’p x L) if k is
large enough.

The r-boundedness of resolvents is unaffected by small enough relatively bounded pertur-
bations of the operator. Since the spectrum of 2 is not the entire complex plane, such per-

turbations include operators 2y € [Z(W(zé)’: X Wl’p , Wl’p x L*) such that || — Ay ll <&,
2,p

where ¢ > 0 is small enough and the norm is that of £(W(9)_ X Wl‘p , Wl’p x L?). More

[k|>x
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precisely, from [21, Lemma 3.4] (with A = Ay; and K = 2 — 2, in that lemma), the

sequence (k(Qlo —ikD)™! is r-bounded in ﬁ(W] P L?) after increasing k if necessary.

The condition ||20g — Qlyo \| < ¢ is satisfied when 2l is an operator having the same struc-
ture as 2 in (1.6), (1.7) and (1.8) and continuous coefficients vo(y) := (bo(¥), ..., ()
such that [vo(y) — v(y0)| < §p for every y € R, where 9 > 0 is small enough. We now
construct such an operator 20y, with a useful extra feature. With B(v(yo), do) denoting the
open ball in C3 with center v(yo) and radius §p, set

Up := 0" (B(v(30), 80)) = {y € R: 0(y) € B(v(y0), )},

an open subset of R. For y € Uy, define vg(y) := v(y). Since Uy is closed in R and vy is
continuous on Uy, the classical Dugundji extension theorem [10,12] ensures that by can be
continuously extended to the entire line, in such way that the values of vo remain in the convex
hull of v (Ug). Since vy (Up) C B(v(yo), 8o) and balls are convex, [og(y) — v(yo)| < 8o
for every y € R. As a result, (k(o — ikI)~1) is 7-bounded if « is large enough. In
addition, 2(y and 2 coincide on Uj.

Cover v(R) by finitely many balls B(v(y;),d;),1 < j < N, as above. This produces
N open subsets U; := p~! (B(v(y;),6;)) and N operators 2; of the form (1.6) such that
(k(Qlj — ikl)’l)lkpk is r-bounded for « large enough and that 2; and 2 coincide on U;.
Obviously, k may be chosen independent of ;.

The open subsets U; have two elementary but crucial properties: By the periodicity of v,
each U; is invariant by 27 -translation and U?’:] U; = R. Since Uj is open, O; := e'li =

k>

{(cosy,siny) : y € U;} is open in the unit circle S!. Furthermore, by the translation invari-
ance of U,

Uj={yeR:(cosy,siny) € O;}. 5.1

Since U?’le i = R, then Uj\’z ,0; = S! and so there is a smooth partition of unity
(¢;) of S! subordinate to this covering. Define ¢; (y) := ¥;(cos y, sin y). Then, 0 < ¢; <
1, Suppg; C U; by (5.1) and Zﬁv 19 = 1 onR. In addition, all the derivatives of ¢; are
uniformly bounded on R. Also, since Supp y; is a compact subset of O, there is a smooth
function v/ j on S! such that Supp Vi j C Oj and Vi i = 1 on Supp ¢ ;. Clearly, it may (and
will) also be assumed that w j=0ona nelghborhood of (1,0) in S! for every index j such
that (1,0) ¢ Supp ¥;. Then, with ¢;(y) := w, (cosy, sin y), it follows that Supp@; C U;
(once again, by (5.1)), that ¢; = 1 on Supp¢;, and that all the derivatives of ¢; are uni-
formly bounded on R. In addition, EE; (0) =0for1 < j < N since 0 € Supp ¢; if and only
if (1,0) € Supp ¥, so that (Z} (0) = 0 irrespective of whether O € Supp ¢; by the assumed

properties of ¥/ j- (This uses the elementary remark that the support of a continuous function
is the closure of its interior.)

We now proceed to proving that, after increasing « if necessary, 2 — ik is one to one on
W(zé)p_ X Wl’p and onto Wl’p x L? if |k| > k—so that (A — ikI)~! exists for every such
k—and that the sequence (k(2 — ikI)_l)UdZ,( is r-bounded in L(Wl‘p x L*). From this
point on, the arguments parallel those in [11], with appropriate modifications.

5.1 Surjectivity

Let(f, g) € Wl’p L” be given Assumingthat|k| > K, the existence of(Qlj—ikI)_1 yields
asolution (u, v;) € er;’ xw' of(mj—ikl)(uj, vj)) = (¢jf. 98 € v[l'PxLlj.Then,
Qi —ikl)(uj,vj) = (¢ f, ¢;g) since ¢; = 1 on Supp ¢;. Moreover, @; (A; — ikl) =
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@;j (A —ikl) since 2 and 2 ; coincide on Supp@; C U;. Therefore, ¢; (A —ikl)(uj,v;) =
(@ f.9j8)-

Now, ¢; (A — ikI)(uj,vj) = (A —ik)(@juj, p;jv;) + (0, €;(u;,v;)), where &; is a
k-independent scalar differential operator of first order in u; and zeroth order in v;, with
bounded continuous coefficients (because the first and second derivatives of ¢; are bounded).
In particular, €; € ﬁ(Wl’p x LY L?).

Altogether, (A — ikI)((Zjuj, ajvj) = ((pjf, (pjg) — (0, ij(uj, Uj)), so that, if (u, v) :=
Zyzl(fﬁjuj, @;jv)), then (u, v) € W(ze’)p_ x W7 and

N
@ — ik, v) = (f.8) — > (0, €;(u;, v)))

j=1
N

=(1-D0.¢;@; —ikD g | (f.9). (52)

j=1

Indeed, that (u, v) € WE’P X Wi’p follows once again from the fact that the first and sec-
ond derivatives of @; are bounded. To see that u = Z?]:l Qjuj € W(Ze’)’:, that is, that
u'(0) +60u(0) =0, justuse u; € W(Ze’)’: and ?/7}(0) =0forl <j<N.

Since &; maps into L”, the operator Zyzl(o, ¢ — ikI)_lgoj) maps Wl’p x L?
into itself and its norm is majorized by Zﬁ-vzl &[] 1A; — ik~ [lo;|| where ||€;]] is
the norm in L(W"7 x L” L”), ||; — ikI)™"|| the norm in LW ? x L”) and ||g;]|
the norm of the multiplication by ¢; in K(Wl’p x L) (well defined since the first deriv-
atives of ¢; are bounded). Since (k( — ikI)’l)VdZK is r-bounded in E(Wl’P x L), it
is bounded and so lim g0 [[(2A; — ikI)~Y|| = 0. Therefore, for large |k|, the operator
Sy=1-— Z;VZI(O, €;(; —ikI)~1g;) is invertible on WP« L” . Since 2 — ikl and &
have the same range by (5.2), A — ikl is onto W” x L? for large |k|.

5.2 Injectivity

Let (u, v) € W x W7 be such that (2 — ik ) (. v) = 0, so that ¢ (A —ikI)(u, v) = 0
since 2 and 2; coincide on U; and Suppg; C U;. Now, ¢;(; —ikl)(u,v) = (A; —
ik)(gju,pjv) + (0, F;(u, v)) where §; is a k-independent scalar differential operator of
first order in u and zeroth order in v with bounded continuous coefficients (because the first
and second derivatives of ¢; are bounded). Thus, (; — ikl)(¢;u, p;jv) = —(0,F;(u, v)).
For |k| large enough, this means that (¢;u, ¢jv) = —(2A; — ik, §j(u, v)), whence

()-—Sm - 0)

j=1

From the above, |[(u, v)|[1,p,r_ = (Zf;l 1@ — ikD)~] IISjII) ||, V)11, p,r_ Where

[ — ikI)~'|| is the norm in E(Wl’p x L) and [I5 ;1] is the norm in C(Wl’p x LY, L?).
Since (k( — ikI)™")jtj=« is (r-)bounded in L(W"? x L"), the constant >y -
ik~ [I51]is less than 1 if |k| > « after increasing « if necessary, so that (u, v) = (0, 0).

@ Springer



Fourier decomposition of elliptic problems 1133

5.3 r-boundedness

Now that we know from 5.1 and 5.2 that (1 — ikI)_] exists when |k| > k, we may rewrite

(5.2) as
(Z) =@ —ikD) &, (’g[) (5.3)

where &) € C(Wl’p x L”) is invertible (see 5.1). In 5.1, (u,v) was obtained in
the form (u,v) = Zyzl(aj”j»‘zjvj) with (A; — ikD)(u;,v;) = (¢jf ;8. If
lk| > «, the latter also reads (uj,v;) = (A; — ik)~'(¢; f, ¢;g), so that (u,v) =
(Zyzl oj; - ikI)_ltpj) (f, g). Since this holds for every (f, g) € Wl’p x LY, (5.3)

becomes (X, @ (2 — ikD) 1, ) = (@ — ikD)~' &, thats,
N
@ =ik~ = > g;@; —ikD) ;| &; .
j=1

For |k| large enough, k Z;v:] i — ikI)_lqoj € E(Wl’p x L?) is r-bounded (finite sum
of r-bounded sequences). Thus, the r-boundedness of (k (A — ikl)=! )k|>« 1N £(Wl’p x L)
for large « will follow from the same property for (Gk_1 ) k|>k -

Recallthat &y = 1 — Z]/-V:] 0, &; (A, —ikI)_1<pj). Since k(2 —ikI)™!is r-bounded for
large |k| and 1 < j < N, it follows from the Kahane contraction principle that the r-bound
of Z?’ZI(O, ¢;(A; —ikD)7 ;) is O (k') when |k| > « and « is large. Now, if X is any
Banach space and 7 C £(X) is r-bounded with r-bound r(7) < 1, then (I — 7)~!is also
r-bounded in £(X) ( [27, Lemma 2.4]). Thus, as claimed, (6;1)‘“2,( is r-bounded if « is
large enough.

6 Proof, variants, and implications of Theorem 1.1

We now complete the proof of Theorem 1.1 when the coefficients are asymptotically periodic.
We also discuss the special case of real asymptotically constant coefficients, the Dirichlet
problem, and nonhomogeneous boundary conditions.

6.1 Proof of Theorem 1.1

From the discussion at the end of Sect. 2, it suffices to show that the sequence (k(2( —
ikI)™1) k>« is defined and r-bounded in E(Wl’p x L") provided that k € Nis large enough.
Call *B; the operator with periodic coefficients bz (y), ..., yz(y) such that limy_, o |b(y) —
be(y)| = -+ =limy_, o |y (y) — yx(»)| = 0. As observed just before Theorem 1.1, the
uniform continuity of the coefficients of 3 implies the (uniform) continuity of the coefficients
of ;. It is equally clear that it implies the (uniform) ellipticity of .

The proper ellipticity is also inherited by B. Indeed, by periodicity and continuity, the
ellipticity of §; shows that the imaginary parts of the roots of ¢4 (y)A? +2b(y)A + 1 are uni-
formly bounded away from O when y — —oo. Meanwhile, the roots of cOMHAZ+2b(Y)r+1
tend to those of ¢y (NA2+ 2by(y)A+1asy — —oo. By the proper ellipticity of B, it follows
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(by contradiction) that the roots of ¢ ( A2+ 2b:(y)A + 1 have imaginary parts of opposite
signs when —y > 0 is large enough, and hence for every y € R_.

Therefore, the results of the previous section are applicable to By : If 2 denotes the oper-
ator 2 in (1.6) with 3 replaced by B, then (k(Ay — ikl )1 ) k|>« is defined and r-bounded if
k is large enough. By using once more the stability of 7-boundedness under small perturba-
tions, there is ¢ > 0 such thatif B € L(W(Ze’)p_ x WhP WP 5 LP) and ||B — 21| < &, then
after increasing « if necessary, the sequence (k(B — ik/ )’1)‘k|3,( is defined and r-bounded.
In particular, this is true if B has the same form (1.6) as 2(; with continuous coefficients
uniformly §-close to the coefficients of 2y for some § > 0 depending only upon &.

A convenient choice of B above is as follows: Due to the “asymptotic periodicity” assump-
tion, there is p > 1 such that the coefficients of 2( are 5-close to those of 2y on the interval
(=00, —p + 11 € R_. Pick a continuous function 7 on R_ such that Suppn C (—oo, —p +
1),0 <n <landn =1on (—o0, —p]. Then the coefficients of B := nA + (1 — n)2Ay are
continuous and uniformly §-close to the coefficients of 2; on R_. Thus, (k(B — ik])’l)“dz,(
is defined and r-bounded if « is large enough.

On the other hand, let yp € R_ be given along with 69 > 0. If 2 of the form (1.6)
has continuous coefficients that coincide with those of 2 on some open interval Jy :=
(yo — 80, yo + 80) N R_ of R_ and are constant outside this interval, then an obvious sim-
plification of the argument at the beginning of Sect. 5 shows that, if §p is small enough,
(kg — ikl )_1)‘k|2,{ is defined and r-bounded for some «. Cover the compact interval
[—p — 1, 0] with finitely many such open intervals, say J;,1 < j < N — 1. This yields
N — 1 operators 21, such that 2; = 2 on J; and that (k(2; — ikI)~!) x>, is defined and
r-bounded if « is large enough. This remains true for j = N by defining Jy := (—00, —p)
and 2y := B with p and B as above.

Since the (relatively) open intervals J;, 1 < j < N cover R_, there is a smooth partition
of unity ¢; subordinate to this covering and there is a smooth function ¢; with Supp@; C J;
and @; = 1 on Supp ¢; (support relative R_). Furthermore, it may be assumed that ¢; = 0
on a neighborhood of 0 in R_ for every index j such that 0 ¢ Supp ¢ ;- This ensures that
(Z}(O) =0forl <j<N.

Necessarily, gy = ¢ = 1 on an unbounded interval, so that all the derivatives of ¢; and
7] ; are uniformly bounded on R. Thus, the arguments of 5.1, 5.2, and 5.3 can be repeated
verbatim to find that (k(2( — ik[)’l)“dz,( is defined and r-bounded in E(Wi’p x LP)ifk is
large enough. The proof of Theorem 1.1 is finally complete.

6.2 Asymptotically constant coefficients

When the coefficients are real and the “limiting” coefficients by, . .., y; are not only periodic
but constant, Theorem 1.1 can be simplified further:

Theorem 6.1 Suppose that the coefficients of B in (1.1) are real, continuous on R_ and
asymptotically constant with limits b_, . .., Y—co and that B is uniformly elliptic. Let
p € (1,00) be given. If y_oo < 0, then, B is an isomorphism of W(Zé)”per((o, 2m) x R_)

onto LP((0, 2mr) x R_) if and only if Py is one to one on W(zg’){ forevery k € Z.

If y_oo > 0, itcan be shown that Py is not Fredholm (by a variant of the proof of Lemma 6.2
below), so that y_, < 0 is necessary in Theorem 6.1. Since the hypotheses of Theorem 6.1
imply that the coefficients of 3 are uniformly continuous and since proper ellipticity is not
an extra assumption when the coefficients are real, it is a rephrasing of Theorem 1.1 due to
the following lemma:

@ Springer



Fourier decomposition of elliptic problems 1135

Lemma 6.2 Under the hypotheses of Theorem 6.1, the operator Py is Fredholm of index O

from W(e) to L? for every k € Z.

Proof Recall that the uniform ellipticity of 3 implies the ellipticity of the limiting operator,
whence ¢_o, > 0 and bz_oo —C_no < 0.

Extend the coefficients of P and Q by symmetry, that is, set c(y) = c(—y), E (y) =
B(—y), etc., for y > 0. This yields a second-order elliptic differential operator Py on the
line with continuous coefficients having (equal) limits as y — *o00. The Fredholmness of
ﬁk : W2P(R) — LP(R) is known to be equivalent to the symbol

G(y, 7) 1= =2+ 2b(kT + 7 (y) — K> +i(B()T — Tk, (6.1)
satisfying the inequality
15k (v, T)| = ex(z? + 1), (6.2)

for some g; > 0 and all pairs (y, ) € R? such that y> + 72 is large enough. (More details
about this criterion and an alternate option are given after the proof.) This amounts to the
existence of &, pr > 0 such that (6.2) holds (i) for every y € R and |t| > px and (ii) for
every T € Rand |y| > px.

Naturally, it suffices to check (6.2) with |0y (v, t)| replaced by — Re 0% (v, t), that is,

)t = 2b(ykt — Y(y) + K> = e (> + 1),

foreveryy € Rand |t| > prandforeveryt € Rand|y| > pi.Case (i) follows fromc(y) > 0
being uniformly bounded away from O (since lim|y|— o0 €(y) = c—oc > 0) while the other
coefficients are bounded. Case (ii) is due to the similar inequality when the coefficients are
replaced by their limits as |y| — o00. Indeed, c_ooT? — 2b_ookT — Yoo + k% > ex (> + 1)
for some ¢ > 0 and every T € R by the ellipticity condition 172_oo — C—oc < 0 and the
hypothesis y_~ < 0 (if y_oo > 0, the property fails for k£ = 0).

This shows that Pk is Fredholm from W27 (R) to L? (R). Thus, there isa ﬁmte dimensional
subspace G of L?(R) such that, for every f € LP(R), thereis g € G such that P, = f g
has a solution w € W7 (R). In particular, let f € L” be given and let f be the extension of f

by 0. With g and w as above, the restriction w of W toR_isin W>" and solves Pow = f—g,
where g := gr_ € L” . Of course, w ¢ W _ in general. Choose ¢ € COO(R ) once and for

all such that ¢ (0) = 0 and ¢’(0) = 1 and set v := w — (w’(0) + Ow(0))¢p. Then, v € W(e)
and Prv = f — g — (w'(0) + 0w (0)) Pro.

By definition, g belongs to the space G of restrictions to R_ of functions of G. Since G
is finite dimensional, the same thing is true of G. Thus, G + CPr¢ C L? is finite dimen-
sional and the above shows that given any f € L”, thereis h € G + CPre (namely,
h =g+ (w'(0)+0w(0)) Pry) such that Prv = f — h has a solution in W(e) . This proves

that the range of Py : W(e)p_ — L” has finite codimension. Therefore, Py is Fredholm since
dim ker P, < 2 by the existence and uniqueness for ODE initial value problems.

It remains to show that the index of Py is 0. The arguments proving the Fredholmness
above can be repeated verbatim when Py is replaced by ¢ Py + (1 — 1) P—_so k, Where ¢ € [0, 1]
and P_ k is the limiting operator with constant coefficients

Pooi = C_oo” 4 (B_oo — 2ikb_oo)W’ + (Y_oo — k* — ikat_oo)w.
Thus, P_s k is Fredholm and, by homotopy, Px and P_« x have the same index. A further

simplification can be introduced by noticing that the ellipticity condition 172_oo —Coo <0
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is unaffected by changing b_, into th_, for ¢t € [0, 1] and that &_, and B_o, can also be
replaced by fo_o and f_, respectively. Thus, by another homotopy, it suffices to show
that the operator c_sow” + (Y_o0o — k*)w has index 0 from W(e)p to L” . A third homotopy
shows that it is not restrictive to assume ¢_o, = 1 and y_ o0 —k? = —1. Therefore, everything
boils down to the fact that w” — w has index 0 from W(H)p toL”.

If & # —1, it is an isomorphism, for its null space is clearly {0} and if f € L, itis

a special case of (4.1) that the solution w € W ~of w” —w = f is given by w(y) :=
((E * f)(y) (9+1)e) f ezf(z)dz) , where f denotes the extension of f by 0 and
E(y):=e -l

If0 = —1, thenull space of w” —w in W(z_"]))_ is Ce” (one-dimensional) while w” —w = f
withw’(0)—w(0) = Oissolvable onlyiff?Oo e? f(z)dz = 0, andthenw = (Exf) € W(z_“lj)_
is a solution. Thus, the range has codimension 1. O

The symbol criterion for the Fredholmness of Py used at the beginning of the proof of
Lemma 2.4 has a rather long history and various ramifications. The variant we used is due
to Cordes [8,9] and Illner [15]. It is valid for elliptic equations on R” when the coefficients
are continuous with “vanishing oscillation” at infinity (in particular, when they have lim-
its). Many other proofs limited to p = 2 exist under (much) more restrictive smoothness
conditions about the coefficients.

The Fredholmness of Py can also be obtained by more elementary ODE arguments:

Rewrite 13/( as a first-order system d% + Ek (v), where Ek (y) is a 2 x 2 matrix with con-

tinuous coefficients having limits when |y| — oo. The uniform ellipticity condition for 3
and the assumption y_o, < 0 imply that if |y| is large enough, then Bi(y) has exactly one
eigenvalue with positive (negative) real part and that both real parts are bounded away from
0 as |y| — oo. By Coppel [7, Proposition 1, p. 50], d% + B (y) has an exponential dichot-

omy3 on R4 and then a straightforward variant of Palmer’s method [20] (where a different
functional setting is used) shows that éi + Bk (y) is Fredholm from WZP(R) x WEP(R) to

WP (R) x LP(R), which in turn readily implies the Fredholmness of Pk.

Remark 6.1 1f the coefficients of 3 are asymptotically constant but not real, the method of
proof of Lemma 6.2 can be adapted to check whether the Py are Fredholm of index 0 and
hence whether Theorem 6.1 is still valid. This cannot be summarized by a simple condition
about the limiting coefficients, but y_o, # 0 is always necessary for Py to be Fredholm (and
hence for 3 to be invertible).

6.3 Other boundary conditions

The method of proof of Theorem 1.1 also works in the case of a homogeneous Dirichlet
condition, based on 3.5 when the coefficients are constant. Thus, Theorem 1.1 is still true

in this case, upon replacing W( ((0,27) x R_) and WP by W2ZP((0,27) x R_) N

0), PFV (G

(} P((0,27) x R_) and WE N Wo- , respectively.

Remark 6.2 Theorem 1.1 is also true in the whole plane. Since there are no boundary condi-
tions, the treatment of constant coefficients is significantly shorter, but the basic ingredients

3 The result is phrased in a rather ambiguous way, which could erroneously suggest that the uniform conti-
nuity of By suffices for an exponential dichotomy. The correct reading of Coppel’s condition is essentially the
“vanishing oscillation” of Cordes and Illner.
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(i.e., (3.4), (3.8) and the boundedness of the maximal function in L” (R, ¢2)) remain the
same. Note that proper ellipticity is still essential, even though boundary conditions are not
involved.

More generally, the invertibility criterion of Theorem 1.1 implies the unique solvability
1

1=, .
for 27 -periodic boundary data. Specifically, define W,,” r (0, 27) to be the space of restric-
1

_1 -1
tions to (0, 27) of the periodic functions of ﬂ,,er1 »'?(=n, n). Then, Woer” p(O, 27) C
1
W'T7 P (0, 27) and, if p # 2,

1,1’ lflv[’ . — :
Wioh P 0, 2m) = [ {h ilW 2P0, 27) : h(0) = hQ2m)}if p > 2,

1, ] (6.3)
W 80, 2n) if p € (1,2).

When p € (1, 2), this is due to the fact that the extension by 0 outside (0, 277) is continuous
from W*?(0,2r) to WS P(R) if s € [0, %) [16]. The justification of (6.3) when p > 2 is
easy.

Even though Cgo (0, 2m) is dense in W%’Z(O, 27) (so that 4(0) or h(2m) are not defined

when h € W%’Z(O, 27)), the extension by 0 does not map into W%’Z(R) [17]. As a result,

1
oddly enough, when p = 2, the space sze,rz (0, 27) does not afford the simpler character-
ization (6.3).

1
Ifh e W;e,” VP(O, 27m) is extended by periodicity, the classical method to prove the sur-
jectivity of the trace produces some v € NpenW2P((=n, n) x R_), also 27 -periodic in
x, such that (v, vy) = (0, h) on R x {0}. The 2 -periodicity of v in x can be verified on
the formulas giving v in terms of / through an integral operator [19,26]. This operator is of
convolution type and thus produces a periodic v when # is periodic.
If v is chosen as above, then vy + 6v = h, so that if g € LP((0,27) x R_) and

-1
h e Wpe” p(O, 2m), the question of solving

[ Uny + 2b(Mitxy + ity +a(Wux + BWuy +y(u = g, 6.4)

uy +6u=h,

foru € W2P((0,2r) x R_) such that u(0,-) = u(2x,-) and u,(0, ) = u, (2w, -), say
u € Wﬁ;’r’ ((0,2m) x R_) for short, amounts to solving the same equation for u — v €
W(ZG’)’? per((O, 2m) x R_) after replacing g by g — Bv. This problem is uniquely solvable for
every g if and only if the criterion of Theorem 1.1 is satisfied, so that the same thing is true

of (6.4).

Remark 6.3 The more general nontangential boundary condition Vu - N 4+ 6u = 0 where
N := (u, 1) is constant and u € R can be reduced to vy, + 6v = 0 by the change of
variable u(x, y) = v(x + ¢(y), y) where ¢ is a smooth real-valued function with compact
support in (—oo, 0] such that ¢(0) = 0 and ¢’(0) = —pu. This changes the coefficients
b(y),...,y(y), but does not affect their asymptotic periodicity or the uniform ellipticity
condition, or proper ellipticity®. In fact, initially, the coefficient of vy, is no longer 1, but
14+ 2b(y)¢'(y) + c(y)¢’(y)2. This coefficient is bounded and bounded away from O (by
uniform ellipticity), so that it can be factored to return to the case when the coefficient of v,
is 1, and all the previous results are applicable.

4 Since it need only hold at one point to hold at every point and it does hold outside the support of ¢.
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7 The nonperiodic problem

The boundary value problem (1.1) makes sense when g € L”(R x R_) and the solutions u
are sought in the space

W(zé)p(]R X R_):={ue Wz’p(R xR_):uy+0u=0o0nR x {0}}. (7.1)

This may also be rewritten in the first-order form (1.5), with the system now acting from
LP(R; W) N WP(R; X) to LP(R; X), where X and W are still given by (1.10). Thus, the
only difference is that (0, 2r) is replaced by R and the periodicity is dropped. For such a
problem, we can use the following variant of Theorem 1.2:

Theorem 7.1 Let X be a (complex) UMD Banach space and let A be a closed unbounded
linear operator on X with domain W, equipped with the graph norm. Then, the opera-
tor dd—x + A is an isomorphism of LP(R; W) N WLP(R: X) onto LP(R; X) if and only if
(A—ieD)™" € L(X) exists for every &€ € R and (§(A — iSI)_l)gE]R is r-bounded in L(X).

The sufficiency was proved independently by the author [21, Theorem 4.1] and Schwe-
iker [23]. The necessity is due to Arendt and Duelli [2]. In [21], the r-boundedness of
(E(A — &l )_l)geR is replaced by a seemingly weaker, but more technical, condition. The
necessity makes this refinement immaterial.

The proofs given in Sects. 3—6 reveal that the r-boundedness of (k( — ikl )’1)“(‘2,(
never relies on k being an integer. Thus, what wasactually proved there is that (§( —
igl)_l)seR,mzK is r-bounded if k¥ > 0 is large enough.

Of course, the set {£(@A — i&l)~! : |€] < «}isno longer finite but, if defined for every
EeR, (ER— ié[)’l)geR,mi,( is still -bounded due to the compactness of [—«, x] and the
analyticity of £ (2 — i~ (11, p-31D). If so, (E(A — iél)’l)geﬂg is r-bounded. Lemma 2.1
is still true when (0, 27) is replaced by R and the periodicity is dropped and so is Lemma 2.3
if k € Z is replaced by £ € R and

Pew = c(w” + (B(y) — 2Eb(NW + (v (y) — €7 — iEa(y)w.
Thus, the sufficiency part of Theorem 7.1 yields:

Theorem 7.2 Suppose that B in (1.1) is uniformly and properly elliptic, with bounded uni-
formly continuous and asymptotically periodic coefficients. Let p € (1,00) be given. If
Pg is an isomorphism of W(ZQ’){ onto L” for every & € R, then B is an isomorphism of

Wl (R x R_) onto LP(R x R_).

If (and only if) p = 2, Theorem 7.2 can be proved by partial Fourier transform arguments
and norm estimates for Pgl. We do not know whether the converse of Theorem 7.2 is true,
which does not follow from Theorem 7.1. In that regard, see the comments after Lemma 2.1
and note that there is no obvious analog of Lemma 2.4 here.

As in Theorem 6.1, if the coefficients are real and asymptotically constant with y_, < 0,
the invertibility of Ps amounts to P¢ being one to one on Wé’)p_ (Lemma 6.2 does not depend
on k being an integer). If the coefficients are real and constant and y < 0, this boils down
to 6 # —A4(§) for every £ € R, where A4 (§) is the unique root with positive real part of
cA2 + (B —2iEb)) + (y — £2 — j&a) (see Theorem 4.3).

As in the periodic case, the condition of Theorem 7.2 yields an existence and uniqueness
result when the boundary condition is not homogeneous and the expected variant of the
theorem for a Dirichlet boundary condition is true as well.

@ Springer



Fourier decomposition of elliptic problems 1139

In Theorem 7.2, the half-plane can be replaced either by the whole plane or by the horizon-
tal strip R x (0, 1) (say). In the case of the strip, the coefficients need only be continuous on
[0, 1]. The simpler indirect approach for periodic problems on a strip, mentioned in the Intro-
duction and based on the Fredholmness of the operator, is no longer an option. Actually, it is
not hard to prove (by using a suitable sequence) that the Laplace operator with homogeneous
Neumann condition on the boundary of the strip is not semi-Fredholm®. For this example,
the corresponding operators P are simply w” — &2w with condition w’(0) = w’(1) = 0 and
Py is not invertible.

Appendix: r-boundedness
This appendix gives a very brief summary of the basic properties of 7-boundedness used in this

paper. Further details and various complements can be found in [1,6,21,27], among others.
If X and Y are Banach spaces and 7 C L£(X, Y), then 7 is said to be r-bounded if there

is p € [1, 00) and a constant Cj, > 0 such that, for every n € N and every x, ..., x, € X,
every 77, ..., 1T, € T,
L, p » L, p 7
/ D riTix| dt] <C, / > x| de |
o =1 Y o Il/=1 X
where r;(t) := sign sin(2/7¢t) is the sequence of Rademacher functions. (Some authors

replace the Rademacher functions by more general random variables, but the definitions are
equivalent.) Although the constant C, depends upon p, the concept of r-boundedness does
not. For that reason, the value of p has little genuine importance in practice, but some choices
may be more convenient than others in the applications. If 7" is r-bounded, the smallest con-
stant C, above is called the »-bound r(7) of 7. Since this r-bound (but not its finiteness)
depends upon p, it is implicitly assumed that p is chosen once and for all when referring to
r-bounds without specifying p.

It is trivial that r-boundedness implies norm-boundedness (just choose n = 1 ). The con-
verse is true only in special cases, most notably when both X and Y are Hilbert. Other proper-
ties of r-boundedness are that if S and 7 are r-bounded, then, SU7 and S +7 are r-bounded
with r(SUT) <r(S)+r(7T)and r(S+ T7) < r(S) + r(7). It should be observed that,
in contrast to norm-boundedness, it is false that r (S U 7') is majorized by max{r(S), r(7)}.
However, if 7 is r-bounded and S C 7, then S is r-bounded and r(S) < r(7).

Every singleton 7 = {T} is r-bounded (and »(7) = ||T|| ), hence every finite 7 is
r-bounded. Also, if Z is another Banach space and &/ C L(Y, Z) is r-bounded, then U7 is
r-bounded and r(UT) < r(U)r(7).

The so-called “Kahane contraction principle” refers to the fact that, if 7 is r-bounded and
K C Csatisfies sup |[K| < M < oo, then K7 is r-bounded and r(K7) < 2Mr(7T) (Mr(T)
if K C R).

Lastly, there is an important and somewhat simpler equivalent definition of -boundedness
when py, p2 € [1,00) and X = LP1(R21),Y = LP2(2,) where €21 and 2, are (say) open
subsets of euclidian space. The subset 7 C L(LP'(€21), LP2(2;)) is r-bounded if and only
if there is a constant C,, ,, > 0 such that, for every n € Nand every f1, ..., f, € LP' (1),
every Ty, ..., T, € T,

5 Jtisan isomorphism if a homogeneous Dirichlet condition is used instead.
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In addition, the best constant C),, , is equivalent to the 7-bound r(7') (so that, if convenient,
it may also be referred to as being the r-bound).
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