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Abstract We compare the distribution function and the maximum of solutions of nonlinear
elliptic equations defined in general domains with solutions of similar problems defined in a
ball using Schwarz symmetrization. As an application, we prove the existence and bound of
solutions for some nonlinear equation. Moreover, for some nonlinear problems, we show that
if the first p-eigenvalue of a domain is big, the supremum of a solution related to this domain
is close to zero. For that we obtain L* estimates for solutions of nonlinear and eigenvalue
problems in terms of other L? norms.
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1 Introduction

In this work, we study the L”-norm and the distribution function of solutions to the Dirichlet
problem

—div(a(u, Vu)) = f(u) in £2
u=20 on 082,

where §2 is an open-bounded set in R”, f : R — Randa : R x R" — R” satisfy some
suitable conditions. First we assume the following hypotheses:
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988 L. P. Bonorino, J. F. B. Montenegro

(H1) f is a nonnegative locally Lipschitz function;

(H2) f is nondecreasing;

(H3) a € COR x R"; R") N CHR x (R"\{0}); R") is given by a(¢, z) = e(t, |z|)z, where
e e CY(R x (R\{0})) is positive on R x R\{0}, a(¢,0) = 0, a(¢, z) - z is convex in
the variable z € R” and 9; (Ja(¢, sz)|) > Oforz # O and s > 0.

(H4) There exist p > g > 1, go > 1, and positive constants C, Cy and C* s.t.

C,lz|? < (a(t,z),z) for |z| <1, teR
and
Cilzl? < (at,z),z) < C*(|z| +|t|P + 1) for |z| > 1, t €R.
Hence, using that s — a(¢, sz) - sz is increasing and positive,
Ci(lzl? = 1) <a(t,z) - z<C*(z|” + |t]°P +1) for z e R"
and

C*()»BIIWIIZ—IQI)S/a(w, Vw) - Vwdx < C*(IVwllp+lwlp+I2D), (1.1)
Q

forw € WO1 PR ), where A g is the first eigenvalue of —A in a ball B, which has the
same measure as £2.
(H5) There exist 8 > 0 and @ < CyAp such that

0< f(t)<at? '+ B for t>0.

(H6) |a(ra,z) —a(t1,2)] < w(|ta — ()1 + |z|P~Y) for t1, 1o € R and z € R”, where w is
some nondecreasing modulus of continuity.

At first, our main concern is to compare the maximum and the distribution function of
a solution associated to £2 with one associated to B. We can obtain even a priori estimates
of solutions for some problems with nonlinear lower order terms and prove the existence of
solution. Later on we see also some applications for these estimates, including L°° estimates
for some eigenvalue and nonlinear problems. So we show that if a domain is “far away” from
the ball (i.e., its first p-eigenvalue is big), then the maximum of a solution is small. Indeed,
the supremum of a solution is bounded by some negative power of the first p-eigenvalue.
This kind of question seems to be new, and the works in the literature normally are focused
in comparing solutions with a radial one, disregarding better estimates when the domain is
not close to a ball.

More precisely, let B be the open ball in R”, centered at the origin, such that | B| = |§2],
where |C| denotes the Lebesgue’s measure in R” of a measurable set C, and consider the
function Up given by

Up(x) =sup{Ux) | U € W&’p(B) is a radial solution of (133)}, (1.2)

where (Pp) is the Dirichlet problem

—div(@(U, VU)) = f(U) inB &9

U=0 on 0B. B
Let u be a weak solution of

—div(a(v, Vv)) = f(v) in$2 (Po)

v=0 on 012. $
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Comparison results for nonlinear elliptic equations 989

in WO1 "7 (£2). Observe that u and Up are nonnegative. Define the distribution function of u
by

pu(t) = |{x € 2 1 u(x) > t}].

For a, a, and f satisfying hypotheses (H1)—(H5) (the constants and powers related to a and
a can be different), a or a satisfying (H6), and a(t, z) - z < a(t, z) - z, we prove that Up is a
solution of (Pg) and, in Theorem 5.6,

pu(t) = pp(t), vt € [0, max Ugl, (1.3)

where p is the distribution function of Up. If £2 is not a ball, a = a(z) and (a(z) - )7 s
convex for some r > 1, then this inequality is strict.

We also prove some sort of maximum principle with respect to the solutions in the ball
in the following sense: if # and U are solutions of (Py;) and (133), respectively, u? < U (not
necessarily maximal solution) and u® # U, then u® < U provided f and a satisfy suitable
conditions.

These estimates can be applied, for example, to the following problems:

(1) u € Wy () is a weak solution of —¢;A,v — c2Agv = f(v) and Ug € Wy'"(B)
is the radially symmetric solution of —d1 A,V —da A,V = f(V), as defined in (1.2),
wherec; > dy > 0,c2 > dy > 0,and p > g > 1. The operator —c| A, —c2 A, appears
in some general reaction diffusion equations, with applications in physics, biophysics,
and chemistry.

) ue W, (2)and Up € Wy'"(B), p > 18/17, are solutions of

. Vv
_le(zp) = f().
(1+ Vv =

p—2
Such restriction on p is due to the convexity requirement on a(z) - z = 22(1+ |z|2) 5,
The operator on the left-hand side arises in the cracking of plates and the modeling of
blast furnaces (see [15,30]).

These comparisons results can be extended to the problem with lower order terms

. h' (u) .
—div(a(Vu)) — G Vu-a(Vu) =gm) in$2 (1.4)

u=20 on 052,

where h € Clis bigger than some positive constant, f = gh and a; (¢, z) = h(t)a(z) satisfy
(H1)—(H5). This holds even if /4 has a bad growth and a; does not satisfy the upper inequality
of (1.1). For the special case

O
h(u)

—Ap IVul? = g(u)

this priori estimate can be used to prove existence of solution.
We get also some result for (Pp) even when f is not nondecreasing. Indeed, if f is

positive, f(t)/tf”1 is decreasing and a(t, z) = a(t, z) = z|z|P~!, we show that

max Up > maxu.
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990 L. P. Bonorino, J. F. B. Montenegro

This L estimate can be easily extended to the problem

[—Apv—i—k(v) = f(v) in R 05

v=>0 on 082,

where k is positive and nondecreasing, f is positive, and f()/t?~! is decreasing.

Then we apply these results to prove that if w € WO1 "7 (§2) is a solution of div(a(x, Vw)) =
f(w) in £2, where a satisfies some conditions and f € C!(R) is bounded by clt]?=' +d,
with 1 < g < pandc,d > 0, then

rp rp
—+ (p—D+
lwllso < Crllwl|l”" """ + Caollw] "7,

where C; = Ci(n, p,q,r, p,c) and Co = Ca(n, p,r, p,d) are positive constants. In the
special case [Apw| < [Allw]?™", where A € R, we have

2 (20— 1)
ol = (wn>1/’( P )

where 0 < r <sandk =1+ ”(67;'1). These inequalities imply, according to Corollary
7.4, in a L*°-norm decay of the solutions of some sublinear equations, when the domain
becomes “far away” from a ball with the same volume. Since the ball is the domain of a
given measure that maximizes the L” norms in several problems, it would be interesting
to obtain better estimates for solutions that are not defined in a ball. Hence, we need to
measure in some way the difference between its domain and the corresponding ball. The
first eigenvalue is a possible form of distinction between these sets, which we use to estab-
lish some upper bound. Finally, as an application, we prove that u* < U, where u is a
solution of (Pg) and U a solution of (I~’3), even when f is not monotone, provided the
first eigenvalue associated to §2, A, (£2), is big enough and some conditions on @ and f are
satisfied.

We point out that we are not interested in establishing existence of solutions for (Pg).
Our main concern is just to compare these solutions, and we obtain existence results only for
the radial case.

Results of this type have been obtained by several authors. In [44], Talenti proved that if
u is the weak solution of the Dirichlet problem

s—=r

I N =
(* llwll, , (1.6)

n

n(p—1)
rp

i,j=1

n
9 9
— > a0 ) +eu = f(x) in 2 and u=0 on 3L,
] axi an

where c(x) > 0, Zij a;jj(x)&&; > 512 + -+ S,f and v is the weak solution of
—Av=f"in B and v=0 on 9B,

where B is the ball centered at 0 such that | B| = |§2| and f¥ is the decreasing spherical rear-
rangement of f, then ess supu < ess supv and i, < ,. Asaconsequence, ||[v|Lr /|| f*llLe >
llll e /1| f | La - This estimate is an extension of the one previously obtained by Weinberger
[49] for the ratio ||u|| oo /|| f || La . Further results have been proved for a larger class of linear
equations that either satisfy weaker ellipticity conditions (see [7,8]) or contain lower order
terms (see [3,5,6,9,19,28,47,48]). Similar problems were studied in [36-38].
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Comparison results for nonlinear elliptic equations 991

As in the linear case, estimates have been obtained for solutions u € Wé P (2) to the
nonlinear problem

n n
= X @it u, iy = Zl<b1-(x>|u|1’—2u>x,. +h(x,u) = f(x,u) ing2,

1= 1=
comparing the decreasing spherical rearrangement of u# with the solution of some nonlin-
ear “symmetrized” problem. For instance, the case b; = h = 0 and > a;(x,u, )& >
A(|€]), where A is convex and lim,_.9 A(r)/r = 0, is considered in [45]. The problem
in a general form is studied in [14], assuming that the coefficients are in suitable spaces
and > a;(x,u, &)& > |&]P. Under similar hypotheses, the case b; = 0 is considered in
[26], and different comparison results are obtained. In [1], estimates are proved when the
coefficients satisfy b; = h = 0,a; = a;(Du) and > a;(£)& > (H(é))2, where H is
a nonnegative convex function, positively homogeneous of degree 1. Other related results
were established in [23,27,41]. Some results also extend to parabolic equations (see e.g.,
[1,5,10,12]), and some isoperimetric estimates are obtained for the Monge-Ampere equation
(see [16,46]).

Usually comparison results are obtained considering a “symmetrized equation” that is
different from the original one. In this work, we can keep the original equation and symme-
trize only the domain, obtaining sharper estimates. Results similar to ours are established
in [11,39] for the laplacian operator, where the authors apply the method of subsolution
and supersolution to prove that, for a given symmetric solution U in the ball, there exists
some solution in §2 for which the symmetrization is less than U. Indeed, applying the iter-
ation procedure used in those works and the main result of [45], the estimate (1.3) can
be obtained in the particular case —div(a(Vu)) = f(u), provided we have some a priori
estimate in the L, norm for subsolutions and the existence of the maximal radial solu-
tion Up. Using different techniques, we prove in Sect. 5 that the symmetrization of any
solution of (Pg) is bounded by Ugp, even in the case a = a(t,z) and a = a(t, z), as
long as these functions satisfy (H1)—-(HS5) and one of them satisfies (H6). In Sect. 2, we
review some important concepts and results. Some estimates in this section are interesting
by itself. In Sect. 3, we get estimates assuming that a(z) = @(z) = |z|? "2z and f(¢)/tP~!
is decreasing. Indeed, we prove that max Ugp > maxu even when f is not nondecreas-
ing. Observe that the uniqueness of solution to the problems (Pg) and (Pg) is proved in
[17] for the Laplacian operator when f(¢#)/t is decreasing. An extension of this is proved
to the p-Laplacian in [13]. Hence, some results in this section can be obtained directly
from the existence of a solution associated to B that is greater than some solution asso-
ciated to £2. In Sect. 4, we study the behavior of solutions in the radial case. In Sect. 6,
we obtain a bound to solutions of (1.4), and in some special case, we use this compari-
son to show the existence of solution. In Sect. 7, we get some inequalities between the L?
norms of solutions of some “eigenvalue problems” and some lower bound for the distri-
bution function of these solutions. For eigenvalue problems, the L? estimates are estab-
lished in [2,20], and [21], where the authors obtain sharper estimates, since the constants
are optimal. We are not concerned with the best constant but only with the relations between
the L? norms and the real parameter A. We get an explicit relation for a larger class of
equations, and, for the typical eigenvalue problem, the estimate hold not only for the first
eigenvalue of the operator but also for the others. Other authors make some similar esti-
mates on manifolds (see e.g., [31,33]) for the classical eigenvalue problem, but the constant
depends on the manifold and the boundary. It is also established some L? estimates for a
class of Dirichlet problems and a relation between the norms and the first eigenvalue of the
domain.
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2 Preliminary results

In this section, we recall some important definitions and useful results. First, if £2 is an
open-bounded set in R” and u : 2 — R is a measurable function, the distribution function
of u is given by
wu(@) =|{x € 2 :Jux)| >t} forr=>0.
The function ,, is nonincreasing and right continuous. The decreasing rearrangement of u,
also called the generalized inverse of u,, is defined by
u*(s) = sup{t > 0: p, (t) > s}.

If 27 is the open ball in R", centered at 0, with the same measure as £2 and w,, is the measure
of the unit ball in R”, the function

ub(x) = u*(wnlx|™) for x e 2°

is the spherically symmetric decreasing rearrangement of u. It is also called the Schwarz sym-
metrization of u. For an exhaustive treatment of rearrangements, we refer to [4,11,22,32,35,
42]. The next remark reviews important properties of rearrangements and will be necessary
through this work.

Remark 2.1 Let v, w be integrable functions in £2 and let g : R — R be a nondecreasing
nonnegative function. Then

12
[ et ar= [ ee e = [eeiw) i
2 0 kol
Hence, if () > puy(t) forallt > t; > 0, it follows that
() M (1)

/g(v(X)) dx= /g(v*(S)) ds > /g(w*(S)) ds= /g(w(x)) dx,

H<v 0 0 H<w

since v*(s) > w*(s) for s < uy(t1). Moreover, if [{v > n}| < {w > r}]| < oo, [{v >

#H = H{w >t} <oocand |{v > t}| > [{w > t}| forall 1 <t < tp, then
/ gv(x)) dx > / g(w(x)) dx.
<v=nh n<w=<t

Finally, an extension of the Pdlya-Szeg6 inequality (see [11,18,35,43]) states that, if B :
[0, c0) — [0, 00) is increasing and convex, then
/B(|Vv(x)|) dx > /B(IVv:(x)D dx for v>0 in Wol’p(.Q).

2 0t

This inequality also holds if we consider {f; < v < 1} and {f; < v* < 1} instead of £2 and
7. Indeed, from the coarea formula,

J R
[Vu(x)| - Ve (x)]

{v=r} {vi=t}

for almost every ¢, where H n=1is the (n — 1)-dimensional Hausdorff measure.
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Comparison results for nonlinear elliptic equations 993

Remark 2.2 For any bounded open set £2’ satisfying |£2'| < |£2|, there exists a constant
C=C(n,q,a, B, Cs, |82],|52’|) such that supu < C for any weak solution u € Wol’p(.Q’)
of (Pg). Moreover, C = O(|$2|) as |£2'| — 0, where p > 0 depends only on n and q.
This result is a consequence of the following two lemmas.

Lemma 2.3 Let 2’ be a bounded open set s.t. |2'| < |82|. Ifu € W(;’p(.Q’) is a nonnegative
subsolution of (Pg/) and conditions (HI),(H5), C.(|z|1 — 1) < {(a(t,z),z) forz € R",t € R
are satisfied, then

lullze < M(£2) 2C4|82'| la N 2’3|_Q/|1/q/ 1/(g=1)
u = /7 2p182'|V9 |
L1 = C*)“B’ — o C*)\,B/ “a

where 1/q" + 1/q = 1, B’ is a ball that satisfies |B’'| = |$2'| and A’ is the first eigenvalue
of —Ag in B'.

Proof Multiplying the equation by « and integrating, we get
/w ~a(u, Vu) dx < /uf(u) dx < afullf + Bllully 121"/
Q' 2

Since Cy(|z|? — 1) < (a(t, z), z), the first inequality of (1.1) holds. Hence
-1 ’
lully [ (€orp = el ™ = p12/1Y7| < Cui2)

Studying the cases (CyAp/ —oc)||u||Z_1 — ,B|.Q’|1/q/ < (Cyirp —oc)||u||q_1/2 and > (Cyrp
—a)llu ||Lq,_1 /2 individually, we get the result. m]

Next lemma is a particular result of Theorem 3.11 of [40] in the case n > ¢. Forn < ¢, the
estimate can be obtained following the computations of that theorem and Morrey’s inequality.
A sketch of the proof is done in the “Appendix”.

Lemma 2.4 Suppose that u satisfies the hypotheses of the preceding lemma. If n < q, then
supu < Cllully + D]2')'/9,
9/

where C = C(n,q,a, B,Cyx) and D = D(n, q, a, B, Cy).
Ifn > g, then

"1/n ) ||’4||q 1n1/n
SSPMSC(IQI +1) (IQ’II/‘IHQl :

where p = n/q and C = C(n,q,«a,B,Cy) ifn > q, and p = 2;1%",6 € (n/2,n), and
C=Cn,a B,Cq)ifn=q.

From these two lemmas we get, for n < ¢, that

supu < CM(2') + D|2'|'/4, 2.1)
Q/
where C = C(n,q,a,8,Cy)and D = D(n, q, «, B, Cy). Forn > g, it follows that
M($2")
<c(Q|Vm 4 1yp '), 2.2
supu = 121" + 17 ({5 + 19 (2.2)
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994 L. P. Bonorino, J. F. B. Montenegro

where C = C(n,q,a,B,Cy) ifn > gand C = C(n,, B,Cy, q) if n = q. Since Ag =
ABI/|B’|4/", where B is the unit ball, we have

1 1
M) < E|Qi" if 2] < 82|,

where E is a constant that depends only on n, ¢, «, B, Cy and |§2]|. Using this and inequalities
(2.1) and (2.2), we obtain

supu < C|82'|1"4 forn <q and supu < C|R2'|V/" forn =g, (2.3)

where C depends only on n, g, @, 8, Cy, and |§2|. Hence, if (£2,,) is a sequence of domains
such that |£2,,| — 0 and (u,) a sequence of solutions of (P, ), thensup |u,| < C|$2,|° — 0,
whereo = 1/qoro =1/n.

Now we recall some well-known results that appear in many forms.

Lemma 2.5 Let u be a weak solution of (Pg) in Wol’p. Then
/—uf(u)+Vu-a(u,Vu) dx = —t/f(u) dx V>0
2 §2;

where 2, = {x € 2 : u(x) > t}.

Proof Let ¥ : R — R be the function defined by ¥ (s) = (s — 1) x{s>1)(s). Consider

¢ : 2 — Rgivenby ¢(x) = ¥ (u(x)). Since v is a Lipschitz functionand t > 0, ¢ € wg*”.
Furthermore,

=(u— [)X{u>t} and Vg = X{u>t}vu-
Then, since u is a weak solution of (Pg),

/ Ao Vit - alut, Vir) dx = / FUOW = ) xqumr) dx

2

proving the lemma. O
Lemma 2.6 Assuming the same hypotheses as in the last lemma,
Vu - a(u Vu) /
d
/ Vul fu) dx
{u=t}

SJor almost every t > 0. If u satisfies u = c on 082, ¢ € R, then this identity holds for almost
everyt > c.

Proof For t; < t, from Lemma 2.5, we get

/—uf(u)—i—Vu-a(u,Vu)dx=t2/f(u)dx—t1/f(u)dx

Arl ] 9’2 Q‘l

— (1 — tl)/f(u) dr -1 /f(u) dax,

9’2 Aflfz
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Comparison results for nonlinear elliptic equations 995

where A, = {t1 < u < t}. Then,
/ Vu-adx:(tz—tl)/f(u)dx + /(u—t1)f(u)dx. 2.4
Ay 2 Anny

Hence, using the coarea formula, we obtain

(u —11) f(u) dx

Atl’Z

P

Vu - a)|Vu|™!

/ %dH”"dz: /f(u) dx +
2 — 1

t {u=t} 2,

h—1n

Making t, — t1, the integral in the left-hand side converges to the integrand for almost every
t1 and the integral over §2;, converges to a integral over §2;,. The last integral goes to zero,
since

/ (= f( u) dx /f(u)dx < f(t)Anyl = 0,

1 1

completing the proof. For the case u = ¢ on 9§2, note that u — ¢ € WO1 "P(2) is a weak
solution of —div a(v, Vv) = f(v), where a(t,z) = a(t + ¢, z) and f(t) = f(t +c¢). Then,
from the previous case, we get result. O

The following statement is a direct consequence of Brothers and Ziemer’s result (see
Lemma 2.3 and Remark 4.5 of [18]).

Proposition 2.7 Letu € Wol’p (£2) be a nonnegative function and suppose that a = a(z), a
satisfy (H3), a(z) -z € C2(R"\{0)), (a(z) - 2)"/" is convexfor some r > 1. If the symmetri-
zation u® is equal to some radial solution of (Pp) on QF ={xe 2F o <ufx) < t}
and

nt —

Vu-a(Vu)dx = / Vul 'a(Vuﬁ) dx,

<u<ty t1<un<tz

for some 0 < t; < tp < maxu < 400, then there is a tra{zslate of u? which is almost
everywhere equal to u in {t} < u < tr}. (Pp) is the problem (Pp) with a replaced by a).

Proof Let Uy be the radial solution of (Pg) such that u? = U; on .Qm2 From Lemma 2.6,

/a(VUl) -ndS = / f(WUy)dx >0 foranyt € [0, max Uy),

dB; B
where B, = {x : Uj(x) > t}. Hence, a(VU;) # 0 and, therefore, VU|(x) # 0 for any
x # 0. Then Vu¥(x) # 0 on the closure of .Q,ﬁ]tz. Since |{VU; = 0}| = 0, according to a
result of Brothers and Ziemer (see Lemma 2.3 and Remark 4.5 of [18]), the equality between

the Dirichlet integrals holds only if u is equal to some translate of u* almost everywhere on
{t <u<n}. ]

Next we present some comparison results about solutions.
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996 L. P. Bonorino, J. F. B. Montenegro

Lemma 2.8 Consider the radial functions ui(x) = wi(jx]) € Cl(BRl) and uz(x) =
wa(|x]) € HI(BRZ), where B, is the ball centered at 0 with radius R;, wy : [0, Ri] = R
is decreasing, wg (r) < Oforr > 0,wy : [0, R2] — R is nonincreasing, and Ry > R».
Suppose that m = w1 (R1) = wa(Ry) and

/ a(uy, Vuy) - Vuy dH’HlZ / a(up, Vuz) - Vuy
[Vuy| [Vus|

{u1=t} {ur=t}

de"! (2.5)

foralmostallt € [m, +00), where a = a(t, z) is a function that satisfies (H3). Then u1 > u»
in Bg,\{0}.

Proof We prove by contradiction. So there exists some rg € (0, R2) such that wi(rg) <
w2 (rp). The hypotheses imply that

wi(R2) > wi(R1) = wa(Ry).
Hence, from the continuity of w; and w;, we can assume that
wi(rg) = wa(rg) and wi(r) > wa(r) forr € (rg, R2]. (2.6)
Now defining b(t, |z|) = |a(t, z)|, we have

by, [Vui]) = la(u;, Vig)| = W fori = 1,2.
1

Observe that b = b(z, s) € CO(R x [0, +00)) N CH(R x (0, +00)) is positive for s # 0 and
increasing in 5. Hence, using (2.5) and w}(|x|) = —|Vu;(x)|, we get

b(t, —wi (1 () =N (1) = bt —wh (2 () 3~ ()
ae. on I = [m, 1], where tp = wi(r9) = wa(ro) and r; is some kind of inverse of w;

given by r;(t) = inf{r | w;(r) <t} = (uy, (t)/w,)"/". Notice that r is decreasing and r»
is nonincreasing and, therefore, they are differentiable a.e. on I with r/(r) = (w} (r; @)~ L

Then
1 1
b(t,— . ) r’l’_l(t)zb(t,— .
rl(t) rz(t)

Defining d : R x (—o0, 0) — Rby d(t, y) = [b(t, —1/y)1"/"~D, we obtain

) rg_](t) a.e. on I.

d(t, ri(t) ri(t) > d(t,ry(t)) ra(t) ae. on I
and, therefore,
d(t,r) (ri —ra) > (d(t,ry) —d(t, r]) ra ae. onI.

Since rp > rg > 0, d(¢, ri(t)) is continuous and positive in 7, and r; — rp > 0, there exist
c1 > 0 such that

c1 (ri —ra) > (d(t,ry) —d(t,r)) ro ae. on 1. 2.7
We prove now that, for some suitable constant C > 0,

C(ri—ry) >ry—r] ae. onl. (2.8)
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For that note first that if ¢ € I satisfies 5 (¢) < r|(¢), the inequality is trivial for any C > 0
since 71 > r on 1. In the case r(t) > r{(1),

, ré+ri 2—n

2 2 1\, 71T 1
ad (bt,—+)] by (¢, -1
d(f,ré)—d(t,ri):/ai(t’y)dyZ / ( )) . ( }) d

/ ’
L] i

since the integrand is positive and (5 + r])/2 < r}. From the C! regularity of w; and
w} < 0, it follows that the interval [r](¢), {(z)/2] is contained in some interval [yi, y2],
where y» < 0, for any ¢ € 1. Then

[ry, (r] +715)/21 C [r}, r1/2] C [y1, y2] C (—00,0) foranyt € I,

and, using that |a| and d|a(¢, sz)| are positive and continuous for s, z # 0, we get

1 1
b(t, —7) > min b(z, —7) > E| = 1 min | la(t,z)] >0
y

y [y1.y21 Wflzlgw
and
1 . 1 .
bylt,—— ) > min bg|t,—— ) > Ep := min dsla(t, sz)| >0
y [y1,y21] y ﬁs‘z‘sﬁ s=1

fory € [r{, (r] +r3)/2]. Hence,

(r14r5)/2 2—r]1 2;;[1
E{7' Ep dy > E"E> .(ré—r{)

1Y a2

d(t,ry) —d(t,r) =
"
2—n

From this and (2.7), we get (2.8) with C = 2¢(n — 1)y} /(ro E{ " E2). Multiplying (2.8) by
e, it follows that

d d
a(rlea) > a(rzec’) a.e. on I.

to

1 . . . . .

Observe that / (rzeC’ Ydt > rzeC’ |n(;, since r; is decreasing and ¢ is a C! function. To
m

prove that we can split ¢ into a singular function and an absolutely continuous function,

apply the Fundamental Theorem of Calculus, obtaining an identity for the second part and
using a sequence of increasing C! functions that converges uniformly to r,, an inequality for
the first part.

Therefore,

fo fo

d d
rlec’m = / a("lea) dr > / a(rzeC’) dr > rgeC'|;(;.

m m

Hence, using r{(t9) = ra(to) = ro, we get ri(m) < rp(m). But this contradicts rj(m) =
Ry > Ry = ry(m). m}
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3 Comparison results to the p-laplacian

We treat in this section the special case where the differential part of (Py) and (133) is the
p-laplacian operator, and, in addition to the hypotheses (H1) and (HS), we suppose that
f(@t)/tP~ ! is decreasing. Then, we can obtain a solution to the problem (Pg) minimizing the
functional

Jp(v) = /§|Vv|p—F(v) dx, 3.1)
B

where F (1) = fot f(s) ds. Let UB be a minimum of Jp. Since f(t)/tp_1 is decreasing, UB
is zero or is the unique nontrivial solution to (Pp) (see [17] and [13]). Then Up = Ug, where
Up is defined in (1.2). This uniqueness result is applied only in Theorem 3.7.

Definition 3.1 Given a measurable set E C B, define J¢ : W?(B) - R by

Je) = /%IVUIP—F(U) dx.
E

Lemma 3.2 Let f be a function, possibly non-monotone, that satisfies (H1) and (H5). For
any ball BR(0) C B and h € R, there is a radial minimizer V of the functional Jg, over
the space A, = {w € WP (Br) : wis radial and w = h on 3 Bg}. Moreover, if U and V
minimizes Jg, over Ay, and Ap,, respectively, with hy > hy > 0, then U > V in Bg and
JBR(U) < JBR(V).

Proof The existence of minimizer in A, can be obtained taking a minimizing sequence,
observing that it has a weakly convergent subsequence, and using that Jp, is weakly lower
semicontinuous since (H5) holds.

To prove that U > V, suppose first that the set A = {x € Bp : U(x) < V(x)}is
nonempty. Since U and V are radial functions in W'-7(Bp), they are continuous and A is
an open set. Note that wy := max{U, V} € A;, and wy := min{U, V} € A;,. Hence,
JBr(U) < Jpg(wy) and, therefore, Jao (U) + Jpp\a(U) < Ja(wy) + Jpg\a(wy). Using that
U = wy and VU = Vw; a.e. on Br\A, it follows that J4(U) < J4(w1). Moreover, using
that w; = V in A, we get

JaU) < Ja(wr) = Ja(V).
We have also that Jp, (V) < Jp,(w>). Then, using the same argument as before,
Ja(V) <= Ja(U).

Hence Jo(U) = Ja(V) = Ja(wy) and then U = w; in Br\A implies that Jp,(U) =
Jgg (wy). Therefore, wy is also a minimizer of Jp, and, hence a weak solution of —A v =
f () in Bg.

Notice that for any ring R = {x : r1 < |x| < R}, r1 > 0, taking the radial test function

orn (%) = xpo.r—n (1x]) + (% _ %) X—nrem (X]) with 7 > 0 and r € (r1, R), and

using that U is a weak solution, we get

r+h
vuir-t o, -2
noy [ ="l ds = [ Vo, VUIVUIP dx = [ f(U)g dx,
r—h By By
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where w,, is the volume of the unit ball. Taking the limit as 7 — 0, the Lebesgue Differenti-
ation Theorem implies that

nw,|VU (r) " 11 =/f(U) dx > w, R" min £(1) > 0 (3.2)
t=hg

B,

for almost every r € (r1, R). The last inequality is a consequence of U > hy, which is a
result of maximum principle and —A,U = f(U) > 0. Therefore, |[VU| > c a.e. in R,
where ¢ is some positive constant that depends on R and min; >y, f(¢). Thus, U is a solu-
tion of a uniformly elliptic equation in this ring and, therefore, a C>% function in R for
any o € (0, 1). Since r; < R is arbitrary, U is a classical solution of —A,U = f(U) in
Br(0)\{0}, with VU (x) # 0 for x # 0. By the same argument, w; is a classical solution of
the same problem. Therefore, U and w; are classical solutions of the ordinary differential
equation v’ +(n—1)v'/r = — f(v) forO0 < r < R. Observe now that A C Bg since U > V
on dBg and, then, there exists xo € dA N Br\{0}. Hence U (x9) = w;(xp) and, using that
U < wj in Bg and xo € Bpg, we have 9, U (|xo|) = 9, w1(|xol). Then, from the uniqueness
result for ODE, U = w; in some neighborhood of x¢, contradicting that xo € d A. Therefore,
Aisemptyand U > V.

IfU(xp) = V(xp) atsome xg € Bg\{0}, using the same argument as beforeandU > V, U
and V are classical solutions of some ODE and 9, U (|xg|) = 0, wi(|]xg|). Then U = V
in Bg, which contradicts U > V on dBpg. Eventually, U(0) = V(0) since we cannot
apply the uniqueness result at r = 0 for v/ + (n — 1)v//r = — f(v). However, 0 is the
maximum point of U and V, and these functions are differentiable at the origin since the
first equality of (3.2) implies that VU (x) and VV (x) converge to zero as x — 0. Hence,
U(0) =V (), d,U) = 09,V (0) = 0 and, from the uniqueness result of Proposition A4 of
[29], U = V in Bg. Thus, U > V in Bg.

To prove that Jg,(U) < Jp,(V), note that for some positive constant ¢, the translation
V + ¢ € Ap,. Since U is a minimizer of Jp, over Ay, Jg, (U) < Jp,(V + c). Moreover,
as F is strictly increasing on (0, +00) and V 4+ ¢ > V, Jp,(V 4+ ¢) < Jp, (V). Hence we
conclude the result. m}

Theorem 3.3 Let 2 C R” be a bounded domain, B be a ball such that |B| = |$2|, and u be
a weak solution of (Pg), where div(a(Vu)) = Apu and f is a function that satisfies (HI)
and (HS), possibly non-monotone, such that f(t)/t?~" is decreasing on (0, +00). Then,

maxu < maxUp,

where Up is the minimizer of the functional given by (3.1).

Proof Let u® be the Schwarz symmetrization of u. Defining Q,ﬁ = {u* > t}, we have that
|Q,ﬁ| = |£2;]. Therefore, Remark 2.1 implies that

/F(u) dx = /F(uﬁ) dx fort > 0.

2 oF

We also know that

/IVqu dx > /IVu:II’ dx. (3.3)
2 o
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Then,
|Vu? Vi
— F(u)dx > —— — F(u") dx. (3.4)
P p
2 o
Now suppose that for some ¢ > 0, we have |$2;| = | B;|, where B; = {Up > t}. In this case,
B; = .Q,ti and
vullp YUnr|P
/ Vel ity ar = / VU™ _ by dx, (3.5)
p p
@ B

otherwise the function iz : B — R given by &t = MﬁXBI + Upx,,. satisfies Jp (1) < Jp(Up),
contradicting that Up is a minimizer. Then, from (3.4) and (3.5), it follows that

Vu|P VUg|P
/' “C oy de > /Q—F(Ug)dx.
P
2

p
By

Hence, using Lemma 2.5 and the fact that # and Up are solutions, we get

/Mf(u) —tf(w) Fu) dx >/UBf(UB) —1f(Us)

p p
2 By

— F(Up) dx. (3.6)

Define h; : [t, +00) — R by

hi(s) =

=076 ;)f(s) — F(s). 3.7)

Note that %, (s) is decreasing for s > t, since

s=0f') _(p=DfG) _ (S—t)”( f(s) )’ <o

() = p p p (s —t)r—!

Furthermore, as h,(t) < 0, h;(s) < O for s > t. Therefore, from (3.6), we have

/ht(u) dx > /h,(UB) dx, (3.8)
2 B
where /; is decreasing and negative. Suppose that max # > max Up. Since |2| = |B|, the
function up(t) = [{Up > t}| is continuous and g, (¢) is right continuous, there is fo > 0

such that w, (ty) = up(to) and wu,(t) > up(t) fort > ty. Then,
{—=hiou>s}| > [{=hyoUp >s}| for s> —hy(to),
since —hy, is a increasing function. Thus, by Fubini’s Theorem,
— / hy(m)dx > — / hy(Up) dx,
20 By,

contradicting (3.8). O
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Remark 3.4 This result can be extended to the problem (1.5) observing first that ¢(¢) :=
(f(@) — k(t))/t is decreasing. If g(¢) > 0 for any r > 0, it is immediate from the theorem
that max u < max U, where u solves (1.5) and U € W& "7 (B) is the solution of the symme-
trized problem —A,V + k(V) = f(V) in B. If q(ty) = 0 for some fy > 0, the maximum
principle implies that u, U < f9. Hence taking u,, and U,,, the sequence of solutions of
—Apv =max{f(v) —k(v),0}+1/min £ and B, respectively, we have u,, < Uy, ttyy — u
and U, — U monotonically, proving the inequality. A related result with this one is stated
in [25]. For instance, if f is a positive constant, Theorem 2 of that work give more relations
between u and U.

Corollary 3.5 Assuming the same hypotheses as in Theorem 3.3, if 2 is not a ball and Up
is positive, then

maxu < maxUg.

Proof If §2 is not a ball, Proposition 2.7 implies that inequalities (3.3) is strict for ¢t = 0.
Following the same computation as in Theorem 3.3, we have also a strict inequality in (3.8)
for t = 0, thatis

/ —ho(u) dx < / —ho(Up) dx. 3.9
Q B
As a consequence, we can prove that there is ¢ > 0 such that
[$2:] < [Bl.

Indeed, if p, (t) = 182;| > |Bi| = py,(t) for any t > 0, then, using Remark 2.1 and that
—hy is increasing with —h(0) = 0, we obtain the reverse inequality of (3.9), which it is a
contradiction.

Now note that the function v = u — ¢ satisfies

—A,v = f(v) in
[v =0 on 082;, (3.10)

where f is given by f (s) = f(s+1).If B’ and B are concentric balls and |B’| = |§2;|, then
|B’| < |B;| and B’ C B,. Since Ug = t on dB;, we get from the maximum principle that
Up > t on d B'. Hence, using Lemma 3.2, there is a function w : B’ — R that minimizes Jp
under the condition w = ¢ on dB’, and, therefore, the function Vg = w — t is the solution
of (3.10) with £2; replaced by B’. Furthermore, w < Ug. Since f satisfies all hypotheses
required in Theorem 3.3,

maxv < max Vp.
Hence,
mgxu = n}%x(v +1) < Ir}ga/x(VB/ +1) = rr}}al/xw < m.(glx Up
proving the result. O

Remark 3.6 Suppose that u € Wol’p(.Q) is a solution of
— div(M Du|Du|P™?) = f(u), (3.11)
where M (x) (ajj(x)) is a matrix with measurable bounded entries such that,

> aij(x)EE; > |£[*. Observing that
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- 1 1
J(v) :=/(MDU,DU>—|VU|”‘2— F(v) dx 2/—|Vv|p — F(v) dx,
P p
2

and repeating the arguments of Theorem 3.3, we get max u < max Up. Notice that M can
be nonsymmetric.

Next theorem, in the case p = 2 and f(0) > 0, is a consequence of a result, which
establishes that the symmetrization of the minimal solution associated to §2 is smaller or
equal than the one associated to the corresponding ball (see [11,39]), and the uniqueness of
solution when f(¢)/t is decreasing (see [17]). For general p, we can apply a similar argument
to compare the minimal solutions (see [34]) and the uniqueness result obtained for the case
that £(r)/tP~" is decreasing (see [13]).

Also it can be proved in a independent way using the main result of Sect. 5 and the
uniqueness of solution to this problem.

Theorem 3.7 Let 2 C R" be a bounded domain, B be a ball such that |B| = |$2|, and u
be a weak solution of (Pg), where div(a(Vu)) = Apu and f is a nonnegative increasing
locally Lipschitz function, such that f(t)/t?~" is decreasing on (0, +00). Then,

Hu >t} < [{Ug >t} Ve (0, maxUgl,

unless $2 is a ball.

4 Study of the radial solutions

We study now a Dirichlet problem, where the domain is a ball, and we need some additional
hypothesis:

(H7) there is some u € [0, 2) such that %|a(z, sw)| > |a(t, sw)|* for s > 0 small and w
unit vector of R”.

The following theorem is the main result of this section.

Theorem 4.1 Let B’ = Bp, be a open ball in R" satisfying |B'| < |$2| and suppose that a
and f satisfy conditions (HI1)—(H5) and (H7). If f(0) > 0 and m > 0, then there exists a
solution Up' to the problem (Pg) with Ug' = m on dB' such that, for any radial solution U
of Pgr) with0 <U < m on dB",

Ug >U in B,

where B"” C B’ are concentric open balls. The same holds in the case B” = B’ if U and Ug
are different.

First we have to observe some basic properties of weak solutions and obtain some existence
result.

Lemma 4.2 Assuming the same hypotheses as in the main theorem, if U is a radial weak
solution of (Pgr), then U € C>%(B"\{0}) N CY(B") for any & < 1 and U is a classical
solution in B"\{0}.

Proof First using the ACL characterization of Sobolev functions (see e.g., [S0]) and a local
diffeomorphism between the Cartesian and the polar system of coordinates, it follows that U
is absolutely continuous on closed radial segments that does not contain the origin. Hence,
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the set {U < t} is open in B’ for any ¢+ € R. Indeed, these sets are rings of the form
{x € B" : r; < |x| < Ry}, otherwise there is a ring R = {r; < |x| < rp} contained in
{U < t},suchthat U = f on OR, for which the test function p(x) = (t—U (x)) xR (x) € Wol’p
satisfies

02—/VU-&(U,VU)dx:/Vgoﬁ(U,VU)dx:/f(U)godx>0,
R R R

that is a contradiction. Hence, U is a nonincreasing radially symmetric function. Observe
also that if U is constant in some ring, then taking a nonnegative function with a compact
support in this ring, we get a contradiction as before. Then U is strictly decreasing in the radial
direction. This conclusion can be obtained more easily for operators where the maximum
principle holds.

Notice now that for a given ring R = {r; < |x| < rp}, taking the radial test function

or.n(1x) = xp0,R—n1(Ix]) + (% - %) XR—h,R+11(1x]), for i > 0 and R € (r1, r2), we

get

R+h
bU, —3,U s
nw / %rn_ld}':/V(pR,h-a(U,VU) dx:/f(U)goR,h dx,
R—h B’ B’

where b(t, |z|) = |a(t, z)| and w, is the volume of the unit ball. Making 4 — 0, from the
Lebesgue Differentiation Theorem, it follows that

nw,b(U(R), —8,U(R))R"~! :/f(U) dx > / f(O)dx >0 4.1)

Bg By,

for almost every R € (r1, r2) and then, using (H3), we get that |[VU| > c a.e. in R, where
c is some positive constant that depends on R. Thus, U is a solution of a uniformly elliptic
equation in this ring and, therefore, a C22 function in R for any o € (0, 1). Moreover,
from (2.3), U is bounded and, from its monotonicity in the radial direction, it can be defined
continuously on 0. In fact, using (4.1), we can prove that U is differentiable at the origin and
its derivative is zero. O

Lemma 4.3 Under the same hypotheses as in the main theorem, for any h > 0, there exist
Ry, > 0 and a function Uy, € c2e (Bg, (0\{0}Hh N Cl(BRh)), which is a radial weak solu-
tion of(f’BRh) and a classical solution in B, (0)\{0}, such that U,(0) = h. Moreover, such
function is unique.

Proof If such Uj, exists, then due to its regularity and (H3), we have a(Uj,, VUp) =
e(Uy, |VUL|)VU), for some function ¢ : R x [0, 4+00) — R and Up(x) = w(|x]|) for
some function w : [0, R;] — R that satisfies, in the classical sense,

(éw’)/—i—n:léu/:—f(w) for r € [0, Ry]
w(Ry) =0,

where ' denotes d/dr. To prove the existence of solution to this problem, we consider the
following one:
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-1
@), lw'Ehw ) + B sw' () = —fw())

w'(0) =0 r 4.3)
w(0) = h.

If e depends only on z, according to Proposition A1 of [29], there exists § > 0 and a positive
local solution wy, : [0, §) — R to (4.3). In the general case, consider first the problem (4.3)
with e replaced by eg(|z]) = e(h, |z|), which has a local solution wq defined on [0, dp) as in
the previous case. Then, for k € N, take §; < 8o such that wo(r) > h — h/k on [0, 8] and
define ej such that ay (¢, z) := e (¢, |z|)z satisfies (H3),(H4),(H7) and

eo(|z]) = e(h, |z|) fort e[h—h/k,+00)

ex(t, |z]) = e, |z)) fort € (—oo, h —2h/k].

Hence, wy is a solution to (4.3) on [0, 8] with e replaced by ex and, from (4.1), wy is decreas-
ing and d(%(ék) # 0. Since (H3) implies that s — |ag (¢, sw)| is increasing for any w, the
classical ODE theory implies that we can extend wy for a larger interval. Indeed, while some
extension is positive, it can be continued to a bigger interval. Since f(0) > 0 and ay, satisfies
(H4), integrating ("~ 'ex (w(r), |w' (r)w’(r)) = —r"~! f(w(r)), we conclude that for any
positive continuation wy : [0, 8) — R of wo, the right end point satisfies

. nc 1+( p hf(O))”p1
f(0)

§<

P e 4.4)
Hence, there exists a continuation wy : [0, Rx] — R such that wi(R;) = 0 and is positive
on [0, Ry). Observe now that, using the same idea as in the estimate (4.1), we get that Iw,/cl is
uniformly bounded by above. Hence, some subsequence converge uniformly for some non-
decreasing function wy, : [0, R;] — R that is positive in [0, Rj,) and vanishes at R;,. Indeed,
applying again a similar computation as in (4.1) and using the positivity of |dsax (¢, sz)| for
s, t # 0 from (H3), it follows that w,’< are equicontinuous in compacts sets of [0, Rj) for k
large. (More precisely, the Lipschitz norm of w;. are uniformly bounded in compacts sets of
(0, Ry) and w,’( (r) are uniformly close to O for » small.) Hence, some subsequence converge
uniformly for wy, in the C' norm for compact sets of [0, R;,). Hence, due to the regularity of
a and the definition of ay, Uy (x) := wy (]x]) is the weak solution of —div a(v, Vv) = f(v)
in Bg,. Then, as we observed previously, Uy, is a classical solution and satisfies U, (0) = h
since wg (0) = h. Moreover, following the same argument of Proposition A4 of [29] for a
that depends also on ¢, for each & > 0, such solution U}, and radius Ry, are unique. At this
point, we have to use (H7). ]

Let us represent the correspondence of this lemma by W = (W, W;), where Wy (h) = R,
and Wy (h) = Uy. Observe that R;, < C, where C is given by (4.4). Using this, the equicon-
tinuity of the first derivative of solutions, Arzela-Ascoli Theorem, and uniqueness for (4.3),
we get the following result.

Lemma 4.4 The function V1 is continuous on (0, +00). Furthermore, forany hg > 0,& > 0
and K compact subset of BRy,» there exists § > 0 such that |Wa(h) — W2(ho)llc1 k) <
e if |h—ho| <.

We can also improve estimate (4.4) in the following sense.

Lemma 4.5 Given M > O, there exists some continuous increasing function ®y : [0, M] —
Rs.t. ©3(0) =0and Ry, < Oy (h) for h < M, where R, = V1 (h), i.e., Ry, is the point s.t.
the nonnegative solution w of (4.3) vanishes.
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Proof Integrating (" e(w(r), [w' (NDw'(r)) = —r"~' f(w(r)) from 0 to R < Ry, we
get

. O)R

@ (R, 1w (R)2)| = —ew (R, W R (R) = L0
for any |z| = 1. Since s +— la(t, sz)| is continuous, strictly increasing in [0, +00) and

vanishes at s = 0, where 7 € [0, M], the function p(s) := Sup;¢[o, p la(t, sz)| also satisfies
these hypotheses. Using that w(R) <h < M,

JO)R

n

p(—w'(R)) =

Taking the inverse of p and integrating from O to Ry,

Ry Ry,

n
0 0

Ry,
Ry — /p*' (LO)R) dR
n
0

is invertible, since is increasing and continuous. It is also positive and vanishes at 0. Hence,
we get the result defining ® 7 as the inverse of this application. O

Observe that

Lemma 4.6 Assuming the same hypotheses as in Theorem 4.1, there exists a solution Up
to the problem (Pg/) with Ug: = 0 on 0 B’, such that

max Ugr > max U,

for any radial solution U of (Pgr) satisfying U = 0 on dB”, where B” C B’ = Bg, are
concentric balls. As a matter of fact, Ugr = W, (hg), where hg = max{h | ¥1(h) = Rp}.
Furthermore, the inequality is strict if U # Up.

Proof First we note that Lemma 4.5 implies that
Wi(h1) = Ry, < O1(h1) < Ry for small hy,

since ®1(h) — 0as h — 0. We can also prove that Wy (hy) > Rg for a large h;. Indeed,
from (2.3), any solution of (P») is bounded by C|B’|'/? if n < g orby C|B'|Y/" if n > q.
Hence,

W (h) > Ry for h > M =max{C|B'|", C|B'|"/"}, 4.5)

otherwise a ball of radius W (h) < Ry posses a solution of height # > M contradicting (2.3).

Thus, from the continuity of Wy, the set A = {h | W;(h) = Rp} is not empty and is
bounded by M. Then, we can define hp = max A and Upr = W, (hg). Let U be a radial
solution of (Ppr) satisfying U = 0 on dB”, where B” = By with R < Ry. Note that
R = W (U (0)) and, thus, inequality (4.5) implies that U (0) < M. To prove the lemma, we
have to show that U (0) < hg. Suppose that U (0) > hg.Forh = M + 1, we have W (h) > Rg
from (4.5). Summarizing,

W (U0) =R <Ry <WV(h) and U(0) < h.
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Therefore, from the continuity of W1, there exists &1 € [U(0), k) such that W (k1) = Rp. But
this contradicts 41 > U (0) > hg and the definition of 4. Hence, U (0) < h¢. Furthermore,
the equality happens only if U = Up, since the solution of (4.3) is unique. O

Proof of Theorem 4.1 Possibility 1: m =0
Let Up be the function defined in the previous lemma and U a solution of (Pgr) with U = 0
on dB”, where B” C B’ are concentric balls. The set

C={h>0]|w,:=Wy(h) >Up in B’ and w;, > U in B"}

is not empty. To prove that, let # > max Up' such that & ¢ C. For instance, suppose that wy,
does not satisfy wy, > Ups in B’. Using that wy, and Up are continuous radial functions and
wy,(0) = h > Up(0), we conclude that there exists B” C B’ such that w, > Up in B” and
wy, = Up in dB”. Denoting tg = Uy (dB"), we have tg < max Uyg < M, where M is given
by (4.5). Hence, the function f(t) = f(t + to) satisfies

fO) < fe+M)<a@+MI" +B<dt9 458,

where o’ is any real in (@, C4xAp) and B’ is a constant that depends on «’, B8, and M. Note
that v = wy, — t( satisfies

—div(a@(v, Vv)) = f(v),

where a(t,z) = a(r + ty, z), with the boundary data v = 0 on B”. Since a and f satisfy
(H1)-(H5), it follows from (2.3) that supv < M, where M is a constant that depends on
n,q,a’, B, Cy, and |£2|. Thus wy, < M + M. This inequality also holds, by the same argu-
ment, when condition w, > U in B’ is not satisfied. Therefore, h € C forh > M + M,
proving that C is not empty.

Let «; = inf C. From the continuity of W; and the C! estimate of Lemma 4.4, R,
Wi(1) > Ry, we, = Wa(a1) > Up in B, and wy, > U in B”. Hence, a1 = wq, (0)
Up(0). If ag := Up/(0) = a1, then wy, = Up, and, therefore, Upr > U proving the the-
orem. Suppose that «; > «g. Then, Ry > Ry, otherwise Ry = R; = W («) contradicting
o] > apg = max{a | ¥ (a) = Rp}. Let

vl

dy = inf (wg, (x) —Up(x)) >0 and dr = inf (we,(x) —U(x)) > 0.
xeB’ xeB”

If d; = 0, consider x; € 1§/\{O} such that wy, (x1) = Up(x1). Since Ry > Ry, we have
Wg, > 0in B’ and, from U = 0 in 3B/, it follows that x; € B’\{0}. Observe also that
Vwg, (x1) = VUp(x1), since wy, > Up. Then, using that wy, and Up are radial, we infer
from the uniqueness of solution for ODE that w,, = Up, contradicting wg, (0) = o) >
ao = Up/(0). Hence d; > 0 and, by the same argument, d» > 0. These contradict Lemma
4.4 and the definition of «, proving that U, > U.
Possibility 2: m > 0
Consider the equation

—diva(v,vv) = f(V),

where a(t,z) = a(t + m, z) and f(t) = f(t + m). Notice that a and f satisfy (H1)—(HS)
and (H7) with the constants 7, p, g, qo, ', B/, C«, C*, Cs and |£2|, where «’ and B’ can be
chosen, as in Possibility 1, s.t. &’ € (&, CxAp) and B’ = B/(¢/, B, m). Then, from Possibility
1,1letU € Wol’p (B’) be the maximal solution associated to this equation. If U is a solution
of (f’Bu) with U <mon dB”,then U —m < 0 or U — m is also a solution of this equation
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in some ball contained in B”. In both situations, since U is maximal, U > U — m. So we
conclude Possibility 2, taking Ug: = U + m.

To prove the strict inequality in case U # Up/, we must observe that if U (xg) = Up'(x0)
at some xg € B”, then VU (xg) = VUp (xg) since U < Up:. This contradicts the classi-
cal results of uniqueness of solution for ODE if xg # 0 and the uniqueness established by
Proposition A4 of [29] if xo = 0. Observe that we need (H7) to apply Proposition A4. O

Theorem 4.7 Let B’ = Bp, be a open ball in R" satisfying |B'| < |$2| and suppose that a
and f satisfy conditions (HI1)—(H5) and (H7). If f(0) = 0 and m > 0, then there exists a
nonnegative solution Up' of (Pg/) with U = m on dB", possibly null, s.t. for any radial
solution U of (Pgr) with U < m on dB",

Up >U in B”,

where B” C B’ are concentric open balls. If Ug: is not trivial, then Up' is positive and the
inequality is strict unless U and Up' are equal.

Proof Let (t;) be a sequence of positive reals s.t. #x | 0, fx(t) := f(t + tx + m) and
ar(t,z) := a(t +tx +m, z). Since a; and fi satisfy (H1)-(H7) and fx(0) = f(t&x +m) > 0,
we can apply Theorem 4.1 to obtain the maximal solution Uy € WO1 "P(B’) of

—divag (v, Vv) = fr(v) 4.6)

in B’. Observe thatif U is a radial solution of (Pg~) satisfying0 < U < m,thenU —ty —m <
0 or U — f — m is also a solution of (4.6) in a ball contained in B” vanishing on the
boundary of this ball. Then, Uy > U — t; — m. Furthermore, since the important constants
(n,q,ad’, B, Cy, |82]) associated a; and f; can be chosen not depending k, Uy, is bounded
in the L*> norm by the same argument as in Theorem 4.1. Therefore, using (4.1), we get
that VU is a family of equicontinuous functions. Hence, for some subsequence that we
denote by Uy, it follows that Uy converges to some function Uy in the C! norm. Therefore,
Up = Uy + m is a solution of (Pg/), with Ugr = m on dB’,and Ug' > U, proving the first
part.

Suppose now that Up is not trivial. According to the proof of Lemma 4.3, Ug: = wq(]x])
for some nonnegative nonincreasing function wg : [0, Rg] — R. If wo(r*) = 0 for some
r* e [0, Rp), then w'(r*) = 0 since w is differentiable. But, this contradicts Lemma 2.6
and the fact that f(Ug) is positive in some nontrivial set. Then Up is positive in B'. If U
is a radial solution in B” different from Up/, then these functions are different at any point,
otherwise U(x) = Up/ (%) and VU (X) = VUp () for some x € B” (since U < Up/)
contradicting the uniqueness of solution for ODE. In the case x = 0, the uniqueness is a
consequence of Proposition A4 of [29] that requires (H7). O

Remark 4.8 1f (H7) is not satisfied in Theorem 4.1 or 4.7, we still have the existence of Upg
such that Up > U, as we will see in the next section as a particular case of the main theorem.
However, we cannot guarantee the strict inequality. Maybe it is possible that Ug(0) = U (0)
and Up # U, since (H7) is important for uniqueness of solution for (4.3).

5 Estimates for sublinear equations
The main result in this section is Theorem 5.6. One of the difficulties in proving it is that the

operator w — —div(a(w, Vw)) is non-homogeneous in general. For instance, the homoge-
neity of —A , w is essential in the proof of (3.6) in Theorem 3.3. So we first present a result,
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where |a(t, z)| is homogeneous for small z. The idea in its proof is to show that for any
solution u and ¢ close to the maximum of u, there exists some radially symmetric solution
U, that is above uF in {uﬁ > t}and U, = u® on 8{uti > t}. Then, using the results of Sect. 4,
we prove that minimum of the set of ¢’s, for which such U; exists, is zero.

Proposition 5.1 Let 2 C R" be a bounded open set, B be the ball centered at the origin with
|B| = |82|, and suppose that a and f satisfy hypotheses (HI)-(HS) and a satisfies (H3)—
(H4), possibly with different constants (Cs, Cy, C*) and different powers (p, q, 4o). Assume
also that a or a satisfies (H6), a(t,z) -z < a(t,z) -z forany z € R" anda(t 7)-7 = C |z|‘70
for|z| < &, where § € (0, 1). Then, there exists a radial solution Ug € W0 P(B) of (Pp) s.t.
for any solution u of (Pg),

Up > I/lIj in £2°.

If a and a do not satisfy (H6), we can also guarantee the existence of such Ug for the case
§2 = B in the set of radially symmetric solutions.

Remark 5.2 To prove this proposition, we need some existence result to build the solutions
U, that we mentioned before. For that we define in the next lemma a function a* that depends
only on the variable z and which is related to a. Hence, we can apply classical techniques to
minimize some functional associated to a*, showing the existence of such U;.

Lemma 5.3 There exists a function a*(z) € COUR™; R") N CI(R”\{O}; R™), of the form
a*(z) = b*(|z])z/|z|, where b* € C'(R\{0}) is positive on R\{0}, a*(0) = 0, a*(z) - z is
convex, that satisfies

la*| < lal,

a*(z) -z = Cs|z|® = a(t, z) -z for |z| < §,

a*(z)-z>n C~'*|Z|‘§f0r |z| > 1, where n € (0, 1),

a*(z) -z = n Cy|z|9 forz large.

Proof For that, define b* in [0, §] by b*(s) = C,59%~1 Then, extend s b*(s) linearly to [8, 1]
in such a way that it is C! in [0, 1]. Defining a*(z) = b*(|z|)z/|z|, we have that |a*| < |a|
in B;(0) from the convexity of a(z,z) - z. Let h = b*(1) and n’ < min{l, h/é*}. Hence,
s b*(s)|s=1 > 1’ C‘*séls:1 and we can extend s b*(s) linearly until the graph (s, s b*(s))
reaches (s, n’(:’*s‘?) at some point sg. So define b*(s) that satisfies s b*(s) < n’é*s‘; for
s > s0, s b*(s) is convex and s b*(s) = n’é*s5/2 for s large. Taking n = n’/2, the function
a*(z) defined from b* as before, fulfills the requirements. O

Lemma 5.4 Assume the same hypotheses as in the previous proposition, except (H6), and
that u is a solution of (Pg). Then there exists to < sup u, an open ball B* centered at 0 with
the same measure as {u > to}, and a radial solution Uy, for

[ —diva(V,vV) = f(V) in B*
Vv

5.1
=1y on 0 B* -1

such that Uy, > u? in B*.

Proof Let M = ess sup u > 0, that is finite by Lemma 2.4.

Possibility 1: [{u = M}| > 0

Let ro be such that the ball B* = B, (0) has the same measure as {u = M}. Applying
Theorem 4.1 or Theorem 4.7 for B' = By, and m = M, there exists some maximal solution
Up for (5.1) with fp = M. Then, the result follows taking tp = M and U;,(x) = Up'.
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Possibility 2: [{u = M}| =0
Since f is locally Lipschitz and positive in some neighborhood of M, there exists some
&o > 0 such that, for any ¢ < g¢, the function

f@

G = T — ey

is decreasing on (M — &, M + ¢&9).

Part 1: Fore' < gpsmalland 1y € (M —¢’, M), there is a solution Uy, to the problem (5.1)

with #o replaced by #; such that |{U;, > t1}| = . (t1),supU,; < M + &9 and |[VU,; | < 6,
where § is given in Proposition 5.1.
To prove this, observe that the definition of M implies that w, () > O fort € (M — g9, M).
Fort; € (M — g9, M), let ry be such that the ball B, (0) satisfies | B, (0)| = w,(t1). Using
the same argument as in the Possibility 1, there exists a radial solution Uy, for (5.1) with g
and B, replaced by | and B,,. We have that U;, — #; is a solution of

—diva(Uu, vU) = f(U),

where a(t,z) = a(t + t1,z) and f(t) = f(t+1), that~vanishes on 8By, (0). Note that
a and f satisfy (H1)—(H5) (the constants associated to f are «’ € (a, CxAp) and B’ as
in the proof of Theorem 4.1). Hence, (2.3) implies that sup U;, — t; < C|B,,(0)|?, where

C=Cn,qgad,p, "qco*, [£2]) > 0, n is associated to a* from Lemma 5.3, and o0 = 1/¢g
ifg >noro = 1/nif g < n. (Since n € (0, 1) and_c}o > 1, any operator a sat-

isfying a(t,z) -z > C‘*Izl‘? also satisfies a(t,z) -z > "T%‘lll‘;- Thus, we can consider

C=C(n,q,d,p, ’750*, 1R2]) > Cy:=Ci(n,§, o, B, Cx, |82]) and we can take C instead
C1). Therefore,

sup Ut1 < C(//vu(tl))a +1 < C(//vu(tl))a + M.
For &1 < ¢gg that will be defined later, since

lim p, (1) = {u = M}| =0,
t—>M—

we get (u, (1))° < €1/C fort € (M — &', M), where ¢ < g is small enough. Thus,
supU;, < M + ¢g. Fort > t1, define r () such that 9 B, (+)(0) = {U;, = t}. Then, in the case
VU (x)| < 1, (H4) and Lemma 2.6 imply that

nw,r(t)" 1 Cy| VU, (x)|% < / la(Uy,, VU,)| dH"™!

9B,

= / f(Utl) dx < wnr(t)nf(M + €0),

By (1) (0)

for x € {U;, = t}. From this estimate and | B )| < [B | = pu(t1) < (el/C)%,
1
g1 Yoo (f(M+ eo)
Coy nCq

n

.L
VU, (x)| < ( )‘“’ for x € By, (0).

In the case [VU;, (x)| > 1, a similar estimate holds replacing C, by C, and §o by 4. Any way,
taking &1 small, |[VUy, (x)| < 8, where § is given in hypothesis of Proposition 5.1. Therefore,
U,, satisfies the go-Laplacian equation

@ Springer



1010 L. P. Bonorino, J. F. B. Montenegro

— CyAg,Uy = f(U,) in By,. (5.2)

Part 2: Uy, is the minimizer of the functional

L, (V) ::/M—F(V) dx

40
By,

in the space E = {V € Wl’q(Brl) | V =t on 0B, }, where F@t) = f(; f(s) ds,

=0 fe ifs <M+ ¢g
f(s)_{f(M—i—ao) if s > M 4+ ¢g.

For that, consider a* with the properties stated in the Lemma 5.3. Therefore,
IIT(V) <I;(V) for VekE,

where [;; is defined replacing a by a* in the definition of /;, . From the growth conditions on

a* and f, we can use classical techniques to prove that 1;; has a global minimum U™ € E.
Moreover, this minimum is a solution of

—diva(vv) = f(V) in B,

where

. a*(z) +z- Da*(z)

a(z) : =
q0

Observe that a(z) -z > a*(z) - z/qo since s > la*(sz)| is increasing from (H3). Hence
a and f satisfy (H1), (H5), nCy«/Go(1z|7 — 1) < a(z) - zforz € R",1 € R where the
important constants in order to apply (2.3) are n, g, «, 3, nCy/ go and |£2|. Then, as in Part

I,supU* —t; < C|B,,(0)|°, where C = C(n, g, o, B/, "(?CO*, |£2|) is the same constant as
before. (Now it is clear why we chose a constant C depending on nCs /4o instead of C, at
that moment.) Thus, supU* < M + &y and, following the same computations as before,

|[VU*| < §. Then, from a*(¢, z) = a(t, z) for |z| < §, it follows that

1} (U") = 1,(U") (5.3)

and, therefore, U™ is also a global minimizer of /;,. From a*(¢, z) = 6'5 |Z|l§0_2Z for |z|] < 6,
we have that U* is also a solution of (5.2). Hence Uy, — t; and U* — 1; are solutions of
—~CyA5U = f(U). Taking ¢ = M — 11, we have that f(1)/t%~! = G,(t + 1) that is
decreasing on (0, ¢ + &g), which contains the range of U;, — #; and U* — t;. From the
uniqueness result of [13], U, = U*.

Part 3: Fort; € (M — &', M), there exists #y > #; and a solution U of (5.1) s.t. U > u in
B ) = {u* > 10}, U = u* on 3B, () and |{U > 1o} = [{u* > 1o}].

Using a*(z) -z < a(t,z) -z < a(t, z) - zand F(u®) = F(u*), the Pélya-Szegé principle for
a*(z) - z, that U, = U™ minimizes I, I;f, and (5.3), we get
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/M—F(n)d}ci/m_ﬂ”)dx

40 q0
2 2
Vul . a*(Vub -
> / L(u) _ F(uﬁ) dx
40
By,
> / VU, .a(~Ut], vUy) _ F(Uzl) di.
q0
By,

Hence, from Lemma 2.5 and F(U,,) = F(U;), we have

/ (u—tj).f(u) — F(u) dx Z/ Uy —tj).f(Utl) _ F(Uy) dx,

q0 q0
2 Bry

that is equal to estimate (3.6). Note also that

oy () = SO
q0

is decreasing in (t1, M +¢&g) since G (s) is decreasing in this interval, where e = M —1; < &p.
Therefore, using that U, (B,,), u(B,) C [t1, M + g9) and an argument similar to the one
that come after (3.6), we have

max u < max Uy,.

If uf < U;, in B,, Part 3 is proved taking 7y = #1. Otherwise, there exist #, € (f;, M) such
that py (12) > pu,, (t2). Therefore, B' = {u* > ) and B” = {U,, > t,} are concentric balls
satisfying |B’| > |B”|. Hence, from Theorem 4.1 or 4.7, there exists some solution U;, of
(5.1) with #o replaced by f,, such that {U;, > } = B" and U;, > Uy, in B”. Since

max u® <max U; <maxU,,

it follows from the right continuity of 1, and the continuity of jy,, that there exists 7o > 1,
such that [{U;, > fo}| = [{u* > 19}| and U, > utin {u? > 1}, proving this part.

Part 4: There exists a solution Uy, of (5.1) s.t. Uy, > u* in B* := {u* > 19}, U = u” on 9 B*
and [{Uy, = t0}] = [{u® > 10},

Let fo and U as in Part 3. If [{u® > 19} = wu(to), then the theorem is proved with B* =
{u* > 19}. Otherwise, applying Theorem 4.1 or 4.7 for B’ = {u® > 9} and B" = {u® > 1},
there exists a solution Uy, of (5.1) s.t. Uy, > U in B”, proving the result with B* = B’. O

Now we present a result that resembles a maximum principle for distribution function
in the following sense: if the distribution w, of a solution satisfies u, < wuy, where uy
is the distribution of a radial solution, and w,(f9) = uy(tp) for some o < max U, then
wy(t) = py(t) forany t < 1.

Proposition 5.5 Suppose thata, a, and f satisfy (H2)—(H4), where the constants and powers
presented in (H4) associated to a are given by (Cs, Cy, C*) and (P, g, qo),a or a satisfies
(H6), and that a(t,z) -z < a(t,z) - z for any z € R". Assume also that u € Wo P(82) is
a solution of (Po) and U € wblr(B) N CY(B) is a radial positive solution of (153) that
not necessarily vanishes on dB. If u* < U and u* # U, then there exists t; > 0 such that
' <Uin{U > t1}and u* = U in {U < 1} (that can be empty if U > 0 on 9B).

This conclusion also holds if a and G does not satisfy (H6), but 2 = B and u = u.
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Moreover, assuming that u® < U, if f is strictly increasing and u® % U, or §2 is not a
ball and a = a(z)(or @ = a(z)) satisfies hypotheses of Proposition 2.7, then u® < U in B.

Proof Since U > u® and f is nondecreasing, we have

/ fU) dx = / [ dx = / f () dx, (5.4)
} } {u>1t}

{U>t {ut >t u>t

for any ¢ > 0. Hence, applying Lemma 2.6 for u and U, we get

/ a(U,vU)-VU dH1 > / a(u,Vu) - Vu
VU | - [Vu|

(U=t} {u=t}

dH"! (5.5)

for almost every ¢ > inf U. Now suppose that a satisfies (H6). Observe that from the coarea
formula,

1 t

/ a(u,Vu) - Vu dx :/hl(s) ds and / [Vu| + |Vul|? dx :/hz(s) ds,
0

{u>rt} 0 {u>t}
where
Vi)V
hi(t) = / %dH”*l and hy(r) = / |+ |Vu|P~" dH"L
u
{u=t} {u=t}

The same identity holds if we replace u by u*. For this one, denote hE hg instead of 4 and
hy. From the Lebesgue Differentiation Theorem, almost every ¢ € [0, supu] is a Lebesgue
point of /1, hy, h%, and h5. For such 7, define B(z) = a(t, z) - z. Applying P6lya-Szegs
inequality for B, we have

/ a(t,Vu) - Vu dx > / a(t, Vuj) - Vu® dx (5.6)
{t<u<s) {t<u®<s)

Moreover, from (H6), we have for s > 1,

,Vu) -Vu —a(t,Vu) -V \Y% Vu|P
/ latu, Vi) - Vi — at, V) Vb i — 1) / [Vl # [Vl ”'*'t”' dx.
S —

s — 1
{t<u<s} {t<u<s}

The integral in the right-hand side converges, since ¢ is a Lebesgue point of ;. Hence, the
right-hand side goes to zero as s — ¢ and, therefore,

a(t,Vu)-Vu . a(u,Vu) -Vu
lim # dx = lim ¥ dx = hi(2).
s—>t s —1 s—>t s —1
{t<u<s} {t<u<s}
In the same way,
a(t, Vub) - vu?
lim A, V) Vi g HO)
s—t s —1
{t<uf<s}

Using these two relations, (5.6) and (5.5), it follows that

a . f 1y . f
/ a(U,VU) -VU dH"! > / a(u*, Vu*) - Vu
VU] - |Vu?|
{U=t} (uf=t}

dH™ ! (5.7
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for almost every ¢t > inf U. Since a(t, z) - z < a(t, z) - z, we have the same inequality with
a or a appearing in both sides. If a satisfies (H6) instead of a, from a(t,z) -z < a(t,z) - z
we can replace a by a in (5.5). Hence, repeating the argument for @, we obtain (5.7) with
a in both sides. If @ and a does not satisfy (H6), but 2 = B and u = u?, then (5.7) is an
immediate consequence of (5.5). In any situation (5.7) holds. Letting r{ = (uy (t)/w,,)l/”
and rp) = (MU(I)/wn)l/”, we have some #q such that r1(f) < r2(fp) since u® # U. Hence,
Lemma 2.8 implies that u? < U on {U > tp}. Indeed, we can infer that the set of t's, for
which r1(¢) = r2(t), is an interval that contains 0. Denoting the supremum of this set by #1,
we have the first part of the result.

Now consider the case f is strictly increasing and #; > 0. Then we have a strict inequality
in (5.4) and, therefore, in (5.7) for any ¢ € [0, #1], that contradicts u'=Uin{0<U <)

If a is as stated in Proposition 2.7, it follows from a(z) - z < a(z) - z, (5.4), Lemma 2.6,
and Pdlya-Szeg6 principle that

/VU-a(VU) dxz/Vu-a(Vu)dxz / Vut - a(Vu) dx,

U<t u<t ul <t

fort < ;. Since u® = U in {U < 11}, the three integrals are equal for ¢ < f1, and therefore,
Proposition 2.7 implies that u is a translation of u in {# < #;} and 2 is a ball, which is an
absurd. Replacing a by a, we see that the same conclusion holds if a satisfies the hypotheses
of that proposition. O

Proof of Proposition 5.1 Observe thata and f satisfy (H1)-(H5). Furthermore, a also satisfy
(HT), since |a(t, z)| = Cs|z|90~" for z small. Then let Up be the solution stated in Theorem
4.1 or in Theorem 4.7 for m = 0. Consider the set

A = {t : Jaradial sol. U, of (5.1)s.t. U, > uin B* and | B*| = |{u* > 19}}.

According to the previous lemma, this set is not empty. To prove the theorem, it suffices to
show that 0 € A. For that we prove the following assertions.
Assertion 1: For any positive 1] € A, there exists ' € A such that ¢’ < 1;.

From the definition of A, there exists a radial solution U, of (5.1) greater than or equal
to u? in {uti > 11}. Since Uy, is radial, it can be extended as a positive radial solution of
—div(a@(V, VV)) = f(V) in some ball that contains {u® > 7} or in R”. The maximal
extension will be denoted by Uy, . Consider

D={t>0: {Uy > t}| = [{u = 1}| and {U;, > s}| = |§2,] for s > 1},

and let r, = inf D. Observe that t; € D and so t, < 1;. If p < t;, then there exists
t3 € [, 1) N D. Hence, in this case, our assertion is proved taking ¢ = 3. Consider now
the case t, = t1. Thus O & D, since 0 < t; = t. Therefore, there are two possibilities:

(1) Uy > 0} > |82] and |{U;, > s}| > |€2,| fors > 0;
(2) HUy > so}| < 825, for some sg > 0.

Case 1): since |{U;, > s}| > p,(s) fors > 0, Uy > u?. Then, from the first part of Prop-
osition 5.5, U;, = u? in {U;, < nr}, since Uy, = u? in {U;, = ). (This is the
only time in this proof we use that either a and a satisfies (H6) or £2 = B and u is
radially symmetric.) However, this contradicts [{U;, > 0}| > [§2], and so this case
is not possible.

Case 2): from the definition of 7y, it follows that 5o < f;. Let BS/,O (0) be a ball such that
|B,| = [{u > so}|. Hence B’ = B (0) and B” = {U;, > so} satisfy |B'| > |B"|,
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and from Theorem 4.1 or 4.7, there exists a solution Uy, of (Pp) with Us, = so on
dB', such that Uy, > Uy, in B”. Then Uy, > U;, > u®in {U;, > 1}, and therefore,

nuy, (1) = [{Usy > 11}l > {Uy > 0}l = [{u = 0} = wu(ty).

Since KUy, is continuous and w, (t;) = limt_)tr Uy (1), we have KUy, () > uu(t)
for so < t < t1, sufficiently close to 1. Defining

t' =inf{t > 59 : 1, () > ftu(s), forty > s > 1},

it follows that so < ¢’ < 1 and w, (') < KU, (t") < wuu (7). Observe also that
Us, > u® in {u* > t'}. Hence, this assertion is proved if KUy, ) = p, ). If
KUy, (") < pu(t'"), applying Theorem 4.1 or Theorem 4.7 for the balls {Uy, >
1"} € {u* > '}, we getasolution Uy s.t. Uy > Uy, in {Uy, > '} and [{Uy > t'}| =
[{u® > ¢'}|. Then Uy > u® in {u* > ¢’} and Uy = u® on 8{u® > ¢'}, completing
Assertion 1.

Assertion 2: If t; = inf A, then t; € A.

We can prove this using the same limit argument as in Lemma 4.4.

These assertions imply that inf A = 0. Then there is a solution Uy of (133) such that
Uy > u. Since Up is maximal, it follows that Uy < Up, proving the result. O

Theorem 5.6 Let 2 C R" be a bounded open set, B be a ball centered at the origin with
|B| = |82|, and suppose that a, a, and f satisfy the hypotheses (HI)—(HS5), where the con-
stants and powers associated to a and a may be different, and a or a satisfies (H6). If
a(t,z) -z < a(t,z) -z for any z € R”", then there exists a radial solution Up € Wol’p(B) of
(133) such that

Ug >u® in B,

where u® is the symmetrization of any solution u of (Pg). Up does not depend on a.
Furthermore, if 2 is not a ball, one of these solutions is positive, and a = a(z) (or a =
@(2)) is as stated in Proposition 2.7, then Ug > u®.

Proof Fork € N, let ai(t, z) = by (¢, |z|)z/|z| be a function satisfying (H3) s.t.

o |al = lal, i
e ai(t,z) -z = C|z|? for some C > 0 and |z| < 1/k,
o ay(t,z)-z=al(t,z)-zfor|z| >2/k.

To obtain such «, first observe that the convexity of a(t,z) - z in z and the relation
a(t,z) -z > Cs |z|90 imply that the derivative of s +— a(t, sw) - sw is uniformly bounded
from below by some Dy > O fort € R, |w| =1 ands = 1/k. From a(z,z) = b(t |Z|)Z/|z|
we get dg [b(t s)s] > Dy fors = 1/kandt € R. Since a(z, z) - z in z is convex, s [b(t s)s]
is increasing in s and then 0 b(t,s)s > Dy fors = 2/k. Now define by (¢, s) inR x [0, 1/k]
by bi(t, s) = Ck|s|‘10 I where Cy is such that 9 [bk(t s)s] = Dy/2 fors = 1/k. (Indeed
we can chose Dy = C3 (l/k)q" landC = ¢, = Cs/(2q0) ) Hence, it is possible to extend
br to R x [0, +00) in such a way that ds[bk(t, s) s] is strictly increasing in s, continuous
and by(r, s) = b(t, s) for s > 2/k. The function a; defined from by satisfies the required
properties.

Since a, ay, and f satisfy the hypotheses of Proposition 5.1, there exists some radial solu-

tion Uy € Wol’p(B) of —divai(V,VV) = f(V)in B that satisfies Uy > u®, for any solution
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u of (Pgp). Using (2.3), it follows that the sequence (Uy) is bounded in the L norm and,
following the same argument as in Part 1 of Lemma 5.4, the derivative of Uy is also uniformly
bounded and equicontinuous. Hence, some subsequence converges to some function Up that
is a weak solution of (153), by usual arguments. Moreover, Uy > ut implies that Up > u?,
for any solution u of (P ), completing the first part of the theorem.

To see that Up does not depend on a, it is enough to show that there exists Up that is
the maximal solution of (133) according to the definition (1.2). This is a consequence of
Theorem 4.1 or Theorem 4.7 if we assume also (H7). In the case (H7) is not satisfied, we
can apply Proposition 5.1 for a, ag, f, and £2 = B, just as we did in the previous paragraph.
Then, there is a solution Up of (13 p) that satisfies Up > U for any radial solution U of (13 B).
Observe that we can apply Proposition 5.1 even if a and a; does not obey (H6), since 2 = B
and U is radial.

Suppose now that £2 is not a ball, a = a(z), and u is a solution of (Pg). From the first
part, Up > u® and, therefore, applying Proposition 5.5, Up > u*. O

6 Existence and bound result

First we apply the results of the previous section to prove that the symmetrization of solutions
of (1.4) are bounded by aradial solution. Notice thatif / is also bounded from above, the result
follows immediately from Theorem 5.6 applied to the equation —div(k(v)a(Vv)) = f(v).
For £ just bounded from below by some positive constant, the proof is given in the next
proposition.

Proposition 6.1 Suppose that a\(t,z) = h(t)a(z) and f(t) = g(t)h(t) satisfy (HI)—-(H5),
where h is a C' function bounded from below by some positive constant. Then there exists a
radial function Up, solution of (1.4) when the domain is B, such that Ug > u?, where ut is
the symmetrization of any solution of (1.4). This is also true even if a1 (t, z) does not satisfy
the right inequality of (1.1), provided a(z) obeys the upper bounds of (H4).

Proof Let m = inf h and ag(t, z) = m a(z). Due to the assumption on a, ag satisfies (H3),
(H4), and (H6). Moreover, the constant C, of (H4) can be taken as the same for ag and a.
Theorem 5.6 implies that there exists a maximal solution Uy for

—mdiv(a(VV)) = f(V) in B.

Let M| = max Uy and observe that, from (2.3), there is a positive constant M, that depends
only on n, q, «, B, Cy, and |£2| such that supu < M, where u € Wol’p(.Q) is any solution
of —div(a;(v, Vv)) = f(v) in £2. Let M = max{M, M>}, h| be a C! function such that
hi(t) = h(t) fort < M and h(t) = h(M + 1) fort > M + 1, and ax(¢t,z) = hi(t)a(z).
Observe that u is solution of —div(az (v, Vv)) = f(v) and a; satisfies (H1)—(H6). Hence,
from Theorem 5.6, there exists a maximal solution Up of —div(az(V,VV)) = f(V)in B
and Up > u”. Moreover Ug < Uy < M, since a» (z) - z = ag(z) - z. Therefore, Up is also a
solution of—div(h(V)a(VV)) = f(V) completing the proof. ]

This result gives a priori estimate of a solution u, but does not prove its existence, except
for the ball where we obtain the function Ug. We show now an existence result for a particular
case, using this estimate.

Theorem 6.2 Leta(z) = z|z|P~% and suppose that ay = ha and f = gh satisfy (HI)—(HS5),
with the possibility of not fulfillment of the right inequality of (1.1). Then there exists a
solution u to the problem (1.4).
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Proof Let M, hy, and Up be as defined before. Define the functional

[Vol?
p

J(v) = /(hl(v))ﬁ /f(s)(hl(s))ﬁ ds dx.
2 0

Since £ is bounded from above and from bellow by some positive constants, conditions
(H4) and (HS5) hold with ¢ = go = p. Then we can minimize J in WO1 "7 (£2) and obtain a
solution u to —div(h;(v)Vv|Vv|P~2) = f(v). From the previous result, we have that u is
bounded by Up and, therefore, is a solution that we are looking for. O

7 Estimates for eigenfunctions

In the next result, the estimate (7.2) and (1.6) were established in [20] and [21] for p = g = 2,
with the best constant, and extended in [2] for p = ¢ > 1, when A is the first eigenvalue. We
use different techniques that can be applied for more general situations.

Theorem 7.1 Let 2 C R" be an open-bounded set and w be a solution of
—Apy = ali2 in 2
(7.1)
v=0 on 382

where 1 < q < p and X is either a real number if ¢ < p or any eigenvalue of — A, with
trivial boundary data if ¢ = p. Then

n(p=1)
np—g) 2 2p—=1D\ 7 (A"
(max [w])'* 7" =¥ )1/,( (” )) ' (7) lwll, (7.2)
Wy p n
Sfor any r > 0. Furthermore,
n(p—1)
. a(p=1) P P n\n/P 2a)
20z on(wle =077 (E5) 7 ()7 Il (7.3)

where 2, = {lw| > t},t € [0, max |w|].

Proof Let M = ||w|lso, p > 1,and £2o = {x : |w(x)| > M/p}. Then

M\
||w||f=/|w|r dx Z/|w|’dx2 (*) [§22] (7.4
o
2 2o

—Apw = hw|w|?? < aMI7!

On the other hand,

Hence, by the comparison principle of [24], |w| < u in §2;, where u is solution of
[ —Apu=AM9"" in 2,
_M
v="7 on 382,
Let U be the solution of

y=X4 on 0B

( —A,V =xM%"" in B
P
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where B is a ball such that | B| = |§2;|. From Theorem 1 of [45] or Theorem 5.6 (or Theorem
3.7), u® < U. Then

M = max |w| < maxu = max u? <max U
We can compute U explicitly:

p—1(A T =l 7 p_ - M
vy == (2)7 M (R = 1x7T) +
p n

where w, R" = |§22| = |B|. Since M < max U = U(0),

p—l()»)ﬂl' =l . M
M<—-~1»"- MPprTR?T 4 —,
p \n p

)

Hence,

p=1
RZI:(P—DP] I (E)l/ﬁM%.
plp—1) A

1/n
Using this and R = (@) , we get

Wn

n(p=1)

(p—1) P n\n/p  np=q
|9ﬂzwnrﬂ——£] (5)" M
p(p—1) A

From this, we get the estimate for |§2;| taking r = M /p. Moreover, applying this inequality
with p = 2 and using (7.4), it follows that

n(p=1)
n(p—q
iy = gron (52 ) T (5)" M
rToor 2(p—1)

A
m}

Remark 7.2 The estimates of this theorem still holds if |A,w| < [Aw|w]972] or, equiva-
lently, —A,w = Ag(w), where |g(w)| < |w|?~1. Hence, using the interpolation inequality,

1—r/s r/s
lwlly < llwllss”* Iwl/*,  for0<r <s < oo

we get (1.6) for solutions of —A ,w = Ag(w), where [g(w)| < |lw|9~!, with the boundary
condition w = 0 on 952. Inequality (7.2) is also true for solutions of div(a(x, Dw)) <
[Lg(w)|, provided a : 2 x R" — R”" is such that some comparison principle holds. For
instance, consider the following hypotheses on a given by [24]:

aeC(2 xR RYNCHL x (R"\{0}); R™),

a(x,0)=0 forx e £,
(D:a(x,2)€,8) = (p— DzIP 2P for (x,2) € 2 x R"\{0}, (1.5)
|D.a(x,z)| < Clz|P72 for (x,2) € 2 x R"\{0} , C > 0.
Theorem 7.3 Let w be a bounded solution of

[ —div(a(x, Vv)) = f(v) in £
(7.6)
v=20 on 482,
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where a satisfies (1.5) and f € C'(R) satisfies | f(1)| < c|t|]?' +d, with0 < g < p and
c,d > 0. Then

p P
[k D+
lwlloo = max [Clllwllr"" o Coflwll r"]

where C1 = Ci(n, p,q,r, p,c)and Co = Co(n, p, r, p, d) are positive constants.

Proof We use the same ideas of the last theorem. By the comparison principle of [24],
|lw| < u, where u solves —div(a(x, Vv)) = cM?~! 4+ d in 2o and u = M/p on 3£2-. Since
the hypotheses on a imply that {a(x, z), z) > |z|?, using the same argument as in Remark
3.6, we have that max# < max U, where U is the solution of —A,v = cMi ' +don B
and v = M/p on 9 B. Notice that U is given by

p—l 1 ﬁ _1 1 _p_ _r_ M
U == (=) Mt e (R - 1 7T) 4 =
P n 0

Following the same computations as before, we conclude the proof where the constants are
given by

n

__n P __ P
Ci = Qc)nv—atrp K nlo=o+rp - Cy = (2d) "v=D+rp K n(p=D+rp |

and

_n(p=1 n(p—1) n
a2 ) 60
o o p n

Using the interpolation inequality observed in Remark 7.2, we can obtain estimates for || w||s,
where s € (r, o0].

Now, we use this theorem to show that the L? norms of a solution go to zero when its
domain becomes “far away” from a ball with the same measure. More precisely, when the
first eigenvalue of a domain of a given measure is large, then the L? norms of solutions in
this domain are small.

[}

Corollary 7.4 Assuming the same hypotheses as in the previous theorem, if p = q and
¢ < Ap(82), the first eigenvalue of — A, then

c d plfl o 1 c d vﬁ'l o K1
< P S — P
oo < max ) €1 (mi ) 1217, o (g )1

where ky = p?/[n(p — 1) + p>1. If p > q, then

[w]lco < max {len(Pjerrp s Czr”(pjf)ﬂp } s
where T = |2|1/P max{(2c/A,(£2))// P9 (2d /1, (£2))"/P=D}.
Proof First note that the growth condition on f and Holder inequality imply
p 14 q p=q p=1
Ap@)llwllp = IVwlp = [ Vw-a(Vw,x) dx <clwlp|2] 7 +dlwll,l$2] 7 .

2

The proof for the case p = ¢ follows directly from this and Theorem 7.3. In the case p > ¢,
we get from this inequality that ||w||, < r. Hence, we complete the proof applying Theorem
7.3. O
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Corollary 7.5 Assume the same hypotheses about a and f as in the previous theorem. Sup-
posealsothata = a(z), f(t) > Ofort > 0, f(t) = 0fort < 0and there exists some positive
solution U of (7.6) in the ball B with the same measure as §2. If 1., (§2) is sufficiently large,
then any solution u of (7.6) in $2 satisfies u® < U, where u* is the symmetrization of u.

The novelty in this corollary is that f does not need to be monotone.

Proof From Hopf lemma, 9,U = ¢ < 0 on 9B, and, therefore, there exists some “parabo-
loid”

n

p—1/(1 7 L p A
Px)=——-1[_- Crt (r =1 —|x — xo| ,,—1) ,
p

where xq is the center of B and r is its radius, such that 0 < P < U in B. Observe that
—A,P = C. Since f is continuous and f(0) = 0, let M > 0 be such that f(t) < C for
t < M. Corollary 7.4 implies that ||u|l« < M, where u is any solution of (7.6), if A,(£2) is
large enough. Then

—diva(Vu) = f(u) < C=—-A,P,

and, from Theorem 5.6, u? < P < U proving the result. ]

Acknowledgments This collaborative research is co-sponsored by the J. Tinsley Oden Faculty Fellowship
Program in the Institute for Computational Engineering and Sciences at The University of Texas at Austin.

8 Appendix

We show now Lemma 2.4 with the same arguments as in Theorem 3.11 of [40].
Proof of Lemma241letK >0, >K,r>1,y =qr —q+1,
v=Pu) =min{(u + K)", """ (u + K)}
and
¢ =G =min{(u+K), 0w+ K)} — K € Wy'(2).

Then, using that a(z,z) - z > C.(|z|9 — 1) forallz € R" and 7 € R, we get

Vu - ,V
/|Vv|q dx < /|P/(u)|q (M+]) dx
Cy
2 2

_ [P/l Ve -a(u, Vu)
—/ G'(u) C.

dx+/|P’(u)|q dx.
Q/

Notice that |P'(u)|9/G'(u) = E, where E =1ifu+K >{fand E =r9/y ifu+ K < ¢.
Then, E < r? and, using Vo - a(u, Vu) > 0,

q
/|VU|‘1 dx < 2— Vo - a(u, Vu) dx+/|P/(u)|‘1 dx
' *Q’ 2
q
- %/f(u)G(u) dx+/|P’(u)|‘1 dx. (8.1)
*
2/ 2/
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Observe now that foru + K < £,

(u+ K)1~'v

f@Gw) < (@u?™ + ) (u+K) <a+K)yI~ " +p X1

<vf (a+ Kffl)'

In a similar way, we can prove this inequality also for the case for u + K > £. Furthermore,
foru+ K < ¢,

rq q
gt K ra 2
(u+K)y = K9

that is also true for u + K > £. From these two inequalities and (8.1), we get

q q
ot dr < | = (a+ =LY+ 22| [ vt an, (8.2)
~ LCx Ka-1 K4
Q/

Q7

[P/ ) = |r(u+K) 9 =r

Now we study the cases ¢ > n, g < n and g = n separately.

Casel ¢ > n.
Observe that for r = 1, we get v = u + K. Using the Morrey’s inequality forv — K € Wol‘q,

v — K llcot-na < Collv — Kllwra < Colllvlly + K[2'1V9 + | Dv|l,),

where Co = Cy(n, ¢). From this one and (8.2), we get

= K=<|C : B L CoK|$2'|"4
supu =supv — K < | Co + c. e+ )t ke lvllg + CoK[$271/9.

Since |vllg = llu+ Kllq < llully + K129, we get supu < Dyllully + D2K|[2'|'/4,
where

1 B 1 74
D1:C0+|:C7*((¥+W)+7i| and D22D1+C0.

Case2 g < n.
Sincev — K" € Wol’q(.Q’), the Sobolev inequality implies

[v—K"llg« < CollVullg. (8.3)

where ¢* = nq/(n —q) and Cop = qil"f_ql). Using this and (8.2), we get

- rd B ra Ve
lv—K"llgx = Co [a-(a+ Kq—l) +ﬁ] lvllg- (8.4)
Hence, naming x = n/(n — g), it follows that
r B ra ' rronl/
. - x4
||v||xq§co[c* (a+Kq_1)+Kq} Ilvlly + K"182')1/%9,
thatis, [|[v|lyy < Dillvlly + D2, where
rd ,3 rd Va r !
_ . - — /xq
Dl_CO[C* (a—i—Kq_l)—i-Kq] and D, = K" || .
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Since v depends on r and £, we name it by v, ¢. Inthe same way, D1 = D1 (r) and Dy = Da(r).
Hence, the last inequality can be rewritten as

lvrillxg = Di() lvrillg + D2(r). (8.5)

Taking » = 1, we have v = u + K and, then

lu+ Klyq = Di()llu + Kllqg + Da2(1).

Henceu+K € L*9 and, therefore, (u+K)* € LY. Takingr = x,wehave |v, ¢| < (u+K)X
for any £. Thus |[vy ¢lly; < II(u + k)X || and, from (8.5),

vy, ellxg < D1OOI@ + K)* g + D2(x)-
Using that v, ¢ 1 (u + K)* as £ — oo, we get
[+ K) g < D1OOI@ + K)* g + Da(x)-
Therefore, u + K € LX 2‘1. More generally, if we take r = x", it follows in a similar way that
1+ K% llq < D1+ K)* g + Da(x™)

andu + K € Lx"a, Thus, u + K is an L" function for any > 1. Hence, making £ — o0
in (8.5), we get

lu+Kllyyq = Di(r) llu+ Kl + Da(r).

r
rxq —

Observe now that D (r) = r H, where
1 B 1 Ve
H=C°[ci‘(“+ﬁ)+ﬁ] -

lu+ Ky .
Da(r) = KNQ'|4 < = orqgrt 121X < rllu+ K I 120X DY,

Furthermore,

Therefore, the last three relations imply
I+ Kllrgg < " Ho'"llu+ Klirg, (8.6)

forr > land x = n/(n — q), where Hy = H + |§2/|(1/x=D1/a, Taking r = x™ in (8.6), we
have

lu + Kllymiry < x™ %" Hy/*" llu 4 Kl yng  form € NU{0}.
Hence, defining A,, = 37 j/x/ and B,, = 37_ 1/, it follows that
lu+Kllymiry < x*Hy"lu+Kll, form e NU{O}.
Since A,, and B,, are convergent series,
sup(u + K) < x " Hg |lu+ Klg.

where A = lim,, 00 Ay, and B = limy,— 00 By = % Then

supu < D(H® +|2/[PUxa=1Dy(Jully + 1K ly),
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for D = x428. Observe that B(X]—q — %) = —%. Therefore

supu < D(H® +12' 17V (Jully + K|£2/119).

B 1
H<c¥i (L + 2 1) (1+=).
< Co (c*+c*+ + =

Then, taking K = |£2'|'/", it follows that

Notice that

H? < ci(2'1"" + nP1e71e,
where C; = [Cy2%/4 (a/Cy + B/Cy + 115 Hence
supu < 2DCy (121" + 1) 12174 (Jull, + K182'/9)
<c2"+ DE (1217 ully + 12117,
proving the result.

Case 3 ¢ = n: Taking ¢ < g = n, we get the same estimate as in (8.3) with g* instead of
g*. Hence

lv—K"llz« < CollVvllg,
where ¢* = ng/(n — g) and Cy = ‘;flnf};). Therefore, from Holder inequality,
lv = K" llg= < CollVullg|$2'| =044,
Forg > n/2,we getg/(n — g) > 1 and, then, g* > n = q. In this case,
lv = K"llxq < Coll Vullg|$2'1@~9/49,

where x = ¢*/q > 1. Using this and (8.2), it follows that

rd B ra Y4 )/
lv—=K"ll4 < Co [a-(OH— Kq*1)+ﬁ] llvllg|$2" |~ P799,

This estimate is basically the same as in (8.4). Hence, taking K = |£2| I/n and following the
same argument as before we get the result. O
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