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Abstract  This paper extends results obtained by Tartar (1977, 1986) and revisited in Briane
and Gérard (Ann Scuola Norm Sup Pisa, to appear), on the homogenization of a Stokes equa-
tion perturbed by an oscillating drift. First, a N-dimensional scalar equation, for N > 3, and
a tridimensional Stokes equation are considered in the periodic framework only assuming the
L?-boundedness of the drift and so relaxing the equi-integrability condition of Briane and
Gérard (Ann Scuola Norm Sup Pisa, to appear). Then, it is proved that the L2-boundedness
can be removed in dimension two, provided that the divergence of the drift has a sign. On
the contrary, nonlocal effects are derived in dimension three with a free divergence drift that
is only bounded in L.

Keywords Homogenization - Second-order elliptic equations - Stokes equation - Drift

Mathematics Subject Classification (2000) 35B27 - 76M50

1 Introduction
At the end of the seventies, Tartar [15,16] (see also [17,18]) studied the homogenization of

the following Stokes equation perturbed by an oscillating drift term (modeling the Coriolis
force) in a bounded domain €2 of R3,

— Aug +curl (vg) X ug +Vp, = f inQ
div (ug,) =0 in (1.1)

u, =0 on 0%2,
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854 M. Briane

where v, is a sequence in L>(£2)? and f belongs to H ~!(£2)3. Assuming that the sequence v,
converges weakly to some v in L3(£2)3, and applying his method of oscillating test functions
(introduced in the Appendix of [14]) with the parameterized functions

—Awé‘-}—curl(vg) X A+Vq£‘ =f inQ
div (w}) =0 inQ fori € R, (1.2)

wt =0 on 092,

&

he proved that the limit equation of (1.1) is the Brinkman [8] type equation

—Au+curl(v)y xu+Vp+Mu=f inQ
div(u) =0 in Q (1.3)

u=>0 on 9€2,

where M* is the positive definite symmetric matrix-valued function defined by the conver-
gences

INT * 303 3
(Dwg)" v — M™A weaklyin L2(R2)”, forany A € R”. (1.4)

Since the energy density associated with the Stokes equation (1.1) is reduced to | Du,|?, we
may introduce the equivalent scalar equation in a bounded open set Q of RY, with a drift
term and the same density energy |Vu,|?, namely

—Aug + by - Vug +div (b ug) = f inQ
(1.5)
us =0 on d€2,

where b, is a sequence in L®(Q)N and f belongs to H —1(Q). Consider the Hodge decom-
position of b in L2(Q)VN, that is, b, = Vw, + & where w, belongs to HOI(Q) and & is a
divergence free function in L2(Q)V.

Assuming that b, is bounded in L2(Q2)", with Vw, equi-integrable in L>($2)", and using
an alternative method based on a parametrix of the Laplace operator, we obtained in [6] the
homogenized equation

—Au+b-Vu+divibu)+ pusu=f inQ

(1.6)
u=2~0 on 082,
where b = Vw + £ is the weak limit of b, in L*(2)" and . is the function given by
|Vwe — Vw|> — u, weakly in L' (Q). (1.7)

This approach was also applied in [6] to the two-dimensional Stokes equation, assuming
similarly that the drift v, is equi-integrable in L2(§2)%. Moreover, we showed that the func-
tion py of (1.7) and the Brinkman matrix M* of (1.4) are not in general the correct defect
measures involving in the extra order term of the homogenized equations when the equi-
integrability condition does not hold. Therefore, it seems natural to address the following
question:
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Do the homogenization results of [6] subsist when the drift is only bounded in L)V,
or is not bounded in L?($2)N ? In the present paper, we provide a rather complete answer in
the periodic framework.

First, in Sect. 2, we study the case where the drift is bounded in LZ(Q)N ,with N < 3,
both for the N-dimensional scalar Eq. (1.5) and for the tridimensional Stokes equation (1.1).
The homogenized equations are of the same type as (1.6) and (1.3), but in general with
a constant i # 4 (see Theorem 2.1) and a Brinkman matrix M # M* (see Theo-
rem 2.2). The proof is based on oscillating test functions that differ from the functions
(1.2) used by Tartar and are similar to the functions introduced by Dal Maso and Gar-
roni [10] for studying the homogenization of second-order elliptic equations without drift
term. We also show that the Tartar formula (1.4) for the Brinkman homogenized matrix
is actually valid, that is, M = M™*, when the drift v, is bounded and equi-integrable in
L12/5 (9)3

Then, in Sect. 3, restricting ourselves to the scalar Eq. (1.5), we consider the case
of drifts that are not necessarily bounded in L%(2)". On the one hand, in dimension
two assuming that the divergence of the drift b, has a sign, with no prescribed bound
for b., we prove (see Theorem 3.1) that homogenized equation is still of the type (1.6),
including the degenerate equation ¥ = 0 associated with some effective drift of infi-
nite norm. So, the nature of the equation with a zero-order term is preserved in the
homogenization process. On the contrary, in dimension three, there is no such compact-
ness result since nonlocal effects may appear (see Theorem 4.2) with divergence-free
drifts that are only bounded in L'(2)3. This gap between dimension two and dimen-
sion three is reminiscent with the homogenization of purely diffusive equations of the

type
— div (A, Vi) = f inQ, (1.8)

where A, is an equi-coercive sequence of symmetric matrix-valued functions which are not
necessarily equi-bounded from above. Indeed, the family of equations (1.8) is shown to be
stable by homogenization in dimension two at least in the periodic case (see, e.g., [3,4]),
while dimension three may induce nonlocal effects for suitable sequences A, that are only
bounded in L!(2)3*3 (see, e. g., [1,11,7]). However, in the present case, nonlocal effects are
due to a quite different coupling between a second-order equation and a first-order equation
induced by the drift term.

Notations

For N > 2, I is the unit matrix of RNV*NV
Forany A, B € RV*N_ AT is the transposed matrix of A, and A : B := tr (AT B).
14

e The conjugate exponent of p > 1 is denoted by p’ := 71
p—

a .
° FOI‘M:RN—>RN,DIAI:(M) .
dxj 1<i,j<N

N 0%
o For¥:RY — R¥*N Diy (%) := (Z ”) :
J=1 0x; 1<i<N

° Hﬁ1 (Y),with Y := [— %, %]N, denotes the space of the Y -periodic functions on RY which
belong to thc (RM).
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856 M. Briane

2 Homogenization with a L2-boundedness drift
2.1 The scalar equation

Along this section, €2 is a bounded open set of RY, with N < 3, and Y denotes the unit cube

[—%, %] , which is identified to the N-dimensional torus RY /ZN . Consider a Y -periodic

vector-valued function B, in LE’O(Y)N satisfying

B; — B weaklyin L3(¥)V, with B:= / Bdy, 2.1)
Y
and the oscillating drift b, defined by

be(x) = Be (g) . forx e Q. 2.2)

Also consider the solution W, in Hﬁl (Y)/R of the equation

AW, =div(B,) inR", (2.3)
and assume that there exists
iy i= lim /|VW8|2dy. (2.4)
e—0
Y

Note that u, < oo since W, is bounded in Hﬁ1 (Y)/R.
We have the following homogenization result for the scalar drift problem (1.5):

Theorem 2.1 There exists a subsequence of ¢, still denoted by ¢, and a constant . € [0, [L4]
such that for any f € H™Y(Q), the solution u, of the problem (1.5) with the drift (2.2)
converges weakly in HO1 (R2) to the solution u of the equation

— Au+2B-Vu+puu=f inQ. (2.5)

Moreover, if the limit B of (2.1) is not divergence free in RN then . > 0.
On the other hand, if the sequence VW, (f) is equi-integrable in L% ()Y, then 1 = i

loc

Proof First of all, putting u, in Eq. (1.5), we obtain the energy equality

/'Vué"Z dx = <f7 uE)H*'(Q),Hé(Q)’ (26)
Q

which implies that the sequence u, is bounded in HO1 (£2) and thus converges, up to a subse-
quence, to some function u in HOl ().

We will apply the Tartar oscillating test function method to the following functions. By
the Lax—Milgram theorem, for any é > 0, there exists a unique solution Zs . in Htil (Y) of
the equation

1 1 1
— 5 AZse—~Be-VZse——div(B; Zse) + 6 Zs. =1 inR", 2.7
& & &
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the variational formulation of which is given for any ¢ € Hﬁl (Y), by

1 1 1
gﬁ/vzé,s'V‘pdy_g/Ba'VZB,swd)"i‘g/Bs'V¢Zﬁ,sdy+/3zﬁ,s¢dy
Y Y Y Y

=/w®. 2.8)
Y

Hence, the function defined by
25,6(X) 1= Zs ¢ (g) , forx e RV, (2.9)
satisfies the rescaled equation
— Azse —be - Vs —div(bezse) + 825, =1 inRY. (2.10)

Putting Zs . as test function in (2.8), we have

1 B
8—2/|V2578|2dy+8/2§,8dy =Zse ;=/za,£dy, (2.11)
Y Y Y

which implies that Zs . converges weakly, up to a subsequence, to a constant Zs in Hﬁ1 (Y).
Using a diagonal extraction, there exists a subsequence of ¢, still denoted by ¢, such that the
previous convergence holds for any § in a dense countable set D of (0, 00).

Note that Zs > 0, since by the maximum principle Zs . > 0 a.e. in Y. Moreover, if
Zs = 0, then by (2.11), the sequence é |VZs.e| + Zs.. converges strongly to 0 in L2(Y).
But, putting ¢ = 1 as test function in (2.8), we get that

1=— é / Be - VZsedy +8Zsc=— é/vwa VZsedy+8Zse, (2.12)

Y Y

which yields to the contradiction 1 = 0. Therefore, we have Zs > 0. By estimate (2.11) we
also have § Zg < 25, hence 25 € (0, %]

Now, apply the Tartar oscillation test functions. Let f € H~'(Q) and ¢ € CX(RQ).
Putting ¢zs ¢ in (1.5), pu, in (2.10), and equating the two formulas, we get that

/Vug-V(ng,gdx—/Vzg,8~V<pu€—2/b8 -Vgougzg,gdx—S/gazg,guedx
Q Q

Q Q
=/f‘p15,sdx_/¢usdx- (2.13)
Q Q

Moreover, by (2.1), the sequence b, of (2.2) weakly converges to the constant B in
L2(Q)V, 25, weakly converges to the constant Zs > 0in HY(Q) for any 6 € D, and
up to a subsequence u, converges weakly to u in HO1 (£2). Hence, by the Rellich compactness
theorem, the sequence u; z5 . converges strongly to u Zs in L>(2) (N < 3). Therefore,
passing to the limit in (2.13), it follows that

/Vu~V(ngdx—Z/B-Vgauz,sdx—l-/(p(l—éig)udx:/f(pzadx.
Q Q Q Q
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Therefore, u is the solution in HOl (R2) of the equation

_ 1
— Au+2B-Vu+pusu=f inQ, where us ::Z——(SZO. (2.14)
s

Since (2.14) has a unique solution u for given f € HY(Q)and 8§ > 0, u, converges weakly
to u in HO1 (£2) for the whole sequence ¢ which ensures the weak convergences of B in
L%(Y)N and of Zs . in Hﬁ1 (Y) forany § € D. In particular choosing f = 1, we deduce from
(2.14) that for any 8,8 € D, usu = g u, which implies that us = g since u is clearly
not the zero function in 2. The nonnegative constant j := s is thus independent of § € D.

On the other hand, applying the Cauchy—Schwarz inequality in (2.12) and using (2.11),
we have

1
2

IA

_ 1
1—68Z5. /|VWE|2dy 8—2/|vza,s|2dy
Y Y

=
=

/|VW8|2dy Zs,e—a/zz%,edy ,
Y

Hence, passing to the limit as ¢ — 0 with (2.4) we get that
1
1 3 ( 1 8) 2 3 1
= — =< _—— = s
W 2 = MU 2 M L

which yields the inequality pt < piy.
Now, assume that © = 0. Then, by (2.11) we have

e—0

1 i} -
lim 7/|vzg,g|2dy =75—82:=27}u=0. (2.15)
&
Y

Putting ¢ € Hﬁl (Y) in (2.8) and multiplying by ¢ the equality, we obtain that

1
g/vzé,s'v‘/’dy_/Bs'VZ(S,s‘/)dY‘I‘/Bs'V(pZS,sdy: O(e).
Y Y Y

Therefore, passing to the limit as ¢ — 0 in the previous equality together with (2.1) and
(2.15) we obtain that

Zg/B-V(pdy:O, Vo e H(Y),
Y

which implies that B is divergence free in RY, since Zs > 0. Conversely, if B is not diver-
gence free in RV, then 1 is positive.

Finally, assume that the sequence VW, (%) is equi-integrable in LZ(2)V, and choose
W, such that fY We(y) dy = 0. Then, by the Poincaré—Wirtinger inequality combined with
Ly < 00, the sequence W, is bounded in Hﬁl(Y). Now, consider the Y -periodic function

defined by wg (x):=¢e W, (f), and the solution w, in HO1 (R2) of the equation Aw, = div (b;)
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in Q. By (2.2) and (2.3), the function w, — wg is harmonic in €2, and wg converges weakly
to 0 in H' (), so does w; in HOI(Q). Let ¢ € C2°(S2), we have

/|Vw5 - ng|2<pdx
Q

= / V(ws — wh) - V(g (we — wh)) dx — / V(we — w?) - Vo (we — wf) dx

Q Q
= —/V(wg - w§)~V(p(w5 - wg)dx — 0,
e—0
Q
hence
|Vw, — Vw?|> — 0 strongly in L .(2). (2.16)

On the other hand, the equi-integrability and the ¢Y -periodicity of ng combined with (2.4)
imply that |Vw§ 12 converges weakly to (i, in Llloc(Q). This combined with (2.16) yields that
[Vw, |2 also converges weakly to 1, in L]IOC(Q). Therefore, thanks to Theorem 2.4 of [6] the
homogenized equation reads as (2.5) with = .. O

2.2 The Stokes equation

In this section, N = 3, and € is a regular connected bounded open set of R>. Consider a
Y -periodic vector-valued function V in LEO(Y)3, satisfying

Ve — V weakly in L7 (¥)?, with V ::/de, (2.17)
Y

such that there exists

iy = lim /|V£|2dy, (2.18)
e—0
Y
and consider the associated oscillating function v, defined by
v =V, (3), forree. (2.19)
e

Let f € H~'(2)3. Our aim is to study the homogenization of the perturbed Stokes problem

— Aug +curl (ve) X ug +Vp, = f inQ
div (ug) =0 in (2.20)

u, =0 on 012.

Problem (2.20) can be regarded as a drift problem due to the following weak formulation of
the zero-order term

curl (ve) X up = Div (ve ® up) + (Dug)” ve — V (Ve - tg) , (2.21)

where the vector-valued function v, plays the same role as the drift b, in the scalar prob-
lem (1.5). Indeed, the term Div (ve @ u) + (Dug)” v, is similar to div (b ug) + be - Ve in
(1.5), while V (v, - u.) can be included in the pressure term of (2.20).
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860 M. Briane

Since €2 is a connected regular bounded open set and v, € L™ ()N forafixed e, we easily
deduce from the Lax—Milgram Theorem applied to the Hilbert space of the free divergence
functions in HO1 ()3 that there exist a unique u, € HO1 ()3 and a unique p. € L*(Q)/R
solutions of the Stokes problem (1.1).

Tartar [15,16] (see also [18], Chapter 19) derived a Stokes equation with a Brinkman law
assuming that v, is bounded in L3(£2)3. To this end, he introduced a family of oscillating test
functions parameterized by a vector A € R, the equivalent of which in the periodic case is
defined by

wh(x) == W2 (E) and gt(x) == Q* (%) for x € B3, (2.22)

where W} € H!(Y)? and Q% € L%(Y)/R are the solutions of the Stokes problem
_ L A w3
AWS +curl (V) x A+VQ; =0 inR
€

div(W}) =0 in R3 2.23)

/W,?dyzo.
Y

The functions w? and p? are solutions of the rescaled problem

—Aw;\—i—curl(vg) X )L—l—Vq;\ =0 inR3
(2.24)
div (wg\) =0 in R3.

Tartar obtained a homogenized problem with a Brinkman force of the type M* u, where u is
the limit velocity and M* is the constant matrix in R3*3 defined, up to a subsequence, by

1
M. = lim f/(DWS)‘)TVS dy |, forne®r. (2.25)
e—> &
Y

Note that the matrix M* is symmetric and nonnegative, since by putting WZ* in (2.23) and
using the weak formulation (2.21), we have

1
M*a-p=1lm | — [ DW::DWrdy |, Vi, peR (2.26)
e—0 | &2 i
Y

In the present context, the sequence v, is only assumed to be bounded in L?(£2)3. Hence,
we propose an approach based on different oscillating test functions that are similar to the
functions (2.7) of the scalar case. More precisely, consider for fixed § > 0 and A € R3 the
solution Zg\’ . in H}(Y)? of the Stokes problem

1 1 1
- = AZj, ——curl (Vo) x Z§ .+ - VP 4825, =1 inR}

€ € € (2.27)
div (Z§,) =0 in R,
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the variational formulation of which is given by

! DZ) . :D®d ! V. ® Z: ) : Ddd ! DZ} )TV, . &d
87 8,6 ° y+ g (Ve ® 5,5) : y = g ( 5’8) Ve - y
Y Y Y

1
—7/P3}‘sdiv(cb)dy+/(62§‘8—A)-‘bdy:O, Ve H/(Y).  (2.28)
. : :
Y

Y
The functions defined by
() =27, (z) and p},(x) = P}, (g) for x € B3, (2.29)

are solutions of the rescaled Stokes problem

— A, —curl (ve) x 2, + Vph, 482, =r inR3
(2.30)
div (Zak,a) =0 in R3.

We have the following result:

Theorem 2.2 There exist a subsequence of ¢, still denoted by €, and a nonnegative matrix
M e RS satisfying the inequality

IMTA> < MTA-A, VYA eR, where uy is the limit (2.18), (2.31)

such that for any f € H=Y(Q)3, the solution u, of (2.20) weakly converges in HOl (Q)3 10
the solution u of the Brinkman problem

—Au+Vp+Mu=f inQ

(2.32)
div(u) =0 in Q.
Moreover; if the limit V of (2.17) satisfies the condition
Ve R\ {0}, curl(curl (V) x u) € D'(R?)\ {0}, (2.33)

then M is positive definite.
On the other hand, if the sequence v, of (2.19) is bounded and equi-integrable in L'2/5 ()3,
then M agrees with the Tartar matrix M* of (2.25).

Remark 2.3 The matrix M of the Brinkman problem is not necessarily symmetric. In [6],
we gave an example of a nonsymmetric matrix for a two-dimensional Stokes equation.

Proof The proof is divided into three steps.

First step: Derivation of a priori estimates.

First of all, putting u. in Eq. (2.20), we obtain the energy equality

/ |Vu8|2 dx = (fa uf)H_l(Q)3,H01(Q)3’ (234)
Q

which implies that the sequence u, is bounded in HO1 (Q)3. Then, by the embedding of
H' () into L5(Q), the sequences |v, ® u.| and v, - u, are bounded in L%(Q), while the
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sequence |(Du5)T v8| is bounded in L! (). Moreover, the Eq. (1.1) combined with the weak
formulation (2.21) yields

Vpe = Aug — Div (ve @ ue) — (Due)Tva + Ve -ug) + f

which is thus bounded in W1/ () forany r € ( ) due to the embedding of LY () into

w-Lr (€2). Hence, p. is bounded in L"(2)/R for any r € ( , 2) by the classical estimate
of the pressure (see, e.g., [12]). Therefore, up to extract a subsequence u, and p, satisfy for
any r € (1, %), the convergences

ug — u weakly in H'()> and p, — p weakly in L" (Q)/R. (2.35)

Now, let us derive estimates satisfied by the test function (2.27). Let § > O and A € R3.
Putting ® = Zg\’ . as test function in (2.28), we have

1 _ _
—2/|DZ§F|2dy+8/|Z§F|2dy:k-Z§‘8, where Zj . ::/Zg‘gdy. (2.36)
Y

By this energy estimate, the linearity of A +— Z g > and using a diagonal extraction, there

exist a subsequence of ¢, still denoted by &, and a constant vector Zs € R3, such that for a
given countable dense set D of (0, co), we have

Z}, — Z} weaklyin H!(Y)’, VieR’ VseD. (2.37)

Moreover, proceeding as for the pair (u¢, pe), by the weak formulation (2.21) and the con-
vergences (2.17), (2.37), the sequence curl (VE) X ZA, 5 18 bounded in Wn_l’r/(Y)3 for any
r € (1,3), while by (2.36), the sequence + AZ?E is bounded in Hﬁ_l(Y)3. Hence, the
pressure in (2.27) satisfies for any r € (1, ;),

P}, — P} weaklyin L[(Y)/R, YAeR’ V§eD. (2.38)

Therefore, rescaling the convergence (2.37) combined with the boundedness of % |DZ§‘V olin

L%(Y ) and the convergence (2.38), we get that the ¢Y -periodic sequences zfs" o pg\y . defined

by (2.29) satisfy for any r € (1, 3),

2y, — Z} weaklyin H'(Q)°, p}, — 0 weaklyin L"(Q)/R, VieR? VéeD.
(2.39)

Let us conclude this first step by some properties satisfied by the limit Z % Note that by
linearity, there exists a matrix N5 € R3*3 such that Z} 5 = NsA forany A € ]R% Passing to
the limit ¢ — 0 in (2.36), we get the inequality

N5k -1 > 8|Z> =8 |NsA]?, VieR. (2.40)
Moreover, putting ® = X € R3 as test function in (2.28), we have
1 - 1 _
— 7/(curl(V8) X Z§ o) - Ady+8 Z§ - h=— 7/(DZ§S)TVS ady4+8 Z) - a=I2
€ ’ ' & ' '

Y Y
(2.41)
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If NsA = 0, then by (2.36), the sequence |DZ .| converges strongly to O in LZ(Y) Hence,
passing to the limit as ¢ — 0 in (2.41), we deduce that A = 0. Therefore, the matrlx N; is
invertible and by (2.40) satisfies the inequality (in the sense of the quadratic forms)

Ny'>351. (2.42)
On the other hand, assume that there exists u € R3 \ {0} such that Ny 1 - i =38 |u|? Then,

the vector A := Na_l w satisfies the equality N°A -1 = 8 | NsA|?. This combined with equality
(2.36) thus yields

. 1 A2 2
lim (5 [ IDZ} [Py ) = Nok -1 =8 INsA* =

e—0

Therefore, passing to the limit in the variational formulation (2.28) multiplied by ¢, and using

convergences (2.37) and (2.38), we obtain that

- /(curl (V)x Nsi) - ddy=— /(curl (V)xpu) - @dy=0, VdeH!(Y)*, div(®)=0,
Y Y

which by periodicity implies that curl (curl (V) x ,u) = 0 in D'(R?). Conversely, if (2.33)
holds, then

Ny'lp-p>8lpf?, ¥upeR )\ {0},
namely Ny L_sTIis positive definite.
Second step: Derivation of the limit problem.
Let us apply the Tartar method with the oscillating test functions zg" o Let A € R3 and

@ € C°(R2). Putting ¢ u, in (2.30) and ¢ zg’g in (2.20), and equating the two formulas, we
have

/Dus : (zg‘,g ® Vo) dx —/ng‘.g D (ug ® Vo) dx
Q

—/pvez(s,gder/pg,ng-usdx—B/Wa,s-ugdx

Q Q Q
=/<pf~z5,£dx—/g0)\~ugdx.
Q Q

Hence, passing to the limit as ¢ — 0 in the previous equality owing to convergences (2.35)
and (2.39) and to the strong convergences of u,, zﬁ’e in L*(2) for any s € [1, 6), we obtain
that

/Du:(Ngk@Vgo)dx—/pVgo-Ng)»dX—i—/gp(A—rSNM)-udx:/gof-Ngkdx.
Q Q Q Q
(2.43)

Set A; = N({lei, for i = 1,2, 3, where (e, e, e3) is the canonic basis of R3, and let
D = (p1,92,93) € CE’O(SZ)3. Using A = A; and the functions ¢ = ¢;, fori = 1,2,3, in
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864 M. Briane

(2.43), and adding the three equations, it follows that u satisfies the variational problem

/Du:D<I>dx—/pdiv(<l>)dx+/(Ngl—SI)Tu'd>dx=/f~<I>dx. (2.44)
Q Q

Q Q

On the other hand, proceeding as in the scalar case, it is easy to check that by (2.42) the
nonnegative matrix

M:= Ny —sDT (2.45)

is independent of §. Therefore, (2.44) is the variational formulation of the Stokes problem
(2.32) with the nonnegative matrix M. Moreover, for the whole sequence ¢ such that the
convergences (2.17), (2.37), and (2.38) hold, the sequences u., p. converge according to
(2.35), respectively, to the solutions u, p of problem (2.32)

Let us prove the inequality (2.31). Let » € R3. Using the Cauchy—Schwarz inequality
combined with estimate (2.36) in the equality (2.41), we have

1 1

2

1 1
_,/(ngg)Tvg.Adyg /|V8|2dy —2/|DZ§‘8|2dy |
& ’ & ’
Y Y Y

IM*=8Z), - x

2 2

/|V5|2dy A~Z§,5—8/|Z§,8|2dy A
Y Y

Hence, by convergences (2.37) and (2.18), we get that
3 1
(I —8N)h-h = [A* =8 Nsa - < pu? (Nsh-h—8|Nsal?)? |A]
) 1
= wi ((I =8 Ne)x - Nsr)? 2|

Set u := NsA. Therefore, from the previous inequality and the definition (2.45) of M, we
deduce that

)

1 1
MU M +8D < ps (M - w2 [((M+8D

which implied the desired inequality (2.31) as § tends to 0.

Third step: Comparison with the Tartar result.

It remains to prove the equality M = M* assuming that v, (2.19) is bounded and equi-inte-
grable in L'2/5()3. First of all, thanks to the regularity result of the Stokes equation (see,
e.g., [12] Theorem 2, p. 67) there exists a subsequence of ¢, still denoted by ¢, such that the
solutions w?', gt of (2.24) satisfy the convergences

wt — 0 weakly in WH125(Q)3, g# — 0 weakly in L'*5(Q)/R, Vpu e R
(2.46)
Let A, u € R? and ¢ € C°(Q). Putting ¢ wt' in (2.30) and ¢ z} , in (2.24) (with ), using

the weak formulation (2.21), the weak convergences (2.39) and ﬁ2.46) of the velocities and
the pressures, and equating the two formulas we have

@ Springer



Homogenization with an oscillating drift: from L2-bounded... 865

e—0

/(v(8 ®z§,8) : Dwé‘<pdx—/(Dz§’$)TUS . wé‘gadx—l—/(vg QW) : Dzs’\’sq)dx — 0.
Y Q Y

(2.47)

In the first term of (2.47), v, is bounded and equi-integrable in LI%/ 5(Q)3, by the Sobolev
embedding zfs" . is bounded in L%(2)3 and converges a.e. in Q to Zg\ up to a subsequence,

and Dw! is bounded in L12/5(9)3X3, with % + é + % = 1. Hence, by the Egorov theorem,
we have

(ve ®25,) 1 Dwl — (v, ® Z§) : Dwl — 0 in D'(Q).

This combined with the e Y -periodicity of the functions and the definition (2.25) of M* yields,
up to a subsequence,

1 . i}
(ve ® 25 ,) : Dwl — 111% 7/(V£ ®ZY):DWlhdy | = M*u-Z} inD(Q).
’ e— &
Y

(2.48)
Similarly for the second term of (2.47), since w} is bounded in L12(Q)3 by (2.46) combined

with the Sobolev embedding, and converges to 0 a.e. in 2 up to a subsequence, we have

(D2} )T ve - wh — 0 in D'(Q). (2.49)

For the third term of (2.47), the Y periodicity implies that, up to a subsequence,

. 1 .
(Ve @ 1) ng’s N gg% - /(V‘9 W) : DZ(;"‘s dy | inD(Q). (2.50)
Y

On the other hand, putting ® = p in (2.28), it follows that

1 A 1 AT >
~ (Ve®w): DZs dy = - (DZ5 ) Ve-pdy=A-u—3825, - n.
Y Y
Finally, using the convergence (2.47) combined with (2.48), (2.49), (2.50), and the previous
equality, and taking into account (2.25), (2.45) and the symmetry of M*, we obtain that
M*p-Zh = M*Nsh-pu= (I =8 Ns)h - = MU Nsh -, VA, pueR,

which implies that M* = M T — M, since Nj is invertible. Therefore, we derive the same
Brinkman matrix that in the Tartar approach. O

3 Homogenization with a large drift in dimension two

LetY := [—%, %]2 let B; be a Y-periodic vector-valued function in L§°(Y)2, and let b, be

the oscillating drift defined by

x* 2
be(x) = B, (f) for x € R G.1)
e
Consider the solution Z, in Hﬁ1 (Y) of the equation
1 1 1 . . 9
——2AZE—fBa-VZE—fdlv(BgZE)—i-Z,g:1 in R<, (3.2)
& & &

@ Springer



866 M. Briane

or equivalently in the torus, for any V € Hﬁl (Y),

1 1 1
S—Z/VZE~Vde—f/BE~VZEde+g/B£-VVZde—i-/Zngy:/de.

e
Y Y Y Y Y
(3.3)
By the maximum principle Z, is nonnegative. Moreover, taking V = Z, in (3.3), we get that
1 2 2
2 IVZ:|"dy + | Z;dy = | Z:dy. 3.4)
Y Y Y

Hence, up to extract a subsequence, we can assume that

Ze — Z weakly in H}(Y), where lim / Z.dy | =Z e[0,11. (3.5)
E—>
Y

Define the sequence &, in R2 by

£ ::/Bg Z. dy. (3.6)
Y

Asin the previous section, we will use the oscillating test function defined by z. (x) := Z, (%),
for x € R?, which is solution of the rescaled equation from (3.3),

— Aze — by -Vze —div(be ze) + 2 = 1 inR%. (3.7)

Then, we have the following homogenization result for the scalar drift problem (1.5) with
no prescribed bound on b,, but assuming a sign of its divergence:

Theorem 3.1 Assume that the drift b, satisfies
div (bs) = 0 in D'(R?) or —div(bs) >0 in D' (R?). (3.8)

Let Q be a bounded open set of R2, and let f € H Y (Q). Then, we have the following
alternative:

e If the sequence |B;Z.| is bounded in LY(Y) and Z > 0, then, up to a subsequence, &,
converges to some & in R2, and the solution u, of the problem (1.5) with the drift (3.1)
converges weakly in HOl (R2) to the solution u of the equation

2 1
—Au—=&-Vu+|=—-1)u= in Q. 3.9
v (Lo t)an s 59
o If||B:ZellL1(y)2 converges to 0o with the extra assumption
o |€¢]
liminf ——— > 0, (3.10)

e=>0  [|Be Ze|lp1(yy2
or Z =0, then ug converges strongly to 0 in HO1 (Q).

Proof First of all, for a given f € H ~1(Q), the solution u, of (1.5) satisfies the energy
equality

/Ivuﬁlz dx = <f7 ué‘)H—l(Q)'Hé(Q)y (311)
Q
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which implies that u, is bounded in HOl (£2) and thus converges weakly, up to a subsequence, to
some u in HO1 (£2). Using a density argument in (3.11), we can also assume that the right-hand
side f belongs to L*°(2).

Let ¢ € C°(S2). Putting ¢ z¢ in (1.5), ¢ u. in equation of (3.7), and equating the two
formulas, we get that

/Vug-Vgozgdx—/Vzg-V(puedx—Z/bg-V(pugzgdx—/gozgugdx
Q Q Q Q

:/fgozgdx—/gouedx.
Q

Q

(3.12)

The delicate term is the third one with the product b, z. u.. It is enough to derive its limit
locally thanks to a partition of the unity. To this end, consider an open square Q € €2,
and, for ¢ small enough, the smallest square Q. composed of an entire number of cells
e(k+Y),k € Z, such that Q C Q. € . Note that O, = R.(Q), where R, is an affine
mapping converging uniformly to Identity locally in R?. Let w, € HO1 (Q¢) be the solution
of the equation

Awg = div (be z¢) in Q. (3.13)
The following result holds:

Lemma 3.2 Under assumption (3.8), the sequence |Vwe||p g,y is bounded for any p €
[1,2).

Let W, € H! (Q¢) be the stream function with zero Q.-average, defined from (3.13) by

beze = Vw, + JVibe, where J:= (9 ). (3.14)

First, assume that the sequence | B; Z.| is bounded in LY(Y). Hence, by periodicity, the
sequence b, z is bounded in L'(0)%. Moreover, by Lemma 3.2 and (3.14), the sequence w,
is bounded in W'1(Q). For ¢ € C°(Q), we have by an integration by parts

/bg-V(puszgdx:/Vw5~V<pu5dx—/JV1I}S-Vu5<pdx (3.15)
0 Q 0

On the one hand, thanks to Lemma 3.2 and to the weak convergence of u, to u in HO1 (),
which is compactly embedded in L?(£2) for any ¢ € [1, 00), we clearly have, up to a subse-
quence,

lin%) Vw, - Vous,dx = / Vw - Voudx, (3.16)
£—
o o

where w is the weak limit of w, in L”(Q), for some p € (1, 2). On the other hand, up to a
subsequence w, converges weakly to some w in BV (Q). Due to the periodicity of b, z. and
Lemma 3.2, the sequence Vi, converges weakly-# in M(Q)? to Vi satisfying

£ =Vw+JVd, (B.17)
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where £ is the limit of & (3.6) in R?, so that Vi € L?(Q)?. Moreover, again by periodicity
and up to a subsequence we have

be ze — lim /|B€ Zeldy | weakly-* in M(Q), (3.18)
e—
Y

and |Vw,| converges weakly in L”(Q). This combined with |JVwg| < |be z¢| + [Vwe|
implies that the sequence |J V.| converges weakly-* in M(Q) to a function of L?(Q).
Therefore, since Vu, converges weakly to Vu in L?()%, J Vi, is divergence free and
converges weakly-* to JVw in M(2)?, and since there is no concentration effects for the
sequence |J Vw, — JVw|, the div-curl result of [5] (Theorem 3.1 and Remark 3.2) combined
with integrations by parts and the fact that Vio € LP(Q)? yields

D'(Q),C°(Q)

e—0

Q

lim/JVﬁ)g-Vusgpdx = (JV - Vu, p)

= (div (u JVD), ¢) —/va-wudx.

D'(0).C2(Q) —

9]
(3.19)
Hence, passing to the limit in (3.15) together with (3.16), (3.19), and (3.17), it follows that
lim [ by - Vou,zedx :/S -Voudx. (3.20)
e—0
0 0

Moreover, by estimates (3.5), the sequence z, converges weakly to Z in H(Q). Therefore,
passing to the limit in (3.12) together with (3.20), we obtain that

/w.v(pde—z/g.V<pudx—/<pZudx=/f<p2dx—/<pudx, (3.21)
0 0 0 0 0

which is the variational formulation of Eq. (3.9) if Z > 0. Using a uniqueness argument, the
sequence u, converges weakly to the solution u of (3.9) for any sequence ¢ satisfying the
convergence of & to & and (3.5)

Otherwise, Z = 0 and equality (3.21) implies that for any ¢ € HO1 (),

/goudx—2/$-V(pudx:O.
Q

Q

Taking ¢ = u and integrating by parts the second integral, it follows that u = 0. This

combined with the energy equality (3.11) implies that u, converges strongly to 0 in HO1 ().

Now, assume that [|BeZc|l11(yy2 converges to co. Dividing the equality (3.12) by

| BeZellL1(yy2 and taking into account that the sequences u., z; are bounded in H L,
we get that

. B. Z, X
lim [ ¢ -Vou,dx =0, where ¢ = ——— (7) . (3.22)
8_)09 1B Zellpiyy2 \€

By virtue of the Y -periodicity, the sequence ¢, is bounded in L'(£2)?, and, up to a sub-
sequence, converges weakly- in M(2) to some vector ¢ € R?, with ¢ # 0 by (3.10).
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Replacing b, z. by ¢, and repeating the procedure of the previous case, we obtain similarly
to (3.20) that

lin})/{E-unde:/;-Vgoudx.
£—
Q Q

This combined with equality (3.22) yields that ¢ - Vu = 0 a.e. in Q2. However, since ¢ is a
nonzero vector of RZ, there exists a constant C > 0 such that the following Poincaré—Wirtin-
ger inequality holds (it is enough to extend u € Hé (£2) by zero in an open square containing
2, a side of which is parallel to ¢):

/uzdxfC/|§~Vu|2dx=O.
Q

Q

Therefore, u = 0 and by (3.11) u, converges strongly to 0 in HO1 (). O

Proof of Lemma 3.2 For any k > 0, define the truncation w¥ := (—k v w,) A k. Putting w¥
in equations (3.7), (3.13) and integrating by parts, we have

/vzg -Vwk dx —/bg - Vze wk dx +/ |Vwk|? dx = / (1 —zo)whdx. (3.23)
0. 0. 0. 0.
Again using (3.13), the second integral of (3.23) can be written

/bg-Vzgw];dx :/b5~V(z5wlg)dx—/bg-wazgdx

Qs QO QO
:/bS~V(zg w’;)dx—/|Vw’;|2dx.
0 0:

Substituting this equality in (3.23), it follows that

2/|Vw]5‘|2dx+/Vzg-Vw’gdx:/bg-V(zgwla‘)dx—i-/(l—zg)wlg‘dx
0: 0: 0: 0.
:/bs-V(zg (wk T k))dx—i—/bg~V(:|:kz6)dx+/(1—za)w§dx. (3.24)
0. 0. 0.

Then, by the inequality (3.8), thatis, F div (b;) > 0, combined with the fact that F z,. (w]; Fk)
is Q¢-periodic and nonnegative, equality (3.24) implies that

2/|Vw’;|2dx+/vZ5.Vw’gdx 5:i:k/b5~Vz5dx+/(1—z5)w’8‘dx. (3.25)
0. 0. 0. 0.

However, using the definition of O, combined with the ¢Y -periodicity of b, - Vz,, and putting
V = 1in Eq. (3.3), we obtain that

/bs-mdx = 10| /Bg-vzsdy =10, /(zg—ndy <
Y

&
Q¢ Y
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Therefore, since z, is bounded in H! () inequality (3.25) and the previous estimate imply
that there exist two constants kg, C > 0 such that

sup/ IVwk|?dx < Ck, Yk = ko. (3.26)
e>0

o8
Now, passing from the square Q, to the fixed square Q = R L0y through the affine map-
ping R, (the gradient of which converges to > in R2*?), we can apply Lemma 4.2 of [2] to
the sequence w, o R; € Hol(Q) satisfying the estimate (3.26) with the fixed square Q. As
a consequence, V (w; o R;) is bounded in any Marcinkiewicz space of exponent ¢ € [1, 2)
in the bounded open set Q; hence, V (w; o R;) is bounded in LP(0Q)? for any p € [1,2).
Therefore, for any p € [1, 2), there exists a constant Cj, > 0 such that

sup/Inglpdx < Cyp,
>0

Qe

which concludes the proof. O

4 Nonlocal effects in dimension three

Let ¥ := [—1, 117, and let @ := w x (0, 1) be a vertical cylinder the basis of which e is
a regular bounded open set of R?. Let w; C  be the &Y -periodic lattice composed of the
small disks centered at the points ek, k € 72, and of radius ere, that is,

we=0n ] Ek+e0.), 4.1)
kez?

where Q. is the closed disk centered at the origin and of radius r, — 0. Consider the
oscillating drift b, defined by

B lo &) B 1o, ()

e3 e3, for x = (x',x3) € Q, 4.2)
2 |Qel 2 Q]

be(x) :

. .. 0 ..
where B, is a positive sequence, e3 := ((l)), and 2, := w, x (0, 1). Note that b, is divergence

free in 2. Assume that

lim —— =y €[0,00] and lim B, = B8 € [0, o0]. 4.3)
e—0 82| Inrg| e—0

To state the homogenization result, we need the following preliminary lemma:
Lemma 4.1 Let z; be the solution in HO1 (R2) of the equation

. lg, 0dze .
— Azg — by - Vze —div (b 20) = — Aze — B — =1 inQ. 4.4
[Q¢| 0x3
Assume that y € (0, 00). Then, there exist a subsequence of ¢, still denoted by ¢, and two
nonnegative functions z € HO1 QNCY%Q andz € H! (O, 1; LZ(a))) such that

1 )
2 o 7 weakly-+ in M(Q), (4.5)

Zg — z weakly in H(}(Q) and
[Q¢l

@ Springer



Homogenization with an oscillating drift: from L2-bounded... 871

with
z>0 inQ,
1 1
/Z(wl‘)dl‘ < /z(~,t)dt a.e. inw, (4.6)
0 0
2, 1) =z(-,0) a.e. inw.
Moreover,

— If B < 00, z and 7 are solutions of the coupled system

~Az+y(Gz—-2=1 inQ

9z 4.7
B—+yk—2)=0 inQ,
3)63
— if B = 00, z and 7 are solutions of
—Az4+y(iz—20=1 inQ
(4.8)

z2—2(,00=0 in Q.

In the sequel, we will use a subsequence ¢ defined as in Lemma4.1. Consider for f € H™1(Q)
and the vector-valued function b, defined by (4.2) the drift problem
1 Qe 0 Ug

— Aug + by - Vug + div (b uy) = — Auge + Be —=f inQ
|Qé‘| 8X3 (49)

us, =0 on 082.
Then, we have the following homogenization result:

Theorem 4.2 The solution u. of (4.9) converges weakly in HO1 (R2) to the solution u of one
of the following equations in Q:

- lf)/,ﬂE(0,00),
2 3 —%x3— / !
_r v L1 v
— Au—l—yu—y—e g”/eztu(x’,t)dt—y ley 1 2>, D /egtu(x’,t)dtzf,
B fo eﬁ(_')z(x’,t)dt 0
(4.10)
— ify €(0,00) and B = oo,
- /7 1
—Au—i—yu—y#/u(x/,t)dt:f, 4.11)
’
Jo 2’ 0y de ,
— ify=o00and B < oo,
d
—Autp (4.12)
0x3
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- ify=00rp =0,
— Au=f, (4.13)
- fy=B=0ox
u=0. (4.14)
Proof We will need the following auxiliary results:

Lemma 4.3 There exists a constant C > 0 such that

Vv e Hi(Q), ][UZ dx < C (1 +52|lnrs|)/ |Vul? dx. (4.15)
Q. Q

Lemma 4.4 Let 0, be the x3-independent and €Y -periodic function defined by

!/

De(x) ==V, (%) , forx = (x',x3) € R}, where

0 ifr =\/yi+y; <re

(4.16)
> Inrg —Inr
Ve =1 22" 7" ifr e (ro. 1/2 foryeyY.
Itz UrElel/2)
1 elsewhere,

Then, there exists a constant C > 0 such that for any v € HO1 (Q),

. 2 lo, C
Vv8~Vvdx—27 vdx — — vdx §7||Vv||Lz(Q).
J e*|In(2re)| J J [Qel e |Inre|

(4.17)

Moreover, if y < 0o, the sequence U, converges weakly to 1 in HILC (R?).

Lemma 4.3 is a straightforward consequence of [13] (Lemma 3), and Lemma 4.4 is an easy
adaptation of [9] (Example 2.1) and [7] (Lemma 1).

First of all, as in the previous section, the energy equality (3.11) holds, the sequence u,
weakly converges, up to a subsequence, to some function u in HO1 (£2), and we can assume
that the right-hand side f of (4.9) belongs to L*°(£2).

Assume that y > 0, and set

Gy = 2 (4.18)
Ug = Ug. .
QT
Note that [€2¢| =~ [€2] | Q|- Hence, by the Cauchy—Schwarz inequality and the estimate (4.15)
with y > 0, we have for any ¢ € C%($),

[~}
=

limsup [ |@iiz|dx < ¢ limsup ][ugdx ][<p2 dx <cllgllzg)- (419
£—0 o e—0 5 o
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Taking ¢ = 1 in (4.19), we get that the sequence ii, is bounded in L'(2), and thus, up
to a subsequence, it converges weakly-* to some i in M(Q). Again using (4.19) with an
arbitrary ¢ € C%(), the Riesz representation theorem implies that it € L*(2).

Now, assume that y > 0 and 8 < oo. Passing to the limit in Eq. (4.9), we obtain that

— Au+p % = f inD'(Q). (4.20)

Assume in addition that y < co. Let ¢ € C2°(2). Putting ¢ 0, (which vanishes in €2;) in
Eq. (4.9) and ¢ u, in estimate (4.17) it follows that

/Vus-V(goﬁs)dx—/Vﬁs-V(gous)dx=/Vug-Vgoﬁadx—/Vﬁs~V<pusdx
Q Q Q Q

- 2 _
Z/fwvadx—m/(p(ug—ug)dx—i-o(l).
Q Q

This combined with the weak convergences of U, to 1 in H L), of u, to u in HO1 (2), and
of it to it in M(2) implies that

/Vu~Vgodx:/fgodx—/y(u—ﬁ)godx,
Q

Q Q

which yields the equation
—Au+y@w—i)=f in D'(Q). (4.21)

Equating (4.20) and (4.21), we also have

B o +y@m—u)=0 in D(Q). (4.22)
0x3

Since u, it € L*(Q), we deduce from (4.22) thatii € H'(0, 1; L*(w)).

Now, it remains to distinguish the different cases.
Case y, B € (0, 00):
To derive the limit Eq. (4.10), it is enough to determine the trace u(-, 0) by virtue of the
first-order Eq. (4.22). To this end, we use the sequence z; of Lemma 4.1. Let ¢ € C2°(w)
(¢ = @(x')). Putting ¢ z. in Eq. (4.9), ¢ u. in Eq. (4.4), equating the two equations, and
integrating by parts the term with g%i (using that ¢ is independent of x3), we get that

/Vug-sze—/Vzg-ung=/f§0zsdx—/90usdx,
Q Q Q

Q
which yields at the limit
/Vu-Vgaz—/Vz-V<pudx:/fgozdx—/(pudx. (4.23)
Q Q Q Q
On the other hand, putting ¢ z in Eq. (4.21), ¢ u in the first Eq. of (4.7), and equating the two

equations, we obtain that
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/Vu~V(pz—|—/y(u—ﬁ)(pzdx—/Vz~V(pudx—/y(z—Z)gpudx
Q Q

Q Q
=/f<pzdx—/<pudx,
Q

Q

which combined with (4.23) implies that

/yﬁzgadx:/yiugadx.

Q Q
Therefore, due to y > 0 and the arbitrariness of ¢ = ¢(x’), we deduce that

1 1

/u(',x3)2(‘,X3)dX3 =/Z(~,x3)ﬁ(~,x3)dx3 a.e.in w. (4.24)
0 0

Moreover, using that iz € W!1(0, 1; L?(w)), the second Eq. of (4.7), (4.22), and (4.24)
gives

(i 2
@2) dxz=

1 1
a-, D z(, 1)—ﬁ(~,O)Z(-,0)=/ B %/[(u—ﬁ)i—(z—i)ﬁ]dm:&
0 ’ 0

(4.25)

On the other hand, integrating the first-order Eq. (4.22) with respect to the variable x3, we
have

X3

i x3) = Ee‘%“/e%’u(.,t)dz+ﬁ(-,0)e‘%)‘3 ae.inw, (4.26)

<

0
and similarly with the second Eq. of (4.7)
x3
Zeox3) = — % e%“/e‘%’ 2.0 dt + 2, 0) e ae.inw. 4.27)
0
Combining (4.25) and (4.26), (4.27) for x3 = 1, and taking into account (4.6), we get the
formula
1
/e%’u(-,t) dt ae. ino. 4.28)
0
Therefore, putting (4.26) and (4.28) in (4.21), we obtain the desired nonlocal Eq. (4.10).

To conclude, we need to prove that Eq. (4.10), or equivalently the system (4.21), (4.22),
and (4.28), admits a unique solution u in HO1 (€2). Due to the linearity, it is enough to show
that # = 0 when the right-hand side f = 0 in 2. In this case, putting « in (4.21), u in (4.22),
integrating by parts, and adding the two equations, it follows that

z(, D

JEeFA=02( ryde

/ |Vu|? dx + y/(u — )% dx + g/ (@, ) —a* (', 0)dx’ = 0. (4.29)
Q Q 0]
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Moreover, taking into account the equalities (4.26) and (4.27) (as by-products of (4.22) and
the second Eq. of (4.7), respectively), it is easy to check that conversely equality (4.28)
implies relation (4.25). Now, if i (x’, 0) = 0, then we clearly have % (x’, 1) — #2(x’, 0) > 0.
Otherwise, by (4.28) we have both it(x’, 0) # 0 and Z(x’, 1) # 0, hence from (4.25) and the
third inequality of (4.6) we deduce that

a(x’, 1) | Z(x’,0) -
ax’, 0|z, 7

which implies that i#%(x’, 1) — #%(x’, 0) > 0 a.e. in w. Therefore, using this inequality in
(4.29), we get that u = 0 a.e. in €2, which establishes the uniqueness for Eq. (4.10) As a
consequence, u, converges to the solution u of (4.10) for the whole sequence ¢ defined in
Lemma 4.1.
Case y € (0, 00) and = oo:
Since y € (0, 00), the limit Eq. (4.21) and the relation (4.24) are still valid. Moreover,
dividing equations (4.4) and (4.9) by B, and passing to the limit as ¢ — 0, it follows that

9z = o =0 inQ.

0x3 0x3
Hence, the functions 7z and u are independent of the coordinate x3. This combined with (4.24)
implies that

1

u= %/u(-,t)dt a.e.in w.

Putting this relation in (4.21), we thus get the nonlocal Eq. (4.11).
To conclude as in the previous case, it remains to prove the uniqueness in Eq. (4.11).
Assume that f = 0 in Q. Then, putting « in Eq. (4.11) and integrating by parts, we get that

1 1 2

= /
/|Vu|2dx—|—)// /u%x’,m)dm—# /u(x’,X3)dX3 dx’=0.
4 Jo z(x', 1) dt /

w 0 0
(4.30)

However, using successively the Cauchy—Schwarz inequality and the second inequality of
(4.6), we have

1 1 2 y 1 2
2,1 I Z(x") ’ ’
u-(x", x3)dxz > u(x’, x3)dxs e B u(x’, x3)dxs ae. x €w.
Jo 2’ 0)dr
0 0 0

Therefore, using this inequality in (4.30), we obtain that # = 0 a.e. in €2, which implies the
uniqueness property.

Case y = oo and B < oo:

The function v, defined by (4.16) satisfies the estimate

Vel 20 < (4.31)

¢
Ve lnrs|
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Then, multiplying inequality (4.17) by 2| In r, | (which tends to 0 since y = o0), and passing
to the limit with v = ¢ u,, for ¢ € C°(2), we obtain that

/(p(u —u)dx =0,
Q
hence u = u. Therefore, Eq. (4.20) yields the local Eq. (4.12).
Casey =0or g =0:
If y = 0, by Lemma 4.4 and estimate (4.31), the sequence 9, converges strongly to 1 in
HY(Q).Letg € C2°(2). Then, putting ¢ U, (which vanishes in ;) in Eq. (4.9) and passing

to the limit, we get that
/Vu-V(pdx:/f(pdx,
Q

Q

which yields the limit Eq. (4.13) whatever the asymptotic behavior of S;.

If y > 0and B = 0, Eq. (4.20) gives the limit Eq. (4.13).

Casey = 8 = oo:

As in the third case, we have u = u. Moreover, dividing the Eq. (4.9) by B, and passing to
the limit, it follows that

ou a
M _M 0y Q.
0x3 0x3
Since u € HO1 (2), this implies that u = 0 a.e. in 2. ]

Proof Lemma 4.1 Proceeding as in the proof of Theorem 4.2, the convergences (4.5) hold
true up to a subsequence, with z € H 1 (0, 1; Lz(a))). Moreover, the functions z and z are
solutions of the coupled system (4.7) (if 8 < oo) or (4.8) (if 8 = 00). The De Giorgi, Stam-
pacchia regularity result for the second-order elliptic equations also implies that z € C%(<2).
On the other hand, putting the negative part z, of z, in Eq. (4.4), we deduce immediately
that z., and thus, the limits z, z are nonnegative in 2. Then, since

—Az+yz=14+yz>1=—-Al+y¢ inQ, WheregeHol(Q),

the strong maximum principle applied to ¢ implies that z > ¢ > 0 in Q.
It remains to prove the second part of (4.6). To this end, consider for a nonnegative function
¢ € C°(w), the solution wf of the problem

_Aw? 4 g, A% W) e
¢ ‘ [Qe| 9x3 (4.32)
wl —(1—10)p=0 on 2.

Putting the function (wf)~ € H0 () in (4.32), we deduce that w{ > 0 a.e. in Q. Then,
putting wf —(1=10,) @ in (4.4), z¢ in (4.32) and noting that (1 — 0;) ¢ is independent of x3,
we have

/(l—vg)gadx </(w*"—(1—ﬁs)<p)dx

Q

1 0z R
/st V(wf —(1—0,) @) dx— /ﬂg o S(g’ (1—e) @) dx
Q

|Qel 0x3
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1 dwy

/VZE ((I—UE)(/?) dx+/ w(ﬂ stdx+//36 |QQ€ - Zadx
el

Q Q

—/Vzg V(1= 0e) @) dx

Q

Hence, thanks to the weak convergence of v, to 1 in H L(©) and to estimate (4.17), we get
the inequality

Og/Vﬁg~Vz£<pdx~|—o(l):/y(z—i)wdx+0(1),
Q Q

which, due to ¥ > 0 and the arbitrariness of ¢ = ¢(x’) > 0, implies that

1
05/(Z(-,X3)dX3—Z(-,X3))dX3 a.e.ino, (4.33)
0

which yields the second inequality of (4.6). Finally, if 8 € (0, co), inequality (4.33) combined
with the second Eq. of (4.7) gives

1 1
.-
HL0) —E( )= — [ —dxy = Z/ 2o x3) — 2o x)) s 2 0 ac.ino,
dx3 B
0 0

which establishes the third inequality of (4.6). The case B € {0, oo} is straightforward. O
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