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Abstract We study the large-time behavior of the solution of an initial-boundary value
problem for the equations of 1D motions of a compressible viscous heat-conducting gas
coupled to radiation through a radiative transfer equation. Assuming suitable hypotheses on
the transport coefficients and adapted boundary conditions, we prove that the unique strong
solution of this problem converges toward a well-determined equilibrium state at exponential
rate.
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1 Introduction

We consider the asymptotic behavior of the compressible Navier–Stokes system when radia-
tion, traveling at the velocity of light c, is present with coupling terms between matter and radi-
ation, which appears naturally in various astrophysical contexts [23] and in high-temperature
plasma physics [32]. These couplings, introducing momentum and energy sources, depend on
the radiative intensity I driven by the so called radiative transfer integro-differential equation
introduced and discussed by Chandrasekhar in [4].

Supposing that the matter is in local thermodynamical equilibrium, the coupled system for
the density ρ(x, t), velocity �u(x, t), temperature θ(x, t), and radiative intensity I (x, t, ��, ν)
reads [28,30]
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220 B. Ducomet, Š. Nečasová

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂tρ + ∇ · (ρ �u) = 0,

∂t (ρ �u)+ ∇ · (ρ �u ⊗ �u) = −∇· ⇒
� − �SF ,

∂t (ρε)+ ∇ · (ρε�u) = −∇�q − ⇒
D : ⇒

� −SE ,
1

c

∂

∂t
I
(

r, t, ��, ν
)

+ �� · ∇ I
(

r, t, ��, ν
)

= St

(
r, t, ��, ν

)
,

(1)

for (x, t, ��, ν) ∈ R
3 × [0, T ] × S

2 × R, where �� and ν are the angular variable and the fre-

quency of the radiation, and where
⇒
� is the stress tensor for matter, ε is the internal energy, �q

is the thermal heat flux, and �SF , SE , and St are the radiative coupling terms.
The foundations of the previous system have been extensively described by Pomraning

[30] and Mihalas and Weibel-Mihalas [28] in the full framework of special relativity (over-
simplified in our present considerations), and the system (1) has been recently investigated
(in the inviscid case) by Lowrie et al. in [27], Buet and Després [3] with a special atten-
tion to asymptotic regimes and by Dubroca and Feugeas in [7], Lin in [25] and Lin et al.
in [26] for various numerical aspects. Concerning the existence of solutions, a proof of
local-in-time existence and blow-up of solutions (in the inviscid case) has been recently pro-
posed by Zhong and Jiang [33] (see also the recent papers by Jiang and Wang [20,21] for a
1D related “Euler-Boltzmann” model), moreover a simplified version of the system has been
investigated by Golse and Perthame [14].

In [8–10], we derived and studied the one-dimensional version of (1), which rewrites as
follows

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρτ + (ρv)y = 0,

(ρv)τ + (ρv2)y + py = (μvy
)

y − (SF )R ,
[

ρ

(

e + 1

2
v2
)]

τ

+
[

ρv

(

e + 1

2
v2
)

+ pv − κθy − μvvy

]

y
= −(SE )R,

1

c
Iτ + ωIy = S,

(2)

in the domain O × R+ with O := (0, L), where the density ρ, the velocity v, the temper-
ature θ depend on the coordinates (y, τ ). The radiative intensity I = I (y, τ, ν, ω) depends
also on two extra variables: the radiation frequency ν ∈ R+ and the angular variable ω ∈
S1 := [−1, 1] (let us stress that here S1 is not the unit circle). The state functions are the
pressure p, the internal energy e, the heat conductivity κ and the viscosity coefficient μ. The
thermal flux is q = −κθy

In the standard radiative transfer equation, the source term is

S(y, τ, ν, ω) := Sa,e(y, τ, ν, ω)+ Ss(y, τ, ν, ω), (3)

where the absorption–emission term is

Sa,e(y, τ, ν, ω) = σa(ν, ω; ρ, θ) [B(ν; θ)− I (y, τ, ν, ω)], (4)

and the scattering term is

Ss(y, τ, ν, ω) = σs(ν; ρ, θ)
[

Ĩ (y, τ, ν, θ)− I (y, τ, ν, ω)
]
, (5)

where Ĩ (y, τ, ν) := 1
2

∫ 1
−1 I (y, τ, ν, ω) dω and B is a function of temperature and frequency

describing the equilibrium state.
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The motion of a viscous heat-conducting one-dimensional gas coupled to radiation 221

Typically, taking

B(ν; θ) = 2hν3c−2 P
(ν

θ

)
, (6)

with P(u) := (e
h

kB
u − 1)−1, where kB is the Boltzmann’s constant and h is the Planck’s

constant, corresponds to the Planck’s equilibrium distribution of photons in a cavity at tem-
perature θ (black body).

Moreover, we suppose that σa(ν, ω; ρ, θ) and σs(ν; ρ, θ) are positive functions. An exam-

ple ofσa is the Kramer’s formulaσa(ν, θ) = C(θ)
ν3 (1 − e

− hν
kB θ ), where C is a positive function.

Defining the radiative energy

ER := 1

c

1∫

−1

∞∫

0

I (y, τ, ν, ω) dν dω,

the radiative flux

FR :=
1∫

−1

∞∫

0

ωI (y, τ, ν, ω) dν dω,

and the radiative pressure

PR := 1

c

1∫

−1

∞∫

0

ω2 I (y, τ, ν, ω) dν dω,

one can define in turn the radiative energy source

(SE )R :=
1∫

−1

∞∫

0

S(y, τ, ν, ω) dν dω,

and the radiative force

(SF )R := 1

c

1∫

−1

∞∫

0

ωS(y, τ, ν, ω) dν dω.

We associate to (2) the initial and boundary conditions
⎧
⎨

⎩

v|y=0 = v|y=L = 0,

θ |y=0 = θ0, q|y=L = 0,
(7)

for a given temperature θ0 > 0, and transparent boundary conditions for the radiative intensity
(see [6] and [13])

⎧
⎨

⎩

I |y=0 = Ib for ω ∈ (0, 1)

I |y=L = Ib for ω ∈ (−1, 0),
(8)

for t > 0, and initial conditions

ρ|t=0 = ρ0(y), v|t=0 = v0(y), θ |t=0 = θ0(y), on �. (9)
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222 B. Ducomet, Š. Nečasová

and

I |t=0 = I 0(y, ν, ω) on O × R+ × S1. (10)

Finally, we assume that state functions e, p and κ (resp. σa and σs) are C2 (resp. C0) functions
of their arguments for 0 < ρ < ∞ and 0 ≤ θ < ∞.

In (8), the function Ib(ω, ν) is supposed to be integrable on S1×[0, T ] and will be properly
chosen below.

In [9], we considered the Lagrangian version of the previous model with transparent
conditions for I (i.e., Ib = 0), given by the coupled system

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ηt = vx ,

vt = σx − η(SF )R,

(

e + 1

2
v2
)

t
= (σv − q)x − η(SE )R,

It + η−1(cω − v)Ix = cS,

(11)

in the domain Q := � × R+ with � := (0,M) (M is the total mass of matter), where the
specific volume η (with η := 1

ρ
), the velocity v, the temperature θ and the radiative intensity I

depend on the lagrangian mass coordinates (x, t) and also on the radiation frequency ν ∈ R+
and the angular variable ω ∈ S1 := [−1, 1].

We also denote by σ := −p + μ vx
η

the stress and by q := −κ θx
η

the heat flux, and the
source term in the last equation is

S(x, t, ν, ω) = σa(ν, ω; η, θ) [B(ν, ω; v, θ)− I (x, t; ν, ω)]
+σs(ν; η, θ)

[
Ĩ (x, t, ν)− I (x, t, ν, ω)

]
, (12)

with Ĩ (x, t, ν) := 1
2

∫ 1
−1 I (x, t, ν, ω) dω.

In this expression, we consider, as explained in [9], a (phenomenological) relativistic
modification of the equilibrium distribution B, substituting in (6) the argument of P by ν0

θ

with ν0 = (1 − ωv
c

)
ν (just notice that ν0 ∼ ν when v

c 
 1), and we denote by B(ν, ω; v, θ)
the renormalized function. We also note B0(ν; θ) := B(ω, ν; 0, θ) the associated unrenor-
malized function.

The lagrangian radiative energy is

ER := 1

c

1∫

−1

∞∫

0

I (x, t, ν, ω) dν dω, (13)

the radiative flux

FR :=
1∫

−1

∞∫

0

ωI (x, t, ν, ω) dν dω, (14)

and the radiative pressure

PR := 1

c

1∫

−1

∞∫

0

ω2 I (x, t, ν, ω) dν dω. (15)
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The motion of a viscous heat-conducting one-dimensional gas coupled to radiation 223

The radiative energy source in the right-hand side of (11)3 is then

(SE )R :=
1∫

−1

∞∫

0

S(x, t, ν, ω) dν dω, (16)

and the radiative force source in the right-hand side of (11)2 is

(SF )R := 1

c

1∫

−1

∞∫

0

ωS(x, t, ν, ω) dν dω. (17)

Now, from (11)4 and the definitions (13)–(17), one derives the equations

(ηI )t + ((cω − v)I )x = cηS. (18)

and after integrating in frequency and angular variables
⎧
⎨

⎩

(ηER)t + (FR − vER)x = η (SE )R ,

(ηFR)t + (PR − vFR)x = η (SF )R .

(19)

Dirichlet-Neumann boundary conditions for the fluid unknowns are
⎧
⎨

⎩

v|x=0 = v|x=M = 0,

θ |x=0 = θ0, q|x=M = 0,
(20)

and transparent boundary conditions for the radiative intensity (see [6])
⎧
⎨

⎩

I |x=0 = 0 for ω ∈ (0, 1)

I |x=M = 0 for ω ∈ (−1, 0),
(21)

for t > 0, and initial conditions

η|t=0 = η0(x), v|t=0 = v0(x), θ |t=0 = θ0(x), on �. (22)

and

I |t=0 = I 0(x, ν, ω) on �× R+ × S1. (23)

Recall that pressure and energy of the matter are related by the thermodynamical relation

eη(η, θ) = −p(η, θ)+ θpθ (η, θ). (24)

We denote by � and �′ the auxiliary functions

�(ν, ω; η, θ) := (ησa(ν, ω; η, θ))1/2,
and

�′(ν, ω; η, v, θ) := B(ν, ω; v, θ)�(ν, ω; η, θ),
and we assume that state functions e, p and κ (resp. σa and σs) are C2 (resp. C0) functions
of their arguments for 0 < η < ∞ and 0 ≤ θ < ∞, and, for any η ≥ 0, we suppose the
following growth conditions for η ≥ η and θ ≥ 0
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224 B. Ducomet, Š. Nečasová

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e(η, 0) ≥ 0, c1(1 + θr ) ≤ eθ (η, θ) ≤ C1(η)(1 + θr ),

−c2η
−2(1 + θ1+r ) ≤ pη(η, θ) ≤ −C2η

−2(1 + θ1+r ),

|pθ (η, θ)| ≤ C3(η)η
−1(1 + θr ),

ηp(η, θ) ≤ C4(1 + θ1+r ),

c5(η)(1 + θ1+r ) ≤ p(η, θ) ≤ C5(η)(1 + θ1+r ),

c6(1 + θq) ≤ κ(η, θ) ≤ C6(η)(1 + θq),

|κη(η, θ)| + |κηη(η, θ)| ≤ C7(η)(1 + θq),

∣
∣�(ν, ω; X, Z)−�(ν, ω; X ′, Z ′)

∣
∣ B0(ν; Z ′)

≤ C8|Zα − Z ′α| f (ν) for X, X ′, Y, Y ′, Z , Z ′ ≥ 0,

∣
∣�′(ν, ω; X, Y, Z)−�′(ν, ω; X ′, Y ′, Z ′)

∣
∣

≤ C9|Zα − Z ′α|g(ν) for X, X ′, Y, Y ′, Z , Z ′ ≥ 0,

ησa(ν, ω; η, θ) ≤ C10h(ν),

(∣
∣(σa)η

∣
∣+ ∣∣(σa)θ

∣
∣
)
(1 + B + |Bθ | + |Bv|) ≤ C11 j (ν),

ησs(ν; η, θ) ≤ C12k(ν),

(∣
∣(σs)η

∣
∣+ ∣∣(σs)θ

∣
∣
)
(1 + B + |Bθ |) ≤ C13�(ν),

(25)

where the numbers c j ,C j , j = 1, . . . , 13 are positive constants and the functions
f, g, h, k, �,m are such that

f, g ∈ L2(R+) ∩ L∞(R+),

and

h, j, k, � ∈ L1+γ (R+) ∩ L∞(R+),

for any arbitrary, small γ > 0.
Concerning the viscosity, we suppose that it does not depend on temperature and that

0 < μ0 ≤ μ(η) ≤ μ1, (26)

for some positive constants μ0 and μ1.

Remark 1 1. The importance of relative growth of the exponents r ≥ 0 and q ≥ 0 has
been the subject of a number of works in the context of real gas flows. For simplicity,
we assume here that

r ∈ [0, 1], q ≥ r + 1,
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The motion of a viscous heat-conducting one-dimensional gas coupled to radiation 225

but one can check that our results also hold in more general situations (see the book of
Qin [31] for a general presentation).
We also suppose that

0 < α <
1

2
(q + r + 1).

2. The growth hypotheses for � and �′ mimic the behavior of the Kramer’s absorption
coefficient and the Planck’s function (see above after formula (6)) with a C(θ) ∼ θα−1

(see [30] for information concerning transport coefficients, and [33] for integrated growth
hypotheses of the same type).

3. The assumption σs = σs(ν) (independent of ω) is crucial in our arguments.

We consider smooth solutions of system (11) and denote by Cβ(�) and Cβ,
β
2 (QT ) for

0 ≤ β ≤ 1 and T > 0, the usual and anisotropic Hölder spaces, where QT := � × (0, T )
(see [1] for complete definitions).

In the following, we use the following notation for the integrated radiative intensity

I(x, t) :=
∞∫

0

∫

S1

I (x, t;ω, ν) dω dν.

In [9], we proved the following existence result

Theorem 1 Suppose that the initial data satisfy

(
η0, η0

x , v
0, v0

x , v
0
xx , θ

0, θ0
x , θ

0
xx , I0, I0

x

) ∈ (Cα(�)
)10
,

that Ib ≡ 0 and that T is an arbitrary positive number.
Let η0 > 0 and θ0 > 0 for any x ∈ �, and assume that

v0(0) = v0(M) = 0,

θ0
x (0) = 0, θ0

x (M) = 0,

and

I 0(0;ω, ν) = I 0(M;ω, ν) = 0 for (ω, ν) ∈ S1 × R+.

Then, system (11) with boundary conditions
⎧
⎨

⎩

v|x=0 = v|x=M = 0,

q|x=0 = 0, q|x=M = 0,
(27)

and (21) together with initial conditions (22)–(23) possesses a unique global solution
(η, v, θ, I) such that η > 0 and θ > 0 for (x, t) ∈ �× [0, T ], and such that

(η, ηx , v, vx , vxx , θ, θx , θxx , I, Ix ) ∈
(

Cα, α2 (QT )
)10

,

and

(ηt t , vxt , θxt ) ∈ (L2(QT ))
3.
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226 B. Ducomet, Š. Nečasová

We also realized that the previous homogeneous problem did not admit any stationary solu-
tion, when absorption–emission term is present (in contrast, see [10] for the pure scattering
case), which raised the problem of large-time behavior for its time-dependent solution.

The absence of stationary solution for the problem (11), (20)–(23) is clearly due to the
boundary condition for I : the exterior of� plays the role of vacuum and transparent boundary
conditions cannot be satisfied by the equilibrium solution of the radiative transfer equation
(Planck’s distribution). A way out is precisely to modify the homogeneous boundary condi-
tion by a suitable boundary (source) term Ib. One guesses that, in order to accommodate the
presence of this “external vacuum,” the requested boundary contribution must exactly be the
radiative intensity corresponding to the static solution (if any)

(η∞, v∞ = 0, θ∞, I∞),

of the system (11), corresponding to S ≡ 0.
In fact, we have

Lemma 1 The unique stationary solution (η∞(x), v∞(x), θ∞(x), I∞(x)), of the problem
(11) satisfying the system

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Px = −η∞(SF )R,

Qx = −η∞(SE )R,

ω (I∞)x = η∞S,

(28)

where P = p(η∞, θ∞), Q = q(η∞, θ∞),

S := σa(ν, ω; η∞, θ∞) (B∞ − I∞)+ σs(ν; η∞, θ∞)
(

Ĩ∞ − I∞
)
,

with B∞ = B(ν, ω; η∞, v∞, θ∞, I∞), and

(SE )R =
∫

S1

∞∫

0

S dν dω, (SF )R =
∫

S1

∞∫

0

ωS dν dω,

with boundary conditions

⎧
⎨

⎩

v∞|x=0 = v∞|x=M = 0,

θ∞|x=0 = θ0, (θ∞)x |x=M = 0,
(29)

and

⎧
⎨

⎩

I∞|x=0 = Ib for ω ∈ (0, 1),

I∞|x=M = Ib for ω ∈ (−1, 0),
(30)
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The motion of a viscous heat-conducting one-dimensional gas coupled to radiation 227

for t > 0, is given by the formulas
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η∞(x) = η0 := 1
M

∫

�

η0(x) dx,

v∞(x) = 0,

θ∞(x) = θ0,

I∞(x; ν) = Ib(ν),

(31)

provided that

Ib(ν) ≡ B∞(ν).

The proof is straightforward and we omit it.
Let us comment about boundary conditions for temperature. In fact, keeping Neumann

boundary conditions (27)2 for temperature on both ends would lead to complications in com-
puting the equilibrium solution, due to the nonlinear dependence of the Planck’s function
B(ν; θ) with respect to temperature. As we focus here on the radiative boundary conditions,
we avoid this difficulty by putting the mixed condition (29)2 in place of (27)2.

In the sequel, we will suppose that Ib(ν) = B∞(ν), for any ω ∈ S1. Then, our main
results read

Theorem 2 Suppose that the initial data satisfy
(
η0, η0

x , v
0, v0

x , v
0
xx , θ

0, θ0
x , θ

0
xx , I0, I0

x

) ∈ (Cα(�)
)10
,

and that T is an arbitrary positive number.
Let η0 > 0 and θ0 > 0 for any x ∈ �, and assume the compatibility conditions

v0(0) = v0(M) = 0,

θ0(0) = θ0, θ0
x (M) = 0,

and

I 0(0;ω, ν) = I 0(M;ω, ν) = Ib(ν) for (ω, ν) ∈ S1 × R+.

Then system (11) with boundary conditions (20)
and

⎧
⎨

⎩

I |x=0 = Ib(ν) for ω ∈ (0, 1),

I |x=M = Ib(ν) for ω ∈ (−1, 0),
(32)

where Ib is fixed as in Lemma 1, together with initial conditions (22–23) possesses a unique
global solution (η, v, θ, I) such that η > 0 and θ > 0 for (x, t) ∈ �× [0, T ], and such that

(η, ηx , v, vx , vxx , θ, θx , θxx , I, Ix ) ∈
(

Cα, α2 (QT )
)10

,

and

(ηt t , vxt , θxt ) ∈ (L2(QT ))
3.
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228 B. Ducomet, Š. Nečasová

Theorem 3 Let the assumptions of Theorem 2 hold. The solution described in Theorem 2
converges to the constant state

(η∞, v∞ = 0, θ∞, I∞),

given by Lemma 1.
The decay takes place in H1(�) for the fluid variables η, v and θ , and in L2(�) for the

radiative intensity I.
Moreover, there exist two positive numbers T∞ and γ such that

‖η − η∞‖L2(�) + ‖θ − θ0‖L2(�) + ‖v‖L2(�) + ‖I − I∞‖L2(�) ≤ K e−γ t , (33)

for t ≥ T∞.

Finally, for the decoupled system, we have the simple improvement

Proposition 1 Suppose that system (11) is decoupled i.e.,

σa ≡ 0 and σs ≡ 0.

If the conditions of Theorem 3 hold, then the solution described in Theorem 2 decays as
previously to the constant state (η∞, v∞ = 0, θ∞, I∞) given by Lemma 1.

Moreover, there exist two positive numbers T ′∞ and γ ′ such that

‖η − η∞‖H1(�) + ‖θ − θ0‖H1(�) + ‖v‖H1(�) + ‖I − I∞‖L2(�) ≤ K e−γ ′t , (34)

for t ≥ T ′∞.

One first observes that Theorem 2 is a direct extension of Theorem 1. In fact, one checks
that modifying the boundary conditions does not essentially modify the proof of Theorem 1
in [9], so we only sketch its main steps in Appendix.

To achieve the proof of Theorem 3 (and of Proposition 1), we need to get suitable time-
independent estimates, which constitutes the main part of this article, and we adapt to the
radiative case the general strategy of Jiang in [18].

Remark 2 1. Let us recall that the investigation of existence and asymptotic for 1D viscous
heat-conducting (nonradiative) flows for compressible media goes back to the pioneer
work of Antonsev-Kazhikov-Monakov [1] and has been largely extended to real gases by
a number of authors (see among related works: Kawohl [22], Dafermos-Hsiao [5], Jiang
[17–19], and also Hsiao [15], Hsiao-Jiang [16] and Qin [31] for recent presentations in
the heat conductive case). The full theory in 3D case can be found in the work of Feireisl
(see [12]).

2. Just mention that when local thermodynamical equilibrium for matter and radiation is
almost achieved, a proper scaling in the Chapman–Enskog expansion (see [3]) leads to
the so called equilibrium diffusion limit, decoupled from the radiative transfer equation
for I , given by

⎧
⎪⎨

⎪⎩

ηt = vx ,

vt =
(
−(p + pr )+ μ

η
vx

)

x
,

(
e + er + 1

2 v
2
)

t = (σv − (q + qr ))x ,

(35)

with effective state functions pr = a
3 θ

4, er = aηθ4 and qr = −κr (θ)
θx
η

. For this model,
one can prove an exponential decay for (η, v, θ) of the type described in Theorem 3,
see [11].
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The motion of a viscous heat-conducting one-dimensional gas coupled to radiation 229

2 Time-independent a priori estimates

Let T be an arbitrary positive number and let us denote by K , K j j = 1, 2, . . . various positive
constants which do not depend on T , but only on the physical constants of the problem.

We first get usual mass-energy estimates

Lemma 2 Under the following condition on the data
∥
∥v0
∥
∥

L2(�)
+ ∥∥η0

∥
∥

L1(�)
+ ∥∥θ0

∥
∥
(L1∩Lr+1)(�)

+ ∥∥I 0
∥
∥

L1(�×R+×S1)
≤ N , (36)

there exists a positive constant K = K (N ) such that

1. the mass conservation
∫

�

η dx =
∫

�

η0 dx, (37)

2. the energy–entropy inequality
∫

�

[

e + 1

2
v2 + 1

c
ηER

]

dx +
∫

Qt

(
κ(η, θ)

ηθ2 θ2
x + μ(η)

ηθ
v2

x

)

dx ds

≤
∫

�

[

e0 + 1

2
(v0)2 + 1

c
ηE0

R

]

dx, (38)

where E0
R(x) = ∫∞

0

∫

S1 ωI 0(x, ν, ω) dν dω
3. the estimates

‖η‖L∞(0,T ;L1(�)) + ‖v‖L∞(0,T ;L2(�)) + ‖θ‖L∞(0,T ;Lδ(�)) ≤ K , (39)

for any 1 ≤ δ ≤ r + 1, and

‖ηER‖L∞(0,T ;L1(�)) ≤ K , (40)

4. the condition

θ(x, t) > 0 for any (x, t) ∈ QT , (41)

hold.

Proof 1. Integrating the first Eq. (11) and using boundary conditions give (37).
2. Total entropy s = sm + sR is the sum of the entropy of matter sm and entropy of radiation

sR , and the second principle of thermodynamics tells us that θ(sm)t = et + pηt , so using
(11), one finds

(sm)t =
(
κθx

ηθ

)

x
+ μv2

x

ηθ
+ κθ2

x

ηθ2 − η

θ
(SE )R + η

θ
v(SF )R . (42)

From statistical mechanics, the entropy per mode of a boson gas is kB [(n + 1) log
(n + 1)− n log n], where n is the occupation number related to I by

n = n(I ) := c2

2h

I

ν3 .
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Multiplying by the number of modes, we find the entropy per mass unit

sR = η

∞∫

0

∫

S1

2kBν
2

c3 [(n + 1) log(n + 1)− n log n] dν dω.

Using the last Eq. (11), observing that for any regular function n → χ(n) one has the
identity

(ηχ)t + [(cω − v)χ]x = c3

2hν3 χ
′ηS,

and choosing χ(n) = (n + 1) log(n + 1)− n log n, we get after a direct computation

(sR)t +
⎡

⎢
⎣

∞∫

0

∫

S1

2kBν
2

c3 (cω − v) [(n + 1) log(n + 1)− n log n] dν dω

⎤

⎥
⎦

x

= η

∞∫

0

∫

S1

kB

hν
log

n + 1

n
S dν dω =: Q R . (43)

Decomposing

η

∞∫

0

∫

S1

kB

hν
log

n + 1

n
S dν dω

= η

∞∫

0

∫

S1

kB

hν
log

n + 1

n
σa(B − I ) dν dω

+ η
∞∫

0

∫

S1

kB

hν
log

n + 1

n
σs( Ĩ − I ) dν dω,

and checking the identity

log
n(B)+ 1

n(B)
=
(

1 − ωv

c

) hν

kBθ
,

the right-hand side of (43) reads

Q R = η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n(B)+ 1

n(B)

]

σa(B − I ) dν dω

+η
θ
(SE )R − η

θ
v (SF )R

+η
∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n( Ĩ )+ 1

n( Ĩ )

]

σs( Ĩ − I ) dν dω.

As u → log u+1
u is decreasing for u > 0, the first and last terms are positive. So, using

the isotropy of scattering in the lagrangian coordinates (see [3] for a general derivation,
and also [9]), we get finally
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(sR)t = −
⎡

⎢
⎣

∞∫

0

∫

S1

2kBν
2

c3 (cω − v) [(n + 1) log(n + 1)− n log n] dν dω

⎤

⎥
⎦

x

−η
∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n( Ĩ )+ 1

n( Ĩ )

]

σs( Ĩ − I ) dν dω

−η
∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n(B)+ 1

n(B)

]

σa(B − I ) dν dω

+η
θ
(SE )R − η

θ
v (SF )R . (44)

Using the technique of [17] and defining the free energy ψ := e − θsm of the fluid, with
ψθ = −sm and ψη = −p, let us introduce the auxiliary function

E(η, θ) := ψ(η, θ)− ψ(η0, θ0)− (η − η0)ψη(η0, θ0)− (θ − θ0)ψθ (η, θ)− θ0sR .

Using (44), we compute

(

E + 1

2
v2 + ηER

)

t
+ θ0

(
μv2

x

ηθ
+ κθ2

x

ηθ2

)

+ θ0η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n( Ĩ )+ 1

n( Ĩ )

]

σs(I − Ĩ ) dν dω

+ θ0η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n(B)+ 1

n(B)

]

σa(I − B) dν dω

=
⎡

⎢
⎣σv + p(η0, θ0)v −

(

1 − θ0

θ

)

q − FR + vER

+
∞∫

0

∫

S1

2kBν
2

c3 (cω − v) [(n + 1) log(n + 1)− n log n] dν dω

⎤

⎥
⎦

x

. (45)

Integrating on Qt and using (38) and (20), the contribution of the first three boundary
term is zero. Moreover using (21) to compute the contribution of the radiative terms
boundary terms, we have the final equality
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∫

�

(

E + 1

2
v2 + ηER

)

dx + θ0

∫

Qt

(
μv2

x

ηθ
+ κθ2

x

ηθ2

)

dx ds

+θ0

∫

Qt

η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n( Ĩ )+ 1

n( Ĩ )

]

σs(I − Ĩ ) dν dω dx ds

+θ0

∫

Qt

η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n(B)+ 1

n(B)

]

σa(I − B) dν dω dx ds

+
t∫

0

∞∫

0

1∫

0

ωI (M, s;ω, ν) dν dω ds −
t∫

0

∞∫

0

0∫

−1

ωI (0, s;ω, ν) dν dω ds

+θ0

t∫

0

∞∫

0

1∫

0

2kBν
2

c2 ω [(n + 1) log(n + 1)− n log n](M, s;ω, ν) dν dω ds

−θ0

t∫

0

∞∫

0

0∫

−1

2kBν
2

c2 ω [(n + 1) log(n + 1)− n log n](0, s;ω, ν) dν dω ds

=
∫

�

(

E0 + 1

2
v02 + η0 E0

R

)

dx =: E0. (46)

Now, we argue in the same way as [17] noting that, by using Taylor formula, for any
η > 0

E(η, θ)− ψ(η, θ)+ ψ(η, θ0)+ (θ − θ0)ψθ (η, θ)− θ0sR

= ψ(η, θ0)− ψ(η0, θ0)− (η − η0)ψη(η0, θ0) ≥ 0,

and that

ψ(η, θ) = ψ(η, θ0)− (θ − θ0)ψθ (η, θ0)+
θ∫

θ0

(θ − α)ψθθ (η, α) dα.

Using ψθθ = −θ−1eθ and estimates (25), we find

ψ(η, θ)− ψ(η, θ0)− (θ − θ0)ψθ (η, θ)

≥ c1(θ − θ0)
2 ×

1∫

0

θ0 + [θ0 + s(θ − θ0)]r
θ0 + s(θ − θ0)

(1 − s) ds

≥ c1

(
θ

θ0
− log

θ

θ0
− 1

)

+�r (θ), (47)

where

�r (z) =

∣
∣
∣
∣
∣
∣
∣

c1(z − log z − 1) for r = 0,

1
1+r z1+r +

(
1

1+r − zr
)

for r > 0,

123



The motion of a viscous heat-conducting one-dimensional gas coupled to radiation 233

so

E(η, θ)− θ0sR ≥ c1 (θ − log θ − 1).

Now, one checks by elementary computations that ηER − θ0sR ≥ K , so we deduce that

E(η, θ)+ ηER ≥ c1

2
θ + 1

2(1 + r)
θ1+r − K ,

and we conclude that (38) holds.
3. Estimates (39) and (40) follow directly from (37) and (38).
4. Using (25), the positivity of θ(x, t) follows from that of θ0(x) after the maximum prin-

ciple applied to the third Eq. (11) ��
Lemma 3 Any solution of the integro-differential problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂t
[ηI (x, t; ν, ω)] + ∂

∂x
[(cω − v) I (x, t; ν, ω)]

= cησa(ν, ω; η, θ) [B(ν, ω; v, θ)− I (x, t; ν, ω)]

+cησs(ν, η; θ)
[

Ĩ (x, t; ν)− I (x, t; ν, ω)
]

on �× [0, T ] × R+ × S1,

I (0; ν, ω) = Ib for ω ∈ (0, 1),

I (M; ν, ω) = Ib for ω ∈ (−1, 0),

I (x, 0; ν, ω) = I 0(x; ν, ω) on �× R+ × S1

(48)

satisfies the following bounds

max[0,T ]

∫

�

∞∫

0

∫

S1

ηI 2(x, t; ν, ω) dω dν dx ≤ K , (49)

∫

QT

∞∫

0

∫

S1

ησa(η, θ; ν, ω) (I (x, t; ν, ω)− Ib(ν))
2 dω dν dx dt ≤ K , (50)

∫

QT

∞∫

0

∫

S1

ησs(η, θ; ν)
(

Ĩ (x, t; ν)− I (x, t; ν, ω)
)2

dω dν dx dt ≤ K . (51)

T∫

0

∞∫

0

∫

S1

ω (I (M, t; ν, ω)− Ib(ν, ω))
2 dω dν dt ≤ K , (52)

T∫

0

∞∫

0

∫

S1

ω (I (0, t; ν, ω)− Ib(ν, ω))
2 dω dν dt ≤ K , (53)

‖η (SE )R ‖L2(QT )
≤ K , (54)

‖η (SF )R ‖L2(QT )
≤ K . (55)
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Proof 1. Setting J := I − Ib and observing that Ĩb = Ib, (48)1 rewrites

(ηJ )t + [(cω − v)J ]x + ησa J = ησa(B − B∞)+ ησs( J̃ − J ).

Multiplying by J we get

1

2
(ηJ 2)t + 1

2
[(cω − v)J 2]x + ησa J 2 + ησs( J̃ − J )2

+ησs( J̃ − J )2 ≤ 1

2
ησa(B − B∞)2 + 1

2
ησa J 2 + ησs J̃ ( J̃ − J ).

Integrating on �× S1 and using boundary conditions and Cauchy–Schwarz inequality,
we get

1

2

d

dt

∫

�

∫

S1

ηJ 2 dx dω + c

2

∫

S1

ωJ 2(M, t; ν, ω) dω

− c

2

∫

S1

ωI 2(0, t; ν, ω) dω + 1

2

∫

�

∫

S1

ησa J 2 dx dω

+
∫

�

∫

S1

ησs( J̃ − J )2 dx dω ≤
∫

�

∫

S1

ησa(B − B∞)2 dx dω.

Integrating on time and frequency and using (25), we have

1

2

∫

�

∞∫

0

∫

S1

ηJ 2 dω dν dx − 1

2

∫

�

∞∫

0

∫

S1

ηJ 02
dω dν dx

+ c

2

T∫

0

∞∫

0

1∫

0

ωJ 2(M, t; ν, ω) dω dν dt − c

2

T∫

0

∞∫

0

0∫

−1

ωJ 2(0, t; ν, ω) dω dν dt

+1

2

∫

QT

∞∫

0

∫

S1

ησa J 2 dx dω dν dx dt +
∫

QT

∞∫

0

∫

S1

ησs( J̃ − J )2 dx dω dν dt

≤
∫

QT

∞∫

0

∫

S1

|�(ν, ω; η, θ)−�(ν, ω; η0, θ0)| B0(ν; θ0) dω dν dx ds

+
∫

QT

∞∫

0

∫

S1

∣
∣�′(ν, ω; η, v, θ)−�(ν, ω; η0, 0, θ0)

∣
∣ dω dν dx ds

≤ d
∫

QT

(θα − θα0 )
2 dx dt,

where d := C2
8‖ f ‖2

L2(R+) + C2
9‖g‖2

L2(R+).
To bound the integral in the right-hand side, we observe that, for any λ > 0

(
θλ(x, t)− θ0

λ
)2 ≤ K V (t)

∫

�

θ2λ−q dx, (56)
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where t → V (t) := ∫
�

κ
ηθ2 θ

2
x dx ∈ L1(0, T ), after Lemma 2. In particular

t∫

0

(
θλ(x, t)− θ0

λ
)2

ds ≤ K ,

for any 2λ ≤ q . So choosing λ = α/2, we find that U ≤ K , and we get (49), (50) and
(51) together with (52) and (53).

2. Decomposing the radiative source as

S = ησa(B − B∞)+ ησa(Ib − I )+ ησs( Ĩ − I ),

using Cauchy–Schwarz inequality together with (57) and the previous bounds (50) and
(51), inequalities (54) and (55) follow ��

Lemma 4 Under the previous condition on the data (36), there exist positive constants η
and η independent of T such that

η ≤ η(x, t) ≤ η for (t, x) ∈ QT . (57)

Proof As we follow the line of the proof of Jiang [18], we only sketch the necessary modi-
fications involving essentially the source (SF )R and the variable viscosity.

Introducing the strictly increasing function s → M(s) := ∫ s
1
μ(ξ)
ξ

dξ , one observes

that M maps (0, inf� η0] onto (−∞, 0).
If φ(x, t) := ∫ t

0 σ ds + ∫ x
0 v

0 dy − ∫ t
0

∫ x
0 η(SF )R dy ds, then φ satisfies the equations

φx = v and φt = μ(η)
η
vx − p − ∫ x

0 η(SF )R dy. Multiplying the last equation by η, we find
that

(ηφ)t = (vφ)x + μφxx − pη − v2 − η

x∫

0

η(SF )R dy.

Integrating on Qt , and using boundary conditions we find

∫

�

φη dx =
∫

�

φ0η0 dx

−
∫

Qt

(
pη + v2) dx ds −

t∫

0

∫

�

η

x∫

0

η(SF )R dy dx ds. (58)

Using (37) and a standard argument of [1], there exists a point X (t) ∈ � such that
φ(X (t), t) = 1

R

∫

�
φη dx with R := ∫

�
η0 dx . Then, after the definition of φ and (58), we

find
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t∫

0

σ(X (t), t) ds +
X (t)∫

0

v0dy −
t∫

0

X (t)∫

0

η(SF )R dy ds

= 1

R

⎧
⎪⎨

⎪⎩

∫

�

η0(x)

x∫

0

v0(y)dy dx −
∫

Qt

(
pη + v2) dx ds

−
t∫

0

∫

�

η

x∫

0

η(SF )R dy dx ds

⎫
⎪⎬

⎪⎭
. (59)

Now rewriting the second Eq. (11) as Mxt = vt + px + η (SF )R and integrating it first on
[0, t] then on [X (t), x], we find

M(x, t)− M(X (t), t)− M0(x)+ M0(X (t))

=
x∫

X (t)

(
v(y, t)− v0(y)

)
dy +

t∫

0

p(x, s) ds −
t∫

0

p(X (t), s) ds

+
x∫

X (t)

t∫

0

η(SF )R ds dy.

After the definition of M
t∫

0

σ(X (t), s) ds = −
t∫

0

p(X (t), s) ds + M(X (t), t)− M0(X (t)),

so, we get

M(η(x, t)) = M(η0(x))+
t∫

0

p ds +
x∫

X (t)

(
v(y, t)− v0(y)

)
dy

+
t∫

0

σ(X (t), s) ds +
x∫

X (t)

t∫

0

η (SF )R ds dx, (60)

and using (59), we obtain

M(η(x, t)) = M(η0(x))+
t∫

0

p ds − 1

R

t∫

0

∫

�

η

x∫

0

η (SF )R dy dx ds

+
x∫

X (t)

(
v(y, t)− v0(y)

)
dy −

X (t)∫

0

v0dy
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+ 1

R

∫

�

η0(x)

x∫

0

v0(y)dy dx +
t∫

0

x∫

0

η(SF )R dy ds

− 1

R

t∫

0

∫

�

(v2 + pη) dx ds.

Integrating by parts in the second integral in the right-hand side, we get

t∫

0

∫

�

η

x∫

0

η (SF )R dy dx ds

=
t∫

0

⎡

⎢
⎣

⎛

⎝

M∫

x

η dy

⎞

⎠

⎛

⎝

x∫

0

η(SF )R dy

⎞

⎠

∣
∣
∣
∣
∣
∣

M

0

+
t∫

0

∫

�

⎛

⎝

M∫

x

η dy

⎞

⎠ η (SF )R dx

⎤

⎥
⎦ ds

=
t∫

0

∫

�

⎛

⎝

M∫

x

η dy

⎞

⎠ η (SF )R dx ds.

So, we get

M(η(x, t)) =
t∫

0

p∗ ds +�(x, t), (61)

where

p∗(x, t) := p(x, t)+ f (t),

with

f (t) := − 1

R

t∫

0

∫

�

η

x∫

0

η (SF )R dy dx ds,

and

�(x, t) := M(η0(x))+
x∫

X (t)

(
v(y, t)− v0(y)

)
dy −

X (t)∫

0

v0dy

+ 1

R

∫

�

η0(x)

x∫

0

v0(y)dy dx − 1

R

t∫

0

∫

�

(v2 + pη) dx ds =:
5∑

j=1

� j .

Integrating (26), we find μ0 log η ≤ M(η) ≤ μ1 log η, then after a standard computation we
get from (61) the inequalities

η(x, t) ≤
⎧
⎨

⎩
exp

(
1

μ1
�(x, t)

)
⎡

⎣1 + 1

μ1

t∫

0

(p∗η)(x, s) exp

(

− 1

μ1
�(x, s)

)

ds

⎤

⎦

⎫
⎬

⎭

μ1
μ0

,

(62)
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and

η(x, t) ≥
⎧
⎨

⎩
exp

(
1

μ0
�(x, t)

)
⎡

⎣1 + 1

μ0

t∫

0

(p∗η)(x, s) exp

(

− 1

μ0
�(x, s)

)

ds

⎤

⎦

⎫
⎬

⎭

μ0
μ1

,

(63)

so we are led to bound the right (resp. left)-hand side in (62) (resp. (63)).
One first easily check by using conditions on initial data, (38) and Lemma 3 that

K −1 ≤ exp

⎛

⎝
1

μ0

4∑

j=1

� j (x, t)

⎞

⎠ ≤ K .

Then, we get

η(x, t) ≤ K

⎡

⎣

t∫

0

(pη)(x, s) exp

⎛

⎝− 1

μ1

t∫

s

∫

�

{
v2 + pη

}
dx dτ

⎞

⎠ ds

⎤

⎦

μ1
μ0

, (64)

and

η(x, t) ≥ K −1

⎡

⎣

t∫

0

(pη)(x, s) exp

⎛

⎝− 1

μ1

t∫

s

∫

�

{
v2 + pη

}
dx dτ

⎞

⎠ ds

⎤

⎦

μ0
μ1

(65)

In (64) we have, after (25)

exp

⎛

⎝− 1

μ1

t∫

s

∫

�

(v2 + pη) dy dτ

⎞

⎠ ≤ e−Mc4(t−s).

Then,

η(x, t) ≤ K1

⎡

⎣1 + C4

μ1

t∫

0

(1 + θ1+r + | f (t)|) e−K (t−s)ds

⎤

⎦

μ1
μ0

. (66)

Now, using Cauchy–Schwarz inequality and Lemma 2, we get that θ1+r ≤ K (1 + V (t)),
where V ∈ L1(0, T ); moreover, f ∈ L2(0, T ) after Lemma 3 so using these properties into
(66), we get clearly that η(x, t) ≤ η, for a positive constant η independent of T .

The lower bound in (65) is obtained in the same way (as in [18]) and we skip the proof.
��
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Lemma 5

K (1 − V (t)) ≤ θ2λ(x, t) ≤ K (1 + V (t)), (67)

where V (t) := ∫
�

1+θq

θ2 θ2
x dx, for any λ ≤ q+r+1

2 .

Proof Just use the inequality θλ(x, t) ≤ K + K
∫

�
θλ−1|θx | dx together with (38) and

Lemma 4 ��

Lemma 6

∫

�

η2
x dx +

∫

Qt

v2
x dx ds +

∫

Qt

(1 + θ1+r )η2
x dx ds ≤ K . (68)

Proof 1. Multiplying the second Eq. (11) by v and integrating by parts on Qt for any
t ∈ [0, T ], we get

∫

�

v2 dx +
∫

Qt

μ

η
v2

x dx ds =
∫

�

(v0)2 dx +
∫

Qt

pxv dx ds

−
∫

Qt

ηv(SF )R dx ds. (69)

Using Cauchy–Schwarz inequality in the right-hand side, the last term in the right-hand
side is bounded as follows

∣
∣
∣
∣
∣
∣
∣

∫

Qt

ηv(SF )R dx ds

∣
∣
∣
∣
∣
∣
∣

≤ 1

2

∫

Qt

ηv dx ds + 1

2

∫

Qt

[η(SF )R]2 dx ds,

where the last term is bounded using Lemma 3 and the first one is estimated by using

∫

Qt

v2 dx ds ≤ K

t∫

0

max
�
v2 ds ≤ K

t∫

0

⎛

⎝

∫

�

|vx | dx

⎞

⎠

2

ds

≤ K

t∫

0

∫

�

v2
x

ηθ
dx ds ≤ K ,

after (38) and Lemma 4.
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Using this in (69), we find
∫

�

v2 dx +
∫

Qt

μ

η
v2

x dx ds ≤ K +
∫

Qt

|pxv| dx ds

≤ K +
∫

Qt

(1 + θ1+r )|ηxv| dx ds +
∫

Qt

(1 + θr )|θxv| dx ds

≤ Kε + ε

∫

Qt

(1 + θ1+r )η2
x dx ds +

t∫

0

max
�
v2
∫

�

(1 + θ1+r ) dx ds

+K
∫

Qt

(1 + θr )θ2
x

ηθ2 dx ds.

So using (57), we get
∫

�

v2 dx +
∫

Qt

v2
x dx ds ≤ Kε + ε

∫

Qt

(1 + θ1+r )η2
x dx ds. (70)

2. Multiplying the second Eq. (11) by Mx and integrating by parts on Qt for any t ∈ [0, T ],
we get

1

2

∫

�

M2
x dx − 1

2

∫

�

M02
x dx ≤

∫

Qt

vtMx dx − K
∫

Qt

(1 + θ1+r )η2
x dx ds

+K
∫

Qt

(1 + θr )|ηxθx | dx ds +
∫

Qt

η(SF )RMx dx ds =: A + B + C + D. (71)

After integrating by parts, the first term in the right-hand side reads

A =
∫

�

vMx dx −
∫

�

v0M0
x dx +

∫

Qt

vxMt dx ds.

So,

A ≤ K + ε

∫

�

M2
x dx + K

∫

�

v2
x dx ds.

Using Cauchy–Schwarz inequality

B + C ≤ Kε + ε

∫

Qt

(1 + θ1+r )η2
x dx ds.

Finally,

D ≤ ε

∫

Qt

M2
x dx ds + Kε

∫

Qt

[η(SF )R]2 dx ds,

where the last term is bounded after Lemma 3.
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Plugging all of these estimates into (71) and using (57), we have
∫

�

η2
x dx +

∫

Qt

(1 + θ1+r )η2
x dx ds ≤ Kε + K

∫

Qt

v2
x dx ds. (72)

Finally, multiplying (72) by 2ε, adding to (70) and choosing ε < 1
4K , we recover the

estimate (68) ��

Lemma 7

∫

�

v2
x dx +

t∫

0

max
�
v2

x (·, s) ds +
∫

Qt

v2
xx dx ds ≤ K . (73)

Proof 1. Let us define the auxiliary function F by

F(ξ) :=
ξ∫

θ0

eθ (η, ζ ) dζ,

for any ξ > 0.
After (25), one checks that F(ξ) ≤ K |ξ − θ0|(1 + ξ r ).
Moreover, (F(θ))t = et − eηvx and (F(θ))x = eθ θx .
As the third Eq. (11) gives the following equation for the internal energy

et = −pvx + μ

η
v2

x − qx + ηv(SF )R − η(SE )R,

multiplying this equation by F(θ) and integrating by parts on Qt one gets
∫

�

F(θ)e dx +
∫

Qt

eθ
κ

η
θ2

x dx ds ≤
∫

Qt

(eeη + pF(θ))|vx | dx ds

+
∫

Qt

|F(θ)|μ
η
v2

x dx ds +
∫

Qt

ηF(θ)[|v(SF )R | + |(SE )R |] dx ds.

Then, using (25) and Lemma 4
∫

�

(θ2 + θr+2) dx +
∫

Qt

(1 + θq+r )θ2
x dx ds

≤ Kε + ε

∫

Qt

v2
xx dx ds +

t∫

0

V (s)
∫

�

θ2r+2 dx

+
∫

Qt

F(θ)η ( |v(SF )R | + |(SE )R |) dx ds,

for a ε > 0 and a positive V ∈ L1(0, T ).
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In the same way, the last integral in the right-hand side can be bounded by using Cau-
chy–Schwarz inequality, Lemma 2 and Lemma 3. We get

∫

Qt

F(θ)η ( |v(SF )R | + |(SE )R |) dx ds

≤ K + K
∫

Qt

v2(1 + θ2r+2) dx ds + K
∫

Qt

(θ − θ0)
2(1 + θ2r ) dx ds

≤ K

t∫

0

W (s)
∫

�

θ2r+2 dx ds,

for a positive W ∈ L1(0, T ).
Finally taking ε1 small enough, we get

∫

�

(θ2 + θ2r+2) dx +
∫

Qt

(1 + θq+r )θ2
x dx ds

≤ K + ε1ε

∫

Qt

v2
xx dx ds + K

t∫

0

V (s)
∫

�

θ2r+2 dx ds. (74)

2. Multiplying the second Eq. (11) by −vxx and integrating by parts on �, we get

1

2

d

dt

∫

�

v2
x dx+

∫

�

μ

η
v2

xx dx =
∫

�

vxx px dx −
∫

�

(
μ

η

)

x
vxvxx dx+

∫

�

vxxη(SF )R dx .

Integrating on [0, t] and using (26), we find

1

2

∫

�

v2
x dx + μ1

η

∫

Qt

v2
xx dx ds ≤

∫

Qt

|vxx (pηηx + pθ θx )| dx ds

+
(
μ1

η2 + μ2

η

)∫

Qt

|ηxvxvxx | dx ds +
∫

Qt

|vxxη(SF )R | dx ds

≤ ε

∫

Qt

v2
xx dx ds + Kε

∫

Qt

v2
xη

2
x dx ds

+Kε

∫

Qt

(1 + θq+r )θ2
x dx ds + Kε

∫

Qt

(1 + θ2+2r )η2
x dx ds.

In order to bound the second term in the right-hand side we remark that, using Lemma 6

max
�
v2

x (·, t) ≤ K
∫

�

v2
x dx + ε

∫

�

v2
xx dx ≤ K + ε

∫

�

v2
xx dx .

To bound the last term in the right-hand side, we apply (56) and we have, using Lemma 6
∫

Qt

(1 + θ2+2r )η2
x dx ds ≤ K +

∫

Qt

(θ1+r − θ∗)2η2
x dx ds ≤ K .
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Finally, we get for ε small enough
∫

�

v2
x dx +

∫

Qt

v2
xx dx ds ≤ K + K

∫

Qt

(1 + θq+r )θ2
x dx ds. (75)

Now adding (75) to (74) and applying Gronwall’s Lemma gives (73) ��
Lemma 8 Let us introduce the two quantities

Y (t) :=
∫

�

(
1 + θ2q) θ2

x dx, X (t) :=
∫

Qt

(
1 + θq+r ) θ2

t dx ds.

The following estimates hold

X (t)+ Y (t) ≤ K , (76)

and

max
Qt

θ ≤ K . (77)

Proof Observing that

θq+r+2 − θ0
q+r+2 ≤ (q + r + 2)

∫

�

θq+r+1 |θx | dx,

and using Lemma 2 and Cauchy–Schwarz inequality, we get

max
Qt

θ ≤ K (1 + Y
1

2q+r+3 ). (78)

From (11), the equation for the internal energy reads

eθ θt + θpθ vx − μ

η
v2

x =
(
κθx

η

)

x
− η(SE )R .

Defining the auxiliary function K (η, θ) := ∫ θ0 κ(η,u)
u du, multiplying the previous equation

by Kt and integrating by parts, we get
∫

Qt

(

eθ θt + θpθ vx − μ

η
v2

x + η(SE )R

)

Ks dx ds

+
∫

Qt

(
κθx

η

)

Ksx dx ds = 0. (79)

Observing that Kt = Kηvx + κ
η
θt , Kxt =

(
κθx
η

)

t
+ Kηηvxηx +

(
κ
η

)

η
ηxθt and that after

(25) |Kη| + |Kηη| ≤ C(1 + θq+1), we can estimate all the contributions in (79).
After (25), we have the lower bound

∫

Qs

κeθ θ
2
s dx ds ≥ c6c1

η
X (t),
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Using (25) and Lemma 4

∣
∣
∣
∣
∣
∣
∣

∫

Qt

eθ θs Kηvx dx ds

∣
∣
∣
∣
∣
∣
∣

≤ K
∫

Qt

(1 + θ)q+r+1|θsvx | dx ds

≤ c6c1

8η
X (t)+ K (1 + max

Qt
θq+r+2).

Arguing similarly

∣
∣
∣
∣
∣
∣
∣

∫

Qt

(

θpθ vx − μ

η
v2

x

)

Ks dx ds

∣
∣
∣
∣
∣
∣
∣

≤ K
∫

Qt

(1 + θ)q+r+2v2
x dx ds + K

∫

Qt

(1 + θ)q+1|vx |3 dx ds

+K
∫

Qt

(1 + θ)q+r+1|vxθs | dx ds + K
∫

Qt

(1 + θ)qv2
x |θs | dx ds

≤ c6c1

8η
X (t)+ K (1 + max

Qt
θq+r+2).

Using (25), we have

∣
∣
∣
∣
∣
∣
∣

∫

QT

κθx

η

(
κθx

η

)

s
dx ds

∣
∣
∣
∣
∣
∣
∣

≥ c2
6

2η2 Y (t)− K .

∣
∣
∣
∣
∣
∣
∣

∫

QT

κθx

η
(Kηvxx + Kηηvxηx ) dx ds

∣
∣
∣
∣
∣
∣
∣

≤ K
∫

QT

(1 + θ)2q+1|θx |(|vxx | + |vxηx |) dx ds

≤ K

⎛

⎜
⎝

∫

QT

(1 + θ)4q+2θ2
x | dx ds

⎞

⎟
⎠

1/2

≤ K

(

1 + max
Qt

θ1+ 3q
2

)

.

Using (25), we have also

∣
∣
∣
∣
∣
∣
∣

∫

QT

κθx

η

(
κ

η

)

η

ηxθt dx ds

∣
∣
∣
∣
∣
∣
∣

≤ c6c1

8η
X (t)+ K

∫

Qt

[
κθx

η

]2

(1 + θq−r )η2
x dx ds

≤ K + c6c1

8η
X (t)+ K

(

1 + max
Qt

θ2q−2r
)

+K

(

1 + max
Qt

θq−r
)

×
∫

QT

∣
∣
∣
∣
κθx

η

∣
∣
∣
∣

∣
∣
∣
∣

[
κθx

η

]

x

∣
∣
∣
∣ dx ds.
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But the last integral is estimated by
∫

QT

∣
∣
∣
∣
κθx

η

∣
∣
∣
∣

∣
∣
∣
∣

[
κθx

η

]

x

∣
∣
∣
∣ dx ds.

≤
⎛

⎜
⎝

∫

QT

(1 + θq−r )

[
κθx

η

]2

x
dx ds

⎞

⎟
⎠

1/2

≤ K

⎛

⎜
⎝

∫

QT

(1 + θq−r )θ2
s + (1 + θq+r+2)v2

x + (1 + θq−r )v4
x dx ds

⎞

⎟
⎠

1/2

≤ K X (t)+ K

(

1 + max
Qt

θ
q+r+2

2

)

,

so finally,
∣
∣
∣
∣
∣
∣
∣

∫

QT

κθx

η

(
κ

η

)

η

ηxθt dx ds

∣
∣
∣
∣
∣
∣
∣

≤ c6c1

4η
X (t)+ K

(

1 + max
Qt

θ2q+1
)

,

Let us estimate the last contribution in the left-hand side of (79).
∣
∣
∣
∣
∣
∣
∣

∫

QT

η (SE )R Kt dx ds

∣
∣
∣
∣
∣
∣
∣

≤
∫

QT

⎛

⎜
⎝

∞∫

0

∫

S1

ησa B dν dω

⎞

⎟
⎠ |Kt | dx ds

+
∫

QT

⎛

⎜
⎝

∞∫

0

∫

S1

ησa I dν dω

⎞

⎟
⎠ |Kt | dx ds

+
∫

QT

⎛

⎜
⎝

∞∫

0

∫

S1

ησs | Ĩ − I | dν dω

⎞

⎟
⎠ |Kt | dx ds =: P + Q + R.

After (25) and Lemma 3,

P ≤ C
∫

QT

|Kt |
(
1 + θα

)
dx ds

≤ C
∫

QT

(
1 + θq+α+1) |vx | dx ds + C

∫

QT

(
1 + θq+α) |θt | dx ds =: A + B.

Using Cauchy–Schwarz inequality and Lemma 5, we have

A ≤ K max
Qt

θr+2 + K
∫

QT

(
1 + θq+2α−r ) dx ds ≤ K

(

1 + max
Qt

θr+2
)

,

and

B ≤ c6c1

8η
X (t)+ C

∫

QT

(
1 + θq+r ) dx ds ≤ c6c1

8η
X (t)+ K .
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Using (25), Lemma 3 and Cauchy–Schwarz inequality, we have

R ≤ K
∫

QT

∞∫

0

∫

S1

[

|( Ĩ − I )Kηvx + ( Ĩ − I )
κ

η
θt |
]

dν dω dx ds

≤ K
∫

QT

∞∫

0

∫

S1

ησs | Ĩ − I |2 dν dω dx ds + K
∫

QT

(
1 + θ2q+2) v2

x dx ds

+K
∫

QT

(
1 + θq) | Ĩ − I | |θt | dx ds

≤ K +
∫

QT

(
1 + θ2q+2) v2

x dx ds + c6c1

8η
X (t)+

∫

QT

∞∫

0

∫

S1

(
1+θq−r ) ( Ĩ − I )2dν dω dx ds

≤ K + K max
Qt

θq+2 + c6c1

8η
X (t)+ C max

Qt
θq−r .

Using the same technique, we get also

Q ≤ K + K max
Qt

θq+2 + c6c1

8η
X (t)+ C max

Qt
θq−r .

Plugging all the previous estimates into (79), we get

c6c1

2η
X (t)+ c2

6

2η2 Y (t) ≤ K

(

1 + max
Qt

θ2q+1
)

.

Using (78), we end with

c6c1

2η
X (t)+ c2

6

2η2 Y (t) ≤ K

(

1 + Y
2q+1

2q+r+3

)

,

which ends the proof. ��

Corollary 1 The quantities
∫

Qt

θ2
xx dx ds,

∫

Qt

v2
s dx ds,

∫

Qt

θ2
s dx ds, (80)

are bounded independently of time.

Proof The first bound is a consequence of the following inequality (itself following from the
third Eq. (11))

θ2
xx ≤ K [θ2

t + v2
x + v4

x + η2
xθ

2
x + θ4

x ].
We know from Lemmas that vx ∈ L2(QT ) and θt ∈ L2(QT ). Moreover, as

∫

Qt

v4
x dx ds ≤

t∫

0

max
�
v2

x

∫

�

v2
x dx ds ≤ K ,
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after Lemma 7,

∫

Qt

θ4
x dx ds ≤

t∫

0

max
�
θ2

x

∫

�

θ2
x dx ds ≤ K ,

after Lemma 8 and

∫

Qt

η2
xθ

2
x dx ds ≤

t∫

0

max
�
θ2

x

∫

�

η2
x dx ds ≤ K ,

after Lemma 6, bound (80) follows. ��

3 Proofs of Theorem 3 and Proposition 1

1. Applying the elementary fact [2] that if, for a 1 ≤ p < ∞, the function u is in W 1,p(R+)
then limt→∞ u(t) = 0, to the quantities ‖η− η∞‖H1(�), ‖v‖H1(�), ‖θ − θ∞‖H1(�) and
‖I − Ib‖L2(�), one has first to check that

∞∫

0

⎡

⎣

∣
∣
∣
∣
∣
∣

d

dt

∫

�

η2
x dx

∣
∣
∣
∣
∣
∣
+
∣
∣
∣
∣
∣
∣

d

dt

∫

�

v2
x dx

∣
∣
∣
∣
∣
∣
+
∣
∣
∣
∣
∣
∣

d

dt

∫

�

θ2
x dx

∣
∣
∣
∣
∣
∣

⎤

⎦ dt ≤ K ,

which follows from the fact that ηt , vt , θt , ηxx , vxx and θxx are in L2(�) after the results
of Sect. 2, and

∞∫

0

∣
∣
∣
∣
∣
∣

d

dt

∫

�

I2 dx

∣
∣
∣
∣
∣
∣

dt ≤ K ,

which follows from Lemmas 3.
This proves that

lim
t→∞

(‖ηx‖2 + ‖θx‖2 + ‖vx‖2) = 0.

So after the mass conservation and Poincaré’s inequality,

lim
t→∞

(‖η − η0‖2 + ‖v‖2 + ‖θ − θ0‖2) = 0,

which gives the requested H1-decay for (η, v, θ), and L2-decay for I, for large t .
2. The exponential decay is finally obtained by applying the method of [29].

Let us define the modified energy of the matter

E(η, v, θ) := 1

2
v2 + ψ(η, θ)− ψ(η0, θ0)− (η − η0)ψη(η0, θ0)− (θ − θ0)ψθ (η, θ),

where ψ is the free energy, and the modified energy–entropy of the radiation

e := ηER(I )− θ0sR(η, I )− ηER(I0)+ θ0sR(η0, I0).

Introduce the set

Ok1,k2 :=
{

η, θ : log

∣
∣
∣
∣
η

η0

∣
∣
∣
∣ < k1, log

∣
∣
∣
∣
θ

θ0

∣
∣
∣
∣ < k2

}

.
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We have the following two-sided inequalities for the energy and “reduced” production
of radiative entropy

Lemma 9 1. There exists a > 0 such that ∀(η, θ) ∈ O(k1, k2),

1

2
v2 + a−1 (|η − η0|2 + |θ − θ0|2

) ≤ E

≤ 1

2
v2 + a

(|η − η0|2 + |θ − θ0|2
)

(81)

where the parameter a depends on k1 and k2.
2. There exists b > 0 such that ∀I > 0, θ > 0

b−1

∞∫

0

∫

S1

|I − Ib|2 dω dν ≤ e ≤ b

∞∫

0

∫

S1

|I − Ib|2 dω dν. (82)

3. There exists d > 0 such that ∀I > 0, θ > 0

d−1

⎛

⎜
⎝|θα − θα0 |2 +

∞∫

0

∫

S1

{
|I − Ib|2 + | Ĩ − I |2

}
dω dν

⎞

⎟
⎠

≤ Q ≤ d

⎛

⎜
⎝|θα − θα0 |2 +

∞∫

0

∫

S1

{
|I − Ib|2 + | Ĩ − I |2

}
dω dν

⎞

⎟
⎠ (83)

with

Q := θ0η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n( Ĩ )+ 1

n( Ĩ )

]

σs(I − Ĩ ) dν dω

+θ0η

∞∫

0

∫

S1

kB

hν

[

log
n(I )+ 1

n(I )
− log

n(B)+ 1

n(B)

]

σa(I − B) dν dω.

Proof The first inequality (81) is a slight modification of the result of Okada and Kawa-
shima (see Lemma 3.1 of [29]) and the second and third inequalities (82) and (83) follow
after an elementary analysis of the integrands in e and Q ��
Now, we rewrite Eq. (45) as

(E + e)t + θ0

θ

(
μv2

x

η
+ κθ2

x

ηθ

)

+ Q

=
⎡

⎢
⎣ (p(1, θ0)− p(η, θ)) v + μ

η
vvx +

(

1 − θ0

θ

)
κ

η
θx − FR + vER

−
∞∫

0

∫

S1

2kBν
2

c3 (cω − v) [(n + 1) log(n + 1)− n log n] dν dω

⎤

⎥
⎦

x

. (84)
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On the other hand, multiplying the second Eq. (11) by Mx , (recall that M(s) :=∫ s
1
μ(ξ)
ξ

dξ ), we get

(
1

2
M2

x − Mxv

)

t
− μ

η
pηη

2
x

= μ

η
v2

x − Mx pθ θx −
(
μ

η
vvx

)

x
+ Mxη(SF )R . (85)

After the proof of Lemma 3, we have finally

1

2

d

dt

∫

�

∞∫

0

∫

S1

ηJ 2 dω dν dx + c

2

∞∫

0

∫

S1

ωJ 2(M, t; ν, ω) dω dν

− c

2

∞∫

0

∫

S1

ωI 2(0, t; ν, ω) dω dν + 1

2

∫

�

∞∫

0

∫

S1

ησa J 2 dω dν dx

+
∫

�

∞∫

0

∫

S1

ησs( Ĩ − I )2 dω dν dx

≤ w

∫

�

∞∫

0

∫

S1

ησa(θ
α − θα0 )

2 dω dν dx, (86)

where w := C2
8‖ f ‖2

L2(R+) + C2
9‖g‖2

L2(R+).

Multiplying (84) by eβ1t then (85) by β2eβ1t with β1,2 > 0 and adding the resulting
identities, we get

d

dt
eβ1t

{

E + e + β2

(
1

2
M2

x − Mxv

)}

+eβ1t
{
θ0

θ

(
μv2

x

η
+ κθ

2
x

ηθ

)

+Q+β2

(

−μ
η

pηη
2
x −μ

η
v2

x + Mx pθ θx −Mxη(SF )R

)}

= β1eβ1t
{

E + e + β2

(
1

2
M2

x − Mxv

)}

+eβ1t

⎡

⎢
⎣ (p(η0, θ0)− p(η, θ)) v + (1 − β2)

μ

η
vvx +

(

1 − θ0

θ

)
κ

η
θx − FR + vER

−
∞∫

0

∫

S1

2kBν
2

c3 (cω − v) [(n + 1) log(n + 1)− n log n] dν dω

⎤

⎥
⎦

x

. (87)

123



250 B. Ducomet, Š. Nečasová

Multiplying (86) by β3eβ1t with β3 > 0, integrating on (0, t) and using (25), we get

eβ1t
∫

�

∞∫

0

∫

S1

1

2
β3η(I − Ib)

2 dν dω dx

+1

2

t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

β3ησa(I − Ib)
2 dν dω dx

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

β3ησs( Ĩ − I )2 dν dω dx ds

≤ K +
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

1

2
β1β3ησa(I − Ib)

2 dν dω dx ds

+
t∫

0

eβ1s
∫

�

β3w|θα − θα0 |2 dx ds. (88)

Integrating now (87) on (0, t), adding to (88) and using Lemma 9, we get

eβ1t
∫

�

⎧
⎪⎨

⎪⎩
a−1 (|η − η0|2 + |θ − θ0|2

)+ 1

2
v2 + 1

2
β2M2

x

+
(

b−1 + 1

2
β3η

) ∞∫

0

∫

S1

|I − Ib|2 dν dω

⎫
⎪⎬

⎪⎭
dx

+
t∫

0

eβ1s
∫

�

d−1

⎧
⎪⎨

⎪⎩

∞∫

0

∫

S1

{
|I − Ib|2 + | Ĩ − I |2

}
dν dω + |θα − θα0 |2

⎫
⎪⎬

⎪⎭
dx ds

+
t∫

0

eβ1s
∫

�

{
a1v

2
x + a2θ

2
x + a3M2

x

}
dx ds + 1

2

t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

β3ησa(I − Ib)
2

×dν dω dx ds

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

β3ησs( Ĩ − I )2 dν dω dx ds

≤ K + eβ1t
∫

�

β2Mxv dx

+
t∫

0

eβ1s
∫

�

⎧
⎪⎨

⎪⎩
β1

⎡

⎢
⎣a
(|η − η0|2 + |θ − θ0|2

)+ 1

2
v2 + b

∞∫

0

∫

S1

|I − Ib|2 dν dω

⎤

⎥
⎦

+β2 [Mxη(SF )R − Mx pθ θx ] + β1β2

[
1

2
M2

x − Mxv

]

+ β2
μ

η
v2

x
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+β3w|θα − θα0 |2
⎫
⎪⎬

⎪⎭
dx ds

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

1

2
β1β3ησa(I − Ib)

2 dν dω dx ds =: R, (89)

with the constants a1 = θ0μ0

θη
, a2 = c6θ0(1+θ1+r )μ0

θη
and a3 = C2η(1+θ1+r )μ0

η2 .

The right-hand side is estimated by using Cauchy–Schwarz inequality.

|R| ≤ K + eβ1t
∫

�

1

2
β2

(

ε1M2
x + 1

ε1
v2
)

dx

+
t∫

0

eβ1s
∫

�

⎧
⎪⎨

⎪⎩
aβ1

(|η − η0|2 + |θ − θ0|2
)+ 1

2
β1v

2

+β1b

∞∫

0

∫

S1

|I − Ib|2 dν dω

⎫
⎪⎬

⎪⎭
dx ds

+
t∫

0

eβ1s
∫

�

1

2
β2

2

(

ε2M2
x + 1

ε2
[η(SF )R]2

)

dx ds

+
t∫

0

eβ1s
∫

�

1

2
β2

2

(

ε3M2
x + 1

ε3
p2
θ θ

2
x

)

dx ds

+
t∫

0

eβ1s
∫

�

1

2
β2

1β
2
2

(

ε4M2
x + 1

ε4
v2
)

dx ds

+
t∫

0

eβ1s
∫

�

β2
μ

η
v2

x + β3w|θα − θα0 |2 dx ds

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

1

2
β1β3ησa(I − Ib)

2 dν dω dx ds. (90)

Exploiting the structure of η(SF )R and using (25), we get then

|R| ≤ K + eβ1t
∫

�

1

2
β2

(

ε1M2
x + 1

ε1
v2
)

dx

+
t∫

0

eβ1s
∫

�

β2a4 v
2
x dx ds
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+
t∫

0

eβ1s
∫

�

aβ1

∞∫

0

∫

S1

|I − Ib|2 dν dω dx ds

+
t∫

0

eβ1s
∫

�

1

2
(a5β1 + ε2β2 + ε3β2 + β1β2ε4)M2

x dx ds

+
t∫

0

eβ1s
∫

�

β2
2

1

ε3
a6θ

2
x dx ds

+
t∫

0

eβ1s
∫

�

(

dβ3 + a7
β2

ε2

)

|θα − θα0 |2 dx ds.

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

a8
β2

ε2
ησa(I − Ib)

2 dν dω dx ds

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

a9
β2

ε2
ησs( Ĩ − I )2 dν dω dx ds

+
t∫

0

eβ1s
∫

�

∞∫

0

∫

S1

1

2
β1β3ησa(I − Ib)

2 dν dω dx ds,

for any ε1,2,3 > 0, for the positive constants a4 = μ1
η
, a5 = ηa

μ0
, a6 = C3(1+θr

)
2η , a7 =

C8C10‖ f ‖L1(R+), and a8 = a9 = C10‖ f ‖L1(R+).
One sees that, in order to absorb all of the terms in the right-hand side of (90) by the the
left-hand side of (89), parameters ε1,2,3 and β1,2,3 have to satisfy the constraints

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

β2 < ε1 < 1,

β2 <
a1
a4
,

β1 <
1

ad ,

β2 <
a2
a6
ε3,

dβ3ε2 + β2a7 < d−1ε2,

β2a8 < β3ε2,

where the a j j = 1, 9 are positive number depending only on the physical constants
(M, c, h, θ0, η, η, θ, θ) and those appearing in (25). An elementary analysis of this sys-
tem of algebraic inequalities shows that, taking for example ε1 = ε2 = ε3 = ε4 = 1/2,
it admits nontrivial solutions (β1, β2, β3) in a neighborhood of (β1, β2, β3) = (0, 0, 0)
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Then, we end with the estimate

eβ1t
∫

�

⎧
⎪⎨

⎪⎩

(|η − η0|2 + |θ − θ0|2
)+ 1

2
v2 + η2

x +
∞∫

0

∫

S1

|I − Ib|2 dν dω

⎫
⎪⎬

⎪⎭
dx

+
t∫

0

eβ1s
∫

�

{
v2

x + θ2
x + η2

x

}
dx ds ≤ K , (91)

which gives the exponential decay of Theorem 3, for γ = β1.
3. When the system is decoupled, the decay of the fluid variables is improved and we can

use almost verbatim the argument of [29]: one multiplies the second Eq. (11) by −eδtvxx

and the third Eq. (11) by −eδtθxx . Then integrating on Qt , one obtain

eδt
∫

�

(
θ2

x + v2
x

)
dx +

t∫

0

eδs
∫

�

(
v2

xx + θ2
xx

)
dx ds ≤ K ,

which gives, using also (91) and taking γ ′ = min{γ, δ}, the H1 exponential decay
described in Proposition 1.
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Appendix

In all this Appendix, we denote by C various positive constants, possibly depending on T .
The proof of Theorem 2 relies on a priori estimates allowing to apply a fixed-point theorem

in the same conditions as Theorem 1 in [9]. Then, it is sufficient to show the following

Theorem 4 Let (η, v, θ, I) be a smooth solution of (11) (20) (21) (22) (23) described in
Theorem 2.

The functions η, ηx , ηt , ηxt , v, vx , vt , vxx , θ, θx , θt , θxx , I, Ix all belong to Cα, α2 (QT )

and there is a C > 0 such that

‖η, ηx , ηt , ηxt , v, vx , vt , vxx , θ, θx , θt , θxx , I, Ix‖Cα,
α
2 (QT )

≤ C,

where C depends on T , an the parameters of the system, on the size of the initial data∥
∥η0, η0

x , v
0, v0

x , θ
0, θ0

x , I0, I0
x

∥
∥

Cα(�) and on inf� η0.
Moreover,

0 < η ≤ η ≤ η, 0 < θ ≤ θ ≤ θ,

where the bounds also depend on T , the parameters of the system, the initial data∥
∥η0, η0

x , v
0, v0

x , θ
0, θ0

x , I0, I0
x

∥
∥

Cα(�) and where θ depends on inf� θ0.

Proof 1. After the a priori estimates in Sect. 2, one checks that all the quantities
∫

QT

v2
x dx dt,

∫

QT

θ2
x dx dt,

∫

QT

v2
t dx dt,

∫

QT

θ2
t dx dt, (92)

are bounded.
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2. As the boundary conditions for I are only shifted by the positive time-independent quan-
tity Ib, the same proof as in [9] gives the bounds

max[0,T ]

∫

�

∞∫

0

∫

S1

I 2
t dω dν dx ≤ C, (93)

max[0,T ]

∫

�

∞∫

0

∫

S1

I 2
x dω dν dx ≤ C. (94)

3. The following bounds hold

max[0,T ]

∫

�

v2
t dx +

∫

QT

v2
xt dx dt ≤ C, (95)

max[0,T ]

∫

�

v2
xx dx ≤ C, (96)

max[0,T ]

∫

�

η2
x dx ≤ C. (97)

Formally derivating the second Eq. (11) with respect to t , multiplying by vt , integrating
by parts and using (25), we find first

1

2

∫

�

v2
t dx + μ0

2η

∫

QT

v2
xt dx dt

≤ C + C
∫

QT

(
1 + θ2r+2) v2

x dx dt + C
∫

QT

(
1 + θ2r+2) v2

x dx dt

+C
∫

QT

v4
x dx dt + εmax[0,T ]

∫

�

v2
t dx dt + C

∫

QT

((SF )R)
2
t dx dt.

As |((SF )R)t | ≤ C + C [(1 + θα)|θt | + |vx | + |It |], we get

1

2

∫

�

v2
t dx + μ0

2η

∫

QT

v2
xt dx dt ≤ C + εmax[0,T ]

∫

�

v2
t dx dt ≤ C,

for ε small enough, which proves (95).
From the second Eq. (11)

vxx = η

μ

[

vt + px −
(
μ

η

)

η

ηxvx + η(SF )R

]

,

then we get
∫

�

v2
xx dx ≤ C + C

∫

�

[
v2

t + η2
x + θ2

x + η2
xv

2
x

]
dx,

which implies (96), after (95)
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Finally, using the first Eq. (11), one gets

∫

�

η2
x dx ≤ C + C

∫

�

v2
xx dx dt ≤ C,

after (96) ��
4. Under the previous condition on the data, applying the maximum principle to the (par-

abolic) energy equation, there exists positive constant θ and θ depending on T and N
such that

0 < θ ≤ θ(x, t) ≤ θ for (t, x) ∈ QT . (98)

5. After the a priori estimates in Sect. 2, all the quantities

max
QT

|vx |, max[0,T ]

∫

�

v2
x dx,

∫

QT

v4
x dx, max[0,T ]

∫

�

v2
t dx,

∫

QT

v2
xt dx dt,

are bounded.
6. The following estimate holds

∫

QT

θ4
x dx dt ≤ C. (99)

We first observe that

∫

QT

θ4
x dx dt ≤ C

t∫

0

max
�
θ2

x ds (100)

so, in order to prove (99), it is sufficient to bound the right-hand side.
First multiplying the equation of the internal energy by η

κ
θt and integrating on Qt , we

get

∫

Qt

ηeθ
κ
θ2

t dx dt −
∫

Qt

ηp

κ
θtvx dx dt +

∫

Qt

ηθpθ
κ

θtvx dx dt −
∫

Qt

μ

κ
θt v

2
x dx dt

=
∫

Qt

η

κ
θt

(
κθx

η

)

x
dx dt −

∫

Qt

η2

κ
θt
[
(SE )R − v (SF )R

]
dx dt.

The first term in the right-hand side rewrites

∫

Qt

η

κ
θt

(
κθx

η

)

x
dx dt =

∫

Qt

κθ

κ
θtθ

2
x dx dt +

∫

Qt

(
κη

κ
− 1

κ

)

θtθxηx dx dt

+
∫

Qt

θtθxx dx dt.
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Integrating by parts, we get

∫

Qt

ηeθ
κ
θ2

t dx dt + 1

2

∫

�

θ2
x dx dt

≤ C + C
∫

Qt

{|θtvx | + |θt |v2
x

+ |θt |θ2
x + |θtθxηx | + |θt (SE )R |} dx dt.

So, for any ε > 0

∫

Qt

ηeθ
κ
θ2

t dx dt + 1

2

∫

�

θ2
x dx dt

≤ C + ε

∫

Qt

θ2
t dx dt + C

t∫

0

max
�
θ2

x ds +
t∫

0

max
�
θ2

x

∫

�

η2
x dx ds.

Finally,

∫

Qt

θ2
t dx dt +

∫

�

θ2
x dx dt ≤ C + C

t∫

0

max
�
θ2

x ds. (101)

Multiplying now the equation of the internal energy by (x−M)κ
η

θx and integrating on�,
we get

∫

�

(x − M)κeθ
η

θtθx dx −
∫

�

(x − M)κ

η
pθxvx dx

+
∫

�

(x − M)κ

η
θpθ θxvx dx −

∫

�

(x − M)μκ

η2 θx v
2
x dx

=
∫

�

(x − M)
κθx

η

(
κθx

η

)

x
dx −

∫

�

(x − M)κ θx
[
(SE )R − v (SF )R

]
dx .

Then integrating in t and using boundary conditions, we have the estimate

1

2

t∫

0

(
κθx

η

)2

(0, s) ds ≤ C + C
∫

Qt

{
θ2

x + θ2
t + v2

x + v4
x

}
dx dt.

So, we end with

t∫

0

(
κθx

η

)2

(0, s) ds ≤ C. (102)
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Multiplying now the same equation of the internal energy by κ
η
θx and integrating on

[0, x], we get

x∫

0

κeθ
η
θtθy dy −

x∫

0

κ

η
pθyvy dy +

x∫

0

κ

η
θpθ θyvy dy −

x∫

0

μκ

η2 θy v
2
y dy

=
x∫

0

κθy

η

(
κθy

η

)

y
dy −

x∫

0

κ θy
[
(SE )R − v (SF )R

]
dy.

Then, integrating in t and using boundary conditions, we have the estimate

1

2

t∫

0

(
κθx

η

)2

(x, s) ds ≤ 1

2

t∫

0

(
κθx

η

)2

(0, s) ds

+C + C
∫

Qt

{
θ2

x + θ2
t + v2

x + v4
x

}
dx dt.

So after (102), we end with

t∫

0

(
κθx

η

)2

(x, s) ds ≤ C, (103)

which gives (99).
7. All the quantities

max[0,T ]

∫

�

θ2
x dx, max[0,T ]

∫

�

θ2
xx dx,

∫

QT

θ2
xt dx dt, (104)

are bounded.
In fact, derivating formally the internal energy equation with respect to t , multiplying by
eθ θt and using integration by parts on QT , we get

1

2

∫

�

(eθ θt )
2 (x, t) dx − 1

2

∫

�

(eθ θt )
2 (x, 0) dx +

∫

QT

pθ vx eθ θ
2
t dx dt

+
∫

QT

θpθθ vx eθ θ
2
t dx dt +

∫

QT

θpθηv
2
x eθ θt dx dt +

∫

QT

θpθ vxt eθ θt dx dt

−
∫

QT

[(
μ(η)

η

)

η

v3
x + 2

μ(η)

η
vxvxt

]

eθ θt dx dt

= −
∫

QT

κ

η
eθ θ

2
t x dx dt −

∫

QT

[(
κ

η

)

η

vxθx + κθ

η
θtθx

]

(eθ θt )x dx dt

−
∫

QT

θx
(
eθηηx + eθθ θx

)
dx dt −

∫

QT

η [(SE )R]t eθ θt dx dt −
∫

QT

vx (SE )R eθ θt dx dt.
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After [5] (see the proof of Lemma 3.6), we get

1

2

∫

�

(eθ θt )
2 (x, t) dx +

∫

QT

κ

η
eθ θ

2
t x dx dt

≤ C −
∫

QT

[(SE )R]t eθ θt dx dt −
∫

QT

vx (SE )R eθ θt dx dt. (105)

As the two integrals in the right-hand side are bounded after Lemma 3 and estimate (99)
we obtain the first two estimates (104).
From the internal energy equation

κ

η
θxx =

(
κ − ηκη

η2

)

ηxθx − κθ

η
θ2

x + eθ θt + θpθ vx − μ

η
v2

x + η (SE )R ,

then

|θxx | ≤ C
(|ηxθx | + θ2

x + |θt | + |vx | + v2
x + | (SE )R |),

where all of the terms in the right-hand side are in L2(�) after previous a priori estimates,
which proves the last bound (104).

8. As maxQT |vx | is bounded, we have

∣
∣η(x, t)− η(x, t ′)

∣
∣ ≤ |t − t ′|1/2

⎛

⎝

T∫

0

v2
x dt

⎞

⎠

1/2

≤ C |t − t ′|1/2.

We have also

∣
∣η(x, t)− η(x ′, t)

∣
∣ ≤ C |x − x ′|1/2

⎛

⎝1 +
∫

�

η2
x dx

⎞

⎠ ≤ C |x − x ′|1/2,

so we find that η ∈ C1/2,1/4(QT ).
After (104), we have

∣
∣θ(x, t)− θ(x, t ′)

∣
∣ ≤ |t − t ′|1/2

⎛

⎝

T∫

0

θ2
t dt

⎞

⎠

1/2

≤ C |t − t ′|1/2.

We see also that

∣
∣θ(x, t)−θ(x ′, t)

∣
∣ ≤ C |x − x ′|1/2

⎛

⎝T · max[0,T ]

∫

�

θ2
t dx +

T∫

0

∫

�

θ2
xt dx

⎞

⎠≤C |x − x ′|1/2,

so we find that θ ∈ C1/2,1/4(QT ). We have also

∣
∣θx (x, t)− θx (x

′, t)
∣
∣ ≤ |x − x ′|1/2

⎛

⎝

∫

�

θ2
xx dt

⎞

⎠

1/2

≤ |x − x ′|1/2,

we conclude, by using an interpolation argument of [24], that θx ∈ C1/3,1/6(QT ).
The same arguments holding true verbatim for v and vx , we have that v, vx ∈
C1/3,1/6(QT ).
Let us note I(x, t) := ∫∞

0

∫

S1 I (x, t;ω, ν) dω dν.
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As max[0,T ] ‖It‖L2(�) ≤ C , after Lemma 3, it follows that

|I(x, t)− I(x ′, t)| ≤
x∫

x ′
|Iy | dy ≤ C |x − x ′|1/2.

As max[0,T ] ‖Ix‖L2(�) ≤ C , also after Lemma 3, it also follows that

|I(x, t)− I(x, t ′)| ≤
t∫

t ′
|Is | ds ≤ C |t − t ′|1/2.

Then we conclude in particular that I ∈ C1/3,1/6(QT ), which ends the proof. ��
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