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Abstract  Consider the Emden-Fowler dynamic equation
XA+ p)x* (1) =0, a >0, (0.1)

where p € C,4([t9, 00)T, R), « is the quotient of odd positive integers, and T denotes a time
scale which is unbounded above and satisfies an additional condition (C) given below. We
prove that if ftgo t*|p(t)| At < oo (and when o = 1 we also assume lim;_,  tp (1) u(t) = 0),
then (0.1) has a solution x () with the property that

Keywords Asymptotic behavior - Emden-Fowler equation - Generalized Gronwall’s
Inequality

Mathematics Subject Classification (2010) 34K11 - 39A10 - 39A99 - 34N05

1 Introduction

Consider the second-order Emden—Fowler dynamic equation

xB28 (1) 4+ p(Hx* (1) =0, (1.1)
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206 L. Erbe et al.

where p : [tg, 0co)T — R is rd-continuous (defined below), « > 0, « is the quotient of odd
positive integers.

When T = R, the dynamic Eq. (1.1) is the second-order Emden—Fowler differential
equation

x"(1) + p(H)x*(t) = 0. (1.2)

The Emden—Fowler Eq. (1.2) has several interesting physical applications in astrophysics
(cf. Bellman [8] and Fowler [13]). Moore and Nehari [14] established the following: If p(¢)
is positive and continuous and « > 1, then (1.1) has solutions for which

x(1)
m — =

tl_i)C>O p A>0
if and only if
00
/t"‘p(t)dt < 00. (1.3)

This is related to results of Atkinson [1] who showed that if « > 1, p(#) > 0 and is non-
increasing, then (1.3) implies that all solutions of (1.1) are nonoscillatory. We refer to [3,6]
and [7] for additional results for the oscillation of (1.1). Wong [15, Theorem 2] established
the sufficiency part of the above Moore—Nehari theorem without an assumption as to the sign
of p(t).

In this paper, by using a generalized Gronwall’s inequality on time scales and an idea used
by Wong [15], we prove that if

o0

/t"‘|p(t)|At < 00,

(and when o = 1 we assume lim;_, o tp(¢) 1 (t) = 0), then Eq. (1.1) has a solution for which

t—>oo t

A > 0.

Since we do not make an assumption concerning the sign of the coefficient p, a fixed point
approach is not of use.

For completeness (see [9] and [10] for elementary results for the time scale calculus), we
recall some basic results for dynamic equations and the calculus on time scales. Let T be a
time scale (i.e., a closed nonempty subset of R) with sup T = oo. The forward jump operator
is defined by

o(t)=inf{s € T :s > t},
and the backward jump operator is defined by
pt)y=sup{s e T:s <1},

where sup @ = inf T, where @ denotes the empty set. If o (¢) > t, we say ¢ is right-scattered,
whileif p(t) < t wesaytisleft-scattered. If o (t) = r we say t isright-dense, whileif p (1) = ¢
andt # inf T we say ¢ is left-dense. Given atime scale interval [c, d]r :={t € T : ¢ <t < d}
in T the notation [c, d]1* denotes the interval [c, d]T in case p(d) = d and denotes the inter-
val [c, d)T in case p(d) < d. The graininess function u for a time scale T is defined by
u(t) = o(t) —t, and for any function f : T — R the notation f°(¢) denotes f(o(z)).
We say p : [tp, o0)T — R is rd-continuous and write p € C,4([fg, 00)T, R) provided p is
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On the asymptotic behavior of solutions 207

continuous at each right-dense point in [#p, co)t and at each left-dense point in (7p, co)T the
left hand limit of p exists (finite). We say that x : T — R is (delta) differentiable at t € T
provided

. x(@) — x(s)
im —
—t t—s

)

20 =1

exists when o (t) = ¢ (here by s — ¢ it is understood that s approaches ¢ in the time scale)
and when x is continuous at t and o () > ¢
_ x(0(®) = x(0)

w
Note that if T = R, then the delta derivative is just the standard derivative, and when T = Z
the delta derivative is just the forward difference operator. Hence, our results contain the
discrete and continuous cases as special cases and generalize these results to many other time
scales. Section 2 is devoted to a few preliminary results, the main result is in Sect. 3 and we
include several examples in Sect. 4. We remark also that many results dealing with Sturmian
Theory for the dynamic Eq. (1.1) consider the case when the term p(7)x*(#) is replaced by
p(®)x% (o (¢)). In this regard, a comprehensive analysis of the linear and half-linear equation
may be found in the book of Dogly and Rehék [12], where there are also many references to
the literature.

X2

2 Preliminary lemmas

LetT:= {t € T: u(t) > 0} and let x denote the characteristic function of T. The following
condition, which will be needed later, imposes a lower bound on the graininess function (),
for t € T. More precisely, we introduce the following (see [11] and [5]).

Condition (C) We say that T satisfies condition (C) if there is an M > 0 such that
x(@) =< Mu(r), reT.
We note that if T satisfies condition (C), then the set
T= {t € T| t > 0 is isolated or right-scattered or left-scattered}
is necessarily countable.

We let R denote the set of rd-continuous functions p on T satisfying the regressivity con-
dition 1 + wu(t) p(t) # 0 on T. Recall the definition of the generalized exponential function
ep(t, 10) ([9], Page 57)

t
ep(t, 1p) = exp /SM(T)(p(f))Af , (2.1)
to
where
Lrog(1+hp(t)), h>0
En(p(1)) = [ " 2.2)
p(T), h =0,

and Log is the principal logarithm function. We will use this representation in the proof of
Lemma 2.1 below.
The following lemma is [9, Corollary 6.7].
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208 L. Erbe et al.

Lemma 2.1 Suppose that y(t) and p(t) are rd-continuous and p > 0. Then,
'
() = YO+/P(S)y(S)AS Sorall t>1, (2.3)
]
implies
y(t) < yoep(t,10) forall t=> 1.

Lemma 2.2 Suppose that p € R and lim;_, oo p(t)u(t) = 0. Then, thereisa T € [ty, c0)T
such that

t

lep(t, T)| < exp /2|P(f)|AT
T

fort € [T, oco)r. If; in addition, ftgo [p(s)|As < 00, then ey (t, ty) is bounded on [ty, 00)T.

Proof Since limy_, ¢ log(}(iﬂ) = 1, thereisad > O such that | log(1+x)| < 2|x|, for [x| < §.

Using the hypothesis lim;_, o, p(t)(t) = 0, there is a T € [#y, oo) such that
Ipu@)| <38, te€[T,o0)r.
Assume t € [T, oo). If, in addition, w(t) > 0, we have that

_ | Logll + p(v)p(v)]
& (p()| = )

_ Hog( + n@p@)I
u(t)

=2[p(0)l.
On the other hand, if w(7) = 0, we have

Euy (PN = p()| < 2|p(®)].

Hence, for all t € [T, co)T, we have
1) (PN = 2|p(T)].
Therefore, by (2.1) and (2.2), we get that for t € [T, co)T

lep(t, T)| = leJi SurwenAs)
t
exp /ZIP(T)IAr

T
t

< exp /2|p(1’)|Ar

)

IA

The last statement in this lemma follows from this last inequality and the semi group property
[9, Theorem 2.36] e, (t, tg) = e, (t, T)ep (T, to). ]

Lemma 2.3 Suppose that [ty, oo)1 satisfies condition (C), x2(t) is rd-continuous, and f
(0, 00) — (0, 00) is continuous and nonincreasing with F'(x) = f(x),x € R. Then,we
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have that

t
/f(X(S))xA(S)As > F(x(1)) — F(x(t0)), 1 € [fo, 00)T.
1o

Proof Since [tg, co)T satisfies property (C), [fy, 00)T = U;’io[ti, ti+1lr, where for each
i > Qeithero(t;) =tjy+1 > t; or [t;, tit1]T = [#i, ti+1]r. From the additivity of the integral,
it suffices to show that

tit1

/ F)NxA()As > F(x(tit1)) — F(x(#)) 249

1
for each i > 0. First consider the case o (f;) = t;+1 > t; and consider the subcase x(#;) <
X (ti+1). Using the fact that f is nonincreasing, we have

Liy1 o (1)

/ Fx(s)x(s)As / Fx()x2(s)As

ti 1
F)x® @)
= fx@))xEivr1) — x(@)]

xX(ti+1)

J(x)dx

v

x(1;)
= F(x(ti+1)) — F(x(%;))

and so (2.4) holds in this case. Next consider the subcase x(#;) > x(t;11). In this case,

tit1 o(ti)
/ FE(s)x()As = / F(s)x(s)As
1 1
= fxE)x® )
= — fE)x () — x(tig1)]
x(t;)
> / F)dx
x(tig1)

= F(x(ti+1)) — F(x(%;))

and so also in the subcase x(#;) > x(t;11), it follows that (2.4) holds.
Finally, if [#;, ;1 11T = [#;, i+ 1]r then

tiy1 li+1
/ fa@O)x® )AL = / Fx(@)x'(ndr = F(x(ti11)) — F(x(1;))
t ti
and so (2.4) holds in this case as well. ]

Our next lemma is a sublinear analogue of the Gronwall inequality.
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210 L. Erbe et al.

Lemma 2.4 Assume [ty, 0o)r satisfies condition (C), p(t) > 0, g(t) > 0are rd-continuous,
yo>0,and 0 < a < 1. If y(t) > O, satisfies

t t

YO < vo+ / p(s)y(s)As + / 4()y* (5)As
) 1o

fort € [fy, 00)T, then

1
q() I—a
Y(0) < eptito) {3+ (1 —a) eel’( T e

fort € [ty, 00)T.

Proof Let
t t
z(t) := o +/p(S)y(S)As +/q(S)y"(S)AS >0
1o to
for t € [tg, oo)T. Then, by hypothesis y(¢) < z(t) on [#p, co)T and
220 = pOy®) +q®)y* (@)
< p®)z(t) +q(O)z* (1)
= pOI" (1) — p(O* O] + g (1) ().
It follows that

Ay p() q(t) o
SO oro” O S Treopn” @
Hence,
A0+ @02 @) < —LD gy

T 14 u@p@)
Multiplying by the integrating factor eg (¢, fp), we get

q ()

T+ npn)
l—« Q([)

= cor T 0p0)

[eop(t, 10)2(D]> < eop(t, 1) ()

leop(t, 10)z(t)]”.

Letting
v(t) :=egp(t, 19)z(t) > 0,
we have
VAW q(t)
vy = e GO o)

Integrating from £y to ¢, we obtain

1

t
v2(s) - q(s)
/ v () S / cor 10T op

fo fo
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On the asymptotic behavior of solutions 211

Applying Lemma 2.3 (with f(x) = X%) to the left-hand side of this last inequality gives

/UA(s)A ORI ()
v¥(s) T l-« l —«
0]

It then follows that

1

') v () - q(s)
-« - | —« < /eeﬂ (S,IO)WAS (25)

to

and consequently

96

GRS +(1_"‘)/€9" R EOr

Then,

-
R

q(s)

() = egp(t, 10)z(t) < 1yg * + (1 —Ol)/eep (s, t0)1+M(S)P(S)

which gives us the desired result

|
R

q(s)

y(t) < z2(1) < eplt, t) 1yg * + (1 — “)/691’ 10 T 5P + u(s)p(s)

Remark 2.5 When p(t) = 0 in Lemma 2.4 we have that

t

y(t) < yo —l—/q(s)y“(s)As forall 1 € [y, oO)T

to
implies
1
t I—a
YO <y - a)/q(s)As :
fort € [ty, 00)T.

The superlinear analogue of Lemma 2.4 is the following result:
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Lemma 2.6 Assume in Lemma 2.4 we replace 0 < o < 1 by @ > 1 and that we can pick
yo > 0 such that

q(s)
1)/69" SR EE )

fort € [ty, o0)T. Suppose y(t) > 0, satisfies
t t

y() = yo +/p(S)Y(S)AS +/Q(S)ya(S)AS

0] 0]
fort € [ty, 00)1. Then we have

ep(t, fo)

1
1— to1— q(s) a1
[yo “—(a-1 fto egp (5.10) () p(5) AS]

y(@) <

fort € [ty, o0)T.

Proof The proof starts out the same as in the proof of Lemma 2.4 until we get (2. 5) Solving
this equation for v(¢), we get (here we use the assumption y1 > (-1 fto ee » %(s, 1)

q(s)
e A9)

1
-
- e @) a
{yo L (¢ —1) fto eepa(s, to) o) p0) AS}

Since v(t) = eg(t, 10)z(t) and egp (t, ty) =

v(r) <

_ 1
RO we have that

y(t) < z(1) < ep(t. fo) —

q(s) a1
{y = 1) Jy sy (0 10) T m A }

3 Asymptotic behavior of solutions

We now prove our main result

Theorem 3.1 Assume [to, 00)T satisfies condition (C), a > 0 is the quotient of odd positive
integers, and

[ee)

/t“lp(t)lAt < 00,

to

(and if « = 1 we assume lim;_,  tp(t)u(t) = 0). Then
A4 px* (1) =0, (3.1

has a solution satisfying lim, o, =2 = A # 0.
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Proof Without loss of generality we can assume 9 > 1. Assume x(¢) is a solution of (3.1)
with x(f9) # 0 and let

k(to) := |x(to)| + |x*(t9)| > 0.

Now Eq. (3.1) is equivalent to the integral equation

1

x(1) = x(to) + x (1) (t — 19) — /(t — 0 (s))p(s)x*(s)As. (3.2)
fo

Thus for ¢ € [#9, o0)T, we have

t
[x(@®)] < |x(o)| + IXA(lo)It+l/|P(S)X“(S)|AS
1o

t
< k(to)t+t/|p(s)x"(s)|As, (using ¢ >1)
1

0

N

X /ta (|X(S)|)a
=k(to)t +1 | s¥p(s)| As.

fo

[x (@)
t

Letting y(t) := , we obtain

t
¥(0) < k(to) + / Py () As. 1 € lio, 00V (3.3)
)

Consider first the case 0 < @ < 1. By Remark 2.5, we get

t 11—«
y() < 1K) + (1 —a)/s“|p(s)|As
to
1
oo T—a
< k““(ro)+<1—a)/s“|p(s>|As =: B. (3.4)
0]

So we have y(t) < B, thatis |x(¢)| < Bt. Since

t

xB(1) = x%(to) — / p()x*(s)As 3.5)
10
and
t o0
/‘p(s)x“(s)‘ As < Bo‘/ |p(s)|s*As < o0, (3.6)
10 10

we have that lim; o, x2(f) = A exists. Therefore if ¢ > 0 is given, then there exists a
T € [ty, 00)T, such that A — e < x2(t) < A+ ¢, fort € [T, 00)r. By the time scales
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214 L. Erbe et al.

Mean Value Theorem [10, Theorem 1.14], we get thatif t € [T, oo)T with# > T there exist
7, & € [T, t)r such that

<x%E) <A+te

— (T
A—e<xA(rz)§%

This implies for all sufficiently large ¢ € [T, co)r that

(A_e)(1_1)+x<T> <@<(A+e>(1_1)+xm.
! t t t t

Therefore we get that

lim 0 _ A. (3.7)
t—>o0 ft
From (3.5) and (3.6), we have
Ix2(0)] > [x2(10)] — B / s%|p(s)|As. 3.8)

fo

We want to show that we can find a solution x () so that the constant A in (3.7) is nonzero.
To see this, we still assume tp > 1 let #; € [tp, oo)T be fixed but arbitrary and let x;, (¢) be a
family of solutions of (1.1) whose initial conditions satisfy

X, (1) =C >0, [xf )| =D >0, 1 €lty, ),

where C and D are constants (do not depend on #1). Then by the proof of (3.8) we obtain

B2 0] = A 0)] —B“<r1>/s°‘|p(s>|As
1

—p- B“(n)/s“m(snm (3.9)
131
where
1
B = |+ D)4 (1 - a)/s‘ﬂp(s)ms
n

Since
o0
lim B“(tl)/s“|p(s)|As =0
11— 00
1

we can pick #1 € [tg, oo)T sufficiently large so that (using (3.9)) we have that
A 1
iy 1z 5D >0. 1€ ln, 00
It is then easy to see that for such a #; we have that
lim 2@ _

1—>00

A#0.

This completes the proof when 0 < « < 1.
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Now consider the case when o = 1. The proof is the same as the above proof up to (3.3).
That is we get (3.3) with « = 1, namely

t

y() = k(to)+/S|P(S)|y(S)As, 1 € [19, 00)T.

to
Then we use Lemma 2.1 to obtain
y(t) < k(ty)er(t, t9), where r =r(t) :=t|p()|. (3.10)

Since ff(?o r(t)At < oo and lim,_,  r () u(t) = 0 we get from Lemma 2.2 that e, (¢, tp)
is bounded and hence there is a constant B > 0 such that y(¢r) < B for t € [y, oo)T. The
rest of the proof is the same as in the case 0 < @ < 1 after (3.4).

Next assume o > 1. At the outset of this proof, assume that x(¢) is a solution of (1.1),
with x2 (fo) = 0 and xo := x(fo) is chosen so that k(fp) = |x(fo)| > O satisfies

Ixol' ™ = &' (1) > (a — 1>/s°’|p(s)|As

10
for all ¢+ € [tg, oo)r (we can do this because we are assuming ftjo s p(s)|As < o0). It
follows that

t
ol = k(1) > (o — 1)/s“|p<s>|As
fo

for all ¢ € [ty, oo)r. Using the fact that (3.4) holds we get from Lemma 2.6 that
1

y() < —
{Ixol““ —(a—1) [y S“Ip(s)IAs}DH

1
< — =B

{lrolt=e = @ =1 7 s po1as)

fort € [y, oo)T. It follows that |x(¢)| < Bt for ¢t € [ty, co)t and the proof now proceeds as
in the case 0 < o < 1 following (3.4). ]

4 Examples

We consider in this section several examples to illustrate the results obtained (we deal first
with the more challenging case when p(#) is not of one sign.)

Example 4.1 Let0) <a <1,T=Nand
p(n) :==a(=1)"n"".
Consider the equation

A’x(n) + p)x®(n) =0, 0 <a < 1. 4.1)
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216 L. Erbe et al.

From Theorem 3.1, we conclude that if b > « + 1, then

> n¥lp(m)] < oo

no
and therefore it follows that (4.1) has a solution satisfying

1m@_A7eo 4.2)

n—oo n

Note also that (4.2) holds in the case « = 1 since b > 2 implies that lim,_,» np(n) = 0.

Example 4.2 Let o > 1 and let

a c(—=D"
T (n+ Dnb nb
We note that (4.1) has a nonoscillatory solution such that (4.2) holds if b > « + 1, since

o0 oo o0
Zn“|p(n)| < aZn"‘_b_] +cZn“‘b <00
n=1 n=1 n=1

We also observe that for the case when the term p(n)x® (n) in (4.1) is replaced by p(n)x* (n+
1), additional oscillation and nonoscillation results can be found in [3] and [4].

neN.

Example 4.3 As an example of a different sort, suppose that a population is modeled by a
growth law of the form

X"(t) + k,x¥(@) =0, 0<a,telay, byl 4.3)

where a, < b, < apy1, with lim,_, a, = oo. If a,41 — b, > & > 0 for some positive
3, this represents a population growth model with non-overlapping generations and with a
positive length of time between generations. We can write this model as a dynamic equation

A0 + p(x(1) =0, t € T:=|Jlan, bal. (4.4)

n=1

With a,, b, restricted as above and with p(t) = k,, t € [ay, b,], condition (C) clearly holds
and we have fora, <t <b,

t
ba+l aoH—l n—1

/s |p<s>|As<Zk + 3k b))

a
Also, if b, <t < ay+1 then we have

! ( a+1 a+1

/s |p<s>|As<Zk +Zk “ajer —b).

ai
Consequently, if

(ba+l ot+]

0 .
ij"i Zkb(am bj) < 400,

@ Springer



On the asymptotic behavior of solutions 217

then (4.4) has a solution with

. ox(@®)

lim — = A > 0.
t—o00 t
Remark 4.4 1t is easy to give additional examples for the g-difference equation case using
related ideas for oscillation and nonoscillation in the references [2-5] and [6]. We note also
that in the case T = R, the differential equation

X"+ p)x* =0 4.5)
has a solution x(¢) satisfying
. ox(1)
lim — =A#0 (4.6)
t—oo t
if 0 < o <1, where
sin ¢
p(t) = b t €[l,00)

and where b > o + 1.
Also, in the superlinear case o > 1 and with

a csint

then (4.5) has a solution satisfying (4.6) ifa > 0,c #0and b > o + 1.
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