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Abstract Bumby proved that the only positive solutions to the quartic Diophantine equa-
tion 3x* — 2y? = 1 are (x,y) = (1, 1), (3, 11). In this paper, we extend this result and
prove that if the class number of the field Q(+/1 — 3a?) is not divisible by 2, the equation
3a%x* — By? = 1 has at most two solutions. However, both solutions occur in only one
case,a = 1, b = 2, as solved by Bumby. The proof utilizes the law of quadratic reciprocity
that seems very rare in solving Diophantine equations, and the solution will be also obtained
effectively through the proof when it exists.
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1 Introduction

Let A, B be integers, the Diophantine equation
Ax* — By’ =1 )

has been studied in great detail by many people. For the general case, there is a long-standing
conjecture that (1) has at most two integer solutions. Ljuggren [1] proved that (1) has at
most two solutions in some cases by the method of algebraic number theory. From then on,
there are many other special cases discussed [3-9]. In 1967, Bumby solved the Diophantine
equation 3x* —2y? = 1 [2]. His method applies a clever argument involving arithmetic in the
quartic number field Q(+/=2, +/=3) and has been regarded to be very difficult to extend to
other equations in a long period [5]. The purpose of this paper is to extend Bumby’s method
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680 D. He et al.

to the family of the Diophantine equations of type
3a%x* — By’ =1 )

here, we assume the class number of the field Q(+/1 — 3a?) is not divisible by 2. (2) includes
many interesting special cases such as 12x* — 11y? = 1 and 300x* — 299y? = 1, which
were studied by Bennentt and Walsh [5] through elliptic curve with a mass of complicated
computations. In [5], the equation 12x% — 11 y2 = 1 was used to find the integer points on
the elliptic curve dy? = x(4x> — 3) for some d and this result will be extended in this paper.
We also observe an interesting phenomenon about the class number of imaginary quadratic
fields which suggests that the result in this paper is best possible. The main result of this
paper is:

Theorem Let a, B be positive integers and p = V3a2uy+ ~/Bvy > 1 be the least positive
solution of equation 3a*u® — Bv? = 1, h be the class number of the field Q(~/1 — 3a2). Sup-
pose that h is not divisible by 2, then Eq. (2) has at most one solution whena > 1, B > 2,
moreover the possible solution is given by uy = x%, where x is a rational integer. For
a=1,B =2, Eq. (2) has two solutions (x, y) = (1, 1), (3, 11).

Remark The latter result of the theorem has been proved by Bumby [2]. In this paper, a
slightly different approach is presented.

2 Some lemmas and the proof of the theorem

Throughout the paper, we assume a > 1, B > 2 are square-free positive integers. At first,
we quote an important result from Chen [3] to reduce Eq. (2) to its special case.

Lemma 1 (Chen Jianhua [3]) Let u = ~/3a%ug + «/Evo > 1 be the least solution of the
Pell equation

3a%u? — BVt =1 3)

If (2) is solvable, then uy = xé.

Since all the solutions of (3) are given by uxv/3a2 4+ viv/B = (ugv/3a? + v/ B) 2+ =
(\/3a2u(2) + \/3a2u(2) — 1)%+1 Assume (xy, yx) is another solution of (2), then uy = x7 and

u = & is a solution of the equation 3a?udu® — (3a?u} — 1)v* = 1. Note that ug is a square,
then we reduce (2) to its special case:

3a’x* — (3a® — 1)y? = 1. )

In order to solve the equation of the title, we only need to study Eq.(4) instead.

Throughout this paper, we let p = v/3a2 4+ +/3a% — 1 > 1 be the least solution of the Pell
equation 3a’u®> — (3a® — 1)v? = 1, and 6 = /=342 + /1 — 3a2. Clearly 6% = —p*. We
have all the solutions of the Pell equation 3a2u? — (3¢ — 1)v? = 1 are given by

Uspp1V3a% 4 Vapp1vV3a2 — 1= p?H k=041, 42, ...
thus
p2n + p2—2n 9271 _ 92—2)1 o" — 91—)1 on + 9]—)1

P e S s e i S ©)

2
x*=Uy-1 =
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On Diophantine equation 3a2x* — By2 =1 681

Table 1 Other calculations

about ¥, Modulo Yor  Yoi+1 Yok+2 Yok+3 Yok+a  Yor+s
21 —-3a2 -1 1 1 0 —1 —1 0

2V/1-3a2+1 1 1 -2 1 1 -2

The two factors of x2 we have separated in (5) are both algebraic. Let ¥, = A T_fé_" and

Y, be the conjugate of ¥, in Z(+/1 — 3a2), a slightly less obvious fact is

Lemma 2 Y, is in Z(~/1 — 3a?) and its conjugate in Z(~/1 — 3a?) is Y, = (D" 9”119;".
Moreover, Y, and Y,; are coprime.

Proof From definition of ¥, and noting that 0”12 4 6" = §"+1(9 4 1/6) we have

Yo=Yi =1, Yy =2V1-3a>Y,41 — Y, (6)

Thus, it follows that ¥, isin Z(+/1 — 3a2). It’s a also routine matter to verify that the conjugate
of ¥, inZ(v1 —3a?)is ¥, = (—1)" 0"1—_9{".

Furthermore, since Y, 42Y, | + Y, »Vor1 = =Y Va1 + VoY, ) = = (YY1 +
Y{Yy) = £2 and Norm(Y,) is odd, we get ¥, and Y, are coprime.

Other calculations about Y, which will be required are listed below:

Let & denote the class number of Q(+/1 — 3a?). If h # 0(mod 2), it follows from (5)
Y, = ££2, where & = ¢ +d~/1 — 3a2 with ¢, d € Z. Next, we will prove the main theorem
of the paper by determining when £Y,, can be a square in Q(v/1 — 3a?).

Since Y,, = Y1_,,, we only need to consider even n. We divide the even n into three cases:
n = 6k, 6k + 2, 6k + 4. The proof is organized as follows: Lemma 3 proves —Y;,cannot be
a square for all even n; Ygr14 = £2 can be disproved in a similar way as —Y,, = &2, which
is omitted for brevity; Yerqo2 = & 2 is discussed in Lemma 4; in terms of even a and odd
a,Yer =& 2 will be dealt with in Lemmas 6 and 7, respectively.

Lemma 3 Ifn is even, then —Y, cannot be a square in the field Q(+/1 — 3a?).

Proof Assume that —Y,, = é‘,:z =(c+dv1— 3a2)2, where c,d € Z.

(i) n = 6k. From Table (1), we have 4(c + dv/1 — 3a%)? = —4(mod 2+/1 — 342 — 1),
By the fact that 24/1 — 342 = 1(mod 2+/1 — 3a? — 1), which implies (2¢ + d)? =
—4(mod 3(1 — 4a?)), we get 1 = (_74) = —1, a contradiction.

(i) n = 6k + 2. From Table 1 we have 4(c + d+/1 — 3a2)? = 8(mod 2+/1 — 3a2 + 1),
which implies (2¢ + d)? = 8(mod3(1 — 4a%)). So we have 1 = (}) = —1, a contra-

diction.
(iii) n = 6k +4. We have 4(c + d~/1 — 3a2)?> = —4(mod 2+/1 — 3a% — 1) which implies
1 = (3} = —1, thus it is impossible.

By (i-iii), we prove —Y,, cannot be a square for all even n.

In a similar way, we prove that Y4 cannot be a square by taking mod 2+/1 — 3a2 — 1.
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Lemma 4 If Yo7 is a square in the field Q(v/1 — 3a?), then a in the Eq. (3) must be 1, and
the only two solutions of (2) in this case are (1, 1) and (3, 11).

Proof Assume Ygrq2 =& 2 where £ € Z(+/1 — 3a?), then we have Yék o= & 2 and therefore
Yeri2Y¢ysn = A? where A € Z.

Writing p**+! = u+/3a2 4 v4/3a2 — 1 for brevity, we have

3k+D) | =3k

oo p2(6k+2)—1 + p1—2(6k+2) _ 0
p+p! p+p!
2(3au’v/3a? + 3(3a* — Duv>+v/3a?) 5 5
= =3u(4a“u”—1) 7
2+/3a?
by the fact that u, v satisfies 3a%u? — (3a%> — )v? = 1.
Since (3u, 4a*u® — 1) = 1 or 3, (7) implies either
3u=58% 4a’u’>—1=T? whenQBu,4a’u’> - 1) =1 ®)
or
3u=3S8%, 4a’u®> —1=3T% when(3u,4a’u’> —1)=3 )
It is obvious that (8) is impossible.
From (9), we have
4a>S* — 317 = 1. (10)

Applying the result in [3], we get that (10) has one solution only when 2a|2, thusa = 1,
and the only solution in this case is (S, T) = (1, 1). Consequently, we find the nontrivial
solution of (2) whena =1, B = 2.

In order to deal with the case of Yg = 52, we develop some useful sequences in
Z(x/1 = 3a?). Write 0" = f, +wg,, here w = (—14+/=3)/2 and f,, g, € Q(x/1 — 3a?).

Consequently, we write f,, = r, — sy V1 =342
Lemma 5 Let f,, r,, s, be defined as above, then ry, s, € Z and (r,, s,) = 1.
Proof 1tis easily verified that f;, satisfies:

fo=1. fi=vV1-3a2+a, for=2V1-3afri1— fu.
therefore, f, is in Z(m) and r,,, s, € Z. Since 0 is an unit, then (r,,, s,) = 1.

Let N, = r2 + (3a% — 1)s2 be the norm of f;, in Z(~/1 — 3a?), note that f,, = 22 =¢"" and

w—1
=Dt % from the definition of f;,, then we have the recurrence of N,,:

No=1; Ny=4a”>—1; Ny =26a>— DNyt — Ny + (—D)"4a®;  (11)
It is also obvious that
ro=1; r=a rp2 =230 = Dspr1 — a3

so=0; s1=—1; spi0=—2rp41 — Sn; (12)
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On Diophantine equation 3a2x* — By2 =1 683

Some other calculations about N, r,,, s, will be necessary in the following proof, which
are listed as follows:

Nort1 = —1(mod a);

ry+1 = 0(mod a); s241 = —1(moda); M, =1(moda); P,=-—1(moda); (13)
Fer43 = 0(mod 2a — 1);  sgrp3 = 2(mod 2a — 1); Mgz = —1(mod2a — 1) (14)
rer+3 = 0(mod 2a + 1);  ser43 = 2(mod 2a + 1);  Pgr4+3 = 1(mod 2a + 1) (15)

where M,, = (a — 1)s,, +r, and P, = (a + 1)s,, — ry.
Lemma 6 Suppose a = 0(mod 2) and n = 6k, we have n = 0 if Yy, is a square.

Proof Assume that n = 6k # 0, then write n = 2 - 3°(3k = 1) with b > 0. Let m = 3%,
whereby m = 3(mod 6) and m = lor3(mod 4).

Moreover for even a, we have

Not41 = —1(mod 8);
rgry1 = a; 143 = —a(mod 8); sy = —1; s443 = —1(mod 8);
M, = 1(mod 4); P, = —1(mod 4) (16)

By the definition of f,, we have 02" = w?(mod fn), which follows

2m(3k—1 1-2m(3k—1 2
Yom@k—1) = o )1++69 i = w1++u)00(m0d Sm)
and
g2mBk+1) 4 gl=2mGk+D) 2 4 0
Y2m(3k+1) = 110 = 1+0 (mod fm)

Write ¥, = (¢ +d~/1 — 3a2)? with ¢, d € Z, combined with Lemma 5 and that the class
number of Q(+/1 — 3a?) is not divisible by 2, the above two congruences imply respectively:

(=2a%)(csm + drm)?
= (=2a)s; (@ — 1)y + rm)(mod (r2 + (3a® — 1)s2) 2 (=2a)s,yM,,(mod N,,)
and
(=2a>)(csy — drm)?
= (=2a)sp (@ + Vs — rp)(mod (2 + (3a® — 1)s2) 2 (=2a)sp P (mod Ny,)”

thus we have

—Das,M
(M) — 1or0 (17)
Nm
and
—2as,, P
(M) = 1or0. (18)
Ny

In order to compute (_2”1\?”M'”) and (_2‘}\;”‘ Py, we will repeatedly use the formula
m m

(‘%)(V’Z—‘) = (—l)mTflan1 where at least one of m, n is positive and (m, n) = 1 [8].
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684 D. He et al.

Writing a = 2"ay, where & > 1 and a; is odd, then we have

() -(DED ) () - () ()

(Mm)_(2a(2a—1)s31)_(2h+1)( a )(Za—l)_(l)( —1 )_ |
N |Mm| |Mm| |Mm| |Mm| ai 2a — 1
Pu\ 2a(2a+1)s,2n)_ 2+l ai 2a +1
(Nm)_ ( | Pl - (|Pm|)(|Pm|)(|Pm|)
o0 (3) () =
2a + 1

It follows at once that (%) = —1and ( M) = —1 which imply that neither
(17) nor (18) can be established. Thus we proved Lemma 6.
Now we turn to deal with n = 6k for odd a.

Lemma 7 Suppose a = 1(mod 2) and n = 6k, we have n = 0 if Y, is a square.

Proof Suppose that n # 0 We divide n = 6k into n = 12k 4+ 6 and n = 12k to complete the
proof. We assume that Y,, = £2 = (¢ +dv1—=3a2)% where ¢, d € Z.

i) n=12k+6.
From direct calculations, we have 82 = 2+/—3a2(mod 12¢% — 1), 6% = —124% =
—1(mod12a® — 1) and #'2 = 1(mod124% — 1), hence Y412 = Y,(mod(3a +
V1 —3a? )and Yei10k = Yo = —1(mod (3a + /1 — 3a? ).
Since Yi2k+6 = “;‘2 (c + dv/1 = 3a?)2, from above we get A = —1(mod 1242 —
1), for some rational integerA, which is impossible.

() n=12k
Write n = 4 - 3Gk £ 1), m = 3° whereby m = 3(mod 6) and m = lor3(mod 4),
4m(3k—1) | ol—dm(3k—1) 2
then Yap3x—1) = 2 +H = 2220 (mod fo)

or

94m(3k+l) +9174m(3k+1) w2 + wh

Y. = = d
4m(3k+1) T+ o o (mod f2,)

and the similar argument shows (72”2”’((‘;1)52’” +rm)y — {or()

2m

—2asym ((@+Dsom—ram)y _
or ( Mo ) =1lor0

Now we calculate the above Jacobi symbols to get a contradiction.
By (11) and (12), for @ = 1(mod 2), we have

Nait1 = 3(mod 8);
rgi+2 = 3; rgr+6 = 3(mod 8)
S840 = —2a;  Sg46 = —2a — 4(mod 8)

Mysy2 = —2a + 5(mod 8);  Psr42 = —2a + 3(mod 8),
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On Diophantine equation 3a2x* — By2 =1 685

thus we have (724) = (=) = (Mamy = (Ly =1, (=) = (Kyj}:ﬂ) =1

() = () = () () (i)
Now B |M2m| B |M2m| |M2m| |M2m|

_ (1), (@)( Mam )(_l)mfl)/z

a 2a — 1

_ oo, (L ! _\@=D/2
() (e

_ (_1)(M§m—1)/8+<a—1)/2 =1,

(sz)_(sz)_( 2a )<2a+1)( sfn )
Now |P2m| |P2m| |P2m| |P2m|

— (P (P} (P (e
a 2a + 1

1 1
— (—] P8 2 _1)a=b/2
=1 a 2a + 1 =1

_ (_1)(P22m71)/8+(a71)/2 =1,

and

for 2m = 2 - 3% = 2(mod 4). So we have both

(25)-(2) () ()
Now Nowm Nowm Nowm
and
() - () () Ga) =
Nom Nom ) \Nam ) \ Nom

which is a contradiction.

From (i) and (ii), Lemma 7 is proved.

By the result of Lemmas 6 and 7, we see that if n = 6k # 0, Y, cannot be a square in
Z(v/1 —3a?).

Collect all the results above, the theorem follows at once.

3 Some corollaries

In this section, we deduce some interesting corollaries from the theorem.

Corollary 1 (i) The only solution in positive integers to the equation T (4T? —3) = 11x?
isgivenby T =3 and x = 3.
(ii) The only solution in positive integers to the equation T (4T? — 3) = 55x2 is given by
T = 135 and x = 423.

The two equations above have been proposed by Bennett and Walsh [5] and solved involv-
ing complicated computations in elliptic curve. Here, we give a much simpler proof.

Proof (i) It’s a routine matter to verify if 7(47% — 3) = 11x? is solvable, then T =
3u?,47% — 3 = 3302, thus 12u* — 1102 = 1. By our main theorem, we see that the
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only solution of 12u* — 11v? = 1 is given by (u, v) = (1, 1).Thus, we prove that the
only solution of equation T@AT? —3) = 11x%is (T, x) = (3, 3).

(i) 'With the similar method, we obtain the only solution to the equation T (472 — 3) =
55x2 is given by (T, x) = (135, 432). Here, the leading equation is 300u* — 11v? = 1,
where T = 15u%,4T?% — 3 = 3302

In fact, we can prove a more general result about Diophantine equation 7' (472 —3) = dx?.

Corollary 2 (i) Let p be prime positive integer and p = 3(mod 4), then we can find the

integer solutions of Diophantine equation T (4T? — 3) = px? effectively if they exist.

(i) Let p, q be prime positive integers with p = 1(mod 4) and g = —1(mod 4), then we
can find the solutions of Diophantine equation T (4T> — 3) = pqx? if they exist.

Proof (i) Since (T, 4T2 — 3) = lor3, it is a routine matter to find that the Diophantine
equation T (472 — 3) = px? leads to

T =3A%, 4T* -3 =3pB%. (19)

When p = 3(mod 4), (19) leads to the equation 124* — pB? = 1 which has at most
one solution, and the solution can be obtained by the theorem if it exists. Then, we get
the soluti on of equation in (i).

(ii) By disposing the obviously impossible equations, we conclude that 7(4T? — 3) =
pgx?leads to T = 3pA2,4T2? — 3 = 3¢ B2, thus we have 3(2p)2A* — ¢B? = 1
which has at most one solution, and the solution can be obtained by the theorem if it
exists.

From the theorem, suppose @ > 1 and the class number of field Q(+/1 — 3a?2) is not divis-
ible by 2, we have Diophantine equation 3a>x* — By? = 1 which has at most one solution.
Consequently, if we have already obtained at least two solutions of equation 3a2x*—By? = 1,
we can determine that the class number of field Q(+/1 — 3a?) is divisible by 2.

Corollary 3 Letmo = 1,m = 22, myyp = 14myyy —my + 6, wherek =0,1,2, ..., then

the class number of the imaginary quadratic field Q(,/ —m% — my) is divisible by 2.

Proof Since o = 2 + /3 is the least solution of Pell equation u? — 3v?2 = 1, then all
the solutions of u?2 — 3v2 = 1 are given by u; + v,\/g =aol,t =0,1,2... and all the
solutions for even u and odd v are given by uy + vkﬁ = oq®tl k= 0,1,2.... Thus

21 —(2k+1) .
vk = %, k=0,1,2... and we have the following recurrence for v:

vo=1, v =15, vry2 = 14vp41 — 1.

Put uy = 2ay, vy = , then from the recurrence above for vg,we have the recurrence

for my:

2my+1
3

mo=1, my =22, myip = 14mpy1 —my +6

Noting the fact that u,% — 3v,§ = 1, we have 3a£ = m]% +myp + 1.
It can be easily verified that the Diophantine equation (m% +mp+1Dx*— (m,% +my) y2 =
1 has two solutions (1, 1) and 2my; + 1, 4m,% + 4my + 3). In fact, it has been proved

(m?+m+ Dx* — % +m)y* = 1 has only two solutions in [9]. Then, from the discussion
above, the corollary follows.
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On Diophantine equation 3a2x* — By2 =1 687

For example, when m = 22, m> + m + 1 = 3 - 132, the class number of Q(+/—506) is
28, which is divisible by 2.

Corollary 3 also shows that the result of the main theorem is best possible for the equation
3a%x* — By? = 1 in a certain sense.
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