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Abstract This paper deals with semi-global Ck-solvability of complex vector fields of
the form L = ∂/∂t + xr (a(x) + ib(x))∂/∂x, r ≥ 1, defined on �ε = (−ε, ε) × S1,
ε > 0, where a and b are C∞ real-valued functions in (−ε, ε). It is shown that the interplay
between the order of vanishing of the functions a and b at x = 0 influences the Ck-solvability
at � = {0} × S1. When r = 1, it is permitted that the functions a and b of L depend on the
x and t variables, that is, L = ∂/∂t + x(a(x, t) + ib(x, t))∂/∂x, where (x, t) ∈ �ε .
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1 Introduction

Let

L = ∂/∂t + (a(x) + ib(x))∂/∂x, a, b ∈ C∞(S1), (1)

be a complex vector field, defined on �ε = (−ε, ε) × S1, ε > 0. Assume that � = {0} × S1

is the characteristic set of the structure associated with L and that L is of infinity type along
�. Hence, L is elliptic on �ε\� and a(0) = b(0) = 0. In particular, b(x) �= 0 if x �= 0.

We recall the concept of infinity type: a point p in the characteristic set C(L) is said to be
of finite type ν (ν ∈ Z+) if there exists a Lie bracket of L and L of length ν which is nonzero
at p. If p ∈ � is not of finite type then it is said to be of infinite type.
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404 P. L. Dattori da Silva

We say that L is locally solvable on �ε if given p ∈ �ε and f ∈ C∞(U), where U ⊂ �ε

is an open neighborhood of p, there exists a distribution u such that Lu = f in V , where
V ⊂ U is some neighborhood of p.

The local solvability of linear partial differential equations (see, for instance, [12,13]
and [15]) is characterized by the well-known Nirenberg–Treves condition (P). For operators
given by (1), condition (P) has a simple statement: L satisfies condition (P) if and only
if the function b does not change sign on any integral curve of �(L) = ∂/∂t + a(x)∂/∂x
(see [12]).

The operator L, given by (1), satisfies condition (P) under our hypotheses, and the local
solvability is well understood.

The problem is interesting if we are concerned with solvability in a full neighborhood of
�. Hörmander (see [13]) gives us the following concept of semi-global solvability:

Let P be a linear partial differential operator defined on a smooth manifold M, and let
K be a compact subset of M. We say that P is solvable at K if for every f in a subspace
of C∞(M) of finite codimension there is a distribution u in M such that Pu = f in a
neighborhood of K .

Condition (P) is necessary for solvability at K of P (see [13]); moreover, for operators of
principal type on M, condition (P) is sufficient for solvability at K (see [13]). The operator
L defined by (1) is not of principal type on �ε . Let us recall the definition of principal type:
as in [13] we say that a point (x, ξ) ∈ T ∗M\0 is a characteristic point of P if p(x, ξ) = 0,
where p is the principal symbol of operator P . When P satisfies condition (P) we say that
P is of principal type if P satisfies the following geometric condition (see [12] and [13]), for
each K compact subset of M: (GC) every characteristic point of P over K lies on a compact
interval of a bicharacteristic of �(pq), on which q �= 0, with no characteristic endpoint
over K .

A bicharacteristic of �(pq) is an integral curve of the Hamilton field of �(pq) over
which �(pq) vanishes. Note that the principal symbol of our operator L is �(x, t, ξ, τ ) =
τ + (a(x) + ib(x))ξ , which implies that a characteristic point of L is of the form (0, t, ξ, 0),
with ξ �= 0. Hence, (GC) is not satisfied.

The solvability at � was studied for operators given by (1), in papers such as [4] and [11];
moreover, [3] and [5] studied this problem for a more general class of complex vector fields,
for instance, when the functions a and b of L depend on x and t variables. See, for instance,
[1,2,7–9] and [13], for more related papers. In [7] b ≡ 0 was permitted.

It follows from [11] (see also [4]):

Theorem 1 (Theorem 2.1, [11]) Consider the complex vector field

L = ∂/∂t + (a(x) + ib(x))∂/∂x, b �≡ 0,

defined on �ε , where a and b are real-valued smooth functions. Assume that the character-
istic set of L is equal to � = {0}× S1. If we have (a + ib)(x) = xna0(x)+ i xmb0(x), where
b0(0) �= 0 and 2 ≤ m < 2n − 1, then given f belonging to C∞(�ε) and satisfying

2π∫

0

∂ j f

∂x j
(0, t)dt = 0, j = 0, . . . , r − 1, r = min{m, n}, (2)

there exists a C∞ function u solving the equation Lu = f in a neighborhood of �.

Theorem 2 (Theorem 2.2, [11]) Consider the complex vector field

L = ∂/∂t + (a(x) + ib(x))∂/∂x, b �≡ 0,
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Ck -solvability near the characteristic set 405

defined on �ε , where a and b are real-valued smooth functions. Assume that the character-
istic set of L is equal to � = {0} × S1. If we have (a + ib)(x) = xna0(x) + i xmb0(x) and
one of the following conditions is satisfied

1�. a0(0) �= 0 and m > 2n − 1;
2�. b0(0) �= 0 and m = 1;
3�. a0(0) �= 0, b0(0) �= 0, m = 2n − 1 and n ≥ 2;

then there exists a function f belonging to C∞(�ε) and satisfying (2), for which the equation
Lu = f does not have C∞ solution in any neighborhood of �.

Theorem 2 leaves us the following question:
Under the hypotheses of Theorem 2, does the equation Lu = f have Ck solution in a

neighborhood of �, for some k ≥ 1?
The goal of this paper is to answer the question above. One of the motivations for this

paper was [14], where the existence of Ck solutions was studied in a full neighborhood of
�, considering the model operator

Tλ = λ∂/∂t − i x∂/∂x; (3)

moreover, [14] proved theorems about the normalization of complex vector fields, and the
results about solvability at � of (3) can be used to study the solvability of more general com-
plex vector fields. Indeed, [14] looked for Ck solutions, in a neigborhood of �, for equation
Tλu = f , when f ∈ C∞(�ε) satisfies

2π∫

0

f (0, t)dt = 0.

An important means of finding Ck solutions was to use results reported by Vekua (see [16])
on generalized analytic functions. In this paper, we have employed Vekua’s results to find
Ck solutions for other classes of complex vector fields. Let us give some information about
these results: let f, g ∈ L1(G), where G is a bounded domain. If f and g satisfy the relation

∫ ∫

G

g
∂φ

∂ z̄
dxdy +

∫ ∫

G

f φdxdy = 0, ∀ φ ∈ C1
0(G),

the function f is said to be the generalized derivative of g with respect to z̄. We will denote
by Dz̄(G) the linear manifold constituted by the functions having generalized derivatives.
The function w(z) is said to satisfy the equation

X(w) ≡ ∂w

∂ z̄
+ Aw + Bw̄ = F, where A, B, F ∈ L p(G), p > 2,

in a neighborhood G0 of a point z0 if w ∈ Dz̄(G0) and X(w) = F almost everywhere in
G0. If X(w) = F in a neighborhood of every point of G then w is called regular solution.
As in [16], we will denote by U(A, B, F, G) the class of regular solutions of Xu = F in G.
Theorem 3.3 of Chapter III of [16] states that: if A, B, F ∈ Cm,α(G), m ≥ 0 and 0 < α < 1,
then the function w(z) of the classe U(A, B, F, G) belongs to the class Cm+1,α(G).

The present paper is organized as follows:
In Sect. 2, we will consider that L satisfies 2� of Theorem 2; in fact, complex vector fields

will be considered in a more general form, that is,
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406 P. L. Dattori da Silva

L = ∂/∂t + x(a(x, t) + ib(x, t))∂/∂x, a, b ∈ C∞(�ε),

where t �→ b(0, t) �= 0, for all t ∈ S1.
In Sect. 3, we will consider that 1� and 3� of Theorem 2 are satisfied. It will be shown

that the interplay between the order of vanishing of the functions a and b at x = 0 influences
the existence of Ck solutions of Lu = f in a neighborhood of �.

2 Assuming 2� of Theorem 2

Let

L = ∂/∂t − i x(b(x, t) + ia(x, t))∂/∂x, (4)

be a complex vector field defined on �ε = (−ε, ε) × S1, ε > 0, where a and b are C∞
real-valued functions. Suppose that

1. � = {0} × S1 is the characteristic set of L;
2. t �→ b(0, t) > 0, for all t ∈ S1.

It was proved in [14] that

λ = 1

2π

2π∫

0

(b + ia)(0, t)dt (5)

is an invariant that characterizes L and also that if λ ∈ C\R then, for any p ∈ Z+, there
exists a C p diffeomorphism defined near � that transforms L into a multiple of the vector
field

Tλ = λ∂/∂t − i x∂/∂x .

The case λ ∈ C\{0} was treated in [10].
Results from [10] and [14] allow us to state that:

Theorem 3 Let L be given by (4) and λ be given by (5). Assume that λ ∈ C\Q. Then, for any
p ≥ 1, there exists a C p diffeomorphism sending L into a multiple of Tλ = λ∂/∂t − i x∂/∂x.

Theorem 4 Let L be given by (4) and λ be given by (5). Assume that λ ∈ Q. Let qλ be equal
to 1 if λ ∈ Z and let qλ be the largest positive integer such that jλ �∈ Z for 1 < j ≤ qλ, if
λ �∈ Z. Define

s =
{

λqλ − 1, if λ ≤ 1

qλ − 1, if λ > 1

Then there exist 0 < σ < 1 and a C p diffeomorphism, where p = max{1 + σ, s}, sending L
into a multiple of Tλ = λ∂/∂t − i x∂/∂x.

Theorem 3 follows from Theorem 4.4 of [10]. Theorem 4 follows from Theorem 4.4 of
[10] and Theorem 2.2 of [14].

It is worth mentioning that [10] proved that, for each λ ∈ C with �(λ) > 0, there exists a
complex vector field L, given by (4), such that the function a + ib satisfies (5), which is not
equivalent to a multiple of Tλ by any C∞-diffeomorphism. Moreover, the optimal regularity
of the class of the diffeomorphism given by Theorem 4 is unknown.
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Now, let us study the equation

Tλu = f (6)

in a neighborhood of �. Using the same arguments of the proof of Theorem 5.2 of [14], we
can state that:

Theorem 5 Let

Tλ = λ∂/∂t − i x∂/∂x

be a complex vector field defined on �ε . We have:

I. If λ = α + iβ ∈ C\Q then fixed k ≥ 1 there exists p = p(k, λ) such that for all
f ∈ C p

0 (�ε), satisfying

2π∫

0

f (0, t)dt = 0, (7)

the equation Tλu = f has a Ck solution u in a neighborhood of �.
II. If λ ∈ Q then fixed k ≥ 1 there are p = p(k, λ) and n = n(k, λ) such that for all

f ∈ C p
0 (�ε), satisfying

2π∫

0

∂ j f

∂x j
(0, t)dt = 0, j = 0, . . . , n, (8)

the equation Tλu = f has a Ck solution u in a neighborhood of �.

The next result is an immediate consequence of Theorem 3 and Theorem 5:

Theorem 6 Let L be given by (4) and λ be given by (5). Assume that λ ∈ C\Q. Let f ∈
C∞

0 (�ε). If f satisfies (7), then for every k ≥ 1 there exists u ∈ Ck solution of Lu = f in a
neighborhood of �.

Proof Fixed k ≥ 1, take p = p(k, λ) given by Theorem 5. By Theorem 3, there exists a
C p diffeomorphism sending L into a multiple of Tλ = λ∂/∂t − i x∂/∂x ; hence, the equation
Lu = f on �ε is equivalent to Tλũ = f̃ on �̃ε , where ũ and f̃ are the pushforward of u and
f , respectively. Now, applying Theorem 5, we can find the wanted solution. ��
Remark 1 In conclusion, we can write:

1. As mentioned in [10], we have no example showing that regularity results of normaliza-
tion given by Theorem 4 are optimal.

2. Let L be given by (4) and λ be given by (5). Assume that λ ∈ Q. Let f ∈ C∞
0 (�ε). If

f satisfies (7), then, it follows from [14] that there exists u ∈ Cα , for some 0 < α < 1,
solution of Lu = f in a neighborhood of �.

3. Let L be given by (4) and λ be given by (5). Assume that λ ∈ Q. Let f ∈ C∞
0 (�ε) and

assume that f satisfies (7). Finding C1 solution for the equation Lu = f in a neigh-
borhood of � is still an open problem which the author hopes to consider in a future
paper.
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3 Assuming 1� and 3� of Theorem 2

Let

L = ∂/∂t + (a(x) + ib(x))∂/∂x, a, b ∈ C∞(−ε, ε),

be a complex vector field defined on �ε = (−ε, ε) × S1, for some ε > 0, where a and b are
real-valued functions.

Suppose that � = {0} × S1 is the characteristic set of L and that L is tangent along �.
Hence, L is elliptic on �ε\�, a(0) = b(0) = 0, and L satisfies condition (P).

Assume that we can write a(x) + ib(x) = xna0(x) + i xmb0(x) with (a0 + ib0)(0) �= 0
and that some of the conditions below are satisfied:

1. a0(0) �= 0 and m > 2n − 1;
2. a0(0) �= 0, b0(0) �= 0, m = 2n − 1 and n ≥ 2.

We start considering that 2. above holds, that is, m = 2n − 1 and n ≥ 2.

Theorem 7 Let

L = −i∂/∂t + (b0(x)x2n−1 − ia0(x)xn)∂/∂x, n ≥ 2,

where a0, b0 are C∞ real-valued functions, with a0(x) �= 0 and b0(x) �= 0 for all x, be a
complex vector field defined on �ε . Fixed k ∈ Z+, given f ∈ C∞(�ε), satisfying

2π∫

0

∂ j f

∂x j
(0, t)dt = 0, j = 0, . . . , n − 1, (9)

there exists u ∈ Ck solution for Lu = f , in a neighborhood of �.

Proof It follows from [4] that given f ∈ C∞(�ε), satisfying (9), there exists a function
v ∈ C∞ such that Lv − f is a flat function along �. Hence, to solve the equation Lu = f
in a neighborhood of �, when f satisfies (9), it is enough to assume that f is flat along �.
From now on, we will assume that f is flat along �.

Without loss of generality, we can assume that b0(x) > 0 and a0, b0 ∈ L∞([−ε, ε]).
Consider

�+
ε = {(x, t) ∈ �ε; x > 0} and �−

ε = {(x, t) ∈ �ε; x < 0}.
Define

Z(x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e
− ∫ ε

x
b0(y)y2n−1

a2
0 (y)y2n+b2

0 (y)y4n−2 dy · e
−i

(
t+∫ ε

x
a0(y)yn

a0(y)2 y2n+b0(y)2 y4n−2 dy

)
, x > 0

0, x = 0

e

∫ x
−ε

b0(y)y2n−1

a2
0 (y)y2n+b2

0 (y)y4n−2 dy · e
−i

(
t−∫ x

−ε

a0(y)yn

a0(y)2 y2n+b0(y)2 y4n−2 dy

)
, x < 0

.

Evidently, Z ∈ C∞(�±
ε ) and, by a simple computation, we have

LZ = 0 and LZ = 2b0(x)xn−1

b0(x)xn−1 + ia0(x)
Z .

Define F(x) = |Z(x, t)|. As shown in [11], F ∈ C∞((−ε, ε)\{0}) and it is continuous in
(−ε, ε). Moreover, F is injective in (−ε, ε)\{0}. Thus, if x �= 0 then x = F−1(|z|), for some
z ∈ D(0; 1).

123



Ck -solvability near the characteristic set 409

The pushforward of the equations

Lw = f in �±
ε (10)

via the map Z are given by

2b0(F−1(|z|))[F−1(|z|)]n−1

b0(F−1(|z|))[F−1(|z|)]n−1 + ia0(F−1(|z|)) z
∂w̃±

∂z
= f̃ ± in D(0; 1)\{0},

where w̃± and f̃ ± are the pushforward of functions w and f in �+
ε and �−

ε , respectively.
Thus, we have (using that z = |z|eiθ )

∂w̃±

∂z
=

(
b0(F−1(|z|))[F−1(|z|)]n−1 + ia0(F−1(|z|))) eiθ f̃ ±

2b0(F−1(|z|))|z|(F−1(|z|))n−1 . (11)

Since f̃ ± are flat at z = 0, it is easy to see that
(
b0(F−1(|z|))[F−1(|z|)]n−1 + ia0(F−1(|z|))) eiθ f̃ ±

2b0(F−1(|z|))[F−1(|z|)]n−1|z| ∈ C∞(D(0; 1));

hence we have that the solutions

w̃±(z) = 1

2π i

∫ ∫

D(0;1)

(
b0(F−1(|ζ |))[F−1(|ζ |)]n−1 + ia0(F−1(|ζ |))) eiθ f̃ ±

2b0(F−1(|ζ |))(F−1(|ζ |))n−1|ζ |(ζ − z)
dζ ∧ dζ

belong to C∞(D(0; 1)) (see, for example, [16]). Thus, for any fixed � ∈ Z+, we can write

w̃±(z) =
∑

0≤ j≤�−1

c±
j z j + |z|�ṽ±(z),

where ṽ±(z) belong to C∞(D(0; 1)). Note that |z|�ṽ±(z) are also solutions of the equations
(11).

Define β = b0(0)

a2
0 (0)

. Using Taylor’s formula we have

b0(x)x2n−1

a2
0(x)x2n + b2

0(x)x4n−2
= 1

x
(β + O(|x |)) ;

consequently,

|Z(x, t)| =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

( x
ε

)β e− ∫ ε
x

O(|y|)
y dy

, x > 0

0, x = 0
(−x

ε

)β e
∫ x
−ε

O(|y|)
y dy

, x < 0

.

Now, define

u(x, t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

( x
ε

)�β e−�
∫ ε

x
O(|y|)

y dy
ṽ+(Z(x, t)), x > 0

0, x = 0
(−x

ε

)�β e�
∫ x
−ε

O(|y|)
y dy

ṽ−(Z(x, t)), x < 0

.

We have that u satisfies Lu = f in a neighborhood of �. Therefore, it is enough to choose
an � sufficiently large to obtain u ∈ Ck . ��
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Example 1 Consider the complex vector field

L = −i∂/∂t + (x2n−1 − i xn)∂/∂x, n ≥ 2,

defined on �ε . Define

Z(x, t) = x

(1 + x2n−2)
1

2n−2

e
−i

[
t+ 1

n−1

(
1

xn−1 +arctan xn−1
)]

.

By a simple computation, we have

LZ = 0 and LZ = 2xn−1

xn−1 + i
Z .

Let f ∈ C∞(�ε) and be flat along �. Since x = ± |Z |
(1−|Z |2n−2)

1
2n−2

, the pushforward of the

equations

Lw = f in �±
ε

via the map Z yields

2|Z |n−1

|Z |n−1 + i
√

1 − |Z |2n−2
Z

∂w̃+

∂z
= f̃ + in D(0; ε/(1 + ε2n−2)

1
2n−2 )\{0}

and

2|Z |n−1

|Z |n−1 + i(−1)n−1
√

1 − |Z |2n−2
Z

∂w̃−

∂z
= f̃ − in D(0; ε/(1 + ε2n−2)

1
2n−2 )\{0},

where w̃± and f̃ ± are the pushforward of functions u and f in �+
ε and �−

ε , respectively.

Denote Dε = D(0; ε/(1 + ε2n−2)
1

2n−2 ).
Hence, we have

∂w̃+

∂z
= |Z |n−1 + i

√
1 − |Z |2n−2

2|Z |n eiθ f̃ + in Dε\{0} (12)

and

∂w̃−

∂z
= |Z |n−1 + i(−1)n−1

√
1 − |Z |2n−2

2|Z |n eiθ f̃ − in Dε\{0}. (13)

The solutions

w̃+(z) = 1

2π i

∫∫

Dε

|ζ |n−1 + i
√

1 − |ζ |2n−2

2|ζ |n(ζ − z)
eiθ f̃ +(ζ )dζ ∧ dζ

and

w̃−(z) = 1

2π i

∫∫

Dε

|ζ |n−1 + i(−1)n−1
√

1 − |ζ |2n−2

2|ζ |n(ζ − z)
eiθ f̃ −(ζ )dζ ∧ dζ

belong to C∞(Dε) (see, for example, [16]). Thus, for any fixed � ∈ Z+, we can write

w̃±(z) =
∑

0≤ j≤�−1

c±
j z j + |z|�ṽ±(z),
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Ck -solvability near the characteristic set 411

where ṽ±(z) belongs to C∞(Dε); note that |z|�ṽ+(z) and |z|�ṽ−(z) also satisfy
Eqs. (12) and (13), respectively. Hence, the function u defined by

u(x, t) = |x |�
(1 + |x |2n−2)

�
(2n−2)

ṽ+
(

x

(1 + x2n−2)
1

2n−2

e
−i

[
t+ 1

n−1

(
1

xn−1 +arctan xn−1
)])

,

if x �= 0 and u(0, t) = 0 for all t ∈ S1, satisfies Lu = f in a neighborhood of �. Therefore,
it is enough to choose an � sufficiently large to obtain u ∈ Ck .

In the next, we will suppose that 1. holds, that is, a0(0) �= 0, m ≥ 2n and n ≥ 1.

Theorem 8 Let

L = ∂/∂t + (xna0(x) + i xmb0(x))∂/∂x, n ≥ 1 and m ≥ 2n,

be a complex vector field defined on �ε , where a0, b0 are C∞ real-valued functions, with
a0(x) �= 0 for all x. There exists f ∈ C∞(�ε), satisfying (9), such that the equation Lu = f
does not have a C1 solution in any neighborhood of �.

Proof Assume that for each function f ∈ C∞(�ε), satisfying (9), there exists u ∈ C1 solu-
tion of the equation Lu = f in a neighborhood of �. As in [3] (see also [6]), an argument
using Baire’s theorem and the open mapping theorem implies that there exists δ0 > 0 such
that given f ∈ C∞([−δ0, δ0] × S1), satisfying (9), there exists u ∈ C1([−δ0, δ0] × S1)

solution of Lu = f in some neighborhood of [−δ0, δ0] × S1. Indeed, under the assumptions
above, let

F = span < 1 ⊗ δ( j) >, j = 0, . . . , n − 1,

and let F◦ denote the annihilator of F . Define the Fréchet space

G� = {( f, u) ∈ (C∞([−ε/2, ε/2] × S1) ∩ F◦) × C1(U�); Lu = f on U�},
where U� = (−δ�, δ�) × S1 and δ� ↓ 0 with δ1 = ε/2. Consider

π� : G� → C∞([−ε/2, ε/2] × S1) ∩ F◦
( f, u) �→ f

,

the projection on the first factor.
Under our assumptions

⋃
�

π�(G�) = C∞([−ε/2, ε/2] × S1) ∩ F◦.

It follows from Baire’s theorem and the open mapping theorem that

π�0(G�0) = C∞([−ε/2, ε/2] × S1) ∩ F◦,

for some �0. In other words, for δ0 = δ�0 , we have that

L : C1([−δ0, δ0] × S1) → C∞([−δ0, δ0] × S1) ∩ F◦ (14)

is surjective.
Next, we will go to contradict (14) by exhibiting a function f belonging to

C∞([−δ0, δ0] × S1) ∩ F◦ for which there is no solution u ∈ C1([−δ0, δ0] × S1) of the
equation Lu = f in any neighborhood of [−δ0, δ0]× S1. The argument is the same as in [4],
which we will recall.
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We may assume, without loss of generality, that b(x) > 0 if −δ0 < x < 0.

Fixed x0 ∈ (−δ0, 0), define ( f̂k), k ∈ Z, by

f̂k(x) = g(x) · (a + ib)(x) · ck · e
−ik

∫ x
x0

a
a2+b2 (y)dy

,

where (ck) is a rapidly decreasing sequence of positive real numbers (to be chosen later) and

g(x) =
{

−e
1
x , x < 0
0, x ≥ 0

It follows from [4] that the sequence ( f̂k) defines a function f ∈ C∞([−δ0, δ0]× S1), which
is flat along � = {0} × S1, and evidently belongs to F◦.

We will prove that there is no u ∈ C1([−δ0, δ0] × S1) solving Lu = f in a neighborhood
of [−δ0, δ0] × S1. In [4] it was shown that for a similar function f , the equation Lu = f
does not have C∞ solution in any neighborhood of [−ε0, ε0] × S1, for some 0 < ε0 ≤ ε/2.

Using Fourier series, the equation Lu = f can be rewritten as
∑
k∈Z

(Lk ûk)e
ikt =

∑
k∈Z

f̂keikt ,

where Lk ûk(x) = ikûk(x) + (a + ib)(x)(ûk)
′(x); moreover, the series

∑
k∈Z

ûk(x)eikt con-
verges uniformly in a neighborhood of {0} × S1.

It follows from (14) that for f defined above there exists a C1 function u(x, t) satisfying
Lu(x, t) = f (x, t) in a neighborhood of [−δ0, δ0] × S1. Hence, we have Lk ûk(x) = f̂k(x)

with ûk(x) = vk(x)+hk(x), for each k, where hk is an arbitrary solution of the homogeneous
equation Lkhk = 0 and vk is a solution of the nonhomogeneous equation.

As in [4], we will look for a solution, vk, to Lkvk(x) = f̂k(x), for each k �= 0. If x > 0
then we obtain vk(x) ≡ 0. If x < 0 then we obtain

vk(x) = −
0∫

x

e−ik(C(x)−C(y)) f̂k

a + ib
(y)dy, where C(x) =

x∫

−δ0

1

a + ib
(y)dy.

It is clear that each vk is smooth in a neighborhood of [−δ0, δ0]×S1, and a simple calculation
(see [4]) shows that for k > 0 we have

vk(x0) = −
0∫

x0

g(y)cke
k

∫ y
x0

b
a2+b2 (s)ds

dy

≥ ek M M ′ck,

where M = ∫ x0
2

x0

b
a2+b2 (s)ds > 0 and M ′ = − ∫ 0

x0
2

g(y)dy > 0.

If in the definition of f̂k we choose ck = e−Mk , for each k > 0, then we will have that
vk(x0) ≥ M ′. Hence, the sequence (vk) cannot be the coefficients of a C1 function at x = x0.

It follows from the proof of Theorem 4.1 of [6] that there is no hk ∈ C1 solution of
Lkhk = 0 in a neighborhood of x = 0.

Hence, for each k > 0, ûk(x) = vk(x) is the only C1 solution to the equation Lk ûk(x) =
f̂k(x) and, consequently, (ûk) cannot be the sequence of Fourier coefficients of any C1

periodic function; from (14), we have a contradiction. The proof is complete. ��

123



Ck -solvability near the characteristic set 413

References

1. Bergamasco, A.P., Meziani, A.: Semiglobal solvability of a class of planar vector fields of infinite
type. Math. Contemp. 18, 31–42 (2000)

2. Bergamasco, A.P., Meziani, A.: Solvability near the characteristic set for a class of planar vector fields
of infinite type. Ann. Inst. Fourier Grenoble 55(1), 77–112 (2005)

3. Bergamasco, A.P., Cordaro, P.D., Petronilho, G.: Global solvability for a class of complex vector fields
on the two-torus. Commun. PDE 29, 785–819 (2004)

4. Bergamasco, A.P., Dattori da Silva, P.L.: Global solvability for a special class of vector fields on the
torus. Contemp. Math. 400, 11–20 (2006)

5. Bergamasco, A.P., Dattori da Silva, P.L.: Solvability in the large for a class of vector fields on the torus.
J. Math. Pures Appl. 86, 427–477 (2006)

6. Bergamasco, A.P., Dattori da Silva, P.L., Ebert, M.R.: Gevrey solvability near the characteristic set for a
class of planar complex vector fields of infinite type. J. Differ. Equ. 246(4), 1673–1702 (2009)

7. Bergamasco, A.P., Petronilho, G.: Closedness of the range for vector fields on the torus. J. Differ.
Equ. 154, 132–139 (1999)

8. Berhanu, S., Meziani, A.: Global properties of a class of planar vector fields of infinite type. Commun.
PDE 22, 99–142 (1997)

9. Berhanu, S., Meziani, A.: On rotationally invariant vector fields in the plane. Manuscr. Math. 89(3),
355–371 (1996)

10. Cordaro, P.D., Gong, X.: Normalization of complex-valued planar vector fields which degenerate along
a real curve. Adv. Math. 184, 89–118 (2004)

11. Dattori da Silva, P.L.: Nonexistence of global solutions for a class of complex vector fields on two-torus.
J. Math. Anal. Appl. 351, 543–555 (2009)

12. Hörmander, L.: Pseudo-Differential Operators of Principal Type, Nato Advanced Study Institute on Sin-
gularities in Boundary Value Problems, pp. 69–96. Reidel, Dordrecht (1981)

13. Hörmander, L.: The Analysis of Linear Partial Differential Operators IV. Springer, Berlin (1984)
14. Meziani, A.: On planar elliptic structures with infinite type degeneracy. J. Funct. Anal. 179(2), 333–373

(2001)
15. Nirenberg, L., Treves, F.: Solvability of a first order linear partial differential equation. Commun. Pure

Appl. Math. 16, 331–351 (1963)
16. Vekua, I.V.: Generalized Analytic Functions. Pergamon Press, Oxford (1962)

123


	Ck-solvability near the characteristic set for a class of planar complex vector fields of infinite type
	Abstract
	1 Introduction
	2 Assuming 2 star of Theorem 2
	3 Assuming 1 star and 3 star of Theorem 2
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


