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Abstract  Groundstates of the stationary nonlinear Schrodinger equation
—Au+Vu=KuP !,

are studied when the nonnegative function V and K are neither bounded away from zero,
nor bounded from above. A special attention is paid in the case of a potential V that goes to 0
at infinity. Conditions on compact embeddings that allow to prove in particular the existence
of groundstates are established. The fact that the solution is in LZ(R") is studied and decay
estimates are derived using Moser iteration scheme. The results depend on whether V decays
slower than |x| =2 at infinity.
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1 Introduction

In this paper, we consider the following problem for the time-independent nonlinear
Schrodinger equation:

—Au+Vu=KuP~! inRV,

l 1m0 u(x) = 0. Pv.x)

Here u : RV — R is an unknown function, while V : RY — Rt and K : RY — RT are
given potentials. Solutions to (Py k) can be used to represent a standing wave to the time-
dependent nonlinear Schodinger equation; they also appear as stationary solutions in models
of cross-diffusion [12]. The study of such problems was initiated by Floer and Weinstein [9]
by perturbation methods.

Afterwards, Rabinowitz showed how the variational methods could be applied to this
problem. Indeed, the solutions of (Py, k) are—at least formally—critical points of the action
functional

1(w) /'W|2+V|u|2 g’

u) = — —K—.
2 2 P

]RN

The quadratic part of the functional naturally defines the Hilbert space

Hy®RY) = Yu e W ®Y)| /|W|2 + VP <ot
RN
the functional [ : H‘l/ (RV) — R U {—o0} is then well defined. The groundstates are the
nontrivial weak solutions to (Py g) in H‘l, (RM) which has the least energy I (1) among all

solutions in H‘l,. The classical scheme to prove the existence of groundstates consists in
minimizing / on the Nehari manifold

N ={ue H),RY)| /|W|2+V|u|2=/1<|u|1’

RV RV
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Groundstates with vanishing potential 275

The particularization of one result of Rabinowitz to our setting is

Theorem 1 (Rabinowitz [16]) Let V € C(RV;R}) and K € CRV;R). If2 < p <
2N/(N —2),

(i) supgpy K < o0,
(i) infpay V >0,
(iii) 1im|x\—>oo V(x) = +oo,

then problem (Py, k) has a groundstate u € H‘], (RM).

Rabinowitz could also handle cases in which V is bounded from above on R¥ . Further
applications of variational methods have yield existence of solutions that are not groundstates,
for problems that might also not have a groundstate, see e.g. [7,8].

All the works mentioned are built on the assumption that V has a positive lower bound and
that K is bounded. In a recent work, Ambrosetti et al. have investigated groundstates when
V tends to zero at infinity. One of the problems arising is that the natural space H‘I, RN is
not anymore embedded in L2(RY). They obtained

Theorem 2 (Ambrosetti et al. [2]) Assume N >3,V € C(RY; RY) and K € C(RV; R). If
2<p<?2N/(N-2),0<a <],

N
,3>(1—0t)(1\’—p(5—1)), ey

(i) supyepn (1 + [xDPK < 400,
(i) inf cpn (14 [x[)2722V (x) > 0,

then problem (Py, k) has a groundstate u € H‘l, (RNY. Moreover, u € L*(R?) and

u(x) < Ce I

for some C > 0 and 1 > 0.

One should note that the solution is constructed as an element of H‘l, (RM), and need
therefore not be a priori in L2(R"). However, some regularity theory allows to show after-
wards that u is indeed square integrable. The fact that u € L>(RV) has an interpretation in
the model of the nonlinear Schrédinger equation: since |u|? corresponds to the probability
density of a particle, this means that the particle is localized, and that the solution corre-
sponds to a boundstate. The study of boundstates which are not necessary groundstates with
potentials vanishing at infinity has also been recently studied [3,5].

The aim of the present work consists in giving more insights into Theorem 2. A first
question is the existence question: What conditions should V and K satisfy so that prob-
lem (Py k) has a groundstate? A second question is whether the groundstate solution is
in L2(RN). We provide here an unified approach which allows to handle potentials V' that
vanish at infinity or potentials K that explode at infinity. Unbounded potentials have been
considered by several authors, see e.g. [18].

A classical tool to prove the existence of groundstates of (Py ) is

Theorem 3 [f one has the continuous embedding

HY®Y) c LP®RY, KL£V),
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276 D. Bonheure, J. Van Schaftingen

then the functional I : H} (RN ) — R defined by

2 2
I )—/' '+vﬂ—/|u|f’du

is well defined and continuously differentiable on H‘l, (RM).
If moreover this embedding is compact, then there exists a groundstate solution to problem

(PV,M)~

The applicability of Theorem 3 depends just on the answer to a question about continuous
and compact embeddings. The assumptions of Theorem 2 are one way to ensure these em-
beddings, but there are other ways. A first tool is the function

Using Holder’s inequality and Sobolev inequality, one can prove the following result.

Theorem 4 Let K : RY — R and V : RN — R* be measurable functions.

G IFWeL®®Y)and2<p < then one has the continuous embedding

N 2’
HV(RN) c LP®RYN, K LM).

(i) Ifmoreover K € L7 ®RM), p < 2 and for every ¢ > 0,

EN({x € RN | W(x) > 8}) < 00,

then this embedding is compact.

Theorem 4 is related to Theorems 18.6 and 18.7 in [14] by which H‘l/ RN) ¢ L’,;(]RN )
when there exists R > O and r : RN\B(O R) — R such that

1 | |

<r(x) < — foreveryx € RN\B(O, R),
Vx)
_ V(y) N
O<c ' < ﬁ <c¢ forevery x € R"\B(0, R) and y € B(x,r(x)),
r(x
(N
sup sup K(y)r(x)N P(z 1) < 0.

x€RN\B(0,R) yeB(x,r(x))
Since
(N (N
Wx) < K@r)™ (3 ‘>5 sup KO)r(o” r(4 1),
yeB(x,r(x)

these assumptions are stronger than those of Theorem 4, and may fail for highly oscillating
potentials covered by Theorem 4.
In the case where V(x) = (1 + |x |)2°"2, Theorem 4 allows for potentials K such that

lim [x[K(x) =0,
|x|—o00

N
,32(1—0!)(1\’—17(5—1)), (@)

with
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Groundstates with vanishing potential 277

which is a small improvement in view of Theorem 2. In the case of unbounded potentials,
we recover the embeddings of [18].

While the condition of Theorem 4 allows V and K to oscillate strongly, their oscillation
should be coordinated. A second tool provides embedding theorems with a condition without
interplay between K and V, in terms of Marcinkiewicz spaces. Setting

1
Il = sp ———— [17],
EcrY LV(E)' ™ )

for p > 1, recall that the space L™*°(R") is the space of measurable functions f : R¥ — R
such that || f||zr~ < 4o00. Its subspace L{)’OO(RN) is the closure of (L™ N LHYRY) in
L5o® (RN).

In the sequel, we denote by H! (RN) the homogeneous Sobolev space, i.e. H‘l, (RN) with
V=0

Theorem 5 Assume N > 3.

(i If2<p=<+%

1 1 n | {
P 2 N r
and K € L (RN, R1), then the embedding
H'®Y) c LP®RN, KLN)

is continuous.
2N

(i) Ifmoreover p < 7= and K € LSOO(RN ), then this embedding is compact.

The first part of the result has been obtained by Visciglia [20]. Whereas the combination
of Theorems 4 and 5 allows K not to be controlled pointwise by V/, it still requires when V
is bounded that K should not be locally worse than a function in L. On the other hand,
when p is small enough, trace theorems show that |u|? is locally integrable on subsurfaces.
This brings us to embeddings theorem for a general measure. Here, we state the result with
an explicit shape of a model potential V. Define

1
B(x, » 1
[M]azsuplWMeRN and0<p<2(1+|x|)1_°‘]. 3)
Pz
Theorem 6 Let N > 3,a >0, V(x) = (1 + |x|)2""2 and p be a Radon measure. Then,
(1) [wlq is finite if and only if there exists ¢ > O such that for every u € H‘l/ (RM),

u <cl|u
el o gy < ellul gy

the quantity [ ]y being equivalent to the optimal constant in the inequality;
(ii) the embedding H‘l, RNy ¢ LP(RN, ) is compact if and only if

1
B(x, p))» _
lim sup M|XERN and0<,o<8(1—}—|x|)l “t =0, “4)
50 a1
1
B(x, P 1
lim sup M|O<p<7(l+|x|)]_a —0. 5)
|x|]—o00 p7,1 2
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278 D. Bonheure, J. Van Schaftingen

When ¢ = 0, then H},(RY) = D!2(RM); then the continuity part of Theorem 6
was proven by Maz’ja [11, Theorem 1.4.4/1] and the compactness part by Schneider
[17, Theorem 2.1]. When « = 1, it is due to Maz’ja [11, Theorems 1.4.4/2 and 1.4.6/1].

Whereas we do not have counterparts of Theorems 4 and 5 when N = 2, Theorem 6

remains true when N = 2 provided p -1is replaced by (log p (14 |x)*~1)~! everywhere in

the statement (see Theorem 11). When p < % Theorem 6 allows the measure to be singu-
lar with respect to the Lebesgue measure. Another situation in which Theorem 6 works while

the previous theorems fail is the following: « = 1 and K € Lj . (RM\L®(RN) is periodic.

We now draw our interest to the question whether the solutions to
—Au+Vu=uP"'y iRV,
Py

lim u(x) =0.
|x|]—o00

are in LZ(R™), as it is the case in Theorem 2. Observe that we have replaced the potential K
by a positive Radon measure p. The solution is then understood in the distributional sense.
Let us first point out a necessary condition. Indeed, if # # 0, and

limsup V(x)|x|? < A(A +2 — N), (6)

|x|—00

then, by the maximum principle, we have, for some ¢ > 0,

C
“O = T

In particular, if (6) holds with A = %, then u ¢ L2(RYN). This decay of V is in fact critical
for u to be square-integrable.

Theorem 7 Assume that H‘l, (RNY ¢ LP(RN, ), and that
N 2
.. 2
liminf|x|"V(x) > 1 — (— — 1) > 0, (@)
|x|—o00 2
then u € L*(RN).
The proof proceeds by multiplication of the equation by a test function of the form
u(l 4+ [x|).
We will go further in this analysis, and try to obtain as much information as possible about
the decay of a solution.
Theorem 8 Assume that H},(RN) ¢ LP(RY, 1) and u € H),(RV) solves
—Au+Vu=uP"py.
(1) If there exists A > O such that
liminf V(x)|x|> > A(A +2 — N),
[x|—o00

then there exists C < oo such that

“O) = TR
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Groundstates with vanishing potential 279

(i1) If moreover there exists o > 0 and A > 0 such that
lim inf V (x)[x|*>72% > A2,
|x|—>o00

then there exists C < oo such that
u(x) < Ce MIHRDT,

Theorem 2 gives the same decay rate than the last part of the theorem. However, our result
allows equality in (1)—provided a solution exists. The limit case where equality holds in (1)
brings us some complications in the proof. In the previous situation, the condition (1) implies
that H‘I, (RNY ¢ LY(RN, ) for some g > p. This allows to start immediately a bootstrap
argument. In the present setting, a first step is required to prove that A ‘1/ @RY) ¢ LIRN, )
for some g > p.

The sequel of the paper is organized as follows. In Sect. 2, we work out the continuous and
compact embeddings ; in particular, we prove Theorems 4, 5 and 6. Section 3 is devoted to
decay estimates and contains the proofs of Theorems 7 and 8. Finally, Sect. 4 deals with some
extensions of our decay estimates to other frameworks that we do not cover with details.

2 Embedding theorems

In this section, we consider conditions that ensure continuity or compactness of the imbedding
of H, ‘1, (RN) into LP (RN, K £N). We shall use three different methods: one based on the con-
centration function, the second based on Marcinkiewicz weak L?-spaces and the last on the
measure of balls, which will lead respectively to Theorems 4, 5 and 6 which are independent.

2.1 Concentration function method

A first technique to obtain embeddings of H‘l/ (RN) consists in interpolating between
L>RN,veNyanda space in which H‘l, (RY) is contained : L% (RM).

Proof of Theorem 4 For every measurable set A C R, since 2 < p < 2*, using Holder’s
inequality, we infer that for any u € H},(R"),

¥-5(5- (5-n(¥-1)

F(5-1)
p 2 2N
/K|M| = IWliLoea) /V|M| /|M|N*2 . (3)
A

A A

Taking A = RY, we deduce the first statement of the Theorem from the Sobolev inequality.
To prove the second statement, it is sufficient to show that for any ¢ > 0, there exists a
set A C RV of finite-measure such that for every u € H‘l, (RN with ||u ||H‘1/ <l,

/K(x)|u|p <e.
AC
Choosing As = {x € RN | W(x) > 8} in (8), we get
¥-5(3-1) (5-n(%-1)
2 2N
K@)ul? <6 Viul lu| N2 ,
RN\ A; RN RN

so that our claim follows from the Sobolev inequality. O
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280 D. Bonheure, J. Van Schaftingen

As mentioned in Sect. 1, Theorem 4 implies that H, (RY) € L”(RY, K£LN) when V (x) =
Ix|>72* and K (x) = |x|~#, with B given by (2).

It should be pointed out that not only the proof of Theorem 4 fails in dimension 2: one
can find counter-examples. A weaker statement will be proved in Sect. 2.3.3.

2.2 Marcinkiewicz spaces method

Another point of view to obtain embedding, consists in using only the information about the
Sobolev embedding of H‘l, (RM).

Proof of Theorem 5 By [15], see also [21, Chapter 2], the Sobolev space H LRNY s
2N
continuously embedded in the Lorentz space LW’Z(RN ), i.e. the estimate

el 2 < ClIVull2

holds. One has then, by Holder’s inequality for Lorentz spaces and by the embedding
2N 2N
L 2P @®RN) ¢ L¥-22(RN), and for every measurable set A C RY

P
/K|u|p S MK zreecayllull” oy
LN-=27P

A
< 1K | zreoay lull” 5y 5
LN-2*
< ClK|lLroo(a) IIVulliz(RN)-
Under assumption (ii), the compactness of the embedding can be proved easily. O

Let us compare Theorems 4 and 5 in the case where V(x) > (1 + Ix)2*~2 and K (x) <
(1 + |x])?. The first gives a continuous embedding when

N
ﬂz(l—a)(N—p(l—E))
>N -
p=n-p(1-3).

If @« > 0, the condition of Theorem 4 is weaker than the condition of Theorem 5; when
o < 0, one has the converse situation. The criticality of the rate « = 0 can be explained by
the Hardy inequality: HJ,(RY) is a strict subspace of H'(R") if, and only if, & > 0.

As a byproduct of Theorems 4 and 5, one has

while the latter requires

Corollary 2.1 Assume that

with2 < p < 22 and t > 0.

(i) IFKV~' e L®(RN), then the embedding H),(RY) C L?(RN, KLN) holds.
) Ifp < % and KV~ € LB’OO(RN), this embedding is compact.
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Groundstates with vanishing potential 281

Proof Taking 0 = % (% -£ (% - 1)) and using Holder’s inequality, we infer

1 1_5
N_p(N_ 6
/Klulpf /vz FE) g /(KV*’)"-‘ Jul?
RN RN RN
One checks that the first factor is bounded by Theorem 4 while the second is bounded by
Theorem 5. We then conclude that
/Klul” = CIIKV*IIILs-ocIIMIIZI-
\4
RN

Under the assumptions in (ii), one obtains the compactness in a straightforward way. O

2.3 Trace-type inequalities

We now examine the special case where V(x) = (1 4 |x|)*. In this case, one can find
necessary and sufficient conditions on a Radon measure p so that one has the continuous
embedding H‘l/ (RN) ¢ LP(RV, w), or so that it is compact. This approach is based on the
corresponding work of Maz’ja on H'(R"). We first explain how the case N > 2 is treated
before sketching out how to adapt the arguments to the dimension N = 2.

2.3.1 The subcritical case

A first tool in the proof of Theorem 6 is a characterizations of the measures for which
H‘l/ (RN) ¢ LP(RN, 1) when N > 2. Define

1
B(x, »
[,u]:sup[u(([)s/f))] |xeRNandp>O].
P

Theorem 9 ( Adams [1], Maz’ja [11, Theorems 1.4.4/1 and 1.4.6/1]) Let N > 2, u be a
Radon measure and p > 2. Then,

(1) [w] is finite if and only if there exists C > O such that for every u € H'(RY),
lull Lr@y ) < C IIVull 2,

the quantity [i] bping equivalent to the optimal constant in the inequality;
(i) The embedding H LR"Y ¢ LPRY, ) is compact if and only if

1
B ?
limsup[u((ff’p)) | x eRY and 0 < p <8] =0,
§—0 ,07_1
1
B(x, »
lim sup M|p>0 —0.
|x|—o00 ,07_1
Remark 1 Since for every Radon measure p # 0,
B 9
liminf sup Lﬁ,p)) > 0,
p—0 xeRN p

Theorem 9 essentially applies only if p < %
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282 D. Bonheure, J. Van Schaftingen

In order to prove Theorem 6, we first prove that Theorem 9 applies to the restriction of
the measure u to the ball B(x, %(1 =+ |x])%). Recall that [u], has been defined in (3).
Lemma 2.2 Under the assumptions of Theorem 6, one has

(i) Foreveryx,y € RN and p > 0,

W(B(y, p) N Bx,r)7

— < Clule,
Pz

where r = %(1 + xDt-e;
(i) Forevery R > 0andé > 0,

sup { n(B(x, p) N B(0, R)) |xeRY and p < 5]

¥
pz
B(x, p) N B(O, R 1 l-a
< sup w(B(x p)N ( ))IxeRN and p < 5— (1 + [x]) _
pr-1 min(1, (1 +8 + R)1—9)
)

and

N1

1
up [ w(B(x, PABO, R) " |x eRY and p < %(1 + le)l"‘]
,02

N_q

1
B(x, p))? 2R —1 1
< sup | LBEPDT and0 < p<-1+xh—t. @0
- 3 2

Proof When p < %(1 + [yD'*®, one has trivially

1 1
(B(y, p) N B(x,r))? (B(y, p))?
men e < B0 P < .
pz! pz~!
Assume now that p > (1 + [y)!"®. If (1 + |x|) < (1 + |y]) < 3(1 + |x]), one has

p > 3~ 11—l and thus

(B, p) N B, NP _ p(BG,r)?

pr! T e
1
- Si-el(5-1) M(B(;c,r))l’
r7*l
(N
< 331 1, (11)

If 3(1 4+ |y]) < 1+ |x|, assume without loss of generality that B(x,r) N B(y, p) # 0.

One has then, since r < %(1 + |x]),
x| —

x| —1 X
<lxl—r<lyl+p= 3 +p

so that
x|+1 r
> —.

6 3

=
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Groundstates with vanishing potential 283

Reasoning as in (11), one obtains

1
B(y,p) N B(x,r))?
W(B(y p)Ll(x D3 ..

p2
Finally, when 3(1 + |x|) < 1 4 |y| and B(x, r) N B(y, p) # ¥, one has

3lx|+1
el +2—p < Iyl —p < x| +7 < 22
so that
3
p= E(le + 1) > 3r,
and, as before,
1
w(B(y, p) N B(x,r))?
y P N S N [M]a-
p2~1 3271

For the second statement, assume that p < § and B(x, p) N B(0, R) # @. One has then
[x] < p+ R <8+ R, so that

(1+ |xp'
min(1, (1 + 8 + R)!—o)’
For the last statement, if B(x, p) ¢ B(0,R), then R < |x| + p < (3|x| + 1)/2 and

|x] > (3R — 1)/2; the conclusion follows. ]

The third tool to prove Theorem 6 is

Theorem 10 (Besicovitch’s covering theorem, see e.g. [10, Theorem 2.7]) If A C RV is
bounded and B is a family of closed balls such that each point of A is the center of some ball
of B, then there exists a finite or countable collection of balls B; € B that covers A and such
that every point of RN belong to at most P(N) balls.

We can now prove the main result of this section.
Proof of Theorem6 By Lemma?2.2 and Theorem9, for every x € RN and v € H'(RM),
2 2 2
”v”LP(B(x,r/Z),M) = ”v”LP(B(X’r),M) < Clp]a /|VU| ,
RN

wherer = %(1+|x|)1_°‘.Recallthateveryu € H'(B(0, 1/2)) hasanextensionv € H'(R")
such that

/le|2 <C / |Vu|? + |ul?.
RN B(0,1/2)

By translation and scaling, every u € H 1(B(x, r/2)) has an extension v € H'(RY) such
that

/|Vv|2 <C / IVul? + r 2 |ul?.
RN B(x,r/2)
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284 D. Bonheure, J. Van Schaftingen

By the choice of r, for every y € B(x, r),

3 1+ |xDie
S+ IxD < 1+|x|—%§1+|yl
1+ xp— 3
<+ DTS,
2 2
so that

/|Vv|2 < / |Vu)® + Viul?.
RN B(x,r/2)

One has thus, for every u € H‘l, (RM),

P
| s et [ vk vial
B(x,r/2) B(x,r/2)
For every R > 0, applying now Theorem 10 to A = B(0, R) and B = B(x, %(l + [x179),
one obtains a collection of balls (B(x;,r;/2))ies such that A C ;c; B(xi, ri/2), with
ri = %(1 + |xi|)1ia and Zie[ XB(xi,ri/Z) = P(N)’ so that

P P

wran| =X [ wra

B(O,R) €l By, )

IA

IA

S|/ e

i€l \ Bxi,m)
< Clula Y, IVul® + Vul?
ieIB(Xi-ri)
< CP(N)[ula /|Vu|2 + Vul?.
RN

One obtains the continuous embedding by letting R — ooc.

For the converse statement, let ¢ be a compactly supported smooth function such that
¢ = 1 on B(0, %) and suppg C B(0,3/4) and set ¢y ,(y) = ¢((x — y)/p). If p <
S+ |xD'= then S(1 + [y]) < (1 + |x]) < 2(1 + |y]) for y € B(x, p), so that

cpN
2 / N-2
/V|§0x,p| EWECP . 12)
RN

One has thus

1

2

1 N_
H(BG, 0D < 9 pll oy < / Ve pl? + Vige | <cco*.
RN
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Groundstates with vanishing potential 285

For the compactness part, first note that we deduce from (9) of Lemma 2.2 and Theorem 9
that H LRNY is compactly embedded in L?(B(0, R), i) for every R > 0. Therefore, the
map u > Xp(,Rr)4 iS a compact operator from H‘I, (RN) to LP(RV, w). By the first part of
this theorem and (10) of Lemma 2.2,

llu — XB(O,R)M”L;)(]RN,M)

ol
1
B(x, B0, R))r 1 _
Ssup{m @ ONBORIT | g ang 5 < L1 1! a}ﬁo
EN

as R — oo. Therefore, the embedding H\l, (RN) ¢ LP(RV, 1) is compact as a limit in the
operator norm of compact operators.

For the necessity part, let § — 0 and (xz)x C RV . Set pr = 8x(1+]x])!~*. The sequence
Uy = p]:(N_Z)ﬁ(pxbm is bounded in H‘I, (RN) (see (12)) and converges weakly to 0. Since

H),(RN) is embedded compactly in LP(R", 1), one obtains

W(BGx, )7

N

ka

< Cllukllpr@n 0y — 0.

as k — oo. This proves (4). Assuming that |xz| — oo and taking §; = % instead of §; — 0,
one obtains similarly (5). O

Remark 2 Inview of [11], itis clear that similar results apply to the Sobolev spaces W14 (RVY),
with ¢ < N. For example, one has

Q=

1
r k

|D'u|?

P

/|M| du =< [M]q.a /Z a+ |x|)(17a)(k7i)]7 ’
RN RN i=0

where
1
B(x, » 1
(lag = sup‘M((N'(;)) [xeRY and0 < p < 5(1 + |x|)1_“] .
pP
Remark 3 One can also consider spaces with a weight on the gradient. For example, set

H= 1 ueWp \/(1 1D Va4 (14 |22 2
RN

One has then H € L?(RY, ) if and only if

l w(B(x. p))?
. ACEN)

|x e RV and 0 < 1 I—
N p < =14 |x]) < 00.
p2 11+ Ix)7 2

2.3.2 The critical case

In two dimensions, one has a similar result. Define

1 1
[1)e.2 = sup ‘ |Tog plp(B(x, p(1 + x))! )7 |x e RN and 0 < p < 5] .
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Theorem 11 Assume o > 0, V (x) = (1 + |x|)2*~2 and let . be a Radon measure. Then,
(1) [pla,2 is finite if and only if there exists C > 0 such that for every u € HY(R?),
lullpr g2, ) < C”””H‘l/,

the quantity [[L]q,2 being equivalent to the optimal constant in the inequality;
(i1) The embedding H‘l, (R?) C LP(R2, ) is compact if and only if

1
gin})sup [ [log plp(B(x, p(1 + |x|)1_“))5 xeRY and 0 < p < 6} =0,
=
0

1 1
lim sup [|logp|u(B(x,p(1 )P0 < p < f] =
[x]—o00 2
Instead of Theorem 9, the main tool to prove Theorem 11 is

Theorem 12 (see [11, Corollary 8.6/1]) Let i be a Radon measure, p > 2 and

[l = sup {log plu(BCx, p)7 | x € RY and 0 < p < 1}.
Then,
() [wlz is finite if and only if there exists C > O such that for every u € H' (R?),
lullpr @2, = CUIVull2 + llulir2),

the quantity [ L], being equivalent to the optimal constant in the inequality;
(ii) The embedding H'(R?) C LP(R?, ) is compact if and only if

1
girr})sup{llogplu(B(x, PP | x € RY and 0 < p <68 =0,
=
1
lim sup{|log p|u(B(x, p))? |0 < p < 1} =0.
|x|—>o00

Proof of Theorem 6 By a variant of Lemma 2.2 and Theorem 12 together with a scaling
argument, one obtains that for every v € H'(RV) and x € RV,

2

2 2, v

”U”LP(B(X,R/Z),u) = C[M]/|VU| + R
RN

where R = %(1 + |xD'®. The proof continues then as the proof of Theorem 6. O

Remark 4 Remark 2 still applies for W4 (RN), with kg = N and

1 1
[]g.o = sup [uogm‘f*lu(B(x, p)? |xeRY and 0 < p < S+ |x|)‘*“] :

2.3.3 Power-like potentials
When N > 2 and V(x) = (1 + |x)2*~2, Theorems 6 and 11, show that when K (x) =
(14 |x|)~#, where 8 is given by (2),

HyRY) c LPRY, K LV).

While Theorem 4 fails when N = 2, the preceding conclusion holds in this particular case.
We prove it as a lemma that we keep for future reference in Sect. 3. As this remains true
when N = 1, we provide a direct proof that works for all dimensions:
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Lemma23 Let N > l,aa > 0,2 < p < % if N >3and2 < p < oo otherwise,

and B be given by (2). If p < 00, V(x) = (1 + |x)**"2 and K (x) = (1 + |x|)~P, then
HL®Y) c LP(RN, KLV).

Proof First note that by Gagliardo—Nirenberg’s inequality [13] and by scale invariance, for
every R > 0

$-5(3-1)
p 2
lu)I” ~c lu(x)]
|x|# |x |22
B(0,2R)\B(0,R) \13(0,2R)\B(0,R)
(3-n%
2
X / |Vu(x)|2 + |u|(x|2| dx
X
B(0,2R)\B(0,R)
Summing this for R = 2k k > 0, we obtain since « > 0,
O\
p
/ @I’ <c / )"
|x[P |22
RV\B(0,1) RN\B(0,1)
(5-D%
2
X |Vu(x)|2+ )| dx
x|
RN\B(0,1)
ya
5 2
Jue ()]
<C / IVu(x)® + o
RN\B(0,1)
The conclusion follows then from Sobolev’s embedding theorem. O

One could similarly obtain some conditions for the compactness of the embedding. As a
corollary, one has in RZ,

|u(x)[?
|x|?

[u(x)|P
|x|2

dx <C /|Vu(x)|2 + dx
R2 R2
In contrast with the higher-dimensional case, the previous lemma cannot be improved when
N = 2 and o > 0 by replacing (1 + |x|) by |x|. If one sets V(x) = (1 + |x|2¢=2) and
K(x) =1+ |x|#, then the conclusion of the Lemma holds provided o < 0.

3 Decay estimates
We now turn out to the decay property of solutions to (Py ). The first improvement is to
obtain that # multiplied by some function is still in the energy space H‘l, (RM). The latter

method also allows that the same holds for a small power of u. By Moser’s iteration technique,
we show then that a solution u satisfies some decay estimates at infinity.
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3.1 Linear estimates

We begin by considering the L? theory of decay of finite-energy. These are special cases of
the sequel, but give an useful insight into the proof of the exact decay estimates.

Assumption 1 Let  be a Radon measure, f € LP/(P “D@®RN, w)andu € H‘l, (RM) be such
that

(i) The embedding H‘l/ C LP (RN, 1) is continuous,
(i1) u satisfies

—Au+Vu = fup. (13)

Proposition 3.1 Under Assumption 1, if

N 2
v = liminf|x >V (x) > A% — (— - 1) >0, (14)
|x|—00 2

then (1 + |x)* u € HL(RV).

Let us first show how Theorem 7 follows:

Proof of Theorem 7 Under the assumptions of Theorem 7, the assumptions of Proposition 3.1

hold with f = |u|P~? € L7 2RV, ;1) and A = 1. We have thus (1 + |x|)u € H] and it
easily follows that u € L2(RM). ]

The proof roughly goes as follow. Take |x|**u as a test function in (13), integrate on
RN\ B(0, R) and apply Holder’s inequality to obtain

/ IV(x*u)* + V ()l ul?

RN\B(0,R)
1-2/p 1/p
S [ it
RN\ B(0,R) RN\ B(0,R)
A2
ulx d
+A2/| | |2| + / u— (ulx|*).
|x| v
RN dB(0,R)

When R is large enough, by the assumption on f, i and X, the two first terms in the right-hand
side can be absorbed, so that the conclusion follows. As usual, we need to be careful in the
estimates of quantities that might not be finite.

Proof of Proposition 3.1 For every Q C RN and for every ¢ € W(}’OO(Q) such that Vg has
compact support in €2, recall that ¢?u and pu € H‘l, (RN,

IV(gu)|* = Vu - V(@*u) + |Vl ul*. (15)
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so that, by Holder’s inequality and the embedding H‘l, RN) c LP(RY, w), we get

/|V(¢u>|2+ Vigul? = /f¢2|u|2du+ VP luf?
RN RN

1—% %
L
< /lfll’*zdu /prulpdu +/|w|2|u|2
Q RN RN
_D_
<c /Ifll’*zdu /|V(¢u>|2+ku|2
Q RN
+/|V¢|2|u|2.

RN
s =3 o 25 (N N
Lets=C (f9|f| P du) .Since f e L7-2 (RY, u), we can choose @ = RN\ B(0, R)
in such a way that 0 < § < 1. The preceding estimates then yield a control on the norm of
wu

(=0 [19@0P + vigu? = [19PIul (16)
RN RN

Taking (14) into account and increasing R if necessary, we can assume that for every x € Q,

v—34
Vix) = a7

x|

and
A2 N\

-8 —-96) > -1-)({=-1) , 18
v =8)(1=8) = T~ >(2 ) (18)

where we recall that v = lim inf|x‘_>oo|x|2V(x).
Choose now ¢ € C2°(2) such that ¥ = 1 on RN\B(O, 2R) and, for k > 0, set g (x) =
¥ (x) min(k, |x|*). We infer from (16) and (17) that

x|

2 v—34 2 2012
(I=8) [ V(o) |+ 8V +U=8)— ) lpxul” < | [Vor|“|ul
]RN RN
A 2 2
= Wkﬂk’ﬂ +C 12
RN B(0,2R)\B(0,R)

where the constant C depends only on v, R and X. Therefore,

2 A2 1 2
/|V((Pku)| +{8V + (1—3)(1)—5)—1 5) e lrul
- x|
RN

C
|u)?.

1-6
B(0,2R)\B(0,R)

=
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Now, using (18), we infer that

2 x|

N % | pru)?
5 /|V(wku)|2+V|<pku|2 +(1-8) /W(wu)ﬂ—(——l) ¢
RN RN

<c Ju|?
B(0,2R)\B(0,R)

and Hardy’s inequality then yields

8 /|V<wku)|2+vwku|2 < / lul?.
RN B(0,2R)\B(0,R)

By letting k — o0, we deduce from Fatou’s lemma that

/|V(<pu>|2 + Vigu|* < C’ / |ul?,
RN B(0,2R)\B(0,R)

with @(x) = ¥ (x)|x|*. Since local estimates are straightforward, we easily conclude that
Ix[*u e H,RN\B(0, 1)).

To complete the proof, we need to show that V((1 + |x D*u) € L2(RY). For this purpose,
it is enough to observe that

1 A
A+ |x|))‘u — MIXI)‘M
|x|*

and to use the fact that V(|x|*u) € L2(RN). o

A similar method works in the case where V decays slowly at the infinity:

Proposition 3.2 Under Assumption 1, if

vy = liminflx[2 2V (x) > A2, (19)
x| —o00

then e*(1H1XD%y, ¢ H‘l, (RM).

Proof Arguing as in the proof of Proposition 3.1, we choose the radius R in such a way that
s <1,

)\2
and
Vg —
V(x) > W’ 2D

forevery x € U. Let Y € C2°(U) be such that ¢y = 1 on RN\B(O, 2R) and, for k > 0, set
@k (x) = ¥ (x) min(k, e*¥). By (16), (20) and (21), we deduce that

/W(«w)ﬁ +Vigl < € / .
RN B(0,2R)\B(0,R)
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Letting k — oo and applying Fatou’s lemma, we conclude that
[v@or+vier<c [,
RN B(0,2R)\B(0,R)

withe(x) = ¢ (x)erl . One concludes therefrom and from local estimates thate* (11D, ¢
Hxl, (RN) for every A/ < A. O

Remark 5 The statement uses the weight e*(1+1¥D instead of the simpler one e**!“ because
the latter is not Lipschitz when 0 < o < 1.

3.2 Nonlinear estimates

The method of proof of Propositions 3.1 and 3.2 allows in fact to obtain information about
(1 + |xD* w)” or @I+ 1y for y > 1.

Lemma 3.3 Under Assumption 1, assuming moreover thaty > 1,u € leo); (RN and one
of the following hypothesis holds

@)
N 2y —
A<|—-1 L4 1,
2 y2—vy
and
—1 (N 2 (N 2
v:liminf|x|2V(x)>()L—}-L(——l)) —(——1) -0,
|x|—00 Y 2 2
(ii)
(y-D% ,
1+ ————2 )2,
v>(1+ 2)/—1)

we have (1 + |x)*u)” € H)(RV).

The statement of Theorem 3.3 is a perturbation of Proposition 3.1 in the sense that for
every A that satisfies (14), there exists y (v, A) > 1 such that Theorem 3.3 is applicable for
1 <y < y(v,A). On the other hand, Theorem 3.3 will only be useful when y is small.
Indeed, starting with u € HILC, Sobolev’s embedding theorem only says u € leoyc (RN) for

y < N/(N — 2). Iterating the Lemma, one obtains successively that u € leoyc" (RN for
vk = N¥/(N —2)* for every k. For every fixed A > 0, the iteration process will cease giving
global integrability information about ((1 + |x])*«)? when y is too large.
The proof of Lemma 3.3 follows the strategy used to prove that solutions u € H'(B(0, 1))
of the critical problem
N2
—Au = unN-2
are in LI (B(0, 1)) for g < 2N?/(N —2)? [4,6,19]. The proof proceeds as follows. We first
establish by integration by parts the inequality (25). A suitable choice of test functions yields
that (1 + [x])* u)” € H},(RVN\B(0, 2R)) for some large R > 0. Finally, we prove that one
also has that for every y € RN, (1 + |xD* u)” € H\l,(B(y, p)) for some p > 0. Since by
Besicovitch’s covering theorem, RY can be written as the union of a finite collection of such
balls together with RN \B(0, 2R), the claim will follow.
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Proof of Lemma 3.3 First note that if v € HlloC (R™) is locally bounded and if ¢ is locally
Lipschitz, one has

2y% =2y

v @? Ve - V(pv)?
2y — 1

IV (@)")P? Vo VTl 4+

__7
2y — 1
2
2y — 1

and thus, for every n > 0,

+ [Vg|?v? o272 (22)

2

- L) IV 1? = 5 Vo Ve
2y — 2y — 1

2 1
+ 14 + = V |V<p|2v2)’(p2’/_2. (23)
2y —1  n2y

On the other hand, by (15), and since y > 1,

2 2 2
Y. —v 2 4 2 14 2
1— v < v = VvV
( "2y—1)| (pv)] _2y_1| (pv)] 21" (p7v)

2 2

)4 2.2 2
\Y% <—Vv.V
2)/_ll </J|v_2y_1 v-V(pv)

2

1

+( : +—V )|Vw|2v2. (24)
2y =1 2y =

We will use this last estimates successively to obtain a first estimate at infinity and a second

one on small balls.

+

First step—a basic inequality. Define the truncation sequences (vg)x and (wg)x by
v = min((ugr)”, kugy) and wg = min ()™ =", Rugr)

where the choice of ¢, will be specified later. By applying successively (23) and (24) to vy,
we get the estimate

2 2 2 2
— lys— v
1= Z=2) vul? < =L Vigewp) + [ —— + 1727y 902’" V2.
2y — 1 2y — 1 2y =1  n2y—1 @

If the support of ¢ lies in some open set & C RY, choosing ¢ wy, as test function, applying
Holder’s inequality and the embedding H\, (RY) C LP(R", 1), we infer that

2y—-1 ly — v
/( y2 —ﬂy—)IVvkl + Vvl </f|Uk|2dl/«+(1+*7) | wkz' Jvel?
14 4 14 | ok
R

RN

" p Ly |Vor|*
25 - k
/If —d /|vk|f’du +(1+——) luel?
novy x|
RN N

1—
P
- Ly =1\ [ Vol
ol fintman) [ fivwrevine | (140 70) [ A
Y 23
Q RN

RN

IA

IA

(25)
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Let us set again 6 = C ( Jol f1 ﬁdu) 7 The preceding estimate then leads to

2y — 1 1y—1 Vol
( 4 —ny——a)/wm +(1—8)/V|vk| <(1+ Y )/' AN
y? n oy ol

RN

(26)
Second step—an estimate at infinity. Assume first that (i) holds. We then choose n =21/ ( 5—1).
Since f € Lr- = (RN, ), we can take = RV\ B(0, R) in such a way that

2y — 1 26y —1
y? N-2 y

8(2—-90) <

On the other hand, increasing R if necessary, we can assume that

5>(A+/”(A21_]))2 ol 12 27
N (e _<5_) @n
and

V(x) = |_|2,

for every x € Q. Let Y € CZ°(2) be such that v = 1 on RN\B(O, 2R). For k > 0, set
@ (x) = ¥ (x) min(k, |x|*). By (16), for k and R large enough, we have

2y — 1 —1 )
/( e —ny——8)|wk|2+(<1—a)av+<1—s> . )|vk|2
| Y 4 x|
R

Ly |Vr|?
(1+f—) L
noy k|

N

(H*i) /| gl +C [ o).

B(0,2R)\B(0,R)

where the constant C does not depend on k. Taking (27) into account, we deduce that
2y —1 -1 N 2 Jue?
(V2 —ny——a(z—a)) /|Vvk|2—(——1) .
Y Y 2 |x]
RN

+ (1= 8)s /|Vvk|2+V|vk|2 <c / P
RN B(0,2R)\B(O,R)

Applying Hardy’s inequality yields

/|Vvk|2+vwk|zsc’ / P2
B(0,2R)\B(0,R)
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and letting k — oo, we conclude that

/IV(W)VIZ + Vigu? > <’ / |ul?,
RN B(0,2R)\B(0,R)

with p(x) = ¥(x)|x|*. Arguing as in the proof of Proposition 3.1, we deduce that ((1 +
IxD*u)? € H),(RN\B(0, 2R)).

If (ii) holds, we proceed similarly, choosing the radius R sufficiently large and n > 0 such
that

—1
Nl p 25— 8% <
Y

2y — 1 Ly —1
i x2(1+fy—)5(v—a)(1—5)2
n oy

instead of (27).

Third step—the local estimates. Keeping the same notations, we now fix xo € R", choose
n=1/(y —1),Q2 = B(xo, p),p € C(R) such that ¢ = 1 on B(xp, p/2) and we set
Y = @ for every k. Taking p in such a way that

y —1

8 < ,
= 2]/2

we deduce from (16) that

y —1
2,7 /|Vvk|2+V|vk|2§c / l|* < €’ / lul?.

B(x0.p) B(x0.p) B(x0.p)

Letting k — 00, we conclude that V(u?) € L2(B(xg, p/2)), and therefore ((1 + |x|)*u)" €
H},(B(xo, p/2).

Conclusion. Taking all the previous estimates into account, the conclusion now follows from
a standard application of Besicovitch’s covering theorem. O

In view of Theorem 8, one would have expected to have conditions (i) or (ii) replaced by
the weaker assumption

—1 (N > (N 2
v>(A— r/ (2= 1 —|=-1) .
y 2 2
Observe that the sign in front of "7_1 has changed. This can be explained partially roughly

) ) . (% —1) Iy
as follows. If A is optimal, one expects u to behave as |x| and

AN =2)

2 |x POV XV ([x P u)Y ~ P
X

When passing from (22) to (23), the latter quantity can be bounded by
1
AV 1P+ xRV

so that choosing n = A/ (% - 1) as in the proof, yields A(N — 2)/|x|V, i.e. the opposite
quantity. (One would like thus to take n = —X1/ (% - 1).)
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The method of proof also works for % < y < 1. In this case, the second term on the
right-hand side of (22) has a negative coefficient, so that one (23) holds for < 0. The
conditions on y, A and v are the same excepted that the second inequality in (i) becomes

(- ) ()

In view of the previous remark, the case y < 1 is slightly better.
Finally, in the same fashion, one obtains the counterpart of Proposition 3.2:

Lemma 3.4 Under Assumption 1, ifu € leo);(RN) with y > 1, and if
—1)2
vy = liminflx 22V = (1+ X =D7Y52,
|x|—>o00 2)/ —1
then (e’\(lﬂx')u u)y € H‘l/ (RM).

As for Lemma 3.3, the condition on v, and A are stronger than the condition v, > A2 that
is stated in Theorem 8.

Whereas Lemma 3.3 plays a crucial role in the sequel, Lemma 3.4 is not really needed,
since Lemma 3.6 only requires information on the integrability of |u|?~2 with a power-type
weight.

3.3 Moser iteration scheme

We now show that whenever u and f are in slightly better spaces than H‘l/ (RN) and
LP/(P=2 (RN | 11), this information can be upgraded to a uniform decay of u at infinity.

Lemma 3.5 Assume that (14) holds, H), RY) C LP (RN, 1) and

FA+ xpN=2D0=D e pa@®N 1),

1
n:g(l—7)>1.
2 q

Then, if (14 |x])*u € H‘l, (RN and u solves (13), there exists C < oo such that

C
"= e

where

Proof Assume that ((14|x|)? u)? € H‘l/ (RM) forsome y > 1ando > 0. Setting y’ = ny,

N —1
cd/=c+—=-1 n ,
2 y!

wx) = u? 1A+ x

and
v(x) = (1 + [x)7 w),

one has, see (24),

2

"(y' =1 v x-Vu 12 v|?
[Vv|? = 14 Vu-Vw+20’y(y ) Vo7 lv]

2y — 1 5 —1 1+ W 27 =1% dtpp?

@ Springer



296 D. Bonheure, J. Van Schaftingen

so that

72

2y 2 2 1 lv|?
Vo < =Y Vu.v 2,2 (1 .
Ivor =gVt I o T ) G e

By a suitable limiting argument, one has therefore

/|Vv|2 /f zdu— 1/Vu2
RN
) lv|?
e 1>2)/(1+|x|)2'

One has by Holder’s inequality and the embedding H‘l, Cc LPRN, p)

/ foidu = / FA+ V207D 1y (1 [x)7 P dpe
N RN

1—

Q=
Q=

<C /If(l + xR O=Dja gy, /|(1 + X7 ul"Pdp

Q=

<C / |f A+ V20D dy ||(<1+|x|>"u>y||i,"¢

Observing that n < p < 2N /(N —2) and combining this with (14), we infer that Lemma 2.3
is applicable and yields

2 1+ o V20
/ (1 _|:||X|)2 = / (l( |X|() |)()2n ) < C”((l + |)C|)(7 M)y“i;?‘l/
(I +1x])

One concludes thus that

I+ 1D 0 gy, < CO+ 9"+ 0y I+ XD w7 I,

Setting now yx = n* and

we get
. 1 k+1 1
B+ L Tt < [CA+ P DT+ I w7 0
Therefore, the quantity

ICCL+ L) w7
v
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is bounded uniformly in k. In particular, by Lemma 2.3 again, we infer that

1/2n%)

((1+ [x A+ =2/2 2"
/ (1+ [xDN
]RN

is bounded uniformly in &, so that

(A + [xPMHN=2/2 ¢ L®®RN).

The same can be done when the potential decays slowly at infinity.
Lemma 3.6 Assume (19) holds, H,(RY) ¢ LP(RN, 1) and

FUAHION=207D ¢ LI®N, ),

1
n=£(1—f)>1.
2 q

Ife}‘(lﬂ)")a u e H‘l, (RN) and u solves (13), then there exists C < 0o such that

where

Ce—MI+Ix)*
u(x) < (1 + |x))—0OWN=-2/2"

Proof We argue as in the proof of the previous lemma, taking y" = ny,

, N n—1
c=c+l—-a){=—-1
2 y’

w(x) — (1 + |x|)2y’g’e2y’k(l+‘x|)”u2y’_1(x)’

and

v(x) = (14 |x]) e HRDy (x))7",

2
V2
STAL

RN

One obtains similarly

2)//2 2y

Vol? < 24, —

/I vl_zy/_l/fv h= o
RN

RN

£ a0 (14— N
oy —17) ) T
RN

From the embedding H‘l, C LP(RY, ) and Lemma 2.3, we deduce

1+ 1xD° M)y/“H\‘, <CU+y + (o] +r)y DI + [x)° u)y||§;‘1/.

Setting now yx = n* and

I\N-=-2
or=A+(1—-a) 1—? —_—
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and iterating as before, one has that

Al « el
(OO
Vv

is bounded uniformly in k. In particular, by Lemma 2.3

1/@nh)
/ (1 + |x|)(1—ot)(N—Z)/ZeA(IHx\)“u)2n"
RN

1+ XN

is bounded uniformly in &, so that

(1 + [x]) I ON=D22 A+ D" o oo (RN,

3.4 Proof of Theorem 8

We can now bring together the results of the previous sections in order to deduce the decay
at infinity.

Proof of Theorem 8 Consider first the statement (i). Since we know that |u|?~2 € LP/(P=2)
(RN, () and, by assumption, we have

N 2 (N 2
liminf V) Ix>? > (A= (=—-1)) = (=-1) .
|x|—o00 2 2

_(y_
we deduce from Proposition 3.1 that (1 + |x|)k (2 1) € H‘l, (RM).
Next, when y > 1 is sufficiently small, Lemma 3.3 shows that

y—1 Y
(”(1 + |x|)7<%*l)) € Hy(®RY) c LPRY, ).

Setting g = % and

one reaches the conclusion by using Lemma 3.5.
The proof of (ii) is similar. We start from Proposition 3.2 which states e*(!*D%y ¢
H‘l, (RM). On the other hand, in view of Lemma 3.3, there exists y > 1 such that

y— ¥
(u(1+|x|)71(“*“(%*‘)) € Hy (RY)

Taking g and 7 as above, by Lemma 3.6,
(14 |xI=ON=2/2204 D%, e p oo RN,

This gives the conclusion if « < 1. Otherwise, one just need to notice that the range of
admissible A is open. O
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4 Further comments

The method that we have followed is known to be very flexible. Let us highlight some similar
situations that can be treated as above.

4.1 Fast decay for exploding potential

By the Kelvin transform the estimates around infinity are equivalent to local estimates with
a singular potential. Indeed, if u € H‘l, (RN satisfies (Pv, ), then

N X
00 = e (7))

—Ai+Vu=u"p,

o=t ()
=57V ke

and the measure [ is defined by

dii = )
I NPT RO

RV RN

satisfies

where

As a consequence of Theorem 8§, one has that if

liminf|x|?V(x) > AL+ N —2)
x—0

for A > 0, then in a neighborhood of 0, u(x) < C |x|)‘. Similarly, if

liminf|x |72V (x) > A2,
x—0
then u(x) < e /% ina neighborhood of 0.

4.2 Divergence-form operators
The Laplacian can be replaced by an elliptic operator in divergence form. Assume that u
solves,

—div-AVu + Vu = |u|P2up,

where A : RN — RV*¥ is measurable and A(x) is symmetric for every x € R" and there
exist 0 < @ < a < oo such that

alg|® <&-As <alg) (28)
If

N 2
liminf|x|>V (x) > aA> —a (7 — 1) >0
|x|—00 2
then (1 + |x)* € H} (RV). Similarly, if

liminf|x|>72V (x) > aA’,
[x]—o00
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then " 110"y ¢ H\,(RM). The proof of Lemmas 3.5 and 3.6 apply directly, so that u(x) <
—n(y-
CC1 + 1) 1% and ue) < Ce 0" (14 @D (3),

4.3 Nonuniformly elliptic operators

If the matrix A is not anymore uniformly elliptic, but satisfies

e <& Af<— _|g?
)Zr — — (1+|x )2‘[ ’

a
(14 |x] |

instead of (28). One has then the following extension: if
N 2
liminf|x|?V(x) > ar’> —a (7 —T— 1) >0,
[x]—o00 2

then (1 + |x|)* u € H, where H is defined in Remark 3, and if

lim inf|x|> 72V (x) > aA2,
|x]—o00
then e*1 D%y e H. Suitable adaptations of Lemmas 3.5 allow also to show that

u) = (1 + oy (7170)

and

u(x) = Cem M g g e D(317)

respectively.
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