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Abstract This paper is devoted to the study of an elliptic system with singular coefficients.
Existence and multiplicity results at resonance are obtained via variational methods.
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1 Introduction and main results

In this paper, we will study the existence of nontrivial solutions to the following elliptic
system

(SA)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−Lµ,au = (a11u + a12v) 1
|x |γ + (α + 1)

u|u|α−1|v|β+1

|x |2∗b in �\{0}

−Lµ,av = (a12u + a22v) 1
|x |γ + (β + 1)

|u|α+1v|v|β−1

|x |2∗b in �\{0}
u = v = 0 on ∂�,

where Lµ,au := div
(|x |−2a ∇u

) + µu
|x |−2(a+1) , � ⊂ R

N (N ≥ 3) is a bounded smooth

domain containing 0 in its interior, −∞ < a < N−2
2 , a ≤ b < a + 1, c > 2|b|, γ :=

2(a + 1) − c,−∞ < µ < µa := ( N−2−2a
2

)2
, α, β ≥ 0 such that α + β = 2∗ − 2 where

2∗ := 2∗ (a, b) = 2N
N−2η

with η := a + 1 − b; a11, a12, a22 are real parameters.
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228 M. Bouchekif, Y. Nasri

The range of a, b and the definition of 2∗ are related to the well-known Caffarelli–
Kohn–Nirenberg inequalities [5],

⎛

⎜
⎝

∫

RN

|x |−2∗b |u|2∗ dx

⎞

⎟
⎠

2
2∗

≤ Ca,b

∫

RN

|x |−2a |∇u|2 dx (1.1)

for all u ∈ C∞
0

(
R

N
)
. For sharp constants and extremal functions we refer to [7,9]. As

b = a + 1 then 2∗ = 2 in (1.1), we have
∫

RN

|x |−2(a+1) |u|2 dx ≤
(

N − 2a − 2

2

)2 ∫

RN

|x |−2a |∇u|2 dx (1.2)

for all u ∈ C∞
0

(
R

N
)
.

In order to state our main results, we introduce the weighted Sobolev space D1,2
a (�),

which is the completion of C∞
0 (�) with respect to the norm

‖u‖ =
⎛

⎝

∫

�

|x |−2a |∇u|2 dx

⎞

⎠

1
2

,

by the weighted Hardy inequality this norm is equivalent to the following

‖u‖µ,a =
⎛

⎝

∫

�

(|x |−2a |∇u|2 − µ |x |−2(a+1) u2)dx

⎞

⎠

1
2

.

As a consequence of (1.2), the operator Lµ,a is symmetric, uniformly positive and has a
discrete spectrum σµ,a in D1,2

a (�) for all µ < µa (see [14] for more details).
It is convenient to rewrite system (SA) as

(SA)

{ −Lµ,aU = 1
|x |γ AU + ∇ H in �

U = 0 on ∂�,

where U =
(

u
v

)

, A =
(

a11 a12

a12 a22

)

and H (x, u, v) = |x |−2∗b |u|α+1 |v|β+1.

We denote by λ1 and λ2 the real eigenvalues of the matrix A and assume that λ1 ≤ λ2.
The study of this type of problems is motivated by its various applications, for example,

it has been introduced as a model for several physical phenomena related to the equilibrium
of anisotropic media (see [13]). The mathematical interest lies in the fact that these problems
are doubly critical due to the presence of the exponent of the nonlinearities (which is critical
in the sense of the weighted Sobolev embeddings) and the singularities.

The case of single equations has been deeply investigated in literature (see [7,9,15,18,20]
and the references therein). Some of them have considered the resonant and non resonant case,
many techniques are developed in this sense to solve these problems; we cite for example
[6,10,16,17,20].

Regular systems have been the subject of many papers; we can quote, among others
[1,11,21]. For a survey on the system case, we recommend de Figueiredo’s paper [12] and
the references therein.
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On a singular elliptic system at resonance 229

However, as far as we know, there are few results on critical systems with singular
coefficients.

For a = b = 0 and c = 2 in (SA), the existence of solutions are discussed in [3] where
the authors have taken into account the position of the eigenvalues of the matrix A on R

+.
We mention that in [19] existence results are obtained for a class of singular quasilinear

elliptic systems using topological methods.
Costa and Magalhăes [11] have introduced the notion of resonance for a system as follows:

the kernel of − (
Lµ,a + A

)
is nonzero if and only if A − µ j I is singular for some µ j eigen-

value of the operator −Lµ,a with zero Dirichlet boundary condition. If x = (x1, x2) 	= (0, 0)

is such that Ax = µ j x then
(
x1φ j , x2φ j

) ∈ Ker
(−Lµ,a − A

)
where φ j is an eigenfunction

associated to µ j .
The purpose of this paper is to further the study of problem (SA). First of all, we intend

to complete the results obtained in [3] for the resonant case: we consider the case where
A −µ j I is singular and the case where A −µ j I is regular and there exist k, k′ ∈ N

∗, k ≤ k′
such that a11 = µk and a22 = µk′ . After that, we prove the multiplicity result of nontrivial
solutions when λ2 belongs to a suitable left neighborhood of an arbitrary eigenvalue of the
operator −Lµ,a .

Our study deals with the case when λ1 or λ2 is equal to the eigenvalues of the operator
Lµ,a . In our results we required λ2 > 0 and no assumption on the sign of λ1 was asked (it
may be negative) i.e. they can have opposite signs. This case appears only in a system. When
λ2 ≤ 0, system (SA) has no nontrivial solution if � is a star shaped domain with respect to
the origin. This is obtained by a Pohozaev type identity adapted for a system (see [3]).

Our main results in the present paper are the following ones:

Theorem 1 Suppose N >
c+2+

√
(c+2)2+8cη

2 and µa − ( N−2
2

)2 ≤ µ < µa −
(

c(N+2η)
2N

)2
.

Assume one of the following conditions holds:
i) If there exists k, k′ ∈ N

∗, k ≤ k′ such that a11 = µk , a22 = µk′ and a12 < min(µk+1−
µk, µk′+1 − µk′).

ii) If there exists k ∈ N
∗ such that λ2 = µk .

Then system (SA) has at least one solution.

Theorem 2 Assume N > c + 2, µa − c2

4 < µ < µa − b2 and λ2 > 0. Let µ+ =
min {µk/λ2 < µk}, θ :=

(
α+1
β+1

)− 1
2
and suppose

(µ+ − λ1) < K̃a,b
θ

(β+1)
(

N−2η
N

)

(
1 + θ2

)

⎛

⎝

∫

�

|x |
(

Nc
2η

−N
)

dx

⎞

⎠

−2η
N

.

Let m be the multiplicity of µ+. Then system (SA) admits at least 2 m pairs of solutions.

The proof of our results is obtained with the critical point theory, however, standard vari-
ational arguments do not apply because of a lack of compactness of some weighted Sobolev
embedding, the action functional does not satisfy the Palais−Smale condition ( PS condition
in the sequel). We follow Brézis and Nirenberg’s argument [4] to verify that the associ-
ated functional to the system (SA) satisfies the (PS) condition on a suitable “compactness
range”. Then, by employing the techniques introduced in [10,17,20], we get some results
on Brézis–Nirenberg type problems for a system of elliptic equation involving nonlinearities
with critical growth and singular coefficients.
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230 M. Bouchekif, Y. Nasri

The paper is organized as follows: in Sect. 2, we recall some preliminary results and
asymptotic estimates, in Sect. 3, we establish some lemmas to prove our results, Sect. 4 is
devoted to the proof of our results.

2 Preliminaries

Throughout this paper, we denote by C , C1, C2, . . . generic positive constants; BR is the
ball centered at 0 with radius R; supp ϕ denotes the support of the function ϕ; 〈., .〉 denotes
the R

2 usual inner product, we use L p
(
�, |x |−q dx

)
to denote the weighted L p (�) space

with the weight |x |−q . We endow the space E := D1,2
a (�) × D1,2

a (�) with the norm

‖(u, v)‖µ,a = (‖u‖2
µ,a + ‖v‖2

µ,a

) 1
2 .

Let

C−1
a,b := Ka,b = inf

u∈D1,2
a (�)\{0}

‖u‖2
µ,a

(∫

�
|u|2∗
|x |2∗b dx

) 2
2∗

and

K̃a,b := inf
(u,v)∈E\{(0,0)}

‖(u, v)‖2
µ,a

(∫

�
|u|α+1|v|β+1

|x |2∗b dx
) 2

2∗
.

From [15,20], we know that Ka,b is achieved on R
N by the family of functions

ω∗
ε (x) = C0ε

2
2∗−2

(

ε

2
√

µa−µ√
µa−µ−b |x |

(2∗−2)
2

(√
µa−√

µa−µ
)

+ |x |
(2∗−2)

2

(√
µa+√

µa−µ
)) 2

2∗−2

for ε > 0, N−2
2 − √

µa − µ + a < N−2
2 , µ < µa − b2 and C0 is a positive constant such

that ω∗
ε (x) is a weak solution of the problem

−Lµ,au = δ
u |u|2∗−2

|x |2∗b
in R

N \ {0},

for δ = 1 and satisfies
∫

RN

(
|x |−2a

∣
∣∇ω∗

ε (x)
∣
∣2−µ

∣
∣ω∗

ε (x)
∣
∣2|x |−2(a+1)

)
dx =

∫

RN

∣
∣ω∗

ε (x)
∣
∣2∗ |x |−2∗bdx =(Ka,b

) 2∗
2∗−2 .

Lemma 1 Let � be a domain (not necessarily bounded), µ < µa − b2 and α +β ≤ 2∗ − 2.
Then, we have

K̃a,b =
⎡

⎣

(
α + 1

β + 1

) β+1
α+β+2 +

(
α + 1

β + 1

) −α−1
α+β+2

⎤

⎦ Ka,b.

Moreover, if ω0 realizes Ka,b then (u0, v0) = (Bω0, Dω0) realizes K̃a,b for any positive

constants B and D such that B
D =

(
α+1
β+1

) 1
2
.
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On a singular elliptic system at resonance 231

Proof The proof is essentially given in [1] with minor modifications. ��
From Lemma 1, we conclude that the following system

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−Lµ,au = (α + 1)
u|u|α−1|v|β+1

|x |2∗b in R
N \ {0}

−Lµ,av = (β + 1)
|u|α+1v|v|β−1

|x |2∗b in R
N \ {0}

u(x) → 0, v(x) → 0 as |x | → ∞,

has a solution in the form (Bω∗
ε , Dω∗

ε ) with B and D are positive constants satisfying

B
D =

(
α+1
β+1

) 1
2
.

For proving our results we may recall some technical asymptotic estimates. The ideas are
essentially given in [10,16,17].

Fix k ∈ N
∗ and for all i ∈ N

∗ denote by ei an L2 normalized eigenfunction relative to
µi ∈ σµ,a . Let Xk denote the space spanned by the eigenfunctions corresponding to the
eigenvalues µ1, µ2, . . . , µk and Yk = (Xk)

⊥.
Take always m ∈ N large enough so that B 1

m
⊂ � and define the function ζm : � → R

by

ζm (x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if x ∈ B 1
m

m |x | − 1 if x ∈ B 2
m
\B 1

m

1 if x ∈ �\B 2
m
,

the approximating eigenfunction em
i = eiζm and the space Xm

k :=span
{
em

i , i = 1, . . . , k
}
.

For all ε > 0, consider the shifted functions

ωm
ε (x) =

⎧
⎨

⎩

ω∗
ε (x) − ω∗

ε

( 1
m

)
if x ∈ B 1

m
\ {0}

0 if x ∈ �\B 1
m
.

We need the following lemmas:

Lemma 2 [20] Assuming that µ < µa, we have

i) For any i ∈ N
∗,

{
em

i

}
converges to ei in D1,2

a (�) as m → ∞.

ii) Moreover, we have the following estimates ‖ei‖2
µ,a ≤ µk + Cm−2

√
µa−µ

∣
∣
∣

(
ei , e j

)

D1,2
a (�)

∣
∣
∣ ≤ Cm−2

√
µa−µ for i 	= j

∣
∣

(
ei , e j

)

2

∣
∣ ≤ Cm−c−2

√
µa−µ for i 	= j where

(
ei , e j

)

2 := ∫

�
|x |−γ ei e j dx

iii) max{u∈Xm
k ,‖u‖2=1} ‖u‖µ,a ≤ µk + Cm−2

√
µa−µ where ‖u‖2

2 := ∫

�
|x |−γ u2dx.

Lemma 3 [20] For m large enough and ε small enough, we have

∥
∥ωm

ε

∥
∥2

µ,a ≤ (Ka,b
) N

2η + Cε
4

2∗−2 m2
√

µa−µ

and
∫

�

∣
∣ωm

ε

∣
∣2∗

|x |2∗b
dx ≥ (Ka,b

) N
2η + Cε

22∗
2∗−2 m2∗

√
µa−µ,
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232 M. Bouchekif, Y. Nasri

Furthermore, let ε = m−h and h ≥ 2∗−2
2 (1 + l)

(√
µa − µ

)
, l ≥ 0; we have the following

estimate
∫

�

∣
∣ωm

ε

∣
∣2 |x |−γ dx ≥ Cε

4
2∗−2 m

(1+l)
(

2
√

µa−µ−c
)

, as m → ∞.

The corresponding energy functional to (SA) is:

J (u, v) = 1

2
‖(u, v)‖2

µ,a − 1

2

∫

�

〈AU, U 〉
|x |γ dx −

∫

�

|u|α+1 |v|β+1

|x |2∗b
dx,

then J ∈ C1 (E, R) and the critical points of the functional J correspond to the solutions of
(SA).

3 Variational characterization

The variational characterization is based on a linking argument. To do this, we need to use
the following lemma.

Lemma 4 Assume that −∞ < a < N−2
2 , a ≤ b < a +1, α, β ≥ 0 such that α+β = 4η

N−2η

and c, λ > 0. Then there exists Cλ (x) := C (x, N , α, β, λ) > 0 such that

Gλ (x, u, v) := |u|α+1 |v|β+1

|x |2∗b
− λ

|x |γ
(
u2 + v2) ≥ −Cλ (x),

for all (u, v) ∈ R
2\ {R×{0} ∪ {0} × R}, with Cλ (x) := 2∗η

N

(
2λ

(α+1)|x |(2η−c)

) N
2η

θ
−2(β+1)

α+β and

θ :=
(

α+1
β+1

)− 1
2
.

Proof (u, v) is an extremum point of Gλ if

(α + 1)
u |u|α−1 |v|β+1

|x |2∗b
− 2λ

u

|x |γ = 0 (3.1)

and

(β + 1)
|u|α+1 v |v|β−1

|x |2∗b
− 2λ

v

|x |γ = 0. (3.2)

Multiplying (3.1) and (3.2) by (β + 1) u and (α + 1) v respectively and subtracting them,
we get

|v| = θ |u|.
Put

g (u) := Gλ (|u| , θ |u|) = θβ+1 |u|2∗

|x |2∗b
− λ(1 + θ2)

u2

|x |γ
g (u) attains its minimum −Cλ (x) at

u0 =
(

2λ |x |2∗b

(α + 1) |x |γ θβ+1

) 1
α+β

,

the conclusion follows. ��
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On a singular elliptic system at resonance 233

We recall that the sequence {(un, vn)} ⊂ E is called a (P S) sequence for J at level c if
J (un, vn) → c and J ′ (un, vn) → 0 in E ′ (dual of E) as n → +∞.

Lemma 5 Let (un, vn) ⊂ E be a (P S) sequence for J ; then there exists (u, v) such that
(un, vn) ⇀ (u, v), up to subsequence, and J ′ (u, v) = 0. Moreover, if J (un, vn) → c with

0 < c < c0 := η
N 2

− N−2η
2η∗

(K̃a,b
) N

2η then (u, v) 	= (0, 0) and hence (u, v) is a nontrivial
solution of (SA).

Proof Let (un, vn) be a (P S)c sequence, i.e.

1

2
‖(un, vn)‖2

µ,a − 1

2

∫

�

〈AUn, Un〉
|x |γ dx −

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx = c + ◦ (1) (3.3)

and

‖(un, vn)‖2
µ,a −

∫

�

〈AUn, Un〉
|x |γ dx − 2∗

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx = ◦ (1) (3.4)

Using (3.3) and (3.4) we obtain

2J (un, vn) − 〈
J ′ (un, vn), (un, vn)

〉 = (2∗ − 2)

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx ≤ 2c + ◦ (1).

(3.5)

(3.3), (3.5) and Lemma 4 with λ := λ2 yield that

‖(un, vn)‖2
µ,a = 2J (un, vn) +

∫

�

〈AUn, Un〉
|x |γ dx + 2

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx

≤ 2J (un, vn) + λ2

∫

�

(
u2

n + v2
n

)

|x |γ dx + 2
∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx

≤ C,

and therefore we conclude that the sequence (un, vn) is bounded in E .
Then, there exists a subsequence again denoted by (un, vn) such that (un, vn) ⇀ (u, v)

weakly in E .
We claim that (u, v) 	= (0, 0). Assume by contradiction that (u, v) = (0, 0).
We know that

〈
J ′ (un, vn), (un, vn)

〉 = ◦ (1).

Since the embedding D1,2
a (�) ↪→ L2

(
�, |x |−γ dx

)
is compact, it follows that

‖(un, vn)‖2
µ,a − 2∗

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx = ◦ (1), (3.6)

using the definition of K̃a,b, we obtain

‖(un, vn)‖2
µ,a ≥ K̃a,b

⎛

⎝

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx

⎞

⎠

2
2∗

.
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234 M. Bouchekif, Y. Nasri

Hence

‖(un, vn)‖2
µ,a − 2∗K̃

−2∗
2

a,b ‖(un, vn)‖2∗
µ,a ≤ ◦ (1),

thus

‖(un, vn)‖2
µ,a

(

1 − 2∗K̃
−2∗

2
a,b ‖(un, vn)‖2∗−2

µ,a

)

≤ ◦ (1).

If ‖(un, vn)‖2
µ,a → 0, passing in the limit in (3.3) we reach a contradiction with the assump-

tion c > 0.
Therefore, we deduce

(

1 − 2∗K̃− 2∗
2

a,b ‖(un, vn)‖2∗−2
µ

)

≤ 0

i.e.

‖(un, vn)‖2
µ,a ≥ 2

− 2
α+β∗ K̃

2∗
α+β

a,b .

From (3.6), we have that

J (un, vn) =
(

1

2
− 1

2∗

)

‖(un, vn)‖2
µ,a

+ 1

2∗

⎛

⎝‖(un, vn)‖2
µ,a − 2∗

∫

�

|un |α+1 |vn |β+1

|x |2∗b
dx + ◦ (1)

⎞

⎠

= η

N
‖(un, vn)‖2

µ,a + ◦ (1)

≥ η

N

⎛

⎝
K̃

2∗
2

a,b

2∗

⎞

⎠

2
α+β

+ ◦ (1),

which contradicts the fact that c <
η
N 2

− N−2η
2η∗ K̃

N
2η

a,b. Thus (u, v) 	= (0, 0) and (u, v) is a
nontrivial solution of (SA). ��

Now, we prove that the functional J has linking geometry.

Proposition 1 Suppose there exist k, k′ ∈ N
∗ such that a11 = µk and a22 = µk′ with k ≤ k′

and a12 < min
(
µk+1 − µk, µk′+1 − µk′

)
. Then

1) there exist ρ, σ > 0 such that J (u, v) ≥ σ for all (u, v) ∈ (
∂ Bρ ∩ Yk

) × (
∂ Bρ ∩ Yk′

)
.

2) there exists R > ρ such that J |∂ Qm
ε
≤ p (m) with p (m) → 0 as m → +∞ where

Qm
ε = ((

B R ∩ Xm
k

) ⊕ {
Brωm

ε /0 ≤ r < R
}) × ((

B R ∩ Xm
k′

) ⊕ {
Drωm

ε /0 ≤ r < R
})

.

Proof For any (u, v) ∈ Yk × Yk′ , we have

‖u‖2
µ,a ≥ µk+1

∫

�

u2 |x |−γ dx and ‖v‖2
µ,a ≥ µk′+1

∫

�

v2 |x |−γ dx .

From above relations, Young’s and Caffarelli–Kohn–Nirenberg’s inequalities, we obtain

J (u, v)≥ 1

2

(

1− µk +a12

µk+1

)

‖u‖2
µ,a + 1

2

(

1 − µk′ + a12

µk′+1

)

‖v‖2
µ,a − C

(‖u‖2∗
µ,a + ‖v‖2∗

µ,a

)
.
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On a singular elliptic system at resonance 235

Hence, we can choose ‖(u, v)‖µ,a = ρ small enough, σ > 0 and under the assumption
that a12 < min

(
µk+1 − µk, µk′+1 − µk′

)
we obtain

J |(∂ Bρ∩Yk)×(∂ Bρ∩Yk′)≥ σ.

From Lemmas 2 and 4, we have for (u, v) ∈ Xm
k × Xm

k′ ,

J (u, v) ≤ 1

2
C1m−2

√
µa−µ

∫

�

(
u2 + v2

)

|x |γ dx −
∫

�

|u|α+1 |v|β+1

|x |2∗b
dx

≤ −
∫

�

Gλ (u, v) dx with λ := C1m−2
√

µa−µ,

thus

J (u, v) ≤ C2m− N
√

µa−µ

η ,

hence there results that

lim
m→∞ max

(u,v)∈Xm
k ×Xm

k′
J (u, v) = 0.

On the other hand, we have

J
(
Brωm

ε , Drωm
ε

) ≤ r2

2

(
B2 + D2) ∥

∥ωm
ε

∥
∥2

µ,a − r2∗ Bα+1 Dβ+1
∫

�

∣
∣ωm

ε

∣
∣2∗

|x |2∗b
dx,

then J
(
Brωm

ε , Drωm
ε

)
becomes negative if r = R and R is large enough.

Therefore

J (u, v) ≤ C2m− N
√

µa−µ

η

for all (u, v) ∈ (
Xm

k ∪ (
Xm

k ⊕ R
{

Bωm
ε

})) × (
Xm

k′ ∪ (
Xm

k′ ⊕ R
{

Dωm
ε

}))
. Since

max
0≤r≤R

J
(
Brωm

ε , Drωm
ε

)
< +∞

as (u, v) ∈ (
Xm

k ⊕ R
+ {

Bωm
ε

}) × (
Xm

k′ ⊕ R
+ {

Dωm
ε

})
we may write u = w1 + t Bωm

ε and
v = w2 + t Dωm

ε , hence

meas
(
supp

(
ωm

ε

) ∩ supp (wi )
) = 0, i = 1, 2

then for large R,

J |∂ Qm
ε
≤ 0,

where Qm
ε = ((

B R ∩ Xm
k

) ⊕ {
Brωm

ε /0 ≤ r < R
})×((

B R ∩ Xm
k

) ⊕ {
Drωm

ε /0 ≤ r < R
})

.
��

Proposition 2 Suppose there exists k ∈ N
∗ such that λ2 = µk . Then

1) there exist ρ, σ > 0 such that J (u, v) ≥ σ for all (u, v) ∈ (
∂ Bρ ∩ Yk

) × (
∂ Bρ ∩ Yk

)
.

2) there exists R > ρ such that J |∂ Qm
ε
≤ p (m) with p (m) → 0 as m → +∞ where

Qm
ε = ((

B R ∩ Xm
k

) ⊕ {
Brωm

ε /0 ≤ r < R
}) × ((

B R ∩ Xm
k

) ⊕ {
Drωm

ε /0 ≤ r < R
})

.
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Proof For any (u, v) ∈ Yk × Yk , we have

‖(u, v)‖2
µ,a ≥ µk+1

∫

�

(
u2 + v2

)

|x |γ dx, (3.7)

using (3.7) and Caffarelli–Kohn–Nirenberg’s inequality we obtain

J (u, v) ≥ 1

2

(

1 − λ2

µk+1

)

‖(u, v)‖2
µ,a − C ‖(u, v)‖2∗

µ,a .

Then there exists (u, v) ∈ Yk ×Yk such that J |
(∂ Bρ∩Yk)

2 ≥ σ > 0 with ‖(u, v)‖µ,a = ρ for ρ

sufficiently small. For any (u, v) ∈ Xm
k × Xm

k , we obtain from the estimates of Lemmas 2
and 4 that

J (u, v) ≤ C1m−2
√

µa−µ

2

∫

�

(
u2 + v2

)

|x |γ dx −
∫

�

|u|α+1 |v|β+1

|x |2∗b
dx

≤ C2m− N
√

µa−µ

η .

Therefore

J |∂ Qm
ε
≤ C2m− N

√
µa−µ

η with C2m− N
√

µa−µ

η → 0 as m → +∞.

The rest of the proof is the same as in Proposition 1. ��

4 Proof of Theorems 1 and 2

Set

cε = inf
h∈�ε,m

max
U∈Qm

ε

J (h (U ))

�ε,m = {
h ∈ C

(
Qm

ε , E
)
/h (U ) = U, for all U ∈ Qm

ε

}

and

Qm
ε = ((

B R ∩ Xm
k

) ⊕ {
Brωm

ε /0 ≤ r < R
}) × ((

B R ∩ Xm
k′

) ⊕ {
Drωm

ε /0 ≤ r < R
})

if a11 = µk and a22 = µk′ , or

Qm
ε = ((

B R ∩ Xm
k

) ⊕ {
Brωm

ε /0 ≤ r < R
}) × ((

B R ∩ Xm
k

) ⊕ {
Drωm

ε /0 ≤ r < R
})

if λ2 = µk

Lemma 6 Let N >
c+2+

√
(c+2)2+8cη

2 and µa − ( N−2
2

)2 ≤ µ < µa −
(

c(N+2η)
2N

)2
. Assume

one of the following conditions holds:

a) there exists k, k′ ∈ N
∗, k ≤ k′ such that a11 = µk and a22 = µk′ .

b) there exists k ∈ N
∗ such that λ2 = µk . Then, we have

cε <
η

N
2
− N−2η

2η∗
(K̃a,b

) N
2η .
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Proof Let

max
(u,v)∈Qm

ε

J (u, v) = J
(
ym + tm

ε Bωm
ε , zm + tm

ε Dωm
ε

)

where B, D > 0 such that B
D =

(
α+1
β+1

) 1
2
, and

(ym, zm) ∈ Xm
k × Xm

k′ if a11 = µk and a22 = µk′

or

(ym, zm) ∈ Xm
k × Xm

k if λ2 = µk .

From Propositions 1 and 2, we have

J (ym, zm) ≤ Cm− N
η

√
µa−µ

for m large enough. Taking ε = m−h , h = (2∗ − 1)
√

µa − µ ≥ (1 + l)
√

µa − µ
(

2∗−2
2

)
,

we get

J (ym, zm) ≤ C1ε
4

2∗−2 m2
√

µa−µ.

Since meas
(
supp

(
ωm

ε

) ∩ supp (ym)
) = 0 and meas (supp

(
ωm

ε

) ∩supp(zm)) = 0, we con-
clude that

cε ≤ max
(u,v)∈Qm

ε

J (u, v) = J (ym, zm) + J
(
tm
ε Bωm

ε , tm
ε Dωm

ε

)

≤ C1ε
4

2∗−2 m2
√

µa−µ +
(
tm
ε

)2

2

(
B2 + D2)

⎛

⎝
∥
∥ωm

ε

∥
∥2

µ,a − C2

∫

�

∣
∣ωm

ε

∣
∣2

|x |γ dx

⎞

⎠

− Bα+1 Dβ+1 (
tm
ε

)2∗
∫

�

∣
∣ωm

ε

∣
∣2∗

|x |2∗b
dx .

Using Lemma 3, we obtain

cε ≤ C1ε
4

2∗−2 m2
√

µa−µ

+
(
tm
ε

)2

2

(
B2 + D2)

(
(Ka,b

) N
2η + C2ε

4
2∗−2 m2

√
µa−µ − C3ε

4
2∗−2 m

(1+l)
(

2
√

µa−µ−c
))

− Bα+1 Dβ+1 (
tm
ε

)2∗
(

(Ka,b
) N

2η − C4ε
22∗

2∗−2 m2∗
√

µa−µ

)

.

Put

g
(
tm
ε

) :=
(
tm
ε

)2

2

(
B2+D2)

(
(Ka,b

) N
2η +C2ε

4
2∗−2 m2

√
µa−µ−C3ε

4
2∗−2 m

(1+l)
(

2
√

µa−µ−c
))

− Bα+1 Dβ+1 (
tm
ε

)2∗
(

(Ka,b
) N

2η − C4ε
22∗

2∗−2 m2∗
√

µa−µ

)

,
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then

max
tm
ε >0

g
(
tm
ε

) ≤ η

N

⎛

⎝

(K̃a,b
) 2∗

2

2∗

⎞

⎠

2
α+β

+ C1ε
4

2∗−2 m2
√

µa−µ

− C2ε
4

2∗−2 m
(1+l)

(
2
√

µa−µ−c
)

+ C3ε
22∗

2∗−2 m2∗
√

µa−µ.

Consequently,

cε ≤ max
(u,v)∈Qm

ε

J (u, v) ≤ η

N

⎛

⎝

(K̃a,b
) 2∗

2

2∗

⎞

⎠

2
α+β

− Cε
4

2∗−2 m
(1+l)

(
2
√

µa−µ−c
)

,

where we used the fact that c (l + 1) < 2∗l
(√

µa − µ
)

and 2
√

µa − µ < (l + 1)
(
2
√

µa − µ − c
)

in which these inequalities are consequence of the assumption

c (2η + N ) (N − 2η)

2N 2 <
c (2η + N )

2N
<

√
µa − µ.

Then for m large enough, µa − ( N−2
2

)2 ≤ µ < µa −
(

c(2η+N )
2N

)2
, hence there results that

cε <
η

N
2
− N−2η

2η∗
(K̃a,b

) N
2η .

��
Set

µ+ = min
{
µk ∈ σµ,a, λ2 < µk

}
.

We denote by M+ and M− the following subspaces:

M+ = ⊕µk≥µ+ M (µk), M− = ⊕µk≤µ+ M (µk)

where the closure is taken over D1,2
a (�) and M (µk) denotes the eigenspace corresponding

to the eigenvalue µk .

Lemma 7 We have

βλ = sup
(u,v)∈M−×M−

J (u, v) ≤ η

N

[((
1 + θ2

)
(µ+ − λ1)

)2∗
(
2∗θβ+1

)2

] 1
2∗−2 ∫

�

|x | cN
2η

−N dx .

Moreover, there exist constants ρλ2 and δλ2 ∈ (0, βλ) such that

J (u, v) ≥ δλ2 for any (u, v) ∈ M+ × M+, ‖(u, v)‖µ,a = ρλ2 .

Proof Using the definition of the subspaces M+ and M−, we have the following inequalities

‖(u, v)‖2
µ,a ≤ µ+

∫

�

(
u2 + v2

)

|x |γ dx for any (u, v) ∈ M− × M−, (4.3)

‖(u, v)‖2
µ,a ≥ µ+

∫

�

(
u2 + v2

)

|x |γ dx for any (u, v) ∈ M+ × M+. (4.4)
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Taking into account (4.3) and Lemma 4, we have for all (u, v) ∈ M− × M−

J (u, v) ≤ 1

2
(µ+ − λ1)

∫

�

(
u2 + v2

)

|x |γ dx −
∫

�

|u|α+1 |v|β+1

|x |2∗b
dx

≤ η

N

[((
1 + θ2

)
(µ+ − λ1)

)2∗
(
2∗θβ+1

)2

] 1
2∗−2 ∫

�

|x | cN
2η

−N dx .

Let (u, v) ∈ M+ × M+, from the definition of K̃a,b and (3.9) we get

J (u, v) ≥ 1

2

(

1 − λ2

µ+

)

‖(u, v)‖2
µ,a − (K̃a,b

) −2∗
2 ‖(u, v)‖2∗

µ,a ,

if we take

‖(u, v)‖µ,a = ρλ2 :=
(

µ+−λ2

µ+2∗(K̃a,b)
−2∗

2

) 1
2∗−2

and δλ2 <
η
N

(
1 − λ2

µ+

) 2∗
2∗−2

( K̃a,b
2∗

) 1
2∗−2

, then

we obtain

J (u, v) ≥ δλ2 for all (u, v) ∈ (
M+ × M+) ∩

(
∂ Bρλ2

)2
.

Since M+ ∩ M− = M (µ+), we have M+ ∩ M− ∩ ∂ Bρλ2
	= ∅ for any (u, v) ∈

(
M+ ∩ M− ∩ ∂ Bρλ2

)2
satisfying δλ2 < J (u, v) ≤ sup(u,v)∈M−×M− J (u, v) ≤ βλ. ��

Now, we are ready to prove our results.

Proof of Theorem 1 Propositions 1 and 2, Lemmas 5 and 6 allow us to use Linking Theorem

in [2]. As a consequence the functional J has a critical value c ∈
⎛

⎝0,
η
N

(

(K̃a,b)
2∗
2

2∗

) 2
α+β

⎞

⎠

��
Proof of Theorem 2 It suffices to apply Theorem 2.5 in [8] with H = E , W = (

M−)2 and

V = (
M+)2, β = η

N

(

(K̃a,b)
2∗
2

2∗

) 2
α+β

, δ = δλ2 , β ′ = βλ, ρ = ρλ2 . ��
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11. Costa, D.G., Magalhăes, C.A.: A variational approch to subquadratic perturbations of elliptic systems.
J. Differ. Equ. 111, 103–122 (1994)

12. de Figueiredo, D.G.: Semilinear elliptic systems. In: Ambrosetti, A., Chang, K.C., Ekland, I. (eds.)
Nonlinear Functional Analysis and Applications to Differential Equations, pp 122–152. World Scientific,
London (1998)

13. Dautray, R., Lions, P.J.: Mathematical Analysis and Numerical methods for science and technology.
Physical origins and classical methods, vol. 1. Springer, Berlin (1990)

14. Evans, L.C.: Partial differential equations. In: Graduate Studies in Mathematics, vol. 19. American Math-
ematical Society, Providence (1998)

15. Felli, V., Schneider, M.: Perturbations results of critical elliptic equations of Caffarelli–Kohn–Nirenberg
type. J. Differ. Equ. 191, 121–142 (2003)

16. Ferrero, A., Gazzola, F.: Existence of solutions for singular critical growth semilinear elliptic equations.
J. Differ. Equ. 177, 494–522 (2001)

17. Ferrero, A., Ruf, B.: Lower order perturbations of critical growth nonlinearities in semilinear elliptic
PDE’s. Adv. Differ. Equ. 2, 555–572 (1997)

18. Kang, D.: On elliptic problems with critical weighted Sobolev–Hardy exponents. Nonlinear Anal. 66,
1037–1050 (2007)

19. Miyagaki, O.H., Rodrigues, R.S.: On positive solutions for a class of singular quasilinear elliptic sys-
tems. J. Math. Anal. Appl. 334, 818–833 (2007)

20. Xuan, B., Su, S., Yan, Y.: Existence results for Brezis–Nirenberg problems with Hardy potential and
singular coefficients. Nonlinear Anal. 67, 2091–2106 (2007)

21. Zuluaga, M.: Nonzero solutions of a nonlinear elliptic system at resonance. Nonlinear Anal. 31, 445–454
(1998)

123


	On a singular elliptic system at resonance
	Abstract
	1 Introduction and main results
	2 Preliminaries
	3 Variational characterization
	4 Proof of Theorems 1 and 2
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


