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Abstract  This paper is devoted to the study of an elliptic system with singular coefficients.
Existence and multiplicity results at resonance are obtained via variational methods.
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1 Introduction and main results

In this paper, we will study the existence of nontrivial solutions to the following elliptic
system

ululo‘_l\vlﬁ'H

—Lyau = (anu+apv) gy + @+ 1“4 op in \{0}
o+l -1 .
G —Lyiav = @nu+anv) gy + B+ D MW= ine\(0)
u=v=_0 on 92,

where Ly qu = div(|x|7* Vu) + . @ € RY(N = 3) is a bounded smooth

domain containing O in its interior, —00 < a < #,a <b<a+1l,c>2b,y =
2

2@+ 1) —c,—00 < u < M, = (W) ,a, B > 0such that « + 8 = 2, — 2 where

24 :=24(a,b) = Nz_z\gn with n :==a + 1 — b; a1, arn, axy are real parameters.
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228 M. Bouchekif, Y. Nasri

The range of a, b and the definition of 2, are related to the well-known Caffarelli—
Kohn—Nirenberg inequalities [5],

/|x|—2*"|u|2* dx sca,b/|x|—2“|vm2dx (1.1)

RN

for all u € C3° (]RN ) For sharp constants and extremal functions we refer to [7,9]. As
b=a+1then2, =2in(1.1), we have

N —2a—
/lef”“*” |u| dx<( a ) /|x|*2“|Vu| dx (1.2)

forallu € Cy° (RN).

In order to state our main results, we introduce the weighted Sobolev space D},’z (),
which is the completion of C§° (€2) with respect to the norm

1

2

lull = /|x|—2“|w|2dx ,
Q

by the weighted Hardy inequality this norm is equivalent to the following

1

Nulla = /(|x|‘2“ IVu|? — x| 26D 32y dx

As a consequence of (1.2), the operator L, , is symmetric, uniformly positive and has a

discrete spectrum o, , in D},’z (2) for all u < 7z, (see [14] for more details).
It is convenient to rewrite system (S4) as

=L, U= ‘xly AU +VH inQ
(S4)
U=0 on 092,

where U = ("), 4 = (““ ‘”2) and H (x, u, v) = x| =2 [u]@+! [p]f+1,
v ap ay

We denote by Aj and X, the real eigenvalues of the matrix A and assume that A} < X,.

The study of this type of problems is motivated by its various applications, for example,
it has been introduced as a model for several physical phenomena related to the equilibrium
of anisotropic media (see [13]). The mathematical interest lies in the fact that these problems
are doubly critical due to the presence of the exponent of the nonlinearities (which is critical
in the sense of the weighted Sobolev embeddings) and the singularities.

The case of single equations has been deeply investigated in literature (see [7,9,15,18,20]
and the references therein). Some of them have considered the resonant and non resonant case,
many techniques are developed in this sense to solve these problems; we cite for example
[6,10,16,17,20].

Regular systems have been the subject of many papers; we can quote, among others
[1,11,21]. For a survey on the system case, we recommend de Figueiredo’s paper [12] and
the references therein.
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On a singular elliptic system at resonance 229

However, as far as we know, there are few results on critical systems with singular
coefficients.

Fora = b = 0and ¢ = 2 in (S4), the existence of solutions are discussed in [3] where
the authors have taken into account the position of the eigenvalues of the matrix A on R™.

We mention that in [19] existence results are obtained for a class of singular quasilinear
elliptic systems using topological methods.

Costa and Magalhaes [11] have introduced the notion of resonance for a system as follows:
the kernel of — (L wa+ A) is nonzero if and only if A — ;I is singular for some . ; eigen-
value of the operator — L, , with zero Dirichlet boundary condition. If x = (x1, x2) # (0, 0)
is such that Ax = u;x then (x1¢>j, x2¢j) € Ker (_Lu,a — A) where ¢; is an eigenfunction
associated to (.

The purpose of this paper is to further the study of problem (S4). First of all, we intend
to complete the results obtained in [3] for the resonant case: we consider the case where
A — ;1 is singular and the case where A — ;1 is regular and there exist k, K e N  k<k
such that a1 = py and azp = py . After that, we prove the multiplicity result of nontrivial
solutions when A, belongs to a suitable left neighborhood of an arbitrary eigenvalue of the
operator —L, 4.

Our study deals with the case when A1 or X, is equal to the eigenvalues of the operator
L. In our results we required A, > 0 and no assumption on the sign of A1 was asked (it
may be negative) i.e. they can have opposite signs. This case appears only in a system. When
Az < 0, system (S4) has no nontrivial solution if €2 is a star shaped domain with respect to
the origin. This is obtained by a Pohozaev type identity adapted for a system (see [3]).

Our main results in the present paper are the following ones:

2

+2+4/(c+2)2+8¢ — 232 — N+2m) )\
c ./cz N and T, — ( )§M<Ma_(c(zzvn))-

Theorem 1 Suppose N >

Assume one of the following conditions holds:

i) If there exists k, k' € N*, k < k" such that a;; = uy, axp = up and ajp < min(ugy;—
ks /41 — Mk

il) If there exists k € N* such that Ay = .
Then system (S4) has at least one solution.

Theorem 2 Assume N > ¢ + 2, 11, —% < U < Hy —b%and 1y > 0. Let py =

_1
min {ug /A2 < ur}, 0 = (%) *and suppose
#+n(452) £
(s =) < R /|x| ) dx

Let m be the multiplicity of 4. Then system (Sa) admits at least 2m pairs of solutions.

The proof of our results is obtained with the critical point theory, however, standard vari-
ational arguments do not apply because of a lack of compactness of some weighted Sobolev
embedding, the action functional does not satisfy the Palais—Smale condition ( PS condition
in the sequel). We follow Brézis and Nirenberg’s argument [4] to verify that the associ-
ated functional to the system (S,4) satisfies the (PS) condition on a suitable “compactness
range”. Then, by employing the techniques introduced in [10,17,20], we get some results
on Brézis—Nirenberg type problems for a system of elliptic equation involving nonlinearities
with critical growth and singular coefficients.

@ Springer



230 M. Bouchekif, Y. Nasri

The paper is organized as follows: in Sect. 2, we recall some preliminary results and
asymptotic estimates, in Sect. 3, we establish some lemmas to prove our results, Sect. 4 is
devoted to the proof of our results.

2 Preliminaries

Throughout this paper, we denote by C, Cy, Ca, ... generic positive constants; Br is the
ball centered at O with radius R; supp ¢ denotes the support of the function ¢; (., .) denotes
the R? usual inner product, we use L? (Q, |x|~4 dx) to denote the weighted L? (2) space

with the weight |x|~¢. We endow the space E := D},’z (R2) x Dal’z (2) with the norm
1
1 ) g = (ll2 g, + 10112 )7

Let
—1 . A
Ca’b =Kap = 1nf ﬁ
€Dy (@\(0) * 2
' " (o fefrx)
and
Eo 16 0) 17,
a, (u v)eE\ (0,0} Iu\a“lvlﬂﬂ % .
(fﬂ T dx)

From [15,20], we know that /C, ; is achieved on RN by the family of functions

2
Coe22
w; (x) = 3
24/ fq—1 (25=2) e (25-2) — — 2%=2
(8W|x|*2 («/uu N u)+|x| = ( Rata/Ta u)
fore >0, Y2 — /i, — pu+ N2 T, — b* and Cy i iti tant such
» T Bg—pu+a< =551 < and Cj is a positive constant suc
that w} (x) is a weak solution of the problem
-
_L'U“au —SW inR \{0},

for § = 1 and satisfies

/(l'x'fza }V&): (x)|2_/¢b‘a): (x)’2|x|*2(u+l)) dx:/

RN RN

2 _ 2%
“Ix] z*bdx:(ng,h) -2,

Lemma 1 Let Q2 be a domain (not necessarily bounded), i < [, — branda+p <2,-2.

Then, we have
—a—1
~ a+1 ot+13+2 o+ 1\ atp2
’CaYb - ( ) + ( ) ’Ca,b'
B+1 B+1

Moreover, if wq realizes ICy p, then (1o, vo) = (Bwo, Dwy) realizes K, , for any positive
1

B _ (a+1)2
constants B and D such that D= (W)
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On a singular elliptic system at resonance 231

Proof The proof is essentially given in [1] with minor modifications. O

From Lemma 1, we conclude that the following system

ulul"‘"\vlﬂ“
[x [0

—Lyqu=(a+1) in RM\ {0}

u a+1vvﬁ—1 .
—Lyav=(B+1) % in R\ {0}
ux) — 0,v(x) >0 as |x| — oo,

has a solution in the form (Bw}, Dw}) with B and D are positive constants satisfying

B _ (Lﬂ-l)%
D = \p+1) -

For proving our results we may recall some technical asymptotic estimates. The ideas are
essentially given in [10,16,17].

Fix k € N* and for all i € N* denote by ¢; an L? normalized eigenfunction relative to
Wi € oy.q. Let Xj denote the space spanned by the eigenfunctions corresponding to the
eigenvalues y, 12, ..., ug and Yy = Xt

Take always m € N large enough so that B1 C €2 and define the function ¢, : 2 — R
by "

0 if x € B1

m

In(x)={ml|x| =1 if x € B2\B1
1 if x e Q\B2,
the approximating eigenfunction e’ = e; ¢, and the space X} :=span{e;", i=1,..., k}.
For all ¢ > 0, consider the shifted functions

wf (x) —wf (L) ifx e Bi\{0}

ol (x) = o
0 ifx € Q\B1.
We need the following lemmas:

Lemma 2 [20] Assuming that i < [, we have
i) Foranyi € N¥ {e;"} converges to e; in DJ{Z (Q) asm — oo.
ii) Moreover, we have the following estimates || e; ||2 < ur + Cm ™2V Ha=1

wa =
(e,', ej)Dt';z(Q)‘ < Cm™2NFaE fori £ j

| (ei, ej)2| < Cm™ " 2HEaH fori + j where (ei, ej)2 = [q 1x]77 ejejdx

i) maxgexy julat) lla < e+ Cm=V5 = where ull3 = [ 1x]77 u?dx.
Lemma 3 [20] For m large enough and & small enough, we have

o[}, = (Kas) ™ + Comzm?ia—r

e lp,a =

and
!w'en > X~ e N =
e ax 2 (k) 4 ot I,
x *
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232 M. Bouchekif, Y. Nasri

Furthermore, let e = m™" and h > % a1+D (,/ﬁa — ), [ > 0; we have the following
estimate

/|0)::”|2 [x|7V dx > C.sﬁm(l-’_l)(2 H“_M_C), asm — oo.

Q
The corresponding energy functional to (S4) is:
S = 5wl -5 [ L UGS
u,v) = = |[(u,v - = X — X,
2 n.a 2 |)C|y |x|2*b
Q Q

then J € C! (E, R) and the critical points of the functional J correspond to the solutions of
(Sa).

3 Variational characterization

The variational characterization is based on a linking argument. To do this, we need to use

the following lemma.
Lemma 4 Assume that —00 < a < NT_z a<b<a+l,a B >0suchthata+p = N4—n2n

and c, . > 0. Then there exists Cy (x) := C (x, N, «, B,)) > 0 such that

|u|a+l |U|ﬂ+l A

Gy (x,uv)i=————— — 2 (2 4+0?) > —Cy (x),
|X|2*b |x|V ( )

N e
for all (u, v) € R\ {Rx{0} U {0} x R}, with Cy (x) := %I (27*)2" 0« and

(a+1)|x|1=0)
1
e (atl) 2
0:=(54) .

Proof (u, v) is an extremum point of G, if

w1 P! u
@+ 5 % 3.1)
|X|2*b |)C|y
and
|u|ot+l U|U|ﬂ71 v
1) ————— — 20— =0. 3.2
B+1D P N (3.2)

Multiplying (3.1) and (3.2) by (8 + 1) u and (@ + 1) v respectively and subtracting them,
we get

v = 6 |ul.

Put
|| 2

o _ppr1 Ml N
8 () = Ga (lul O lul) = 67+ Py — 201+ 6%

g (u) attains its minimum —C),_(x) at

1

2)\|X|2*b atp

wy= ——m ,
RN

the conclusion follows. ]
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On a singular elliptic system at resonance 233

We recall that the sequence {(u,, v,)} C E is called a (PS) sequence for J at level c if
J (uy, v,) — cand J' (u,, v,) — 0in E’ (dual of E) as n — +oo.

Lemmas$ Let (u,,v,) C E be a (PS) sequence for J; then there exists (u, v) such that

(ttn, vy) — (u, v), up to subsequence, and J' (u, v) = 0. Moreover, if J (u,, v,) — ¢ with
N-2n

N N
0<c<cy:= %2* 2" (ICa,b) 2 then (u,v) # (0,0) and hence (u, v) is a nontrivial
solution of (S4).

Proof Let (u,, vy) be a (PS). sequence, i.e.

1 2 1 (AU, Uy) / 179 1|Un|ﬁ !
Z , — = ————dx— | ———————dx=c+o(l 33
2 I ns vl 4 2/ AllJ 7 X NED x=c+o(l) (3.3)

and

(AU, Uy) |u |a+l |U ,3+1
||(un,vn)llﬂa—/# -2 / = |2; dx =o (1) (3.4)
Q

Using (3.3) and (3.4) we obtain

|un|ot+l [V, |/3+l
2-’(”nsvn)_(-] (n, vn), (un,vn)) 2+=2) #dx <2c+o(l).

(3.5)
(3.3), (3.5) and Lemma 4 with A := A, yield that
AU,, U, u a+1 v B+1
s v, = 20 (u,,,vn)ju/%d 42 %
Q
(uz Jua|*F! [0 [P
< 2J (uy, vp) +)\,2/ d +2/ |2 ——dx

<C,

and therefore we conclude that the sequence (u,, v,) is bounded in E.

Then, there exists a subsequence again denoted by (u,, v,) such that (u,, v,) — (u, v)
weakly in E.

We claim that (u, v) # (0, 0). Assume by contradiction that (u, v) = (0, 0).

We know that

(4" (ns vn), (s va)) =0 (1),

Since the embedding D,i’z (Q) — L? (Q, x|~V dx) is compact, it follows that

|u |a+1 |U |ﬁ+1
@t V)17, 0 — / . X x=o(), (3.6)

using the definition of /Ea,b, we obtain

[N}

lin |oc+1 [vn |ﬂ+1 Z
e, o) 120 > / )
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234 M. Bouchekif, Y. Nasri

Hence

Nt 012 4 = 205 Gt )12 < 0 (1),

thus
=2
@t V)17, (1 — 2,8, Il (un, vn>||f;z,;2) <o().
If || (uy, vy) ||;2M — 0, passing in the limit in (3.3) we reach a contradiction with the assump-

tion ¢ > 0.
Therefore, we deduce

2
(1 — 2K, ;7 ll(un, vn>||,2;*2) <0

2 2
2 Tatp g atp
Il (et Un)”uﬂ >2," IC,;;, .

From (3.6), we have that
1

1
J (un, vy) = (5 - ?) [[UFS Un)”i,a
*

1 lu |0t+1 [V |/3+1
o (1wl —2/ a1l 55+ o 1)
24 “ x|~

Ul
= 1@ vl +o (M)

n a,b
> — > 1),
=y |2 +o(l)
N-2y
which contradicts the fact that ¢ < %2 T IC . Thus (u,v) # (0,0) and (u,v) is a
nontrivial solution of (§4). ]

Now, we prove that the functional J has linking geometry.
Proposition 1 Suppose there exist k, k' € N* such that a1; = i and ayy = wp withk <k’
and a1z < min (g1 — i, wie1 — i) Then
1) there exist p, o > 0 such that J (u,v) > o forall (u,v) € (aBp N Yk) X (8Bp N Ykr).
2) there exists R > p such that J [yon < p (m) with p (m) — 0 asm — +00 where
= ((ER N X,'C") ® {Brw’g"/() <r< R}) X ((ER n XZ?) @ {Dra)’S”/O <r< R})

Proof For any (u, v) € Yy x Yy, we have

20, - 2 20, 1-
||M||Ma > Ukt /u IxI77dx and vl , > “k’+1/v |x| 77 dx.
Q Q
From above relations, Young’s and Caffarelli-Kohn—Nirenberg’s inequalities, we obtain

1 Ui+ain 1 Wi + a2
J(u,v)ZE(l— )llulli,a+§( — ) v || —C(Ilull +||UI|W,)

Hk+1 Hk'+1
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On a singular elliptic system at resonance 235

Hence, we can choose ||(u, v)llﬂ’a = p small enough, 0 > 0 and under the assumption
that a1z < min (pgg1 — Wi, o1 — M) We obtain

I (aB,nv)x (0B,nY,) = O

From Lemmas 2 and 4, we have for (u, v) € Xk X XZZ,

J(u U) < Clm 24/ — / u +v /lu

x|

|a+1 |U|'B+1

|x| >0

—/Gx (u,v)dx with A := Cym 2V Ha= 1t
Q
thus

_NVra—n
J (u,v) < Cym "o,

hence there results that

lim max J(u,v) =0.
m—>00 (u,v)e X! x X/
On the other hand, we have

o' [

)

2
,
J(Bra. Drof?) < 5 (B2+ D7) o[}, , =2 B*H DI [ S

then J (Bro!", Drow") becomes negative if r = R and R is large enough.
Therefore

NJETE
J(u,v) < Com™

for all (u,v) € (X}' U (X' @ R{Bw"})) x (X} U (X}} ® R{Dw"})). Since

max J (Bra);", Dru)Z’) < 400
0<r<R

as (u,v) € (XJ' ®RT {Bo'}) x (X} @ RT {Dw!"}) we may write u = w; + tBw]" and
v = wy + tDw]', hence

meas (supp ( ) N supp (w,)) =0, i=1,2
then for large R,
J lagn=0,

where Q7' = ((ER ) X,Z”) ® {Bra)g"/O <r< R}) X ((ER N X,’(”) ® {Drw’S”/O <r <R}).
[m}

Proposition 2 Suppose there exists k € N* such that Ay = . Then

1) there exist p, o > 0 such that J (u, v) > o forall (u,v) € (BBP N Yk) X (8Bp N Yk).
2) there exists R > p such that J |yom < p (m) with p (m) — 0 asm — 400 where

= ((ERHXZ’) @{Brw’f/Ofr < R}) X ((ERHX,'(") @{Drwé"/Oﬁr < R})
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236 M. Bouchekif, Y. Nasri

Proof For any (u, v) € Y; x Yi, we have
24,2
(u? +v7)
Il (u, U)”,“l = Mk+l/de7
Q
using (3.7) and Caffarelli-Kohn—Nirenberg’s inequality we obtain

J(u,v)>l 1= 22 Y w2, - €l i, .
—2 k41 o pod

3.7

Then there exists (u#, v) € Yy x Y such thatJI(aB % > o > Owith||(u, v)[l, , = p forp
0

sufficiently small. For any (u,v) € X ,’? x X ,’?, we obtain from the estimates of Lemmas 2

and 4 that
C1m72 Ha— I (u2+v |u|a+l |v|/3+1
J(u,v) <
wo = S [ / x>
Q
_NJRra—n
< Cym o,
Therefore
_ N/ Pa—n . _ N/Ttg—1
J lagn< Cam n with Com 7 — 0asm — +oo0.

The rest of the proof is the same as in Proposition 1.

4 Proof of Theorems 1 and 2

Set
Ce = he"rlfm Urr;aQX J (h(U))
Tem ={heC(Q E)/h(U)=U, forallUe Q'}
and

"= ((ERDX]’Z’)@{Ber’/Ofr < R}) X ((ERﬂXﬁ)GB{Drwg"/Ofr < R})

ifaj) = pg and azp = pyr, or

or = ((ER ﬂX]'C”) @{Brwz’/o <r< R}) X ((ER ﬂX,’{") @ {Drw'E"/O <r< R})

if Ay = g

. [(ea2 18 2 . 2
Lemma 6 Let N > wandﬁa (A2 <u<m, - (%) . Assume

one of the following conditions holds:

a) there exists k, k' € N*, k <k such that a1 = i and axy = py.
b) there exists k € N* such that .y = y. Then, we have

N-2n

ce < %2; K (Iza )%

N‘Z
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On a singular elliptic system at resonance 237

Proof Let

max J (u, v)—J(ym—l—t B, 7y + tI' Dol )
(u,v)eQY

1

B _ (a+l)2
where B, D > 0 such that 5 = (%) ,and

Vm»zZm) € X]r{n X XZ} if a1 = pp and axp = pup
or
m»> 2m) € X]’(n X X/}(n if Ay = g

From Propositions 1 and 2, we have
J (ym’ Zm) < Cm 7 Ha=lt

for m large enough. Taking ¢ = mh=02.=1) Vg —pn=>0+D /1, — (%),

we get

_4 = _
J Oms zm) < Cl‘ez*_z’n2 Ha=H

Since meas (supp( ) M supp (ym)) = 0 and meas (supp( ) Nsupp(z,,)) = 0, we con-
clude that

e < max J(u,v)=J m zm) +J (' B!
(u,v)eQ}

2
< Cie%2 S g L) ( ) (B> + D?) ”“)Z[”ia _Cz/ |(|0|J dx

Q

"' Dol )

8’8

Jor' [

ALy
x k

Using Lemma 3, we obtain

ce < C]SQ**zmz Ha—Ht

2
PP 5 ) () oo R st 0 )

— BeFI pAET (g ((’Ca,b)% — CysBIm ﬁfﬂ).

2
g (1) = & (B2+D?) ((IC )zﬂ +CpeTie 7 2t _ C332*42m(1+1)(2 R c))
_ getlpB+l (t;")z* ((’Ca b)Tn _ C482*—2m2*«/7ﬂ)’

@ Springer



238 M. Bouchekif, Y. Nasri

then
2
~ 2\ &if
n [ (Kap)? N
max g (') < — | ——— + Crex2m vV Ha™H
tg">0g(8) =N 2. !
_ngz*“jm(wl)(z H,I—M—C)+C3gzzf—j2m2* Ha—1
Consequently,
2\ 747
~ =% a+,
Ka,p) A (4D (2T —n—
ce < max J(u,v) < a @ —Cemzm' +)( Ha=it C),
(w,v)eQ N 2,

where we used the fact that c (I +1) < 2,/ (Jﬁa — M) and 2/, —pn < (I+1)
(2 Ry — 1 — c) in which these inequalities are consequence of the assumption
c@n+N)Y(N—-2n) c(2n+N)
< <
2N2 2N

ﬁa_/'b-

_ oN\2 _ 2
Then for m large enough, 7z, — (NTZ) <<, - (%) , hence there results that

Set
pg =min {px € 0y, A2 < i}
We denote by M and M~ the following subspaces:
M =@z, M (), M™ = Sy, M (1)

where the closure is taken over Dcll’2 (2) and M (ur) denotes the eigenspace corresponding
to the eigenvalue fuk.

Lemma 7 We have
1

2 —_ 2* 22 cN
(1467 ey — ) } /|x|27—’vdx.

.0741)?

B = sup J(u,v)<n|:

(u,v)eM—x M~ N

Q

Moreover, there exist constants py, and 8;, € (0, B;) such that
J (u,v) = 8, for any (u,v) € M* x MF, [, V)0 = P1s-

Proof Using the definition of the subspaces M and M ~, we have the following inequalities

2 2
U +v
Il (e, U)||,i,a < M+/ (|x|y)dx for any (u,v) € M~ x M, 4.3)
2 2
u-+v
I, I, = u+/ (lxly)dx for any (u,v) € Mt x M*, 4.4)
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On a singular elliptic system at resonance 239

Taking into account (4.3) and Lemma4, we have for all (u,v) e M~ x M~

a+1 B+1
J(u,v) < f(;u—m/ /'”' "
e
2
<1 ((146%) (s = 20)* /WW
(2,08+1)?

Let (1, v) € M x M+, from the definition of K, and (3.9) we get

=2
J (u, v)>,(1_7) I 17 0 = (Kap) 7 N, 0) 15,

if we take |
=2 2 o
”(”’U)”u,a = py, = % and §, < % (1 — 17;72) 242 ( b) “7° then
/L+2*(Ku.h)T * *
we obtain
2
J(wv) = 8, for all w,v) € (M x M¥) N (3B,,)
Since Mt N M~ = M (uy), we have M* N M~ N By, # @ for any (u,v) €
2

(M* M= N9B,,,) satistying 8, < J (4, v) <SPG pyep-cy- I (00) < Br O

Now, we are ready to prove our results.

Proof of Theorem 1 Propositions 1 and 2, Lemmas 5 and 6 allow us to use Linking Theorem

~ 2% a+p
. . .. 2
in [2]. As a consequence the functional J has a critical value ¢ € | 0, % (()C";;))

Proof of Theorem 2 Tt suffices to apply Theorem 2.5 in [8] with H = E, W = (M—)2 and

2
~ 24 a+p
2 Kap) 2
Ve p= 5 CL) =58 = o= o
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