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Abstract We study the regularity of Orlicz—Sobolev functions on metric measure spaces
equipped with a doubling measure. We show that each Orlicz—Sobolev function is quasicon-
tinuous and has Lebesgue points outside a set of capacity zero and that the discrete maximal
operator is bounded in the Orlicz—Sobolev space. We also show that if the Hardy-Littlewood
maximal operator is bounded in the Orlicz space LY (X), then each Orlicz—Sobolev function
can be approximated by a Holder continuous function both in the Lusin sense and in norm.
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1 Introduction

In this paper, we consider pointwise properties of Orlicz—Sobolev functions on metric measure
spaces equipped with a doubling measure. Recall that, for a domain £2 C R” and a Young
function ¥, the Orlicz—Sobolev space WL¥(£2) consists of the functions u € LY (§2) all
of whose first order weak derivatives belong to the Orlicz space L¥ (£2), see Sect. 2 for the
definition of Young function and Orlicz space LY (£2). The space wh¥(£2) is a Banach
space with respect to the norm

lullwre @y = llullpw @) + 11VulllLv (@)

where || - || v (g is the Luxemburg norm and Vu is the weak gradient of u.
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36 H. Tuominen

Analysis on metric measure spaces, for example the theory of Sobolev type spaces, has
been under active study during the past decade. In a general metric space we cannot speak
about weak derivatives; hence there has been a need for characterizations of the classical
Sobolev and Orlicz—Sobolev spaces that do not involve derivatives. We use spaces N ¥ (X)
consisting of LY (X)-functions with upper gradients in L¥ (X). The basic properties of these
spaces are studied in [43], see also Sect. 2.

By the Lebesgue differentiation theorem, almost every point x € R” is a Lebesgue point
of a locally integrable function u, that is,

lir% ][ lu(y) —u(x)|dx =0. (1)

B(x,r)

The proof generalizes to metric spaces with a doubling measure, see [23, Theorem 14.15].
Classical Sobolev and Orlicz—Sobolev functions have Lebesgue points outside a set of
capacity zero. The capacities used are often defined in terms of potentials, see for exam-
ple [2] for the Sobolev case and [3,11] for Orlicz potential spaces. In the interesting paper
[36] by Maly, Swanson and Ziemer, Orlicz—Sobolev capacity is defined as an infimum of
integrals f Y (|u|)dx + f ¥ (|Vu|) dx and used for example to show that for Orlicz—Sobolev
functions, Lebesgue points exist quasi everywhere. Variational capacity where one takes infi-
mum of the integrals of ¥ (|Vu|) is studied by Rudd in [38]. In addition to [36,38], pointwise
properties of Orlicz—Sobolev functions in R” are recently studied in [6].

In the metric setting, Sobolev functions defined via pointwise inequalities have Lebesgue
points quasi everywhere measured by the corresponding Sobolev capacity, see [29,31]. We
use Orlicz—Sobolev capacity defined in [43] and show that N ¥ (X) functions have Lebesgue
points everywhere except on a set of capacity zero. The main step in the proof is to show
that the discrete maximal operator, which is smoother than the Hardy-Littlewood maximal
operator, is bounded in the Orlicz—Sobolev space N'-¥ (X).

If p > n, then by the Sobolev embedding theorem, (a representative of) each function
of WHP(R™) is locally (1 — n/p)-Holder continuous. A corresponding embedding into a
space of continuous functions, where the moduli of continuity depends on ¥, holds also
for Orlicz-Sobolev functions; the condition p > n is replaced by an mtegrablllty condition
f lI/(t)t (+1) 4t < oo, where W is the conjugate function of ¥ and n’ = n/(n — 1).
Embedding theorems for W'¥ (R") were first proved by Donaldson and Trudinger [13] and
Adams [1], and improved by Cianchi [9].

We are interested in Lusin type continuity; by the classical Lusin theorem, every measura-
ble function is continuous in a complement of a set of arbitrary small measure. If the function
is more regular, then stronger versions of Lusin theorem hold. Namely, Maly showed in [35]
that each function u € WP (R") coincides with a Holder continuous function, that is close
to u in Sobolev norm, outside a set with small capacity. The proof uses representation of
Sobolev functions by Bessel potentials. In the metric space setting, approximation of Sobo-
lev functions by Holder continuous functions both in the Lusin sense and in norm, is studied
by Hajtasz and Kinnunen [22], and Kinnunen and Tuominen [31]. As in the last two papers,
we use maximal function arguments to show that if the Hardy-Littlewood maximal operator
is bounded in the Orlicz space, then for a given 0 < B < 1, each Orlicz—Sobolev function u
coincides with a 8-Holder continuous function outside a set of small (s — (1 — 8)-Hausdorff
content, where s is the doubling dimension of w. The approximating function is close to
u in norm, see Theorem 5. This result is new even in the classical Orlicz—Sobolev space
Wl,lI/ (]Rn)
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Pointwise behaviour of Orlicz—Sobolev functions 37

In the last Section, we also show that the two definitions of Orlicz—Sobolev space, via upper
gradients or pointwise inequality, give the same space if X supports a Poincaré inequality
and the Hardy—Littlewood maximal operator is bounded in the Orlicz space, see Theorem 4.

Example I In the main results, we assume that the Hardy-Littlewood maximal operator
is bounded in the Orlicz space. This is true if ¥, ¥ is a pair of doubling complementary
N-functions. One such example is ¥, ¥, where

w(t) =tPlog¥(e + 1)

with p > lando > 0,0r p > 1 —a and —1 < o < 0. The fact that ¥ is doubling and has
a doubling complementary function can be checked by standard tests for N-functions, (cf.
[33, Chap. 4], [37, Chap. 2.2.3]). Weakly differentiable functions with gradient in the Orlicz
space, ¥ as above, are used in the theory of mappings of finite distortion, see for example
[26,27] and the references therein. Orlicz and Orlicz—Sobolev spaces with such ¥ are studied
also in [14, 18], the list not being exhaustive.

The paper is organized as follows. In Sect. 2, we introduce the notation and the standard
assumptions and recall the definitions of Orlicz and Orlicz—Sobolev spaces. In Sect. 3, we
discuss capacity and show that each function of N'¥(X) is quasicontinuous. Section 4
contains lemmas. Section 5 deals with Lebesgue points of N''*¥ (X)-functions. The Holder
approximation of Orlicz—Sobolev functions is the content of the last section.

2 Notation and preliminaries

We assume that X = (X, d, i) is a metric measure space equipped with a metric d and
a Borel regular outer measure & such that open sets have positive and bounded sets finite
measure. We also assume that u is doubling, which means that there is a constant C;; > 0,
called the doubling constant of i, such that

w(B(x,2r)) < Cup (B(x,71))

forallballs B(x,r) = {y € X : d(y, x) < r}.Recall that the doubling condition of u implies
that there exists a constant Cy > 0 such that whenever By = B(xg, r9) and B = B(x, r) are
balls with x € By and 0 < r < rg, then

n(B) r\’
Col—1) ., 2
By = " (ro) @

where s = log, C,,, (see for example [23, Lemma 14.6]). In this paper, s denotes the smallest
exponent for which (2) holds and it is called the doubling dimension of 1.

In the main results, we assume that X is proper, that is, closed balls of X are compact.
Notice that as a doubling metric space X is proper if and only if it is complete.

The Hardy-Littlewood maximal function of a function u € Llloc(X ) is

M u(x) = sup ][ luldu,

where ug = J% udu = ,u(B)_1 fB u dp is the integral average of u over B. The local space
LllOC (X) consists of functions that are integrable in each ball.
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38 H. Tuominen

Given0 <t < 00,0 < <ooandaset E,
[o.¢] o0
A (E) = inf [Zr; tEC| B, < 5] ,
i=1 i=1
and limg_, ¢ J(jS’(E) is the #-Hausdorff measure of E. The number 0 < 52 (E) < oo is the
t-Hausdorff content of E.
By X g, we denote the characteristic function of aset E C X. If 0 < t < oo and
B = B(x,r)isaballin X, thentB = B(x, tr). In general, C will denote a positive constant
whose value is not necessarily the same at each occurrence. By writing C = C(t, 1), we
indicate that the constant depends only on 7 and A.

2.1 Review of Orlicz spaces

We will give a brief review to Orlicz spaces. For more details and proofs, see for example
[33,37]. A function ¥ : [0, o00) — [0, oo] is a Young function if

¥ (s) =/w<r>dz,
0

where ¢ : [0,00) — [0, oo] is an increasing, left continuous function which is neither
identically zero nor identically infinite on (0, co), and satisfies ¥ (0) = 0. A Young function
¥ is convex, increasing, left-continuous, ¥ (0) = 0,and ¥ () — oo ast — 00. A continuous
Young function with properties ¥ (1) = O only if t = 0, ¥ (¢)/t - oo ast — 00, and
U(t)/t — 0ast — 0is called an N-function. Below, ¥ is always a Young function. For
a given ¥, the function v [0, 00) — [0, o0], 47(3) = sup{st — ¥(t) : t > 0}, is the
complementary function of ¥.
Convexity and the property ¥ (0) = 0 imply that

VU(at) <a¥(t), if0<a=<l,

Y(pt) = p¥@), ifp=1,
and that the function ¢ — W (¢)/t is increasing. Hence, for a strictly increasing ¥, the
function # > ¥ ~1(¢)/1 is decreasing.

A Young function ¥ is doubling (satisfies the A,-condition) if there is a constant Cy > 0
such that

3

U (2t) < CyW (1)

for each + > 0. The smallest such constant is at least 2 by (3), and is called the doubling
constant of ¥ . The doubling condition implies that

W(at) < Cya®2 vy (1) “)

forallt > Oand a > 1, [43, Lemma 2.8], and that ¥ is strictly increasing and continuous.
Functions ¥ () = at?,a > 0, p > 1, and ¥, (t) = (1 + 1) log(l 4 t) — t are examples of
doubling functions, whereas the complementary function of ¥, ¥ () = e’ —t — 1 is not
doubling.

Given ¥ and an open set 2 C X, the Orlicz space L¥(2) consists of measurable functions
u: 2 — [—o0, oo] for which

/lI/(a|u|)du < 00

2
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Pointwise behaviour of Orlicz—Sobolev functions 39

for some o > 0.If ¥ is doubling, then LY (£2) coincides with the set of functions u for which
fg W (Ju]) d is finite. The space LY (£2) is a Banach space with the Luxemburg norm,

lull Lo () = inf k>0:/l1/(k’1|u|)du§1
k%)

if Jull o) = 1, then [, W(luhdp > |lull e g, Hence |lull v, < 1 if and only if

Jo W (lu)dp < 1, see also Lemma 4.
If ¥, ¥ is a complementary pair, then

Using (3), it is easy to see that if |u]l v ) < 1, then fQ Y(luhdpu < llullpe oy, and

t<v i Owle) <2t 5)

for all 0 <t < oo, and the generalized Holder inequality

/IM(X)v(x)Idu < 2llull v o) v, o) ©)
2

holds for all u € LY (£2), v € LY (2). If ¥ is real-valued, then each u € LY (X) is locally
integrable.

The maximal operator is bounded in LY (X)if ¥ is doubling and 2C¥ (1) < ¥ (Ct) for
each r > 0 with a fixed constant C > 1, see [32, Theorem 1.2.2], [10,20]. For an N-function
¥, the inequality above is equivalent to the doubling condition of . If ¥ is doubling, the
weak type estimate

WO (x € X Mu() > A)) < c/ W () du ™
X

holds for all u € LY (X) and A > 0. The constant C > 0 depends only on the doubling
constants of the measure u and the function ¥, see [19, Theorem 6.2.1], [43, Lemma 6.18].

2.2 Orlicz—Sobolev spaces

We recall the definitions and some properties of Orlicz—Sobolev spaces defined using pairs of
integrable functions and upper gradients in metric measure spaces. For proofs, see [43], and
for discussion on upper gradients, also [25,41,42]. The spaces N ¥ (X) with N-function ¥
are studied also in [5].

A Borel measurable function g > 0 is an upper gradient of a function u in an open set
2 CXif

lu(x) —u(y)l < /gds ®)

Y

for each pair of points x, y in £2, and all rectifiable curves y joining x and y in £2. We require
that if the right-hand side of (8) is finite, then also the left-hand side is finite and well defined.

The Sobolev space N LY (2) consists of functions u € LY (§£2) which have a ¥-weak
upper gradient g € LY (£2) in £2. Being a ¥ -weak upper gradient in £2 means that inequality
(8) holds for u and g except for a family of compact, rectifiable curves in £2 with zero
V¥ -modulus. If there is no risk of confusion, ¥ -weak upper gradients are called weak upper
gradients. For definition and properties of ¥ -modulus, see Sect. 4 and [43].
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40 H. Tuominen

The space N L¥((2) is a Banach space with the norm

lullyrw 2y = lullpv (@) + infliglle o) O]

where the infimum is taken over weak upper gradients, or, equivalently over upper gradients.
If ¥ is doubling, then each u € N'¥ (X) has a minimal weak upper gradient g, € L¥ (X)
which means that [|g, || ¥ x) equals the infimum above.

Note that if ¥ (r) = tP, p > 1, we obtain the Sobolev space NLP(£2), defined by
Shanmugalingam [41].

Density of Lipschitz (or continuous) functions in N¥ (X) is an important property im-
plied by the doubling condition of ¥ and a Poincaré inequality on X. Recall that X supports
a Poincaré inequality if there exist constants Cp > 0 and o > 1 such that

][|u —upldp < Cpr][gdu
B

oB

foreachu e LIIOC(X ) and every upper gradient g of u in each ball B = B(x, r). Note that, if X
is proper, the constant o can be assumed to be 1. Namely, if X is a length space, which means
that the distance between any two points is the infimum of the lengths of the curves connecting
the points, then the constant o can be taken to be 1 by enlarging Cp. In a proper space that
supports a Poincaré inequality, the metric d can be replaced with a bi-Lipschitz equivalent
length metric, and the space with the new metric also supports a Poincaré inequality, see [23,

Chapter 9].

3 Capacity and quasicontinuity of N1'¥ (X)-functions

We use a capacity that is based on the norm (9); the ¥ -capacity of aset E C X is
Capy (E) = inf { |lully1vx) :u € N"¥(X),u > 1 on E}. (10

The functions u in (10) are called test functions for Capy, (E). If there are no test functions,
then we set Capy (E) = oo. The W-capacity is an outer measure, and the infimum in (10)
is reached by using test functions which satisfy 0 < u < 1, see [43, Chapter 7]. Note the
difference between the ¥ -capacity and the p-capacity which is defined as the pth power of
the NP (X)-norm, see [41].

A functionu: X — Ris ¥-quasicontinuous if for every ¢ > 0 there isan openset U C X
such that Capy, (U) < ¢ and u|x\y is continuous. Usually, we omit the prefix ¥.

Next we prove some capacity estimates. The first lemma provides a lower bound for the
capacity of an arbitrary set of positive measure. The next one gives an estimate for the capacity
of a ball.

Lemma 1 Assume that ¥ is strictly increasing and E C X. If Capy (E)=0, then u(E)=0.
If u(E) > 0, then

1 —1
W(E) < (lp(Caplp(E))) ' (1n

Proof Thefirstclaimis provedin [43, Proposition 7.4]. Assume that u(E) > O,u € N Lv(x )
and u|g > 1. Using (3), we have

1 1 1
1/ v —))a _/w( d/*l(—))d _/—d =1,
X/ ('”' (M(E))) “>E e ) M e ™

E
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Pointwise behaviour of Orlicz—Sobolev functions 41

and hence [ull v x)> @~ (w(E)~")~!. The claim follows because Capy (E) >
(&~ (w(E)~1))~! by the definition of ¥-capacity.

For the next lemma, recall that if £ C X is of finite and positive measure and ¥ is
continuous and ¥ (t) = 0 only if + = 0, then

1 —1
IXEll e x) = ('1'“ (M)) : (12)

Moreover, |lull v 4y = [luX all v x) for all measurable sets A C X.

Lemma 2 [f ¥ is doubling, then for each ball B(x, r),

; 1 -1 1
Capy (B(x,r)) <2Cy (q/ (m)) max{;,l]. (13)

Proof For aball B = B(x, r), the function

(2r —d(y.x))/r. ify € 2B\B,
u(y) =11, ify € B,
0, ify e X\2B

is r ~!-Lipschitz and has an upper gradient g, = r~' X 2BE Since u is a test function for the
capacity Capy (B), using (12) and the doubling condition of 1, we have that

Capy (B) =< |lullyrexy < lullpwxy + 18ullLw (x)

< (14 Y iantiren = (14 5) (v (—))
- r 2BILY (0 r n(2B)

1 . 1 ! 1 1!
S(H?)(W (CuM(B))) S(HF)C“(W (mB))) 9

The last inequality holds because ¥ ~!(¢)/¢ is decreasing and C,, > 1. The claim follows
since the upper bound for (1 + 1/r)is2/rif0 <r <land2ifr > 1.

Proposition 1 Assume that ¥ is doubling and that there are constants C > 1 and Q >
log, Cy such that u(B(x,r)) < Ceror each ball B(x,r), 0 <r < 1. Then

Capy (E) < C.(Q/1og, CW*l)(E)

forall sets E C X.

Proof Denote « = log, Cy, where Cy is the doubling constant of ¥. Let E C X and
B; = B(x;, r;) be balls such that E C U; B; and r; < 1 for all i. By the subadditivity of the
Y -capacity, Lemma 2 and the upper bound for the measure of balls B;, we have that

%) e’} 1 —1
Capy (E) < > Capy (B;) <2C, > r! (LU_I(M(B‘)))
i=1 i=1 !

_1 00
ot (w (%) <C Y e,
Cr; i=1

Mg i

<2C,
1

@ Springer



42 H. Tuominen

The last inequality follows from (4) and the fact that L) /1t is decreasing. Namely, since
YY) < Cyrw(1) forallr > 1 and ¥~ (ar) > a¥~'(r) for 0 < a < 1, we have that

(1) > min[ Ve

b CwlI/(l)]

The claim follows from the definition of J#2/¢~1(E).

Note that Proposition 1 implies, that a set of zero (Q/log, Cy — 1)-Hausdorff measure
has zero V¥ -capacity.

Variational Orlicz capacity, where the infimum is taken over norms of upper gradients of
compactly supported test functions and a connection with a Hausdorff measure on metric
spaces are studied in [8]. For a connection between Orlicz capacity and Hausdorff measure
in the classical case, see [15,36].

3.1 Quasicontinuity

Recently, in [7], Bjorn, Bjorn and Shanmugalingam showed that if X is proper, £2 C
X is open and continuous functions are dense in Nl’p(X), then each u € NLP(2) is
p-quasicontinuous. The main tool in the proof of p-quasicontinuity is the outer regularity
property of sets of zero p-capacity [7, Proposition 1.4]. We will generalize the quasiconti-
nuity property to spaces N ¥ (X). The proofs are modifications of the corresponding results
in [7].

Theorem 1 If X is proper, ¥ is doubling, 2 C X is open and continuous functions are
dense in N“¥ (X), then each function u € NWY(2)is quasicontinuous.

Lemma 3 Let X be proper and let ¥ be doubling. If E C X with Capy (E) = O, then for
each ¢ > 0 there is an open set U such that E C U and Capy (U) < ¢.

Proof Let E C X with Capy (E) = Oandlete > 0,0 < § < 1. Assume first that E
is bounded. Since Capy (E) = 0, u(E) = 0 and the ¥-modulus of the family of non-
constant, compact, rectifiable curves that intersect E is zero, see [43, Proposition 7.4]. Hence
Xg € N (X), (has the zero function as a weak upper gradient), and there is an upper
gradient g € LY (X) of X . Since ¥ is doubling, the function ¥ (g) is in L! (X), and by the
Vitali-Carathéodory theorem (see, e.g. [39, Theorem 2.25]), there is a lower semicontinuous
function 7 € L'(X) for which 0 < ¥ (g) < h.
Now the function

p=0"'h+1) =" h

belongs to L{Iéc (X) and is lower semicontinuous. For the lower semicontinuity, note that
v~ is continuous as the inverse function of the strictly increasing and continuous function.
Moreover, the doubling condition of ¥ implies that p > lll_l(l) > 0; this is needed in
[7, Lemma 3.4].

By the Borel regularity of u and the absolute continuity of the integral, there is a bounded
open set V such that £ C V and

/L(V)+/W(p)d/¢ <8. s5)
4
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Pointwise behaviour of Orlicz—Sobolev functions 43

Define

u(x) = 2min l,inf/,ods R
v

where the infimum is taken over all rectifiable curves, including constant ones, that connect
xto X\V.

Since the function inf fy pds is lower semicontinuous by [7, Lemma 3.4], u is lower
semicontinuous as a minimum of two lower semicontinuous functions, and hence measurable.
The function 2p is an upper gradient of u by [7, Lemma 3.2]. Moreover, as # = 0 on a closed
set X\ 'V, we may use 2pXy as an upper gradient of u.

As g is an upper gradient of Xy and ¥ (g) < h,

1=XE(X)—XE(y)S/gdss/llf’l(h)dS§/pds
Y Y Y

whenever y is a curve that connects x € E and y € X\V.Henceu =2 on E.

The set U = {x € X : u(x) > 1} is open by the lower semicontinuity of u«. Since
u € N"¥(X), it is a test function for the Y -capacity of U. Using (12), (15) and Lemma 4,
we have that

Capy (U) < ullyrexy < lullpexy + 120X viiLe x)
=2 Xvlipwx) + 2lpXviiLy x)

1 -1
<2 (llfl (—MV))) +2llplLe vy
-1
<2 (tp—l (é)) +2(Cyd)!/ et (16)

Since we also have that E C U, the claim follows by selecting § so small that the last row of
(16) is less than .

The case of unbounded E is proved as in [7] by writing E as a countable union of bounded
sets and using the first part of the proof for these bounded sets.

By [7, Proposition 1.2], each function of N7 (£2) has a p-quasicontinuous representative
even without the assumption that X is proper. For £ = X, this result follows from [41]. An
essential part of the proof is [41, Proof of Theorem 3.7], which shows that if a sequence of
continuous functions converge to v € N7 (X) in N'"7(X), then a subsequence converge to
a function of N7 (X), uniformly outside open sets with arbitrarily small p-capacity and the
limit function equals v p-quasi everywhere.

Note that, in [43], the result that N'¥ (X) is a Banach space is proved without capacity.
However, the proof of [41, Theorem 3.7] works for N l""’(X ) with obvious modifications,
(see also [5, Theorem 3.19]). Since also the remaining part of the proof of [7, Proposition
1.2] holds for N1¥(£2), we see that each function u € N'¥(§2) has a quasicontinuous
representative whenever ¥ is doubling and continuous functions are dense in N ¥ (X).

Proof of Theorem I Letu € N“¥ (£2) and ¢ > 0. By the above discussion, u has a quasi-
continuous representative u™* and the ¥ -capacity of the set E = {x € £2 :u(x) # u™(x)}is
zero. By Lemma 3, there is an open set U such that £ C U and Capy (U) < ¢. Since u™ is
quasicontinuous, there is an open set V with Capy (V) < & such that u*|x\y is continuous.
Since u = u* on X\ (U U V) and Capy, (U U V) < 2¢, u is quasicontinuous.
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44 H. Tuominen

Using Theorem 1, we obtain important properties of ¥ -capacity.

Corollary 1 Assume that X is proper, ¥ is doubling and continuous functions are dense in
NYY(X). Then

1. the W-capacity is an outer capacity;
Capy (E) = inf {Capy (U) : U is open, E C U}

forall sets E C X.
2. if (K;) is a decreasing sequence of compact sets and K = N2 | K;, then

Capy (K) = lim Capy (K;).
1—> 00

Proof The proof of the outer regularity is similar to the proof of [7, Corollary 1.3], replace
NLP(X) with NM¥ (X) and the p-capacity with the ¥-capacity.

Let then K;, i € N, be compact sets such that K;+; C K; forall i, K = ﬂ;’i]Ki,
and let ¢ > 0. By the outer regularity, there is an open set U containing K such that
Capy (U) < Capy (K) + ¢. Since K is compact, K; C U for large i, and hence

1lim Capy (K;) < Capy (U) < Capy (K) +&.
1—> 00
By letting ¢ — 0, we have lim;_, oo Capy, (K;) < Capy (K).
The claim follows because Capy, (K) < lim;_,  Capy (K;) by the monotonicity of the
Y -capacity.
4 Lemmas

The first lemma provides an inequality between integrals and Luxemburg norms. By this
lemma, the ¥-capacity and the Orlicz—Sobolev capacity of [36] have same null sets.

Lemma 4 Let ¥ be doubling, U C X, u € LY (U), and lullpw @y > 0.
If [ W(uD)dp <1, then

1/log, Cy
/W(|M|)dﬂ = lullpe @) = Cq,/lll(lul)d,u, . (17)
U U
If [, W(uDdp = 1, then
1/log, Cy
Cflw/W(WDdM =< llullpe @) E/W(Iul)du. (18)
U U

Proof The first inequality of (17) and the second of (18) are easy, see Sect. 2.1. Denote
lull = llull vy and assume that [lu|| < 1. Since ¥ is doubling, using (4) we have that

fo(i)-r
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Pointwise behaviour of Orlicz—Sobolev functions 45

see [37, Proposition II1.3.4.6]. Using the doubling condition of ¥, we obtain

|u| 1 log, Cy
l=[¥|-—)=<Cy|— Y (lul) du,
/ (Ilull) (IIMII) /
U U

from which the second inequality of (17) follows.
Assume then that ||u|| > 1 and denote

1/log; Cy

a=(co' [wiupan
U

If [, ¥(lul)dpn > Cy, then (4) gives

) _ 1 Cu ~
Jw(a) =Cul, wwnw/“'”')d“‘l'

%

If1< fU Y (lul)dpn < Cy, then by (3)

/q/(%') > é/lll(lul)d,uZ/‘I’(WDdMZ L.
U U 4

The first inequality of (18) follows from the definition of the Luxemburg norm.

The following lemmas, counterparts to results for generalized gradients in [22,29], hold
for weak upper gradients defined either using the p- or ¥ -modulus, and hence for functions
of both N7 (X) and N'-¥ (X). Recall that the ¥ -modulus of a curve family I" is

Mody (I") = inf || p|l Lv (x)

where the infimum is taken over all non-negative Borel-functions p that satisfy | y P ds > 1
for all locally rectifiable curves y € I', see [43]. The first lemma, which is essentially proved
in [43, Lemma 6.15] and in [42, Lemma 2.14] for N7 (X), is a version of the Leibniz
differentiation rule.

Lemma5 Ifu € N'"W(X) and ¢: X — R is a bounded L-Lipschitz function, then ug €
NV (X). Moreover, if g, € LY (X) is a weak upper gradient of u, then the function

80 = (Gull@lloo +4Llul) Xx\r,

where F = {x € X : ¢(x) = 0}, is a weak upper gradient of ug.

We will need the next lemma only in the case where the weak upper gradient sequence is
a constant sequence.

Lemma 6 Let 2 C X be an open set, and let (u;) be a sequence of measurable functions
with a corresponding sequence of weak upper gradients (g;). If u = sup; u; is finite almost
everywhere, then g = sup; g; is a weak upper gradient of u in 2.

Proof For each i € N, let I'; be the curve family in £2 with zero ¥-modulus such that

(8) holds for the pair u;, g; for all curves y ¢ I;. By the subadditivity of ¥-modulus, the
Y -modulus of I' = U; I is zero, too.

@ Springer



46 H. Tuominen

Lete > O and let y ¢ I" be a curve with endpoints x and y. Assume first that |u(x)| and
|u(y)| are finite. We may assume that u(y) < u(x) < oo. Leti € N such that u; (x) + & >
u(x). Since u(y) > u;(y), g; is a weak upper gradient of u;, and g > g;, we have that

lu(x) —u(y)| = ux) —uly) <ui(x) +¢&—ui(y)

S/gids—i-ef/gds—}-e.

Y Y

The claim in the case where u is finite in the endpoints of y follows by letting ¢ — 0.
For the general case, let I« be a family of curves y C §2 for which |u| = oo on some
subcurve of y, and let

A={z€ 82 :|uzx)| =00}, h=o00Xy4.

Since u is finite almost everywhere in £2, u(A) = 0 and h € LY (£2). As [, hds = oo for
all curves y € I's, Fuglede’s characterization [17, Theorem 2], [43, Lemma 3.3], implies
that Mody (') = 0. By the subadditivity of modulus, Mody (1" U I'y,) = 0, too.

Let now y ¢ I' U 'y, with endpoints x and y. We may assume that u(x) = oo and
lu(y)] < oo, since otherwise, by the selection of Iy, there is a point z € y such that
lu(z)] < oo, and we would estimate subcurves connecting x to z and z to y separately.
Let u;(x) be a subsequence such that u; (x) — u(x) as i — oo. By the selection of the
subsequence, there is ip € N such that u; (x) > u(y) asi > ig. Then, fori > iy, we have that

[i (x) —u(Y)| = ui(x) —u(y) < u;i(x) —u;i(y) S/gi ds S/gdS-
Y 14

The claim follows by letting i — oo.

Lemma 7 Let u be a measurable function with a weak upper gradient g. If h: X — [0, o]
is a Borel-function such that g < h almost everywhere, then h is a weak upper gradient of u.

Proof Let Iy be the curve family with zero ¥-modulus such that (8) holds for u and g
for every curve y ¢ . Moreover, let I be a family of non-constant curves y for which
fy gds > fy hds. Then, for each y ¢ I'p U I't with endpoints x and y, we have that

Iu(x)—u(y)ls/gdss/hds.
Y Y

Hence, by the subadditivity of modulus, it suffices to show that Mody (177) = 0. This follows
from [43, Lemma 3.4] because the set E = {x : g(x) > h(x)} has zero measure, and
Y (y NE) > 0foreachy € I.

5 Lebesgue points

In this section, we will show that the discrete maximal operator, defined by Kinnunen and
Latvala [29], is bounded in N Lw (X). This result is then used to show that almost all points,
in the ¥ -capacity sense, are Lebesgue points of Orlicz—Sobolev functions.

Letr > 0,andlet { B;}{2, be a covering of X by balls of radius r such that Zfil Xep; (x) <
N forall x € X. Let (¢;) be a partition of unity for the covering {B;} such that >; ¢; (x) = 1
forall x € X,0 < ¢; < 1in X, ¢; > C in 3B;, suppy; C 6B;, and that each ¢; is
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L /r-Lipschitz, see for example [12,40]. All constants of {B;} and (¢;) depend only on the
doubling constant of p. The discrete convolution of u is

oo
u(x) = > gi(x)uzp, x€X.
i=1

Below, we will show thatif u € N1-¥ (X), then both |u|, and .#* u (see 19) are in N-¥ (X),
in particular, the operator .#™* is bounded in the Orlicz—Sobolev space.

Since we are going to use Lemma 6 for functions |u|,, we numerate the positive ratio-
nals and choose for each radius r; a covering {Bij } consisting of balls of radius r;, and a
corresponding partition of unity as above.

The discrete maximal function of u € Llloc(X ) related to coverings {Bi] }is

M u(x) = sup |ul,; (x), x€X. (19)
J

The maximal operator .#™* depends on the covering but the estimates below are independent
on the covering.
By [29, Lemma 3.1], there is a constant C = C(C},) such that

C' Mux) < 4 ulx) < C.#ux) (20)

for each u € LllOC (X) and all x € X. Hence, if the maximal operator is bounded in LY (X),
then
||<///*”||LW(X) S ClA ullpwxy < Cllullpe x) (21)

with C = C(C,,, @) forallu € LY (X).
The following two proofs are easy modifications of the proofs of [29, Lemma 3.3, Theorem
3.6]. For the readers convenience, we recall the main details of the proof.

Lemma 8 Assume that X supports a Poincaré inequality, ¥ is doubling and the maximal
operator M is bounded in LY (X). Ifu € N“"¥(X), then |u|, € N"¥(X) and C .# g is a
weak upper gradient of |u|, whenever g € LY (X) is a weak upper gradient of u. Moreover,
el L e xy < Cllullpre xy-

Proof Letu € N'¥(X) and let g € LY (X) be a weak upper gradient of u. Then |u| €
NL¥(X) and g is a weak upper gradient of |u|.

A weak upper gradient of |u|,: Since Y ; ¢;(x) = 1, we have for each x € X that

[e.¢] oo
lulr () = D" @i()ulsg, = u@) + D @i(x)(ulss — [uEx))),
i=1 i=1
where the sum is over finitely many terms only by the bounded overlap of balls 6B;.

Now the function g+ 2| g;, where g; is a weak upper gradient of the function ¢; (|u|35, —
|ul), is a weak upper gradient of |u|,. By Lemma 5 and the properties of the functions ¢;,

(g + Cr7"ul — lul3p ) X6,

is a weak upper gradient of ¢; (Ju|3p, — |u|). Hence, by Lemma 7, it suffices to estimate
[lu| — |ul3p;|. Asin [29, Lemma 3.3], a standard telescoping argument, the doubling property
of u and the Poincaré inequality show that

()| — |ul3p;| = Cr .4 g(x)
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for almost all x € X, and hence we can select g; = (g + C .# g)X¢p,. Using the bounded
overlap of the balls 6 B;, and the fact that g(x) < .# g(x) for almost every x by the Lebesgue
differentiation theorem, we conclude that the function g, = C .# g is a weak upper gradient
of |ul.

Norm estimate: Since |u|,(x) < .#* u(x) forall x € X, the boundedness of the maximal ope-
rator and (21) imply that |[|ul-|l v x) < Cllullpe x)- Similarly, |gu, IL¥ xy < ClIgllL (x)
by the boundedness of the maximal operator. The claim follows by choosing g to be the
minimal weak upper gradient of u.

Theorem 2 Assume that X supports a Poincaré inequality, ¥ is doubling and the maximal
operator M is bounded in LY (X). Ifu € N“W (X), then .#* u belongs to N"¥ (X) and
.z* ullyre xy < Cllullyre xy.-

Proof The claim .#*u e L¥(X) follows from (21), and hence .#* u is finite almost
everywhere. Since C.# g € LY (X) is a weak upper gradient of lul,; for all j € N,

A*u e NV (X) with a weak upper gradient C .# g by Lemmas 6 and 8.
As in the proof of Lemma 8, we obtain the desired norm estimate by choosing the minimal
weak upper gradient g of u and combining LY -norm estimates for .#* u and C .4 g.

Note that similar arguments as the proof of Lemma 8 show that u,(x) — u(x) asr — 0
for almost every x € X, and that u, — u in LY (X). Namely,

lur () = u@) < D @ (O u(x) —usp,| < D lu(x) —uzp| < Cr.# g(x),  (22)

i=1 i

where the last sum is taken over such indices i” for which x € 6B;. The right-hand side of
(22) tends to zero as r — O for almost every x € X because .# g € LY (X).

Theorem 3 Assume that X is proper and supports a Poincaré inequality, ¥ is doubling and
the maximal operator is bounded in LY (X). Then for eachu € NYW(X)thereisaset E C X
with Capy (E) = 0 such that

linz) ][ lu —u(x)|du =0 (23)
r—
B(x,r)

forallx € X\E.
We will use the following modification of a part of [24, Theorem 2.11] to prove Theorem 3.

Lemma 9 Assume that X is proper, ¥ is doubling, continuous functions are dense in
NUY(X), and that there exists a constant C > 0 such that

Capy, x € X : lim sup ][ luldu > A <! el yrw xy (24)
r—0
B(x,r)

for every & > 0 and all u € N“Y¥ (X). Then for each u € N“"¥(X) there is a set E with
Capy, (E) = 0 such that (23) holds for all x € X\ E.
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Proof Letu € N"¥ (X), » > 0and ¢ > 0. It suffices to show that

limsup][ lu(y) —u(x)|du(y) =0

r—0

B(x,r)

outside a set of capacity zero. Define

E) = §x :limsup ][ lu —ux)|du > A
r—0
B(x,r)

Let v € N'¥ (X) be a continuous function such that ||u — v|ly1w x) < €. Since u is quasi-

continuous by Theorem 1, the function w = u—v belongs to N¥ (X) and is quasicontinuous.
Since u = v + w, the estimate

lu(y) —ux)| < [vx) —v()| + [wx) — w(y)l

and the continuity of v imply that

lim sup lu —u(x)|dp < limsup ][ lw—wx)|du
r—0 r—0
B(x,r) B(x,r)

< limsup][ lw|du + |w(x)| (25)

r—0
B(x,r)

for all x € X. Hence
Capy (Ey) < Capy x : lim sup ][ lwldu > 1/2
0
"~ B(x,r)

+ Capy ({x : [w(x)| > 1/2}), (26)

where assumption (24) and the fact that |||w][| y1.# x) < [lwlly1.vx) imply that

Capy, x : limsup ][ lwldpu > 1/2 < ci! ||w||N17.p(X).
r—0
" B(x,r)

Moreover, since 2.~ |w| is a test function for the last capacity of (26), we have
Capy ({x : [w()| > 2/2)) < 227wl y1v x),
and hence
Capy (E) < C)7 [wllyrexy) < CA7 e

Letting ¢ — 0, we conclude that Capy (E;) = 0 for all A > 0. By selecting A = 1/i for all
i € N, we have

oo
E = {x :limsup ][ lu —ux)|du >0¢ = U Eiyi,
r—0 i—1
B(x,r)
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where Capy, (E1/;) = 0 for all i. Hence Capy, (E) = 0 by the subadditivity of capacity, and
the claim follows.

Proof of Theorem 3 By Theorem 9, it suffices to show that there is a constant C > 0 such
that

Capy, x € X : lim sup ][ luldu > A <cr! llullyre x)
0
" B(x,r)
for all A > 0 and every u € NL¥(X). Since lim suprﬁofB(x " luldu < A u(x) for all
x € X, itis enough to show that

Capy ((x € X : A u(x) > 1)) < CA ™ ullyro x) 27)

for all such u and A.
For weak type estimate (27), let u € N]’W(X), A > 0, and let .Z* u be the discrete
maximal function of u. By (20),

F={xeX:Mux)>rCl{xeX:CM u(x)>1r}=E.
By Theorem 2, Cr= Y *u e N“¥(X) is a test function for Capy (E). Hence
Capy (F) < Capy (E) < CA™ | ullyrw ) < CA™ ullyrw x).
from which the theorem follows.

Remark 1 1. With the assumptions of Theorem 3, lim,_,¢ ﬁ?(x,r) udp = u(x) outside of
a set of capacity zero.

2. If WhY(R") is reflexive, then the proofs of the main results of [28,30] generalize to
W ¥ (R™); both the Hardy—Littlewood maximal operator and its local version are boun-
ded in the Orlicz—Sobolev space. This is studied in [16]. Is the Hardy-Littlewood maximal
operator bounded also in N L¥ (x)?

3. The results above imply that functions of N'!'”(X) have Lebesgue points outside of a set
of zero p-capacity if p > 1 and the doubling space X supports a Poincaré inequality.
However, this result follows also from [29] since N 7 (X) and the Hajtasz—Sobolev space
MLP(X) (cf. [21]) studied in [29] are isomorphic as Banach spaces by [42].

6 Holder quasicontinuity

In this section, we show that Holder continuous functions are dense in N''¥ (X)) both in norm
and the Lusin sense.

We need two maximal functions. Let0) <o < 00,0 < 8 <00, R > 0,andu € LIIOC(X).
The (restricted) fractional maximal function of u is

My gru(x) = sup r* ][ lu|du.
0<r<R
B(x,r)
If R =00, welet #yu = My oou. If a =0, the we obtain the usual (restricted) Hardy—
Littlewood maximal function. The (restricted) fractional sharp maximal function of u is

wh g(x)= sup r7P ][ lu — upeer|dp,
0<r<R
B(x,r)

#

and u’; = Uy oo
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We cannot prove Theorem 5 directly for the space N'¥ (X). Hence we need an other
definition of Orlicz—Sobolev spaces on metric spaces. This definition is a generalization of
MP(X) and is based on a pointwise inequality.

A measurable function g > 0 is a generalized gradient of a measurable function u,
g € D(u), if there is a set E C X with u(E) = 0 such that

lu(x) —u(y)| <d(x,y) (g(x) +g(y) (28)

forall x, y € X\ E. Given a Young function ¥, the Orlicz—Sobolev space M ¥ (X) consists
of functions u € LY (X) for which there exists a function g € L¥ (X) N D(u). The space
M"Y (X), equipped with the norm

lullprw xy = Nullpw xy + infligliLe x), (29)

where the infimum is taken over all functions g € L‘I’(X ) N D(u), is a Banach space,
see [4, Theorem 3.6].

Next we show that if ¥ and the space X are nice enough, then the definitions of N 1% (X)
and M"¥ (X) give the same space.

Theorem 4 Assume that ¥ is a doubling N-function, the maximal operator is bounded in
LY (X) and that X supports a Poincaré inequality. Then NV¥ (X) = M'“W¥ (X) and the
norms are comparable.

Proof By [43, Theorem 6.22] (see also [41, Chap. 4]), for each u € M“I’(X) there is a
representative (u itself if continuous) which belongs to N L¥(X). Moreover, if g DN
LY (X),then2g is aweak upper gradient of u. Hence M % (X) ¢ NL¥(X)and lullyre xy <
2||M||M1¥/(X)

For the other direction, let u € N1¥(X) with a weak upper gradient g € LY (X). By
[22, Lemma 3.6], the inequality

ux) —u(y)| < Cd(x, y) (uf () + uf ()
holds for almost every x, y € X. Since the Poincaré inequality implies that
i (x) < C. g(x)

for all x € X, we have that C .# g € D(u). The claim follows from the boundedness of .Z .

In this section, we use the representative i,

#(x) = lim sup ][ udp (30)

r—0

B(x,r)
for u € N'¥(X) and denote it by u. By Theorem 3, the limit of the right-hand side of (30)
exists and equals u(x), except on a set of ¥ -capacity zero. Moreover, since the inequality

() = w0 = €A, 3 (40 + 1 4g) ) 31

holds for every x, y € X and for all 0 < 8 < 1 by [22, Lemma 3.6], we see that u is Holder
continuous with exponent g if ||u§ oo < 00.

Theorem 5 Assume that X is proper, ¥ is a doubling N -function, the maximal operator 4
is bounded in LY (X) and that X supports a Poincaré inequality. If u € N¥ (X), then for
any 0 < B < 1 and each & > 0, there is an open set $2 and a function v € N"¥ (X) such
that
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u=vinX\52,

v is Hélder continuous with exponent 8 on every bounded set of X,
lu —viiyiex) <é

%”oso_(l_ﬁ) (£2) < &, where s is the doubling dimension of .

L=

In the proof, we first assume that # vanishes outside a ball. The general case follows
by using a localization argument. We will correct the function in “the bad set”, where the
fractional sharp maximal function is big, using a discrete convolution. That kind of smoothing
technique is used to prove corresponding approximation results for Sobolev functions on
metric measure spaces in [22, Theorem 5.3] and [31, Theorem 5].

For the bad set, we will use a Whitney type covering from [12, Theorem III.1.3],
[34, Lemma 2.9]. For an open set U C X, then there are balls B; = B(x;,r;),i € N,
where r; = dist(x;, X\ U)/10, such that

the balls B(x;, r;/5) are pairwise disjoint,

U =UiB(x,ri),

B(x;,5r;) C U,

if x € B(x;, 5r;), then 5r; < dist(x, X\U) < 15r,
there is x* € X \U such that d(x;, x}') < 15r;, and
> X By 5r)(x) < M forallx € U.

S

We need the following technical lemma for the Whitney covering. We omit the proof
which consists of simple calculations using the properties of the Whitney covering and the
doubling property of w. All constants depend only on the constants of the Whitney covering,
or on the doubling constant of .

Lemma 10 Let # = {B;} be a Whitney covering of an open set U. Let x € B;,, y € B,
where Bj, Bi, € %, and § = 1/4max{dist(x, X\U), dist(y, X\U)}.

1. Ifx € 2B, then2/3r; <ri, <3/2r;.
Lety € 2B; and d(x,y) < 6. If dist(y, X\U) < dist(x, X\U), then y € 5B;, and
1/2r; < ri, < 3r;. Otherwise x € 5B;, and 2/3r; < riy < 3/2r;. In both cases,
ri &1, ~ dist(x, X\U).

3. Ifxoryisin2B; andd(x,y) <6, then

2B; C B(x, Cyr;) C B(x, Cariy) C B(x, Czdist(x, X\U))
and d(x,y) < Cyri. Moreover, 2B; C B(xl?;, Csri).

Proof of Theorem 5 Letu € N'-¥ (X) with a weak upper gradient g € LY (x).
Step 1 Suppose that the support of u is in B(xo, 1) for some xp € X. Let A > 0, and denote

E)\:{xeX:ug(x)>A}.

It is easy to show that E is open. By (31), u is Holder continuous with exponent 8 in X\ E;,.
We will correct the values of u in the bad set E, . For that, let Z = { B;} be a Whitney covering
of E;, and let (¢;) be a partition of unity for which supp¢; C 2B;,0 < ¢; < 1, each ¢; is
K /r;-Lipschitz, and Z;’i] @i (x) = X, (x), see for example [34, Lemma 2.16]. For each x;,
let x; be the “closest” point in X\ E;, given by 5.

We begin with the properties of the set E) .

Claim I There is Ay > 0 such that £, C B(xg, 2) for each A > Xg.
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Proof of Claim 1 Since suppu C B(xg, 1), it is enough to show that there is A9 > 0 such
that

r? ][ lu — upe.nldp < ro (32)

B(x,r)

forallx €e Xandr > 1.If B = B(x,r),r > 1 andr*ﬂj%lu —upldu = a > 0, then
B N B(xp, 1) # @ because suppu C B(xp, 1). Using the doubling property of u, the Holder
inequality (6) and inequality (12), we obtain

r‘ﬁ][ lu—ugldu < 2C;u(B(xo, 1)~ / luldp
B BNB(x0,1)
_ ~ _ _ —1
< Cu(B(xo, D) ullpw ) (¥~ ((Bxo, 1)),

from which Claim 1 follows. Note that ¥ ~!(s) > 0 for r > 0 by (5) and the doubling
property of ¥.

Claim 2 u(E;) — 0as A — o0.
Proof 1t easily follows from the Poincaré inequality that

wh g(x) < C M1 _p.RE(X)

forall x € X and R > 0. Moreover, if « < 1 and R > 1, then .# 4 g g(x) < R g(x).
Hence, if x € E; and A > XA¢, then by (32),

wh(x) =uf | (x) < CM-p)18x) < C.M g(x). (33)
Now the weak type estimate (7) for the maximal operator implies that

1(E;) < p(fx € B(x0,2) : 4 g(x) > CA) < COW (M) / (g dp.
X

Claim 2 follows because g € L¥ (X) and ¥ is doubling.
We define the function v as a Whitney type extension of u to the set E) by setting

u(x), ifx € X\E}L,
v(x) =
> 2 wi(x)uzp, ifx € Ej.

We will select the open set §2 to be E) for sufficiently large A > Xo. Hence claim 1 of
Theorem 5 follows from the definition of v. Since suppu C B(xp, 1) and E) C B(xp, 2) for
A > Ao, the support of v is in B(xg, 2).

Proof (Proof of 2—the Holder continuity of v) We begin with an estimate for |v(x) — v(X)],
where x € E; and x € X\ E;, is such that d(x, x) < 2dist(x, X\ E3). Denote

%x:{B,’GQEZXGZB,’},

and note that, by the bounded overlap of the balls 2B;, there is a bounded number of balls
in %,. Using the properties of the functions ¢; and the Whitney covering, we have that

@) — @) = D @) @@ —uzp)| < D [u(®) — uap,|. (34)

i=1 B
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and that 2B; C B(x, Cr;). Now
[(X) — uzp;| < [u(x) —up@i,crpl + luBE,criy — U281 (35)

where, for the first term on the right-hand side a telescoping argument shows that

(@) — upe.cnl < Crlub o, (). (36)

For the second term, the fact that B(x, Cr;) C CB; and the doubling property of p imply
that

lup@,cry —u2p;l < C ][ lu — upi,crpldp < Cr,-ﬁuﬁ,cn (X). 37
B(G,Cri)

Since r; & dist(x, X \ E;) by the properties of the Whitney covering, estimates (34)—(37)
show that

lv(x) — v(@)| < Cdist(x, X\ E)Pufy(¥) < Cdist(x, X\ E)P2, (38)

where the last inequality follows because x € X\ E}.
We will show that v is S-Holder continuous, that is,

lv(x) —v(y)| < CAd(x, y)ﬂ forall x,y € X. 39)
(1) If x, y € X\ Ej, then (39) follows from (31) and the definition of E) .
(ii) Let x, y € E; and d(x, y) > §, where
1
5= 7 max {dist(x, X\ E}), dist(y, X\ E»)},
and let x, y € X\ E, be as above. Then, by (38),

[v(x) — v = [v(x) = v@)| + [v(x) —v(P)] + [v(y) — V()
< Cidist(x, X\E,x)ﬂ + |v(x) —v(y)| + CAdist(y, X\E)\)ﬂ,
where [v(x) —v(y)| < CAd(x, y)ﬁ by (31) and the fact that x, y € X\E,. Sinced(x,y) > §
and
d(x,y) <d(x,x)+d(x,y)+d(y,y) <17d(x, y),

we have that |v(x) — v(y)| < CAd(x, y)P.
(iii) Assume then that x, y € E; and d(x, y) < §. Similarly as %, above, we let

B :{BiEﬂIyEZB[}.

Let Bj, be a Whitney ball for which x € Bj,, and let x;; be the closest point of xj, in X'\ Ej.
By the properties of the functions ¢;, we have that

oo
@) — v = | D (9i(x) — i (») (ulx}s) — uap,)
i=1
<Cdx,y) D 7 Mu)) — uagl. (40)
B UB,
We continue as in (35)—(37); by Lemma 10, we have that7; ~ r;, and that2B; C B(x;(‘), Csri),

and obtain
u(x}) — uzp,| < Crlub i) < crla. 1)
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Now (40) and (41) show that

d(x, y)'F
@) — vl < Crdx, ) > %

B.0B, Ti

The desired estimate follows because d (x, y) < C4r; by Lemma 10.
(iv) Finally, let x € E; with x as above, and let y € X\ E,. Then v(y) = u(y), and using
(38) and (31) we have that

[v(x) —v| = [v(x) —uy)] < Jvx) —v@)| + [u(x) — u(y)]
< Cadist(x, X\ Ey)P + Crd(y, )P < Cad(x, y)P.

The Holder continuity of v with estimate (39) follows from the four cases above.

Next we should show that v € Nl’u’(X). We have to show that v € LY (X), that it has
a weak upper gradient g,, and that the norms of v and g, are controlled by the norms of u
and g.

We begin with the integrability of v. By the properties of the Whitney covering, we have
for each x € E) that

P < D @i )ulan, < D ¢i () M WX ) (x) < C ol (X g,)(x),

i=1 i=1

and by the boundedness of the maximal operator, that

lvllpe xy < luXxe e x)y + ClA WX g ) e x)
< llullpwxy + Cllullpe g,y < Clullpy x)- (42)

To find a weak upper gradient for v, we use the equivalence of the spaces N'¥ (X) and
MUY (X). By Theorem 4 and the boundedness of the maximal operator, the function C .# g
belongs to D(u) N LY (X). We will show that C .# g € D(v) N LY (X). As in the proof of
the Holder continuity, we will consider four cases.

(i) By Theorem 4 and the choice of the representative of u, C .# g € D(u) and

lv(x) —v(W| = lu(x) —u()| = dx, y)(C .4 g(x) + C .4 g(y))

forall x,y € X\E,.
(i) If x, y € E; and d(x, y) < §, then similar calculation as in (40) shows that

) — v < Cdx,y) D 1 ulx) — uag,|, (43)
B UB,
where
l(x) — u2p;| < |u(x) — up,cirp)l + lUBx,Ciri) — U2B; 1 (44)

and2B; C B(x, Cr;) by Lemma 10. Using the Poincaré inequality and the doubling property
of 1, we have

lupx,cir) — u2p; | < C ][ | — up,cirpldin < Cri ][ gdu.
B(x,Cyrj) B(x,Cyr)

This together with a telescoping argument for |u(x) — u(x,c,r;)| shows that

lu(x) —uzp,| < Cri A g(x) (45)
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for almost all x. Since the number of balls in %, U %, is bounded, the estimates (43)-(45)
show that

[v(x) —v(W| = Cd(x,y) A g(x)

for almost all x, y € E; withd(x, y) <.

(iii) Let x, y € E, with d(x, y) > §. Using the properties of the functions ¢;, the fact that
C ./ g € D(u), similar estimates for |u(x) —u2p, | and |u(y) — u2p; | as in the previous case,
and Lemma 10 to conclude that r; ~ dist(x, X\ E}) for all B; € %, (and similarly for %)),
we have that

@) — v < D [u(x) —uzp | + D u(y) — uzg, | + u(x) — u()|,

B By

< Cdist(x, X\ E;) # g(x) + Cdist(y, X\ E») # g(y)
+d(x,y) (C.A g(x)+ C .4 g(y))

< Cd(x,y) (A g(x) + A4 g(y)) .

(iv)Ify € E;, and x € X\ E,, then
(o.¢]
@) — o) = lux) — v = D @MW) —uzg)| < D |ulx) — uap,|,
i=1 By
where, by the fact that C .# g € D(u), and by a similar calculation as for (44),
[u(x) —uap; | < |u(x) —u(y)| + lu(y) — uzp;|
<d(x,y)(C M g(x)+ C.HMg)+ Cri #g(y).
Since for B; € %y, r; ~ dist(y, X\ E,) and dist(y, X\ E;) < d(x, y), we obtain
vx) —v)| = Cd(x, y) (A g(x) + .4 g(y)) .

By the above calculation and the boundedness of the maximal operator, we conclude that
C.#gelL¥(X)and -2 gllLvx) < CliglLv (x)- Lemma 4 together with the continuity of
v shows that v € N1'¥ (X) and that C .# g is a weak upper gradient of v.

Proof (Proof of 3—Approximation in norm) Using the fact that v = u in X\ E, and (42),
we have that

lu —vllpexy = llu—vllpe g, < CllullLy g,

which tends to 0 as A — oo because u(E;) — 0 as A — o0, (see Lemma 4).

We have to find a weak upper gradient g, of u — v for which g || v (x) = 0asi — oo.
Since g and C .# g are weak upper gradients of u and v, C .# g is a weak upper gradient of
u — v. As u — v vanishes outside an open set E;, the function g; = C(# g) X, is a weak
upper gradient of u — v. As above, the boundedness of the maximal operator implies that

lgally xy = CllgXE Ly xy = ClglLy (g,
and hence [lu — v||y1vx) = 0as A — oo.
Proof (Proof of 4—Hausdorff content of E;) By (33) and Claim 1,
E, C {x € B(xo,2) : M 1-p),18(x) > C}»}
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for each A > A¢. Moreover, (3), the Jensen inequality and the continuity of ¥ imply that
V(A 1-p)18)(X) < A 1-p)1¥Y(Q(x).
Hence for A > X,
E, C{x € B(x0,2) : M 1-p)1 ¥(9)(x) > C¥ (M)}

Since ¥ (g) € LY (X), a weak type estimate for the Hausdorff content of the fractional
maximal function (see, for example [22, Lemma 2.6]), implies that

AP g < cw iy / w(g)dp. (46)
X

where C < 5°~U=A) (2 diam(B(xg, 2)))* u(B(xg, 2)) !, the claim 4 follows because the
right-hand side of (46) tends to 0 as A — oo.

Step 2 General case.
Let ¢ > 0. We cover X by balls of radius 1/10, and use the 5r-covering theorem to obtain
pairwise disjoint balls B(a;, 1/10) such that X C U?’;IB(aj, 1/2) and that the balls 2B,
where B; = B(aj, 1) have bounded overlap. Let () be a partition of unity for this covering
such that Z?ozl Yj(x) = 1 forall x € X, each v; is L-Lipschitz, 0 < ¢; < 1, and
suppvy; C Bj forall j € N.

Letu € NM¥ (X) with a weak upper gradient g € L¥(X), and let uj = uy;. Then

u(x) = ujx), (47)
j=1

and the sum is finite for all x € X. By Lemma 5, each u; is in N (X) and
8j = (g + Clu|)Xp,

is a weak upper gradient of u ;. Since suppu; C B}, the first step of the proof shows there
are functions v; € NL¥(X) and open sets £2; C 2B; such that

(1) v;=u;in X\, suppv; C 2Bj,

(i) v; € NY¥(X) is Holder continuous with exponent 3,
(i) Juj —vjllyrw gy <277e,

Gv) 5 1P (@) <277e,

(V) hj =C .« g; is a weak upper gradient of v;.
We define 2 = Uj’oz] £2;, and claim that the function v = Zjozl v; has properties 1-4. The
first claim follows from (i) and (47). The Hausdorff content estimate for §2 follows from (iv)
using the subadditivity of 72 """, By (39), we have

luj(x) —v; (V)| < Chjd(x, y)P

forall x, y € X. Since, by the proof above, the constant A ; depends on ¢ and on j, the Holder
continuity of the functions v; and the fact that suppv; C 2B; give Holder continuity of v
only in bounded subsets of X.

To complete the proof of Theorem 5, we have to show that v € N'¥ (X) and that the
norm estimate holds. By (iii), we have

o0 o0
Dy —vjliyrwx < > 27 e =e, (48)
j=1 j=1
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that is, the series Z;’OZ 1 (uj —v;) convergences absolutely, and hence converges in the Banach
space N1¥ (X). Since u = 35, u; is in N1¥ (X), also Zj‘;] v; converges in N1¥ (X).
Moreover, by (48) we obtain

J

oo
[ — U”NL\I/(X) = Z”u] - vj”N]v"’(X) <é&.
i=1

Remark 2 For the classical Orlicz—Sobolev space W!¥ (R") the proof of Theorem 3 is
shorter because the property that v € W% (R") follows easily using absolute continuity on
lines. Moreover, using the uniqueness of weak gradients, we obtain a better norm estimate
lu — vllwre gy < llullyre gy <e.
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