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Abstract We classify the profile curves of all surfaces with constant mean curvature in the
product space H? x R, which are invariant under the action of a 1-parameter subgroup of
isometries.
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1 Introduction

The theory of constant mean curvature (CMC) surfaces in R? or, more generally, into a space
form, has been an extensive field of research in the twentieth century, partially motivated
by the possible applications and by the intrinsic beauty of the subject. In the last decade,
the study of surfaces in three-dimensional manifolds with non constant sectional curvature
has grown very rapidly and particular attention has been given to the study of surfaces in
homogeneous three-manifolds with compact quotients (Thurston’s geometries). Geometri-
cally, the most interesting surfaces in these spaces are those with constant mean or Gauss
curvature, and among these there are those which present many symmetries, i.e. invariant
under the action of a subgroup of the isometry group of the ambient manifold. For surfaces
in a three-dimensional manifold the unique interesting (not trivial) subgroups of isometries
are the one-parameter subgroups and, in this case, any invariant surface can be rendered as
the orbit of a curve (the profile curve) by the action of the subgroup.
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668 I. I. Onnis

The study of invariant surfaces in the three-dimensional Thurston’s geometries has been
initiated by Caddeo, Piu and Ratto in [2], where they characterized the SO(2)-invariant CMC
surfaces in a three-dimensional homogenous space, and by Tomter, in [13], for the Heisen-
berg group Hj. Also, in [3], the authors described the profile curves of the SO(2)-invariant
surfaces with constant Gauss curvature in the Heisenberg group H3. Later, Montaldo and
Onnis, in [7], classified all the invariant surfaces with constant Gauss curvature in H3 and
in the space H? x R, which is the product of the hyperbolic plane H? (of constant curvature
—1) and the real line. In [4], Figueroa, Mercuri and Pedrosa presented the final classification
of all the invariant CMC surfaces in Hjs.

This paper is devoted to the study of CMC surfaces in the product space H> x R which are
invariant under the action of a one-parameter subgroup of isometries of the ambient space.
The aim is to complete the classification of such surfaces, that has been initiated by Montaldo
and Onnis in [5,6] and by Toubiana and Sd Earp in [11].

We shall use standard techniques of equivariant geometry, in particular the Reduction
Theorem of Back, do Carmo and Hsiang ([1], see also [4] for a detailed proof). The Reduc-
tion Theorem allows us to give a local description of the invariant surfaces by the study of
a system of three ordinary differential equations that characterizes the profile curve of an
invariant surface. Solutions of the above system can be studied qualitatively in virtue of the
existence of a first integral, namely J(s) = k, with k € R. Thus the classification of the
profile curves will be given in terms of the mean curvature H and of the parameter k (see
Theorems 2 and 3).

One major problem in the classification of all invariant surfaces is to determine the min-
imum number of one-parameter subgroups of isometries that generate (up to isometries of
the ambient space) all possible invariant surfaces. In this paper we solve this problem for the
invariant surfaces in the space H? x R (see Proposition 2). We prove that there are four types
of “independent” one-parameter subgroups: the group of rotations, the group of helicoidal
(screw) motions and two other groups which are now called parabolic and hyperbolic screw
motions.

The paper is organized as follows: in Sects. 2 and 3 we recall some basic results of equi-
variant geometry, in particular the Reduction Theorem, and some facts about the space H? x R
and its 1-parameter subgroups of isometries. Then, in the subsequent sections, we classify
the profile curves of the invariant CMC surfaces in the cases not considered in [5,6]. We end
the paper with the tables showing the plots of the profile curves for all invariant surfaces in
H? x R.

The results are part of the author’s doctoral dissertation at the University of Campinas,
Brazil, (see [9]) and were announced in [10]. Shortly after, in the pre-print [12], the author
obtained essentially the same results by using a different approach.

2 Basic facts

Let (N, g) be a Riemannian manifold and let G be a closed subgroup of the isometry group
Isom(N). If x € N, we will denote by hx the action of an element 2~ € G on x and
by:

o G(x):={hx :h € G}, the orbit of x,

o G, :=1{h e G: hx = x}, the isotropy subgroup of x,
A = N /G, the orbit space.
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Invariant surfaces with constant mean curvature in H2 x R 669

From the theory of Riemannian actions we know that:

e There exists a unique minimal conjugacy class of isotropy subgroups. Orbits with isot-
ropy in this class are called principal and the union of the principal orbits, denoted by
N;, is called the regular part of N. The set N; is open and dense in N.

e The isotropy group G, is compact and G(x) = G/Gy. All orbits with isotropy in the
same conjugacy class are pairwise diffeomorphic. In particular all principal orbits are
pairwise diffeomorphic.

e The regular part of the orbit space %, := N;/G is a connected differentiable manifold
(if N is connected) and the quotient map m : N; — 2, is a submersion.

Remark 1 The full orbit space may contain singularities due to the presence of non-principal
orbits. However, for the case of principal orbits of codimension < 2, which is the case of our
study, the orbit space is always a manifold, with or without boundary. In this case, the analysis
at the boundary (image of the non-principal orbits) may be carried out, even if conditioned
by the differential equations involved.

In the sequel we assume that N is three-dimensional manifold. Let X be a complete Killing
vector field on N. Then X generates a one-parameter subgroup G x of the isometry group of
(N, g).Let f : M*> — N3 be an immersion from a surface M into N. We say that f is a
G x-equivariant immersion, and f (M) a G x-invariant surface of N, if there exists an action
of Gx on M such that for any x € M and h € Gx we have f(hx) = hf (x). We will endow
M with the metric induced by f and we will assume that /(M) C N; and that N/Gy is
connected. Then f induces an immersion f : M/Gx — N;/Gx between the orbit spaces;
moreover, the space N;/ G x can be equipped with a Riemannian metric, the quotient metric,
so that the quotient map 7 : N, — N;/Gyx is a Riemannian submersion. Note that N./G x
is a surface and that f defines a curve in N;/ G called the profile curve.

It is well known (see, for example, [8]) that N;/G x can be locally parametrized by the
invariant functions of the Killing vector field X. If { f1, f>} is a complete set of invariant func-
tions on a G y -invariant subset of Ny, then the quotient metricis givenby g = Zijzl hidf;®
df;, where (h') is the inverse of the matrix (hij) with entries h;; = g(V fi, V f;). Here V
is the gradient operator of (N, g).

The mean curvature of an invariant immersion is well related to the geodesic curvature of
the profile curve as shown by the celebrated

Theorem 1 (Reduction Theorem [1]) Let H be the mean curvature of My C Ny and kg the
geodesic curvature of the profile curve M;/Gx C % with respect to the orbital metric g.
Then

H(x) = kg(m(x)) — Dy Inw(w(x)), x € M,

where n is the unit normal to the profile curve and w = \/g(X, X) is the volume function of
the principal orbit.

Remark 2 Theorem 1 was well known for compact groups. This version is due to Back, do
Carmo and Hsiang and appeared in the unpublished manuscript [1]. A published proof may
be found in [4].

3 The space H? x R

In this section we will recall some basic geometric properties of the space H> x R, in
particular we will describe the conjugacy classes of 1-parameter subgroups of isometries.
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670 I. I. Onnis

Let H? be represented by the upper half-plane model {(x, y) € R?|y > 0} equipped
with the metric gz = (dx? 4+ dy?)/y%. The space HZ, with the group structure derived by
the composition of proper affine maps, is a Lie group and the metric gy is left invariant.
Therefore, the product H? x R is a Lie group with respect to the product

Ly, ¥, )=, y.0x&"y. ) =&y+x, 9., 24+2) 1)

and the product metric g = gg + dz? is left invariant. With respect to the metric g an
orthonormal basis of left invariant vector fields is given by:

il

d
Ey=y—, E2=y@, 3=

0x

It is well known that the isometry group of H? x R has dimension four, the maximal
possible for a non constant sectional curvature three-dimensional space. In particular, we can
choose the following basis of Killing vector fields:

@?—y?) 0 2 (R 0
= ————+xy Xo=7—; Xz=x—+y—; X4=—.
2 ox 0z

X =
ay ax ax dy

Lets denote by G; the one-parameter subgroup of isometries generated by X;, by G;; that
generated by linear combinations of X; and X ; and so on. Explicitly, indicating by L the left
translation defined by (1), we have that:

G ={Z0001t € R}  with
Z1,0,0,0)(x, y,2) = (_Z[I(xz+y2)_2x], 4y ,z);
e (tx —2)2 4+ 12y 7 (tx — 2)% + 12y2
Gy ={Zo.r00lt €R} with  Zo100) = L.1,0);
Gz ={Zo0n0lt €R}  with  Z0,0,:,00 = L0.er,0);
Gy ={Lo00nlt €R}  with  Z0,00: = L,1,0)-

Remark 3 In the sequel we shall use the Killing vector field X}, = X1 + X»/2. The orbits of
X ]“2 are rotations in H? x R about the vertical straightline (0, 1, z). In fact, the integral curve of
this vector field through the point (xo, yo, zo) € H2 x R is given by % ;/2,0,0) (X0, Y0, 20) =
(x (1), y(1), z0), where

X+ vy =By +1=0,  B=(+x5+y)/%.
An easy computation shows that the hyperbolic distance from a point of the integral curve

/B2 _
to the point (0, 1, zg) is constant and equal to In (W) Therefore, the integral curves

of X7, are geodesic circles centred at (0, 1, zo) (see Fig. 1).

3.1 Congruent invariant surfaces

In the study of the surfaces which are invariant under the action of a one-parameter subgroup
of isometries appears naturally the problem of reducing the number of cases. In fact, there
are 15 essential possibilities to combine the basis of the Killing vector fields to produce a
one-parameter subgroup of isometries. The key ingredient in order to reduce the number of
cases is the following general criterium:
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Invariant surfaces with constant mean curvature in H2 x R 671

Fig. 1 Integral curves of X7, y

X
Table 1 Conjugated groups with the respective isometry ¢
Gx Gy pw,2)
G Gy (=2/w, 2)
Dy
G3 = {Z0,0,pt,0) - t € R} G13 = {Lat,0,p1,0) - t € R} ( T b b ’Z)
Jw+g
G3 G2z = {Z0,a1,—b1,0) 1 €R} (% z)
_ Sw—1
G3 G]2 = {,Z(['a,,o’()) it eR}, a<0 ( Wb Z)
G123 = {Lt,a1,01,0) - t €R} G2 ={Ly.c100):t €R}, c=2a—b%)2 (w+b,2)
G ={Lt.ar00) 1t €R} G = {Lprbij200 it €R), b2 =2a (J% z)

Proposition 1 Iftwo groups Gx and Gy are conjugated by an isometry ¢ of N (i.e. Gy =
@G xp~Y), then the respective invariant surfaces are congruent by ¢.

Proof Suppose that there exists ¢ € Isom(N) such that ¢ Gx ¢~! = Gy. Let M| be a
G x-invariant surface in N and set My = ¢(M1). The surface M3 is Gy-invariant:

GyMaz =Gy (9(M) = (9 Gx ¢~ N (@(M1) = 9(Gx M) = 9(M) = Ma.

Conversely, if M3 is a Gy-invariant surface, then it is congruent to the G x-invariant surface
given by ¢! (M3). O

Therefore, using Proposition 1, we can reduce the study of the invariant surfaces by ana-
lyzing the conjugacy classes of one-parameter subgroups of isometries. In Table 1 we list
the conjugated subgroups together with the respective isometry ¢ (the proof may be found
in [9]). We will use complex coordinates to represent a point w € H?, that is w = x + iy.

In Table 1 GTQ (respectively G,) is the one-parameter subgroup of isometries generated
by the vector field Xfrz = Xi1+aXs, witha > 0 (respectively X, = X1 +aX,,witha < 0),
and G7, is generated by X7,. Moreover, it is easy to check that given two Killing vector fields
X = Z?:l a; X; and Y = Z?:l b; X;, which are conjugated by ¢, then X = X + asX4
and Y = Y + a4 Xy, with a4 € R, are also conjugated by ¢. Therefore, denoting by “~”
conjugation of groups, we have:

G14~Gos, G34~Gi34, G34~Go34,
- +
G34~Gloy, G1234~Gi1a, Gipu~Glos

where Gf:z4 is the one-parameter subgroup generated by X E and X4, while the group G7,4
is generated by X7, and X4. The above discussion leads to the following:
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672 I. I. Onnis

Proposition 2 Let X be a Killing vector field in H? x R. Then any G x-invariant surface in
H? x R is congruent to a surface which is invariant under the action of one of the following
groups: Gaa, G34 or G1yy.

As the group G7,, mixes rotation with vertical translation will be called helicoidal group
and a G},,-invariant surface will be called helicoidal surface. In [5] it is given the complete
classification of the helicoidal CMC surfaces by using the disk model for the hyperbolic
plane, and in [6] by means of the upper half-plane model. In the above papers it is also
studied the case of the G4-invariant CMC surfaces. Therefore, from Proposition 2, one needs
to study the remaining cases: Go4 and G34. These subgroups are now called parabolic and
hyperbolic.

4 Gy4-invariant (parabolic) surfaces with constant mean curvature

At first we observe that, since the group G4 acts freely (without fixed points) on H? x R,
the regular part is (H? x R), = H? x R. A set of two functionally independent invariant
functions is given by u(x, y, z) = bx —az and v(x, y, z) = y and, with respect to these
functions, the orbit space and the orbital metric are given by:

du? dv?
- 2 ~_
% ={(u,v) € R” [ v >0}, §= At

Let now y (s) = (u(s), v(s)) be a curve in %, parametrized by arc-length, that generates,
under the action of Ga4, the surface & C H? x R.

As
a2 + p2p? a’coso
w(E) = — and  Dylog(w(§)) = T2 e

from Theorem 1, the mean curvature of ¥ can be written as H = coso + ¢, where o is the
angle that y makes with the a% direction. Thus y generates a Go4-invariant CMC surface if
and only if # and v satisfy the following system of ODE’s:

it =+va?+b2v2coso
UV =vsino 2)

6 = H — coso.

From now on we will assume that the mean curvature H is constant. Before starting the
study of (2) we make some elementary remarks (see [9]).

Proposition 3 Solutions of (2) are invariant under:

1. Translations in the u direction;
2. Reflections across the line u = uy.

As a consequence of the second item of Proposition 3 we have the following:
Corollary 1 Let y(s) = (u(s), v(s)) be a solution of (2) defined for s € (so — €, so] with

o (so) € {0, }. Then y(s) can be extended to the interval (sy — €, so + €) by a reflection
across the line u = u(sg).
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Invariant surfaces with constant mean curvature in H2 x R 673

Proposition 4 (The first integral) The function J(s) = o /v is constant along any curve
which is a solution of (2). Thus the solutions of (2) are characterized by the equation

6=kv, keR 3

Theorem 2 Let ¥ C H? x R be a Goy-invariant CMC surface and let y be the profile curve

in the orbit space. Then we have the following characterization of y according to the value
of H and k:
(A) H = 0 (minimal surfaces). The profile curve is

(A1) for k =0, a vertical straight line;

(A3) fork # 0, of semi-circle type.
(B) H > 1. In this case k > 0 and the profile curve is of nodal type (see Table 6).
(C) H = 1. The profile curve is

(Cy) for k =0, a horizontal straight line;

(C2) fork > 0, of folium type (see Table 6).
(D) 0 < H < 1. The profile curve is

(D1) fork =0, of the type showed in Table 6;

(D) for k > 0, of the type showed in Table 6;

(D3) for k < 0, of semi-circle type (see Table 6).

Proof Observe that
du  (H —kv)va? +b*v? @
dv o /1—(H —kv)?
We can assume, without loss of generality, that H > 0 and we shall study the two cases,
H =0and H > 0, separately.

1. Minimal surfaces (H = 0)

(A1) If k = 0 we have that u = ¢, with ¢ € R, and X is the plane bx — az = c.
(A2) If k # 0 the integration of (4) leads to an elliptic integral of the second kind! and

. b?
u() = —|a|E (arcsm(kv), —W> .
We can reflect the curve only once obtaining a global curve of semi-circle type.

2. Surfaces with H > 0

e Ifk =0,then coso = H and o is constant. In particular:

(Cy) If H=1,asdv/du =0, we have v = ¢, ¢ > 0, and X is the plane y = c.
(Dy) If H < 1, integrating (4), we have:

2 /2 b22
|:\/a2+b2v2—aln( @+ c12+ v)):|+c, v >0,

u(v) =

H
/1 —H?

asv

! The elliptic integral of the second kind is defined by

¢
E(¢,m):/\/1—msin26d0.
0
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674 I. I. Onnis

where ¢ € R. Substituting the expressions of the invariant functions we find that

H 2 /a2 b2y2
az:bx—le|:,/a2+b2y2—aln( (@t va+ y))j|+c, y > 0.

a?y
This surface is an example of a CMC complete graph of type z = f(x) 4+ g(y).

e Ifk > 0,aslim,_ o+ coso = H, then, depending on the value of H, we have:

— if H > 1, the curve y does not approach the line v = 0;
— if H = 1, the curve y tends asymptotically to the line v = 0;
— if H < 1, the curve y tends to the line v = 0 with an angle o = arccos(H).

We will study these three cases separately.

(B) Surfaces with H > 1. In this case v, < v < vy, where v,, = (H — 1)/k and
vy = (H + 1)/k. Choosing initial conditions v(0) = v, and u(0) = 0, it results that
0(0) =0and 6(0) = H —1 > 0. Also coso(sp) = —1, where v(sp) = vy for some
s2 > 0. This means that there exists a certain s; € (0, s2) with o(s1) = /2. Therefore, in
v(s1) = H/k there is a local minimum for u(v). According to Corollary 1, we can reflect
the curve infinitely many times. The resulting curve is of nodal type.

(C2) Surfaces with H = 1. Here u(v) is defined for 0 < v < vy, where vy, = 2/k. If
v(s1) = vy we have coso (s1) = —1. Also, du/dv > 0 if and only if v < 1/k and y tends
asymptotically to the line v = 0. The profile curve is of folium type.

(D») Surfaces with H < 1. The curve u(v) is defined for 0 < v <wy;, where vyy =(H + 1)/ k.
When v(s1) = vy it results that cos o (s1) = —1 and, also, in H/k there is a local maximum
for u(v). The curve tends to the line v = 0 with an angle o = arccos(H ) and can be reflected
only one time across the line u = u(sy).

o (D3)If k < 0, we have that H < 1 and u(v) is defined for 0 < v < vy, where
vy = (H — 1)/k. When v assumes the value vy, = v(sy), since coso(s;) = 1, the
curve is parallel to the u direction. Also ¢ (s) = kv < 0. Reflecting the curve only one
time across the line u = u(s1), we obtain a curve of semi-circle type. ]

Remark 4 Among the Go4-invariant surfaces, the Gp-invariant ones are very interesting
because we can give the explicit parametrizations of their profile curves. In this way, we find
new explicit examples of CMC surfaces in H2 x R. For the action of G», the metric on the
orbital space & = {(u,v) € R2|v > 0} is given by g = du? + dvz/v2. In Table 2 we
gather the parametrizations of the profile curves in terms of k and H. For k # 0 we only
give the case when k > 0. In fact, for k < 0 (when the surface exists) we obtain the same
parametrization to the case k > 0.

5 G34-invariant (hyperbolic) surfaces with constant mean curvature
Let G34 be the isometry subgroup generated by the Killing vector field X34 = aX3 + bX4,

witha, b € R. Observe that, since the action of this group on H2 x R is free, then (]HI2 xXR), =
H? x R. Introducing cylindrical coordinates (r, 6, z), with r > 0 and 6 € (0, ), we have:

dr? de? 9 9
r2sin @ + sin% @ td an 4 =ar or + 0z
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Invariant surfaces with constant mean curvature in H2 x R 675

Table 2 Profile curves of G;-invariant surfaces

k=0 k>0

H=0 u(w)=ceR u(v) =—arcsin(kv), 0<v <1/|k|

H=1 vu)=c>0 u(v):arcsin(l—kv)—,/zzl])‘v, O<v§%

H>1 u(v) = arcsin(H — kv)—
H 1 H? —1— Hkv H-1 H+1
i , <v<
H2 -1 VH2 =D = (kv — H)?) k k
H<1 @) =-2Y ;)= arcsin(H — kv)—
1—H?2
H 2(1—H?+ Hkv+v/ (1= H2)(1— (kv— H)2)) 0oy HH
,0<v<s——
NI HV1-H2v k

Taking as invariant functions u(r, 6, z) = 6 and v(r, 0, z) = az — bInr, the orbit space
is 2 = {(u,v) € R |u € (0, 7)} and the orbital metric becomes
du? dv?

g=- + 5 .
sinfu a2+ b2sinu

Let y(s) = (u(s), v(s)) be a profile curve, parametrized by arc-length, of a G34-invariant
surface ¥. According to Theorem 1, the mean curvature of ¥ along a principal orbit is given
by H = ¢ —cos u sin o, where o is the angle that the curve makes with the u-axis. Therefore,
y is a solution of the following system:

It = sinucoso

b =/ (a2 4 b2 sin® u) sino 5

6 = H +cosusino.

As in the previous case, solutions of (5) possess some features as shown in

Proposition 5 Solutions of (5) are invariant under:

1. translations in the v direction,;
2. reflections across the line v = vy.

Corollary 2 Lety(s) = (u(s), v(s)) be a solution of (5) defined on (so —e€, so] with o (sg) =
47 /2. Then y (s) may be extended to the interval (so — €, so + €) by a reflection across the
line v = v(sp).

Proposition 6 (The first integral) If H is constant on X, then the function

H cosu + sino
J() = —"77—
sin u

is constant along a solution of (5). Therefore, the solutions of (5) are characterized by the
equation
Hcosu +sino

- =k, keR. (6)
sinu
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676 I. I. Onnis

We observe that, using (6), the third equation of (5) can be rewritten as
6 =tanu (k —sinu sino). 7)

Remark 5 For a fixed k € R, we indicate by yx(s) = (u(s), v(s),o(s)), s € (s1, 52), the
profile curve corresponding to k and H > 0. Then the profile curve y_ is the reflected of y
across the line u = /2, runned in the opposite direction. In fact

Y—k(s) = (u(s),v(s), 0 (s)) = (7w —ulsi + 52— 5), v(s1 + 52 —5), 27 — o (s1 + 52 — 5)),
with s € (s1, s2). Therefore,

Il = sinu cos o

3 =/ (a? + b2 sin? i) sinG ®)
G = —tani (k + sini sino),

which implies that y_j is a solution of (5) for —k (see (7)). Consequently, the profile curves
of the G34-invariant surfaces with mean curvature H > 0, for k = 0, are symmetric with
respect to the line u = 7/2.

The qualitative study of (5) yields the following:

Theorem 3 Let ¥ C H? x R be a Gag-invariant CMC surface and let y = /G4 be its
profile curve in the orbit space. Then we have the following characterization of y according
to the value of the mean curvature H and of k.

(A) (H = 0) - The profile curve is
(A1) for k =0, a horizontal straight line and generates the funnel surface;
(Az) for |k| > 1, plotted in Table 7,
(A3) for |k| = 1, of hyperbole type (Table 7);
(Ay) for0 < |k| < 1, plotted in Table 7.
(B) (H > 1) - The profile curve is
(B1) fork =0, of ellipse type;
(By) fork # 0, of nodal type.
(C) (MH =1) - The profile curve is

(Cy) fork =0, of parabola type (see Table 8);
(C2) fork # 0, of folium type (see Table 8).

(D) (0 < H < 1) - The profile curve is

(Dy) fork =0, plotted in Table T;

(Dy) for|k| > ~/1 — HZ, represented in Table 7,
(D3) for k| = +/1 — H2, represented in Table 7,
(Dy) for0 < |k| < V11— HZ represented in Table 7.

Proof From (5), we have that:
dv  (ksinu — H cosu)va? + b2 sin? u

— = ()]
du sinuy/1 — (ksinu — H cos u)?

As in the previous case, we can assume, without loss of generality, that H > 0 and we
shall study the two cases, H = 0 and H > 0, separately.
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Invariant surfaces with constant mean curvature in H2 x R 677

Fig. 2 Funnel surface

(1) Minimal surfaces (H = 0)

(Ay) If k =0,then v = c € Rand X is given by az = bInr + ¢ (see Fig. 2). This surface,
called the funnel surface, is a complete graph ruled by its level curves.

If k£ # 0, (9) yields an elliptic integral of the first kind.2 When a = 1 and b = 0 we have
that v(u) = k F(u, k%). Note that it is enough to study the case k > 0. In fact, the profile
curves for k < 0 can be obtained reflecting across the u-axis the solutions relative to the case
k > 0. Moreover, we have:

6(s) =sino cosu = ksinu cosu, (10)
and lim,_, o+ sinoc = 0 = lim,_, .- sino.

(Ap) Ifk > 1,thenu € (0,ug] U [r — ug, 7), where ug = arcsin(1/k). If u = ug or
u = m — ug, it results that sino = 1. From (10) we have that the function o (s) is
always increasing in (0, ug] and it is always decreasing in [7 — ug, 7).

(A3) Ifk=1,thenu # /2 and

2 2 o .
o) = | A T anh | Y sinu | ba (bsmu) .
| cosul Ja +bsintu | lal a

(Ag) If0 <k < 1,thenu € (0, ). Also, from sino = k < 1, it follows that in u = /2
there is an inflection point of y with oblique tangent.

(2) Surfaces with H > 0

From Remark 5 it is sufficient to study the profile curves for £ > 0.

e Fork =0,aslim, ,p+sinc = —H and lim,,_, ,- sino = H, we have that:

2 The elliptic integral of the first kind is defined by:

¢
' 0 V1 —m2sin?0
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678 I. I. Onnis

— if H > 1, the curve y does not reach the lines u = 0 and u = 7;

— if H =1, the curve y tends asymptotically to the lines ¥ = 0 and u = 7;

— if H < 1, the curve y tends to the lines u = 0 and u = 7 with an angle o = arcsin(—H)
and o = arcsin(H), respectively.

Also 6 (s) = H sin®u > 0, so that o (s) is always increasing.

(By1) Surfaces with H > 1. In this case u,, < u < uys, where u,, = arccos(1/H) and uy =
T — uy,. Choosing the initial conditions u(0) = u,, and v(0) = 0, we have ¢ (0) = 37 /2
and 6 (0) > 0. Also, if uys = u(sy) for some 5o > 0, it results o (sp) = 7/2 and there exists
s1 € (0, s2) so that o (s;) = 27. The curve is symmetric with respect to the line u = 7/2
(see Remark 5) and can be reflected only once across the u-axis, obtaining a curve of ellipse
type. Note that if « = 1 and b = 0, by integrating we find

@ H . 1 — H?cos?u N - |
v(u) = ————arctan | || —————— ¢,  u € [um, uml,
’7H2—1 H2—1 ms UM

and thus
.9) H . 1 — H?cos26 N
r,0) = ————— arctan — ¢,
¢ N e H2 1

with 6 € [arccos(1/H), arccos(—1/H)] and ¢ € R.
(Cy) Surfaces with H = 1. In this case, integrating (9), we have that

Va? + b2 sin’u 1 bsinu
V() = ———— —btanh™ | ———==|+c, uc(0,n),

S u ,/a2+b2 sinzu

where ¢ € R. Therefore, the corresponding surface is given by:

Va prsin’e [ bsin®

az(r,0) =blnr + - e
sin¢ Va2 +b2sin? 0
with 8 € (0, ). For a = 1 we have the family also obtained by R. Sd Earp ([12]).

(Dy) Surfaces with H < 1. In this case 0 < u < 7 and in u = /2 there is a minimum of
v(u). Fora =1 and b = 0 we get:

:|+c, a #0,

v(u) =

V1= H2+ 1 —Hzcoszu)
+c, ceR.

H
In{ 2
1 — H? n( sin u

The corresponding G3-invariant complete surface is given by:

H V1—H?+1—H%cos?0
,0) = Inf 2 - , 0€(0,m).
er.f) A1 — H? n( sin @ te ©,7)
e Fork > 0, we have lim,_,¢+ sinoc = —H and lim,,_, .- sino = H, hence:

— if H > 1, the curve y does not reach the lines u = 0 and u = 7;

— if H =1, the curve y tends asymptotically to the line u = 0 or u = 7;

— if H < 1, the curve y tends to the lines # = 0 and ¥ = 7 with an angle o =
arcsin(—H) and o = arcsin(H), respectively.
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Table 3 Limiting values for u in

k>1 O0<k<l
case (Bp) —
owin [ —k+HN H2 k21 win [ —k+HN H2 k21
Um arcsin (H27+kz arcsimm H27+k2
- k+HA H2 K21 eein ((AEHN H2 421
up arcsin ( H2+k2 T arcsin H2+k2
Table 4 Limiting values for u in
2
case (D3) k=1 VI—-H? <k<1
- k+HN H2 k21 - k+HNH2+K2 -1
Uy arcsin (W T — arcsin W

ka\/HZJrszl) * — arcsin (k—H«/szLkz—l)

uy w — arcsin ( 2412 12

Moreover, if cosu # 0, then 6 (s) = sinu (H sinu + k cosu). Also, if cosu = 0, then
6 = H > 0. Therefore, ¢ = 0 implies that cos u # 0. Consequently

é(s):O@u:ﬁ:arctan(—

. k
H):n—arcsm(iHiz_'_kz), (1D

and 6 (s) > 0 if and only if u € (0, &)

(B2) Surfaces with H > 1. In this case u,, < u < uy (see Table 3). As u > uy, the function
o (s) is always increasing and in arcsin(H /+/ H? + k?2) there is a local minimum for v(u).
We can reflect the curve infinitely many times obtaining a curve of nodal type.

(C2) Surfaces with H = 1. Now 0 < u < uys, where if k > 1, it results that uy =
arcsin(2k /(1 + k%)), while if k < 1, then upy = 7 — arcsin(2k /(1 + k%)). The v-axis is a
vertical asymptotic line for the curve v(«#) and when u = uy, the curve is parallel to the v
direction. Also, as & > uy then o (s) is always increasing. For u = arctan(1/k) the curve
v(u) has a local minimum. We can reflect the profile curve only one time obtaining the curve
of folium type.

Surfaces with H < 1

For this case there exist three different subcases depending on k.

(D) If k > /1 — HZ, it results that u € (0, u,,] U [ups, w) (see Table 4). When u = u,,
oru = uy, we have o = 7 /2. Since u,, < it < uyy, in (0, u,,] the function o (s) is always
increasing and in [u,, ) is always decreasing. Moreover in arcsin(H /+/ H% + k?2) there is
a local minimum for v(u).

(D3) If k = /1 — H?, we obtain that

dv  (k— H cotu) a? + b2 sinu

— = , il = in(k).
du |k cosu + H sin u| u # it = arcsin(k)

It’s easy to check that o (s) is increasing in (0, &) and decreasing in (ii, 7). Also, u = i is a
vertical asymptotic line of the curve v(«) and in arcsin(H) € (0, i) there is a local minimum
for v(u).

(Dg) If 0 < k < +/1 — H%, we have u € (0, ). From (11) it results that o (s) is increasing
if and only if u € (0, &). Moreover in & the curve v(u) has an inflection point with oblique
tangent and in the point arctan(H /k) € (0, &) it has a local minimum. ]
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6 Tables of the plots of the profile curves

In this section we gather the plots of the profile curves for all the invariant surfaces in H2 x R.
We have divided the pictures in tables according to the one-parameter subgroups and, for
completeness, we have added the profile curves of the translational and helicoidal surfaces
studied in [5,6,11]. The profile curves of the helicoidal surfaces with H < 1 are similar to
those with H = 1. When in a table a figure is missing means that the invariant surface does

not exist in the corresponding case (Tables 5, 6, 7, 8, 9).

Table 5 Profile curves of G4-invariant (translational) surfaces

H=0 H <1 H =1 H > 1
Table 6 Profile curves of Go4-invariant (parabolic) surfaces
H=0 H <1 H=1 H>1
{ ®)
k>0 N A
k<0 - -

Table 7 Profile curves of G34-invariant (hyperbolic) surfaces (H < 1)

k=10

k>+/1—H?

k=+1—H?

k<1 —H?

H <1
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Table 8 Profile curves of G34-invariant (hyperbolic) surfaces (H > 1)

k=0 KZ£0

H>1

Table 9 Profile curves of GTZ 4-invariant (helicoidal) surfaces

k> —-2H k=—-2H k< —-2H
H=0 ‘ ‘
T N J\/\
\\ \\ \'
\\ \ |
\ \ |
H=1 * 5
!
H I
l' /
\y {
a. :
[ |
H>1 '
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