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Abstract We study the problem of positivity preserving of the Green operator
for the polyharmonic operator (—A)”™ under homogeneous Dirichlet boundary
conditions on domains € of R2. Here we will treat only €2, which are e-close to
a disk B in C"™7 -sense, meaning, there exists a C"¥-mapping g : B — Q such
that g(B) = Qand ||g — Id||cm,y(§) < &. We show that e-closeness in C™7 -sense
is enough in order to ensure positivity preserving. For the clamped plate equation
(i.e. m = 2), this means that it is a Holder norm of the curvature of 9€2, which
governs the positivity behavior. This improves the previous work by Grunau and
Sweers, where closeness to the disk in C?"-sense was required (in C*-sense for
the clamped plate).
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1 Introduction

When studying second order elliptic differential equations, maximum and com-
parison principles are very important tools. So it is an obvious question whether
these instruments are available for higher order elliptic differential equations, too.
It is known that neither maximum nor comparison principles hold true in general
domains. However, it is useful to have as precise knowledge as possible in how
far these principles extend to higher order elliptic equations.
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If we have a sufficiently smooth domain €2, v exterior normal and non-negative
force f > 0, what can we say about the sign of the solution of the problem

Au=Ff in Q
? (D

u=—u=0 ondQ
ov

In this paper, we will restrict to two-dimensional domains. This means that prob-
lem (1) models the clamped plate equation (an elastic horizontally clamped plate
subject to vertical force f).

In the first years of the 20th century, Boggio [2] and Hadamard [10] conjec-
tured that in sufficiently regular domains €2, f > 0 should give # > 0 in problem
(1). Since 1905 [3], we know that # > 0 in the case of Q2 equal to a ball. But in
1909, Hadamard [11] showed that in an annulus with small inner radius we lose
the nonnegativity of u.

Later it has been proved (see [4, 5, 12]) that even in convex domains one
can obtain sign-changing solutions for suitable f > 0. In the work, Grunau and
Sweers [7] found that for domains sufficiently close to a disk in a suitable sense,
the operator (—A)™ satisfies the positivity preserving property.

In this paper, we will relax the required notion of closeness: for the clamped
plate Grunau and Sweers [7] worked with domains C 4_close to a disk, while here
we will work with domains with curvature near to a constant in C%%. The cur-
vature itself is a quantity by far more natural to govern the positivity preserving
property in the clamped plate equation than its second derivatives. Moreover, we
will prove related results for polyharmonic operators.

2 Perturbation of the domain
Like in [6, in Sect. 6.2], we will use the next definition:

Definition 1 A bounded domain Q@ C R” and its boundary are of class C"™7,
0 <y <1, if at each point xo € 02 there is a ball B = B(xp) and a one-to-one
mapping ¥ of B onto D C R” such that:

() ¥(BNQ) CR:;
(i) ¥(BNIQ) C IR";
(iii) ¥ € C™Y(B), ¥~ € C"™Y (D).

Definition 2 Let ¢ > 0. We call Q e-close in C"Y -sense to Q*, if there exists a
C™-Y mapping g : Q* —  such that g(2*) = Q and

llg — Id”Cm,y(@) <e.

We can now formulate our main result.

Theorem 1 Letm > 2,0 < y < 1. Then there is some g = go(m, y) > 0 such
that for 0 < ¢ < &g, the following holds:
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If the domain Q C_ R? is C™Y-smooth and e-close to the disk in C™ -
sense and f € CO7(Q),0 £ f > 0, then the uniquely determined solution
ueCm™r(Q)of

(—A)"u=f inQ,

9/ _ 2
—u=0 ond2, 0<j<m-—1

is strictly positive.

For existence and uniqueness we refer to [1, in Sect. 8], cf. also [6]. In our
paper, we focus on positivity. Then assume for a while that C* -closeness of
to B already implies that there is a biholomorphic mapping # : B — Q with
|h — 1d||cm(§) < O(e) (see Theorem 2). Let us see how the polyharmonic

equation transforms when being pulled back to the disk by means of /.

Leth : B — Q, (&, 1) — (x, y) be the holomorphic function, which maps the
disk B onto 2. Note that 2 € C"™Y. We compose both parts of the first equation
of (2) with h:

((=A)"u)oh= foh on B, 3)
where A is the Laplacian with respect to (x, y). Let us denote A* the Laplacian
with respect to (£, n), v := (u o h) and &’ the complex derivative of .

A*(uoh) = A*v = [(Au) o h] - |13 4)

1 . m _ 1 . m
foh:(—leA) (uoh)_<—|h/|2A> v. 5)

To sum up: domain transformations change into lower-order perturbations by
means of the holomorphic mapping 4. In this situation, a result by Grunau and
Sweers [9] applies. In order to understand in which norm we need & — Id small
enough for this purpose, we look at the precise form of:

1 m
——A) .
( || )

Lemma 1 Let h be a holomorphic function and let v be a function in C*™(B),

then the operator
1 m
(‘ WA) ’ ©

contains no derivatives of h of order larger than m. Here h' denotes the complex
derivative of h.

Proof We identify C ~ R? and denote z = x + iy for (x,y) € R% We shall
exploit
A(e) = 40:0:(e), (N

where 9. = 3(3x +id,).
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We proceed by induction: obviously, the claim holds for m = 1. In order to
show the underlying idea how to exploit / being holomorphic, we first treat the
case m = 2, however:

<_M%A>2”:_4#az&z[< |h£|2 ) }
|hé/1|2 [(8 M”) |h{|2 (azA”) (‘(’th)hl
o))

- |- La 4h//a L 8
_W WA v — h/h/ Av — WZAU-F |h/|4AU. ()

We observe that the lemma is true for m = 2. Now, we suppose that our
hypothesis is true for some m > 2.

1 m m (m)
<_ |h/|2 A) v=(—D" Z F 815 (h(m+1*/31)’ o W hm1=B)

B1,82=1
L) PP, ©
(m) (m) . .
where F i j=Fj (X1,..., Xmt1—ks Y1, ---» Ym+1—;) is a smooth function of

both % and # derivatives except for i/ = 0 and with k, j < m. Then we show that
(9) is also true replacing m by m + 1:

lAm+1_]m+11A 1Am
(_W ) v=0D (WP )[(W ) ”}

(_1)m+1 m ) 1 -
= 4W82&z Z F B1B2 h(m*l31+ )’ ol h/, h(m—ﬁ2+1)’
Bi.p2=1
(m)
-1 m+1 m 5 o
.,W)afl 852” = 4%@ Z %h(’ﬂ—ﬂz-ﬂ)
Bi.p2=1 I

(m) B
0 F i, B1ab2 o) B1abB2
o PR 0P Ry | " F g 001000
8.anJrl B2 B1.Br=1

m m+1—p4;, (m)

4 0 F pofpy

1 BiB “B,—

= (—=)"* Waz E § 8—12h(m+3 Ph) | 9P af2y
AN Pivni) e
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m
+1 Y (?)ﬁ P (A Y O TR 2 N T T L B
Bi.fr=1
m
> [A+B+C+Dly,
Bi.p2=1

— _1 m+1
(=D e

where

m+1—PB1 m+1—p, 52 (m)
A= X 9" F 8y nt3—pr— )y em i3 o) 9 abe,
e P 0x 0y

m+1—p» 3 (;?n)
B = Z ﬂh(m+3—ﬂ2—k) 8f1+18£2v,
par] Yk

mt1-pi g (m)
C— Z F Prba p (m+3—p1-j) Bflafﬁlv,
8Xj

j=1

D= ( (m) )aﬁl+18ﬁ2+1

(m) _
Every F g p, and its derivatives contain derivatives of & (respectively /) of
(m)

order at most m — By + 1 (resp. m — B + 1). The derivatives of [ g, are

multiplied by hm+3=F2=k) and/or h"+3=F1=1) 50 the highest derivatives of &
and / have order m + 1. O

So far, by referring to Grunau and Sweers [9, Theorem 5.1], we have shown
that in order to prove Theorem 1 it is enough to show ||h — Id ”Cm_;/(E) = O(e)

for the biholomorphic map #.

Theorem 2 Let §y be given. Then there is some ey = &9(8g, m) > 0 such that for
e € [0, g9) we have the following:

If the C™7 domain Q is &- close in C"™Y-sense to B, then there is a bi-
holomorphic mapping h : B — Q, h € C™Y(B),h~! e C™Y(Q) with
[lh — 1d||cm,y(§) < do.

Comparing this result with the analogous one by Grunau and Sweers [7], we gain
one order of derivative in the estimate for &7 — I d. In order to prove this theorem,
with help of Schauder theory, we show the following lemma.

Lemma 2 Let Q be a domain e-close to a disk B in C™7 -sense. Let g be a map
satisfying g : B — Q, with ||g — Id||C,,W(§) < g, and let p(x) = log|x| on the
boundary of Q. .

Then there exists a function ¢ € C™Y (B) such that ¢ = ¢ o g on 0B and

o] lC”W(E) < O(e).



424 E. Sassone

Let ¥ () = p(g(cost, sint)),
x|

1
P eCFERY, ox,») =10 x| <1 x| >4,
0 <@ <1 otherwise.

and

We define the function @(x) := @2(x) - @1 (x). It satisfies ¢ = ¢ o g on dB.
Obviously, ¢ is in C "o
¢=0inB; andin B \ B,
7 7

oy <0 (5 (S]] ) [mi] )
¢ V(B\B%) =\ arkagi=k |o o arigem=i | . q

where (r, 0) are the polar coordinates and C is a constant. Because of ¢ = ¢ - ¢y,
the regularity of ¢ and all the derivatives of ¢; with respect to r being zero, we
obtain

m

19l (508,) =< €2 >
1

J=0

_11 of X of X
#1090 =3 log (gl (ﬂ) *gZ(m))

1
=3 log(g7 (cos(6), sin(9)) + g5 (cos(9), sin())) = v (6),

"1
0™

3 o1
067

o) ‘ CoOr ()

where x = (cos(9), sin(f)). Let g = g(cos(0), sin(#)); then

d\/ d\/ _
(%) Y= (@) (pog)

j 1 N
= > (D9 | dj,a,ﬁn<%) g8 |
=1

la|=1 P1ttPl) =)
I=p;

with some suitable coefficients d; 4 5, i = 1 for/ = 1,...,a; and g = 2 for
l=a1+1,...,|af.

Let go(0) := Id o (cos(9), sin(9)) and f(0) := (cos(h), sin(h)). We observe
first that

18 — &ollcroqo. 277

= sup [g(0) —&@)+ sup [g(6) —gyO)l
0el0,27] 0el0,27]
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< sup [g(f(8)) — 1d(f(0))]

6€[0,27]
+ sup sup 3y (g(f(9))) fi(0) — 3y, (Id(f(0))) fi())]
i=1,20€[0,27]
Ssuglg(X)—ld(X)lJr_Sule sup |0y, ((g(x) — Id(x))) fi(0)]
xeB =1, xeB

9€[0.27]
< sup |g(x) — Id(x)| + sup sup |dy, (g(x) — Id(x))]
xXeB i=1,2 xeB
=g — Id”CI,O(E) < O(e).

And further:
4\’ / i i i
<@) Y=Y (((D*¢)og—(D¢)oZ0)+(D*p)og0) Y,
loe|=1 P1+tpig) =)
I=p;

ot
d pi d pi d pi
dig =B _ ~(Br) ~(B1) )
xdj, ,pll_ll (((d@) 8 (d@) 80 + 79 &0

But when we calculate ¢(go(0)) = log|(cos(0), sin(f))| = 0, all terms containing
only go vanish. It remains to study

d \" d\"
- sB) _ 2 5B 10
<d0> § <d0> 8o (10)
and
(D%@) 0 g — (D%9p) o go. (11)
We have to estimate (11) in the norm || - [|c0.y (j0,2,1)> but it is much easier to esti-

mate the norm |- || ¢1.0([0,2,,7)- We can do that because the function ¢ is sufficiently
regular. So we have to study

(D) 0 g — (D) o gollc1.00,271)

= sup [[(D%@) o (g(6)) — (D) o (Z0(O)]|
6¢€[0,27]

+9 5[312) ]I[(Daw) 0 (§(0)) = (D) o (Go(ONT']. (12)

We remember that ¢ (x) = log(|x|), so

sup max |[D* %p(x)] <Ci, sup max |D*Tp(x)| < Ca,
=1 *<B1+2©) =2 *<Bi+:©
x¢B1_;(0) x¢B1_; (0)

sup |[(D%p) o (§(0)) — (D) o (o]

0el0,2m]
< sup max |D*"p| sup [Z(0) — go(0)]
|@|=1 *<B14:© 0el0,27]
x¢B|_¢(0)
<Ci sup [§©0) — o0 < O(e); (13)

0€[0,27]
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sup |[(D) o (§(8)) — (D“@) o (20(O)]'|
6¢€[0,27]

2
> (9, D%9) 0 3(0) ] (©) — (3, D“9) © 20(0) &, (6))

i=1

= sup

. (14)
0€l0,27]

We subtract and add Zle[((axiqu) 0 g(0)) §y;(0)] to (14) and recall that
180(@)] = |(—sin(®), cos(0))| = 1:

2
D {0, D) 0 2(0) [3(0) — 20(60)];

i=1

(14) = sup
6¢€[0,27]

— [0, DY) 0 §0(8) — (85, D“¢) 0 ()] &, (9)}‘

< sup max |[D“T¥p| sup [[Z(6) — O]

~ 1 x€B44(0)
la|=1 xQBlJ:(O) 6€l0,27]
+ sup max [D**¥g| sup [[2(6) — Zo(O)]]
|a|=2 “€B1+:© 0el0,27]
xgB1_g(0)

<C; sup |[gO)—g@®]+Cs sup [[gO)—go®)]
0€l0,27] 0€l0,27]
< C30(e) + C40(e) < O(e). (15)
So, combining (13) and (15), we have
[(D%p) o g — (D%p) o g’OHCl,O([o,zn]) < O(e).

Now we evaluate (10) with respect to the norm || - [|co.y (j0,27)):

d )Pl
=By _ =B
—) @7 -%")
H <d9 €07 ([0,27])

< max |ID* (g(x) — 1d(x)) |

|a|=m

|D%(g(x) — Id(x)) — D*(g(x") — Id(x"))]

+ max (16)
x,x'€dB |X — x’|V
lae|=m
But max .cop ¢ < max ,.5 e and max, ;3 ¢ < max, ..z e, t0oo, SO
lat|=m la|=m |a|=m la|=m
(16) < g — Idllcmy ) < OE). (17
O

Now we proceed with the proof of Theorem 2. With help of [6, Corollary 6.7,
paragraph 6.4] we can find a function  (x) such that

Ar =0 X € B,
r(x) =¢(x) xe€dB
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and such that [|r (xX) [l cm.y B = O(e). So we can build the biholomorphic function
h asin [7]: Set

wx) =21G(x,0), G(x,0) := —%(log |x| —r(x)).

Here G(x, 0) is the Green function for —A in B under homogeneous Dirichlet
condition. Then let

. a9 0
w*(x) = /; (— 8—&w(§)d€1 + 8—&w($)d§2>,

where the integral is understood on any curve in 2 \ {0} connecting % to x, well
defined up to multiples of 2. Let

hfl (x) == efa)(x)fiw*(x)

be the function that satisfies Theorem 2: A~1(0) = 0, 1! (%) € Ryandifx € 04,
then [A~1(x)| = |e7* ™| = 1, it means that 1~ 1(3Q) = 9B, for x € Q \ {0},
w(x) >0, |h '(x)| < 1and then =1 (Q) C B. o

Only Theorem 1 remains to be proved: With help of Theorem 2 we find a
biholomorphic function / : B — Q with ||h — Id|cmy ) < O(e). To study the
solution u of (2) on B, means to solve Eq. 5 with Dirichlet boundary conditions in
B. According to Lemma 1, the operator in (5), multiplied with |4’|*" has principal
part (—A)™; the lower-order coefficients depend on derivatives of /& of order at
least 2 and at most . By Lemma 2 these are small in C%%-sense and Theorem 5.1
of [9] yields positivity of v and hence of « in 2, provided €2 close enough in C"7 -
sense to the disk.

Acknowledgements The author would like to thank prof. H.-Ch. Grunau for support and help
during this work.

Appendix A

Usually, it is not obvious how to extend C™7 curvesa : 3B — 32 to C"™Y maps B — €, since
in this procedure the normal is involved. But when the curve is close to d B, then the situation is
much easier. For the reader’s convenience we prove the following lemma.

Lemma 3 Ler 9 be given by the curve: a : R — R?, « 2m-periodic, « € C™Y , with ||a(t) —
(cos(1), sin(t))llcmr (0,27]) < €. Then Qis g-close to B1(0) in C™ -sense, where & = (g, m) =

O(lel).

Proof In order to find a function g : B1(0) — 2, such that ||[/d — gllcm.y (8, 0)) < O(e), we set
g (x1,x2) = (pcos(p), psin(p)) = (pai(p), paz(p)).

Its differential is

(txl (@) pat|(p) ) 1 ( p cos(p) psin(g) )

a2 (@) pay(p) ) p \ —sin(p) cos(p)

_ 1 (ai(p)pcos(p) — pa(¢) sin(p) a1 (p)psin(p) + par; (¢) cos(p)

T (az (p)p cos(p) — pary(9) sin(p) az(@)p sin(p) + pars () cos«p))

_ [a1(p) cos(p) — & (p) sin(p) a1 (p) sin(p) + & (p) cos(gp)

- (az(cp) cos(p) — a5 () sin(p) aa(p) sin(p) + o () cos(p) )

Dg =

(18)
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So we obtain g% = a1(p)cos(p) — a)(p)sin(p) = (cos(p) + O(e)) cos(p) + (sin(p) +
O(e)) sin(p) = 1 + O(g). This means

1+ 0O() O(e)
(18) = < O@) 1+ O(s)>'

When we calculate the second derivatives, we obtain

_ (0 o () cos(p) — a1 (p) sin(p) — af (p) sin(p) — o} (¢) COS(w))

g
D 2

ax 0 o) () cos(p) — aa(p) sin(p) — &5 (¢) sin(p) — a5 () cos(¢)
1 (p cos(p)  psin(p) )

; — sin(¢p) cos(p)
_ I ( sin(¢) (@1 (9) + & (9)) —sin(@) cos() (@1 () + o] () )
P \sin® () (@2(9) + af (9)) — sin(p) cos(@) (@2 (9) + af ()
So there is a discontinuity for the second derivatives in the point (0, 0). To solve this problem of
regularity in a neighborhood of the origin, we define a cut-off function ¥ € C* with

Y(x)=0 x| < %
0<y =<1 t=<kl=i
vx) =1 x| > 3.
We introduce the function
g(x) x| > %,
) =1 gY@ +xA—y) ;=<3
1
X x| < 1
We shall now prove that ¢ has the desired properties.
On Q\ B, (0)
il —1ay, M p[e=1) 1
Tia = T M) (19)
8x1 sz Bxl sz P
where
1l
1i(@) =Y viii(@) o @),
h=0
9 h
Vi,ij(p) = (@) (a1(p) — cos(@), ar(p) — sin(p)); ,
onii@) = Y cnijk(cos(@)! (sin(p)),
ky+ko=ljl
ky.kp=0

with some suitable coefficients cj;jk. For a proof see Appendix B. [a(p) —
(cos(p), sin(@)) llcmr (0,277 < O(e), so for every j, such that | j| < m we have

h
(%) (@1(9) — cos(). az(p) — sin(p)) < O(e) and then (19) < O(e).
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We consider only the Holder seminorm of the highest-order derivative because lower-order
derivatives are more regular. If we set x = pj(cos(¢1), sin(¢1)), y = pa(cos(¢2), sin(¢2)), then
3l(g—1d); 3l(g—1d); ’
: : X) — : -
‘ 8,\‘{] Bxéz ( ) 8,\‘{] axéz (y)

[¢ —Idlm,y.\B,0 = sup
Y 2\By Ljl=m [x — yl¥
\‘.yéQ\Bl 0)
2

e 1i(o0) = = ()|
&l £ . (20)

= sup
Ljl=m lx = y¥
x,yeQ\B | (0)
2

Applying the notation of (19), we add and subtract to the numerator the quantity % 1j(@2):
P

e (a3(0) — (o))

(20) < sup
1jl=m lx =yl
.\’,yEQ\Bl 0)
2
’( ml—l - ml—] ) Hj(‘ﬂ2)’
+  sup A1 )
1jl=m lx —y|¥

x,yeQ\B 1 (0)
2

h=0

S 3 isten @nigton —ah,,-.j(m))]‘

< sup
Ljl=m [x —yl”

x,yeQ\B 1 (0)

2

r
p;nl—l Z /| [(n,ij(@01) — va,ij(@2)) O'h,i,j((ﬂz)]‘

h=0

+  sup
Ljl=m lx — ¥
x.yeQ\B | (0)
2

(5 = =) i)
)

+  sup 21)
Ljl=m lx = yl¥
xyeQ\B | (0)
2
1l
1 [(on,ij(@1) — on,ijl@2))l
< s e [|vh,z~.j(¢l>| T (22)
.\‘,ye‘f/l‘\_Bml 0) pl h=0
2
1l
1 [Vn.ij(@1) — viij(@2)]
xyeR\B | (0) A1 h=0
2
1
m—1 m—1
o p
+ sup  ——2—|uj(@)l. (24)
Ljl=m lx — y¥

*,yEQ\B | (0)
2

Studying piece to piece (22), (23), and (24), we can easily demonstrate that they are sufficiently
small:
1 11
(22) < sup sup  |vpij(en)]

jl=m B 1jl=m
X,yeR\B | (0) P h=0 =\ ye@\B, (0)
2 2

<om-1 =O(e)
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eC™®
on.ij(®1) — on.ij(e2)
X sup [oh ) | < O(e),
Ljl=m lx = y[¥
x,yEQ\B | (0)
2
=<Cs
ecOr
1 | vnij(@1) — vaij(@2) |
(23) < sup Z sup
= p! 1jl=m lx —yl¥
1 a=0"-
x,yeQ\B | (0) x,yeQ\B | (0)
2 2
<om-l <O(e)
eC®
——
x sup Jonij(e2)| | < O,
Ljl=
,r.yESjl\t;nl (0)
2
=C¢
eC™®
—
‘ 1 _ 1 | o
P Py ——
(24) <= sup — Y —wy  Sw | uj(2) | < OCe).
Ljl=m lx =yl Ijl=m
x,yeQ\B 1 (0) x.yeQ\B | (0)
2 2
C7 <O(e)

It means, (20) < O(e).On A := {x : 1 <lx| < %} we have the same estimate, multiplied with

© 4
another constant:

g = Idlicmyy=lg ¥ +1d (1 =) = Idlcmray=N(g — Id) ¥llcmray < O(e).

gon B% (0) is the Id, then

lg —Idllcmy s, ) = 0.
i

Appendix B

In order to prove (19), take (x1, x2) = (p cos(¢), p sin(¢)) and consider the function g(p, ¢) =

(pai(e), paz(@)).

a(p, @) ( cos(¢) sin(¢) )

1

d(x1,x2) —% sin(p) 5 cos(g)
sin(g)
(8i)x, cos(¢p) , - %
((gi)vz = ai9) sin(g) + po; (@) costp) |-
: o

; —sin(g) — sin(p)
(81131 — sin(g) T“’ 2 cos(p) T‘ﬂ
(@)xyxy | =i | cos(p) %“(“’) +a) | 2sin(p) %n(@

(&i)xy.x cos(p) C"Sp(w) 2sin(g) Cosp((p)
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— sin(p) = *'"("))

+a | cos(p) ==
cos(¢p)
1 sin?(¢) —2sin(g) cos(p)
= — | a; | —cos(p)sin(p) | + o —2sin’(p)
p cos2 () 2 cos(¢) sin(ep)

COS(w)

cos((p)
P

sin® ()
+ o) | —cos’(p)
cos?(¢)

Then, by induction, assume that (19) is true for some j with |j| > 2:

Gty _ 1
— = @),
axjtox  plIE1

where
1/l
1 (@) =Y (V10§ (@)0n.i (@) .
h=0

Vi j(@) = (a1(p) — cos(p), aa(p) — sin(@)",

onij@) = D cnijlcos(@) (sin(p)*

ky ko=l
ki .kp=0

We differentiate one more time with respect to x; (we obtain analogue results with respect
to x7):

w _ 1 (@) cos(@)
3x_1i1+1axé'2 = o] Knjle @

1/l

! 1

o Z V3.15(9) on,ij(@) (— - Sin((p))
P h=0 o

+onij@) | Y cnijrlki(cos(@)) ™! (sin(p))*
ky+ko=ljl
ky.ky=0

ki o ko—1 L.
+ ka(cos(g))™ (sin(g))™7") (— > Sln(w))

JlI+1

1 : ()
7 (a1 () — cos(p), az(p) — sin(p));
h=0

< | Y chijra.0x(cos(@) (sin()*
ky+hko=1jl+1
kykp=0
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