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Abstract By constructing normal coordinates on a quaternionic contact manifold
M, we can osculate the quaternionic contact structure at each point by the standard
quaternionic contact structure on the quaternionic Heisenberg group. By using this
property, we can do harmonic analysis on general quaternionic contact manifolds,
and solve the quaternionic contact Yamabe problem on M if its Yamabe invariant
satisfies A (M) < AL(H").
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1 Introduction

Quaternionic contact manifolds are quaternionic analogues of integrable CR man-
ifolds defined by Biquard [3] and naturally appear as the boundaries at infinity
of quaternionic-Kidhler asymptotic symmetric manifolds. We will consider the
quaternionic contact Yamabe problem in this paper.

Let 6 = (01, 6>, 83) be a contact 1-form on a smooth manifold M valued on
R3, V = ker6, and dim Ve = 4n for each § € M, where dimM = 4n + 3. A
Sp,,Sp; Carnot—Carathéodory metric g compatible with df is given by a metric
on V if there exist three complex structures /1, I, I3 on V such that

dog(X,Y) =g(UpX,Y), B=1,273, (1.1)

for each X,Y € V, where [y, I5, I3 satisty the commutating relation of quater-
nions
I} =13 =1} =—idy, L= —idy. (1.2)
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The R3-valued 1-form 6 is given only up to the action of SO3 on R? and to a
conformal factor, thus we get a Sp, Spy-structure on V.

A quaternionic contact structure on M is the data of a codimension 3 distri-
bution V, equipped with a Sp, Sp;-structure, such that the Sp, Sp;-structure and
contact 1-form valued on R satisfy the commutating relation of quaternions (1.2).
The quaternionic contact manifold is a smooth manifold equipped with a quater-
nionic contact structure.

Biquard [3] defined a connection on a quaternionic contact manifold, which is
the analogue of Webster’s connection in CR geometry [17].

Theorem 1 (/3], p. 8) Suppose codimension 3 distribution V on M has a quate-
rionic contact structure, dim M = 4n + 3 with n > 2, and gy is a compatible
Carnot—Carathéodory metric. Then there exists a unique complement W to 'V and
a unique connection V on M such that

(1) V preserves V and the Sp,Sp;-structure on 'V .

(2) For X,Y € V, the torsion Txy = VxY — VyX — [X, Y] satisfies Txy =
[X,Y]w.

(3) For R € W, the endomorphism of V defined by X — (Tg x)v is in the
subspace (sp, ® sp1)* C EndV .

(4) V preserves W and V|w coincides with the connection induced on a R3 sub-
bundle of EndV , which is formed by complex structures on 'V .

The first two conditions determine a unique W'.
Let R be the curvature of this connection, Ry y = VxVy — VyVx — V[x y].

Define Ricci tensor
4n

Ricxy = Y (Re.xY. er), (1.3)
I=1
where {e;} is an orthonormal basis of V under matric gy . The scalar curvature of
this connection is sy = Tr" Ric.

Let us consider a conformal transformation 8’ = €2/, f € C>(M). Then,
the metric gy is changed to gj, = e/ gy, which is the Carnot—Carathéodory met-
ric compatible with d¢’. Biquard also gave the transformation formula for scalar
curvatures under conformal transformations.

Proposition 2 (/3], p. 74) Under conformal transformation 8' = f20 for f €
C® (M) with f > 0, the scalar curvature satisfies the following formula

s = f 2 (s9 — 8(n +2)Tt" Vo — 16(n + 1)(n + 2)|w]?), (1.4)
where w = f~1df.

The following corollary is another form of the transformation formula for scalar
curvatures.

Corollary 3 Under conformal transformation 8’ = v*#/(@=2)9 for v € C®(M)
with v > 0, the scalar curvature satisfies the following formula:

0+2

by Agv + sgv = 5022, (1.5)

where b, = 4{(Q +2)/(Q —2)}, O = 4n + 6 is the homogeneous dimension of
M, and the SubLaplacian Ay is defined by (2.28).



The Yamabe problem on quaternionic contact manifolds 361

This corollary will be checked at the end of Sect. 2. Given a R3-valued contact
form 0 and a positive function u € C* (M), a necessary and sufficient condition
for 0 = u¥/(Q@=2)9 to have constant scalar curvature, Sgr = A, is that u satisfies
the differential equation

0+2

by Agu + sgu = Au -2, (1.6)

To find such u is the quaternionic contact Yamabe problem.
As in the Riemannian and CR case, (1.6) is the Euler—Lagrangian equation for
the constrained variational problem

A(M) = inf{Ag (u); By(u) = 1}, (1.7

where

Ag(u) = fM(bn|dbu|§+seu2)1/fe, Bo(u) = /M WPy, (18)

and p =20/(Q — 2), ¥y is the volume element defined by (2.27). We prove the
following result for the quaternionic contact Yamabe problem.

Theorem 1.1 Suppose M is a compact quaternionic contact manifold with a con-
tact form 0 valued on R3, V = ker 0, and there is a Carnot—Carathéodory metric
go compatible with 6 in sense of (1.1), where dim M = 4n + 3 with n > 2. Then,

(1) M(M) < A(H™), where H" is the quaternionic Heisenberg group with standard
contact form 0y defined by (2.19) and (2.20).

(2) If A\(M) < A(H"), then the infimum of (1.7) is achieved by a positive C*° solu-
tion u of (1.6), i.e. contact form 0’ = u*/C=29 has constant scalar curvature
sgr = A(M).

For the existence and uniqueness of extremal achieving the infimum A(H"), it
is natural to conjecture that contact forms 0y = ¢*6y for ¢ € Sp(n + 1, 1)Sp(1)
are only ones on H" achieving the infimum A(H") and hence having constant
scalar curvature. The CR Yamabe problem is completely solved in [8, 9, 11-13].
The general results about the quaternionic contact Yamabe problem are working in
progress. In Sect. 2, we state some basic facts about quaternions, the quaternionic
Heisenberg group and the SubLaplacian. In Sect. 3, we prove that the quaternionic
contact structure at each point of a quaternionic contact manifold can be osculated
by that of the quaternionic Heisenberg group and construct normal coordinates
locally. Results on the quaternionic Heisenberg group are used to prove the regu-
larity of the SubLaplacians on general quaternionic contact manifolds in Sect. 4.
The main theorem is proved in the last section.

2 Some basic facts

The element of the algebra H of quaternion numbers is x| + x2i + x3j + x4k with
xyeRI=1,...,4,and

iP=j=k*>=-1, ijk=-1. 2.1
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The conjugate g of ¢ = x| +x2i+x3j+ x4k is x| — x21 — x3j — x4k. The imaginary
part J(x1 + x2i + x3j + x4K) = x2i + x3j + x4k. The quaternionic unitary group
Sp,, is the group of endmorphisms preserving the quaternionic quadratic form

(P.Q)=>_pi, 2.2)
=1

where P = (p1,..., pn), QO = (q1,---,qn) € H". Thus, Sp(1) is the set of all
unit quaternions. By identifying H" with C*", Sp, is the subgroup of U(2n) of
elements commutative with the complex structure J : C — C™, J(e;) =
e,12+i, J(enti) = e, i =1,...,n, where ey, ..., ez, is an orthonormal basis of
Cc".

The standard model of the quaternionic contact manifold is the quaternionic
Heisenberg group H™ = H" & JH. Its multiplication is given by

(x, 1) (y,8) = (x+y, 1 +5+3(xY), (2.3)
where x, y € H", t, s € JH. The neutral element is (0, 0) and the inverse of (x, )
is (—x, —1).

There are six groups of automorphisms of H™ [18].

(1) The one parameter group A of dilations:
Ds : (x,1) —> (8x,8%1), §>0; 2.4)
(2) The group N of translations:
p:Q— P.Q, forP,QecH", 2.5)

(3) The group M of rotations, M is isomorphic to Sp,,, the quaternionic unitary
group:
(x,t) — (Ux,t), forU e Sp,; (2.6)

(4) The inversion R, which is defined on H" \ {0} by

—X —t
R:(x,t) — ( ) , 2.7

2 =17 x|t + )2

where x € H'"!, t = 11i + 1j + 13k;
(5) The conjugation X:
(x,t) — (X,0); (2.8)

(6) Sp(1) acts on H™ as follows:
o(x,t) = (ox,0tc™ "), (2.9)

where the action on the first factor is left multiplication by unit quaternions,
and the action on the second factor ¢ is given by orthogonal matrix conjugation
under the identification IH with O(3).
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The group generated by A, M, N, R, ¥ and Sp(1) is isomorphic to the rank
one Lie group Sp(n, 1)Sp(1). The stereographic projection F from $*"*3 to hy-
persurface

n
Nap — Y lgi1* =0 (2.10)
=1
is given by
’ qi ’ I — gnt1
o+ dn+1 i L+ gnt1
[ =1,...,n. The standard contact form on the hypersurface (2.10) is given by
n
0o = dg,,, — Y _q/dg; — g dg;. (2.12)
=1

The multiplication of the quaternionic Heisenberg group can be written in real
variables as follows.

n—1 4
@)= |xtytptsp+ Y. Y bhxaya | (2.13)
1=0 jk=1
where 8 =1,2,3,x = (x1,X2,...,X4) € R¥ t = (t1, 1, 13) € R3, y and s are

defined similarly, and antisymmetric matrices

0-100 00 —10
yi_|1000 w00 o1
=looo-1]" =110 00"
0010 0-10 0
(2.14)
000 —1
y_|oo-10
=lo10 o
100 0

The multiplications of the quaternionic Heisenberg group in (2.3) and (2.13) are
the same by direct calculation

S{(x1 + x2i + x3j + x24K) (y1 — y2i — y3) — y4K)}
= (=x1y2 + X2y1 — X3y4 + x4y3)i + (—x1y3 + X3y1 + X2y4 — X4)2)]j
+ (=x1y4 + x4y1 — x2¥3 + x3y2)K. (2.15)

b, b2, b3 are the matrices of the quadratic forms of coefficients of i, j, k in (2.15),

respectively. It is easy to see that matrices b', b2, b> satisfy the commutating re-
lation (1.2) of quaternions

bH? = H? = B*)? = —id, b'P*H® = —id. (2.16)
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The following vector fields are left invariant on the quaternionic Heisenberg
group by the multiplication laws of the quaternionic Heisenberg group in (2.13):

3 4
+). bk,x4z+k (2.17)

B=1k=1

Yaryj =
! aX4l+j

and
3

G p 9
Yarsk, Yare ] = 26 ; P (2.18)

forl,I'/’ =0,...,n—1, j,k = 1,...,4. Then, the horizontal subspace Vi =
spang(Y1, ..., Ys,} generate the corresponding Lie algebra of the quaternionic
Heisenberg group. Let

O = (Om,1, 0,2, Om,3) (2.19)
with
n—1 4
Om.p = dip — Z Z bfjx4/+kdX41+j, (2.20)
1=0 j k=1

B =1,2,3. Itis obvious that 0 g(¥,,) = Oforany u =1,...,4n and

n—1 4
TEED Y bfjdx4,+k A dxar . 2.21)
1=0 j.k=1
Define a metric gy on Vi by

gu ¥y, Yv) =28, (2.22)

for u,v=1,...,4n, and transformations /g on Vg by

4

IgYarse =y oYy, (2.23)

forl=0,...,n—=1,k=1,2,3,4,8=1,2,3. Itis easy to see that {/g} satisfies
the commutating relation (1.2) of quaternions since b” satisfies the commutating
relation (2.16) of quaternions, and

dOm g (Yaitik, Yaryj) = —21751-511' = gu(gYai+i, Yary ), (2.24)

by (2.21). Thus, gp is the Carnot—Carathéodory metric compatible with dfy on
Vi in sense of (1.1).
The standard R3-valued contact form on $*'*3 is defined by

n+1

0s = Y _(@dq — q1dg)), (2.25)
=1

where ¢; = x47—3 + xgy—2i + xg—1j +xgyk, [ =1,...,n+ 1.
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Now consider a general quaternionic contact manifold M with a contact 1-
form 6 valued on R3. We choose a local basis {X M};‘f: , of V= ker@ with norm
V2 under the Carnot—Carathéodory metric gg compatible with df. This is be-
cause each element of the standard basis (2.17) of the horizontal subspace Vi of
the quaternionic Heisenberg group has norm V2 under the standard metric gH in
(2.22). The metric gg on V induces a dual metric on V*. We denote it by (-, -)g.
Define a norm |a)|g = (w, w)g for w € V*. It defines an L? inner product on V*

by

(,0) = [M {, @)oo, (2.26)

where the volume element vy associated with 6 is locally
Vo =220 AOL AO3AON A - 0%, (2.27)
where {01, ..., %"} is a local dual basis of {XM}:‘L":1 satisfying 6# |y = 0 for each

73
Denote d, = 7 o d, where 7 is the projection from T*M to V*. We define the

SubLaplacian Ay associated with the contact form 6 by

/ Aeu-v-W:/ (pt, dyv)ars. (2.28)
M M

Define covariant differentiation as follows. Since V preserves V, there exist

1-forms w M" such that

Vy X, = a)M"(Y)XU, (2.29)
for Y € V.Let ! (X,) = I'}). Then, Vx,X, = I',)X,. For l-form o €
Q' (),

(Vxo)(Y) = Vx(o(Y)) — o (VxY). (2.30)
The SubLaplacian Ay has the following expression.

Proposition 2.1 Let {Xﬂ}i":1 be a local basis of V such that go(X 1, X\) = 28,0.
Then, for u € C*°(M),

4n 4n
1

n=l1 v=1

where the covariant derivatives of 1-forms are defined by (2.30).

Proof 1t is sufficient to check (2.31) for smooth # with sufficiently small support.
Let {9“};‘[’:1 be a dual basis of {X“}i’;l for V*, and 0|y = O for each u. Let
X Z be the adjoint operator of densely defined operator X, on the Hilbert space
L2(M), w=1,...,4n. We claim that

4n
Xi=—X,+y Tk, (2.32)
v=1
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Note that dpu = ), X u - 0% and (6", 60")y = 1/2. By the definition of the
SubLaplacian in (2.28), we have that

1 4n 1 4n 4n
By =3 Y OXiX, = 3 > (-XMX,M +> FJjX,m) : (2.33)
n=1 n=1 v=1

By (2.30), we have that
Vx, 08 = T [0V (2.34)

Now by the definition of trace,

TrY V(du) = TrV V(dpu)

dn  4n 4n 4n
=% 2D (Vx (X 9“))(Xa)=% > (Xﬂxﬂu -3 Fa’équ) ,

a=1 u=1 n=1 a=1
(2.35)

since X, has norm +/2. (2.31) is proved.
It remains to prove the claim (2.32). Note that Xu = ix, du by the formula of
Lie derivative, where iy is the interior operator. By Stokes’ formula,

/ Xpuu - v =/ Udu/\l‘XHI/IQZ—/ Mdv/\l'XuWQ—/ uvd(ixulﬂg))
M M M M
= —f uX, v —/ uvd(ixﬂl/fe). (2.36)
M M

Here we have used identities [, ix, (vdu A ¥) = [y, ix, (udv A ¥g) = 0. By
the standard exterior differentiation formula,

dp(X,Y) = (Vxp)(¥) — (Vy9)(X) + ¢(Tx v) (2.37)
for 1-form ¢ € Ql(M), where Tx y is the torsion, and Ty y = [X,Y]w by
Theorem 1, we find that d0*(X,, X,/) = —FU’,LV + Fv"f,, and hence,

1 :
do* = 5( —T ) +T/2)0" A6", mod 6,6, 6. (2.38)

Note that
d(iXMI/fg) :(—1)“22”(d91 NG ANO3— 01 AdOy AB3 4+ 61 A Oy AdO3)A

/\91/\~~9A“~--/\94n+Zd@ﬂ/\ixﬂixﬂl//@. (2.39)
B#1

The first term on the right-hand side of (2.39) is zero since it annihilates the Reeb
vector Tj by ir;d0; = 0 (Proposition II.1.7 in [3]), where T; € W satisfies
Ok (Tj) = 6 ji. Inserting

1 1
doP = 5(- T+ 150" Aof + E(_ LA +T0)0P no"+. (2.40)
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by (2.38) in the second sum in (2.39) and using antisymmetry I’ ﬂ")‘/ = —F(f;,,
which follows from the fact that the connection V preserves the metric gy on V,
we find that

4n
dlix, ¥e) = Y (T +T0ve == > Thive =Y Thve. (241
p#u i p=1

since I ﬂi = 0 by antisymmetry. The claim (2.32) follows from (2.36) and (2.41).
The proposition is proved. (]

Proof of Corollary By substituting f = v?/(2=2 in (1.4) and using the above
(2.31) foru =2/(Q — 2) log v, we can easily prove (1.5). [l

3 Normal coordinates

The purpose of this section is to define normal coordinates to approximate the
quaternionic contact structure at each point of a quaternionic contact manifold
M by the standard quaternionic contact structure on the quaternionic Heisenberg
group.

Let & be an arbitrary point of M and U be a sufficiently small neighborhood
of &. For any two local sections e, ¢’ € C*°(U, V), we have

go(lge, Inye') = dby (e, Iye') = —dby (Iy€’, €)
= —go(Iy(Ix€), e) = go(e',e) = go(e, €), (3.1

by (1.1). Namely /I, (o = 1,2, 3) are isometries on V' under the metric gg. Now
choose a section ey € C*°(U, V) such that g(e, e¢;) = 1. From now on, we take
Ip = idy . Note that

go(laer, Iger) = goUplqen, 1,%61) = —go(lyer,er) = —dby(er,e1) =0 (3.2)

for some y € {1, 2,3} if « # B. Hence, ey, I1e1, I2e1, [3e1 are mutually orthog-
onal. Now choose a section e; € V orthogonal to spang{lxe1; k& = 0,...,3}.
As above, ey, I1e2, Irea, I3ep are mutually orthogonal and spang{lie1; k& =
0,...,3} L spang{lxez; k = O,...,3}. Repeating this procedure, we find at
last vectors ey, ..., e, such that {lze;; j = 1,...,n, k = 0,...,3} forms a
local orthonormal basis of V under the metric gg. Let

Xara = V2la 10141, 3.3)
for/=0,...,n—1,a=1,...,4. Then,
dOg(Xar4k> Xar+j) = 2g89Uplk—1€141, Lj—1€41), (3.4

which is zero except for Iglx_1 = £1;_; and [ = I'. For example, the right side of
(3.4) for B = 1 vanishes except for {k, j} = {1, 2} or {3, 4}. It equals to —2811/b,ij
by direct calculation, where b! is defined by (2.14). Similarly, we can check that

d0p (Xay i Xaryj) = —281bf, (3.5)
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for=1,2,3.Let{0',..., 0%} beadual basis of {X1, ..., X4,}. (3.5) is equiv-

alent to
n—1 4

dogg=-> > b,fje“”k AOYTI . mod 6y, 6,, 6. (3.6)
1=0 j k=1

The dual of (3.5) is

3
(Xar4k, Xary ;] =281 Z bijﬂ, mod V, 3.7
B=1

where Ty is the Reeb vectors satisfying 6, (Tg) = dqp, @, B = 1,2, 3, by using
the formula of exterior derivative: for 1-form w,

do(X,Y) = X (@(Y)) — Y (X (@) — o(X, Y]). (3.8)

Define X4,15 = Tg for B = 1,2, 3. For each § € M, as in the CR case in [7],
we define the exponential map Eg at & based on the local basis {X1, ..., X4,43}.
Foru = (uy, ..., usy+3) € R, we define E¢(u) € M to be the endpoint of
integral curve 7(s),0 < s < 1, of the vector field Zj":'ﬁ u;X; with n(0) = &.
Then E¢ is a smooth mapping of a star shaped neighborhood Ug of 0 € R4 H3
into M. It is clear that Es*(%)lo = X l¢. So E¢ is a diffeomorphism of a smaller

neighborhood of U of 0 (denoted also by Ug) onto a neighborhood V¢ of M.
Let Q = {(§,n) e M x M;n € Vg}. Qis a neighborhood of the diagonal in

M x M. Denote O the coordinate mapping E%__1 Ve — R¥3 and O (&, ) =
O (n). We also write (x(-; §),1(-;&)) or u(n; &) for the coordinates of O¢(n).
Define a norm on R*"*3 by

2
4n 3
lul| = Z u% + Z “421;14-;3 . 3.9
j=1 B=1

Set p(§,n) = [|©E,n)|. A function f on Vg is said to be ok if f(n) =
0(pE, mhasn — &.

Proposition 3.1 In the coordinates x (-; £), t(-; &),

3

+22bij41+k +ZolaxM+2_:02 , (3.10)

B=1k=1

Xajyj
= 8X41+ j

forl=0,...,n—1land j=1,...,4

Proof In the proposition, we identify Og. X, with X ,. Write

4n+3
M—ZF,W(M)— p=1,... 4n4+3. (3.11)



The Yamabe problem on quaternionic contact manifolds 369

The following sublemma is Lemma 14.2 and Lemma 14.5 in [7], pp. 472474 (see
also Chevalley’s book [6], pp. 155—156), which hold for general vector fields {Z, }
satisfying the condition that vector fields {Z,} span the tangential space at each
point.

Sublemma Let (A,,) be the inverse transport matrix of (Fy). Then,
(1) Ifu € Ug, |s| < 1, we have

4n+3

D Ap(siuy, =uy. (3.12)

v=1
(2) Define real functions c ., on Ug by

4n+3
[X,, Xv] = Z Cp.vv’Xv” (3.13)

V=1

and matrices D (s, u) = (s A, (su)) and I (s, u) with entries

4n+3
Dov(s ) = D (s (3.14)
n=1
onu € Ug, |s| < 1. We have
aD
— =1-TD. (3.15)
as

Now by Taylor’s theorem, we have the expansion
F(su) = F(0) +sFVYw) +s*FOw) + ..., (3.16)
where F(0) = I by Eg*(%)k) = X,l¢ and FWO F®@ are certain matrices.
Let
AGu) =1 +sAV @) +s*APw) + -+,
D(s,u) =sI +s>AV @)+ . (3.17)

Since FA' = I, wehave F(V = — AW Let (s, u) = TOw) +sTO @) +---.
Eq. (3.15) implies that (1/2)I©" = FO_ Since ') = 3", ¢,1ur,/(0)u, are real
and u4,1 g =1tg = 0? for B =1,2,3, we find that

1 1 4n+3
M Oy
Futanip =5 utinipy =5 2 Couttnt) Oty

v=1

4n
1
= Zc'm(4n+j)(0)uv + 02 (3.18)

v=1
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It remains to determine ¢,y 4n+ ) (0) for u,v=1,...,4nand j = 1,2, 3. Note
that
4n+3
[(Xaryj, Xqp4jr] = Z Cl+ )@+ ymXm
m=1
3
_ B
=28 Z b, Tg mod V, (3.19)
B=1

by the definition of coefficients ¢ in (3.13) and (3.7). It follows from (3.19) at the
origin that

Cars i+ oant ) (0) = 28b%,, (3.20)

forl,)/’ =0,...,n—1,j, j/=1,...,4and B8 = 1,2, 3. Now in coordinates
chart Ug,

4n+3
Xagj = Z F(4l+j)v(”)
v=1
3 4n
d 0 0
= + ) Fuaivjpan+ep @) o' —
Sumr ; ) () g ; ™
3 4n+3
= 5 Z > Cmat+)@ntp) Ottm =
3u41+J ﬂ it 4n ,B
34
8 0
= b, Uy +R (3.21)
3u41+1 22 P gy g

by us1ng (3.18) and (3.20), where the remainders R = Z =1 o' a;ﬂ + Zﬁ 1

0? . The Lemma is proved. (]

8144 +8

Theorem 1.2 (1) Os(n) = —©, (&) € R¥+3;
(2) ©:Q — R"3j5Co;
(3) ®§(dul -+~ dugpy3) g is the volume element on 'V at §;

(4) SuppOse (E’ T]), (Es ;‘)7 (Ca n) € Qand p($9 n) < &o, p(;, n) < & for some
sufficiently small constant eo > 0. Then, there exists a constant C > 0 such

that

1OE. n) — O M < CpE. &)+ pE. O pE. 7).
p(z. 1) < C(p(E. ) + p(&. ). (3.22)

Namely, p(-, -) is a local pseudodistance on M.
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Proof (1) follows from the definition of exponential map E¢; (2) follows from the
well-known theorem in O.D.E. on smooth dependence of solutions on parameters;
(3) follows from Og, mapping X ,[¢ to %, w = 1,...,4n + 3. For (4), we
regard ¢ as a function of § € M and u € Ug by equation { = Eg(u). We write
O, n) = f(n,& u) € RT3 with £(n, &, 0) = (&, ). We expand f in Taylor
series about 0,

4n+3
O 1) = OuE. )+ Y dun(. &)y + O(lul?), (3.23)

v=1
where u;, = 0,¢,¢), an(®,§) = %’f’o). Using (3.23) for n = &, we
have iy, = ©,(5,0) = —0,(, &) = — Yo" a,, (8, &) uy +0(|ul?). Hence,
v, &) = =8, and |a,, (0, §)| = O(p(n, £)) for 1 # v. Tt follows that

©4n1pE 1) — Ounip(C, M| < C(E O+ p(n, §)pE, 0), B=1,2,3
1©uE. m) — O, N =CpE.0), n=1... 45 (3.24)

Now the first inequality of (3.22) follows from (3.24). The second inequality of
(4) follows from the first one easily as in p. 476 of [7]. We omit details.

For the standard contact forms 6y, the associated metric is defined by (2.22).
Its curvature is identically zero. For u € C'(H"), du = Zi":l Yu - 0% +

Z%:l 5’7’; - Omp and dpu = Zi”:l Y u - 0%, where 6# = dx,. Note that
(Y, Yy) = 26, and (8%, 0")g; = 28,0, 11, v = 1, ..., 4n. Hence,

4n
1
(dp, dpv)y = 5 > Yuu- Y (3.25)
n=1
if u and v are real valued. The SubLaplacian is
1 4n
Ap=—3 > YV (3.26)
n=l ]

Corollary 3.3 Let {X1, ..., X4n} be a local basis of V such that go(X,,, X,) =
28,v. Then, in the normal coordinates defined by Theorem 1.2, we have

(1) (©;)6p =0 g+ 0'dr + 0%dx, p=1,2,3;
(2) O )Yy =1+ 0Ny
(3) (Og)xAg = Ag + E@y) + O1E@y; 32) + 02E(3y - &) + O3E(3D).

where Y = Yoy, and OKE indicates an operator involving combinations of
the indicated derivatives with coefficients in O.

Proof (1) follows from the expansion of X, in Proposition 3.1; (2) follows from
(1). Since FM”’ bounded, FZlem = £(3,) + 0'E(3;) by expansion (3.10). Part

%
(3) follows from the expansion of X, in Proposition 3.1 and the expression of the

SubLaplacian in (2.31). O
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Remark 3.4 Folland and Stein [7] used normal coordinates to osculate strictly
pseudoconvex CR structure by the Heisenberg group (see also [14]). For CR man-
ifolds of high codimension, we constructed normal coordinates and osculated the
CR structure at each point by a nilpotent Lie group of step two in [15].

4 The regularity of Ay

The Green functions of the SubLaplacians on general step-two nilpotent Lie
groups are constructed in [2]. We summarize the results in Theorems 1-3 and
their proofs in [2] in the following theorem.

Theorem 4.1 Let a® = (a‘;.‘k) be an antisymmetric N x N matrix, and the eigen-

values of Q(t) = —i Zgzl a%ty be M (1), ..., AN(T), and

1 N
_ 2
A= ZL 3 (4.1)
j=1
where
R 9
Li=—+Y Y a%xi—, 4.2)
3)6]' it 0ty

j=1,...,N,onRNY" Suppose vector fields satisfy the condition C, i.e. [L;, Li]
and L, j,k=1,..., N, span the tangential space of RN*7 Let

1 . )
fx.1,0) = S(Q(1) coth Q(0)x, x) — i > taty. teR, xeRY,
a=1
N

1 1

detQ(r) 2 M(T) 2
VO =——o—=) =]]l=7=) - (4.3)

det sinh (1) il sinh Ax(7)
Then the following integral converges provided |z| + |t| # O and is the Green
function of A,
[(s) V(t +ief)
— T,
Qr)stl Jre f(x,t, T +iet)s

where s = % +r — 1, is the unit vector of t, € is a small positive number. If

|z[ # 0,

Gx,t) = 4.4)

['(s) V(r)
Qo) Jre flx,t, )
(4.4) is the integral changing the contour of (4.5). Equation (4.4) is independent
on ¢ for |z| # 0.
Furthermore, G is C*® on RN*" \ (0} and is homogeneous of degree
—N —2r +2,ie. G@x,8%) = NG (x, 1), and

IG(x,0)| < Cll(x, )| ~N=2+2 (4.6)

Gx,t) = dr, (4.5)

for some constant C > 0, where the norm ||(x, t)|| = (|x|* + [¢|*) /4.
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In the case of the quaternionic Heisenberg group, » = 3, N = 4n and A =
—Ap. Itis easy to see that the condition C is satisfied for left invariant vector fields
(2.17) by relations (2.18).

Proposition 4.2 (Sobolev-type inequality for the critical exponent on H") There
exists a constant C,, > 0 such that

4n

2
(/ |u|l’m)' <Co [ D abys )
n=1

for eachu € C3°(H"), where p =20/(Q —2).

This proposition is a special case of Sobolev inequalities on equiregu-
lar Carnot—Carathéodory spaces (including quaternionic contact manifolds and
quaternionic Heisenberg group) proved by Gromov in Sect. 2.4 in [10].

Corollary 4.3 0 < A(H") < oo.

Now let U be a relatively compact open set of a normal coordinates neigh-
borhood Q2 C M. {X1, ..., X4,} be an orthonormal basis of V' under gg. Define

lullsrwy =Y 1Xpy - Xppullmw) (4.8)
k' <k
for u € C°° (M), where the summation takes over all multiindices (i1, ..., (i)

with k' < k. The Folland-Stein space S (U) is the completion of C*°(M) with
respect to this norm. Define

lu(x) —u(y)l

, for0<pg <1, 49
p(x, )P

”u”Fﬁ(U) = Super'“(x)| + Supx,yeU

and I'g(U) is the completion of C*°(M) with respect to this norm. For k < f <
k+1,

FgU) ={uc€ CO(U); Xty e I"g_ for any multiindices L with |L| < k}
(4.10)
with norm
lulle,@y = sup X ullr, @), @.11)
IL|=<k
where XL =X, -+ X, for L = (w1, ..., ), IL| =K.
Now choose an open covering {Uy, ..., Us} of M such that each U is a rela-
tively compact open set of a normal coordinates neighborhood ¢ C M for some
EeM. Let {gbj}siz1 be a unit partition of M such that supp ¢; C U;. Define

SEM) = {u; pju € S (U;) forallj}. (4.12)

Proposition 4.4 For each positive non-integer 8,0 < r < oo and integer k > 1,
there exists a constant C > 0 such that for u € C3°(U),
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(1) lullrywy < Cllullsp ) with B =k — £,
(2) llullazw) = Cllulirgw):

2
(3) lullsmwy = CAAgullLmw) + lullLmw))s
(4) llullrg @) = CUlAsullrgw) + llulirgw))-

For strictly pseudoconvex CR manifolds, such estimates for [J, were proved
by Folland and Stein in Theorem 21.1, 20.1, 16.6 and 15.20 in [7]. Their arguments
also apply to Ap (Proposition 5.7 in [11]). If we use the Green function of Ay
provided by Theorem 4.1 and normal coordinates provided by Theorem 1.2, their
arguments apply verbatim to Ag.

Harnack inequality and Poincaré-type inequality for general Héormander sys-
tem of vector fields are well known now. (See [4, 5], for example).

Proposition 4.5 (Harnack inequality) Suppose f € L®°U),u € LP(U),u > 0
and (Ag + f)u = 0 in sense of distribution on U . Then, for any K CC U,

max u(x) < C minu(x), 4.13)
xekK xekK

the constant C depends only on K, ||ullLrw), || f |Loe ) and the frame constants.

Proposition 4.6 (Poincaré-type inequality) Let B, C U be a ball of radius a with
respect to quasidistance p. Then, for each f with Z;i":l X, fl9 e LY (U), we
have

4n
[ 5= fatown < cat [ Y it (4.14)
a u=1

where fg, = ([ f¥e)/([p W), the average of f.

By estimates in Proposition 4.4 and Harnack inequality, the following reg-

ularity results involving critical exponent can be proved in the same way as
Proposition 5.10 and 5.15 in [11].
Proposition 4.7 Suppose f € L2/2(U),u € LP(U),u > 0 and (Ag + f)u =0
in sense of distribution on U. Then, for any n € C°(U), nu € L*(U) for each
0<s <oolf felL’(Uywiths > Q/2, thenu € I'g(K) for some B > 0 and
any K CCU.

Theorem 4.8 Suppose f,g € C*°WU),u > 0onU,u € L"(U),r > p and
Agu + gu = ful~' in sense of distribution on U for some 2 < q < p =
20/(Q —2). Then,u € C*U)andu > 0.I[f K CcC U, then lullcr k) depends
only on K, ullL- k), | fllckky, 1€llck k), the frame constants, but not on q.

The following interpolation inequality for the space S}" is just the consequence
of the above Poincaré-type inequality.

Proposition 4.9 (Interpolation inequality for the space S*) If u € L'(U) and
Zi":l | X ul™ e LY U) with1 <m < oo, thenu € ST'(U) and

4n
lulsowy < C | |D1Xuul™ +lullpw) | - (4.15)
=t L'W)
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Proposition4.10 If 1 < s < p = 20/(Q — 2), then imbedding SIZ(M) CcC
L5(M) is compact.

Proof By arguments in [7], we have continuous inclusion SIZ(M ) C W12/2(M ),
where W12/2 (M) is the usual Sobolev space. Now the usual Sobolev imbedding
theorem guarantees the inclusion le/z(M ) C L'(M) to be compact. Suppose

{u;} is a bounded sequence of S ]2(M ). Then, there exists a subsequence, which is
still denoted by u;, converging to u in L' (M). Note that

W= /p)

wr—upllrs < \uj—uy a uy—uy p )
leer —wep sy < Nt = 193 g Nt =2 | 5, 1= (1/p)

by Holder’s inequality (cf. [1], p. 89), where ||u; — uy||Lr(m) is bounded by the
Sobolev-type inequality (4.7) for critical exponent p, which also holds on man-
ifold M. We see that {u;} is also a Cauchy sequence in L®. The compactness
follows. (]

(4.16)

5 The existence of extremal

The extremal problem (1.7) in H” is

4n
1
AH") = inf 5/ anlYuuﬁ/fH;/ ulPym=1¢, 6.1
Hn H)l
pu=1

where Yy = ¥y defined by (2.27) with 6 = 0.
Lemma 5.1 A(M) < A(H") for any compact quaternionic contact manifold M .

Proof The class of test functions defining A(H") can be restricted to C* function
with compact support. The proof is similar to that in [11, 16]. For each ¢ > 0,
choose u € C§°(H") such that Bg, (1) = 1 and Ag, (1) < A(H") +¢. Letus(¢) =
87O =2/2y(Dy-1¢) for ¢ € H". For fixed £ € M, set v5(n) = us(O¢(n)). For §
sufficiently small, supp us is contained in ®g(2¢). Hence, vs has compact sup-
port in Q. It can be extended to a C* function on M. It is easy to check that
By (u5) = Boy (u) = 1 and Agy (u5) = Agy (1) < A(H") + € by rescaling. Also,
S lus Y = 8% [iga lu|*yyr —> 0 as 8 —> 0. By Corollary 3.3, we have

(Ds-10¢) " 1*0p = 820 5 + 8°(0'dt + 0?dx)
((D5-105) ") Y = 821 + 60 )ym
(Ds-198): X, = 871 (Y, +8016@0,) +810%6(8,)), w=1,...,4n,
(Ds-10¢)5 Mg = §*(Am + 8E@y) + 80'E(dy; 97) + 80*E(3.0,)
+50°8(3?)),
(5.2)
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where (Y1, ..., Y4,) are left invariant vector fields of the quaternionic Heisenberg
group in (2.17). Therefore,

By (vs) = /M lus(@g (M) g = /Hn 87 CulP ((Dg-1 - ©) ™ *g
=/ lulP (1 + 80"y —> B (u) = 1. (5.3)

For any fixed a > 0, Ds-10:(2¢) D B, for sufficiently small §. Similarly,
Ag(vs) —> Agy () < L(H") 4 €. Since ¢ is arbitrary, the lemma follows.

Foreach2 < ¢ < p = 20/(Q — 2), consider the following variational
problem,

hg(M) = inf{Ag(u): u € S2(M), Bg.y(u) = 1}, (5.4)

where
Bo.g(u) = / el . (5.5)
M 0

Theorem 5.2 For each2 < g < p = 2Q/(Q — 2), there exists a positive C*
solution ugy to the equation

buDgtg + spug = hg(Mud ™", (5.6)
satisfying Ag(ug) = Ag(M) and Bg 4(ug) = 1.

The proof of this theorem is exactly the same as that of Theorem 6.2 in [11] by
using the compactness of Sobolev embedding in Proposition 4.10 and regularity
results in Proposition 4.7 and Theorem 4.8. To prove Theorem 1.1, it is enough to
prove the following theorem.

Theorem 5.3 [fL(M) < A(H"), then there exists a sequence q; tending to p from
below such that ug, converges in C™ (M) for any m to a function u € C*°(M)
such that u > 0, and

bpAou + sou = AM(M)uP~ L. (5.7)

with Ag(u) = A(M) and Bg p(u) = 1.
The following behavior of A, can be proved as Lemma 6.4 in [11].

Proposition 5.2 (1) If A;(M) < O for some q, then Ly(M) < O for all ¢ > 2.
Ag is a nondecreasing function of q.

(2) If A\q(M) > O for some q > 2, then A, is nonincreasing of q and is
continuous from left.

Proof of Theorem 5.3. Case 1. A\(M) < 0. (]
Let u, be a C* solution of Eq. (5.6) given by Theorem 5.2. Foreach2 < ¢ <

p=20/(0—-2),¢c¢ Slz(M), we have

/M (dpitg. dpd)o + sty $)Ws = /M hgul ™ . (5.8)
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Let ¢ = ul ™" Since A, (M) < 0,

/ (¢ — Dul2dyu, 2y < / Isoul 1. (5.9
M M

It follows that
f |dywgl e < c/ wyp = C/ g = C (5.10)
M M M

for wy, = uZ/ ? and some constant C > 0. By Sobolev-type inequality (4.7), we
have || i wf; < C’ for some positive constant C’. Now let o > 2 andr = qo/2p >
p. Then, for g > qo, |lug L7 (m) is uniformly bounded as ¢ — p. It follows from
regularity result in Theorem 4.8 that |[ug|ck(p) is uniformly bounded, and there
exists a subsequence ug; converging in C k(M) to u for any k. The limit u satisfies
bpAgu+sou = duP " with A = Ag(u) = limkqj and By, ,(u) = 1. We also have
A < A(M). Consequently, A = A(M) by the definition of A(M).

Case2. X\(M) > 0.

Case 2i. For some sequence qj —> p, supy|dpug;lo is uniformly bounded. By
interpolation inequality (4.15), uy; are uniformly bounded in S{'(M) for any m.
Consequently, ug; are in L™ (M) for any m. The result follows as in the case 1.
Case 2ii. supy|dpuylg —> o0 as g — p.

Choose §; € M such that |[dpu(§;)lo = supy|dpugle. Let O, be the normal
coordinates defined in Theorem 1.2. Without loss of generality, we can assume that

there is a fixed neighborhood U of the origin of H" contained in the image of O,
forall g. We will identify U with a neighborhood of &; by (x,7) = O, (§),§ € U.

Define (¥, 7) = Dy—1(x, 1),
q

n—1 4

Prp=dig— Y Y bYRagrdfay; = 8, 2(D; O p), (5.11)
1=0 j k=1

and on the set D 51 U with coordinates (¥, 7), define
q

2
hg(R.0) =87 uq(8,%. 877) (5.12)

where 8, > 0 is so chosen that |dp/,(0)] fin = 1. Since

I+

ldphg (0)lg,, = dq Idpug(€g)le, (5.13)

we see that §, —> O as g — p and D(Sq—lU — H".

Denote ~

Oy = 8,72(D3,0),  Ag = A, (5.14)

in coordinates (¥, 7) on the region D 5! U. Note that

(85,203 oytta) () = 8 (A attg) (1) = &3 (Botg) (Ds, m). (5.15)
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by definition of the SubLaplacians. The equation for /4, is
buBghg + 5q82hg = hq(M)hG ", (5.16)

where s, is the scalar curvature of 6 in the coordinates (x,t). Also, [s;] <

lso Il Loo(pr)-
If necessary by passing to a subsequence, we can assume §, — & € M.

Denote by (X 4., XZn) the frame (i.e. local orthonormal basis with norm \/i)
used to define ®5q, we may assume it converging to (X1, ..., X4,). Let

Vi =8,Dy 1 Xfl, p=1, ... 4n (5.17)

Then (Y{, ..., Y} ) is a frame for 6(4). By using (5.2), we see that (Y|, ..., Y} )
converge in CK(B,) to (Y1,...,Ys,) for each k,a > 0 as 8, —> 0, where
(Y1, ..., Ys,) are left invariant vector fields of the quaternionic Heisenberg group
in (2.17). Similarly, 6, and A, converge uniformly in C*(B,) to 6y and A for
each k, a > 0 by using (5.2), respectively.

Note that |dA, lo,) is bounded in By, since it attains its maximum at the origin,
and

2
~ ~ T_Q
/~ g (R, D)"Y, =8¢ / lug (e, ). (5.18)
[(X.0)]<a [(x,0)]<8qa

When ¢ < p, we have that 2¢ /(¢ —2) — O > 0 and the right-hand side of
(5.18) is bounded. Moreover, ¥, = (1 + 8Oy on B, by (5.2). We find that
hy € LY(Bg, Yym) with uniform bound. Consequently, i, € LY(B,, ¥g) with a
uniform bound. This fact together with |dphglg,,, uniformly bounded by 1 gives
hq € S7'(Ba, Ym) for each m < oo by interpolation inequality (4.15). Conse-
quently, nh, € L™ (M) for each m > 1, and by Theorem 4.8, nh, is uniformly

bounded in C¥(B,) for each k.
Now take a subsequence g; —> p such that ,; converges in C 2(B,). Thus,
it defines a function u on H" by first choosing a subsequence /4; convergent in

C2(B)); then choosing a subsequence of i, convergent in C 2(B,), etc. Note u >

0, u € C2(H") and u is not zero since |du(0)|gy = 1. Since 8(4,) —> O and
hq; (M ) —> A(M) by the continuity of A, (M) from left in g in Proposition 5.2,
by letting g; —> p in (5.16), we have that for ¢ € C§°(H"),

_/Hn (ba(dpit, dpp) gy — M(M)uP~ )y = 0. (5.19)

Since 1//9([”) — Y by (5.2), (5.18) implies fBa uPyg < 1 for each a > 0.
Hence, fH,, uPyrg < 1. On the other hand,

2 _ . 2
/ |dbu|9w Ypr = lim |dbhqj |9(qv)‘(ﬁ9(qj)
B, B, /

J—> 00

25,
. qi—2
= lim [ & |dpiug, 15
J—/™>JMm
< lim sup / |dpug; 506 < oo (5.20)
j—o0 JM
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by 8;6.“ [@=2=0 By taking a subsequence ¢; € C§°(H") to approximate u

in (5.']1 9), we find that

bn/ dul2, e =A(M>/ Y (5.21)
Hn Hn
Now taking ii = Huu\lp’ we have

by /H A2, s = A(M) < A@E), [l = 1 (5.22)

which contradicts the definition of A(H"). Thus, case 2ii is impossible and the
theorem is proved. O

Similar to [11], we have

Proposition 5.5 [fA(M) < 0, any two contact forms conformal to 6 with constant
scalar curvatures are constant multiplier of each other.
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