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Abstract We consider a one-parameter family of delay differential equations
which has been proposed as a model for a prize and prove that at a critical param-
eter where the linearization at equilibrium has a double zero eigenvalue periodic
solutions bifurcate off with periods descending from infinity.
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1 Introduction
In [1] the delay differential equation
x(t) =a(x (@) —x@ —1) = blx@)]x(1)

with parameters ¢ > 0, b > 0 was introduced as a model for a price under the
sole influence of rational behaviour of trading agents, with fundamental economic
quantities being constant. A detailed derivation of the model is given in [2]. Very
roughly, the linear term on the right-hand side of the equation corresponds to the
tendency to follow the trend, while the quadratic term represents the tendency to
turn back when the price is too far from an equilibrium defined by the fundamental
economic quantities. A similar model was proposed and discussed in [3].
Multiplication of solutions by 3 reduces the model to the equation

a” 'k (6) = x(@0) —x(t = 1) = [x(O)|x () e))
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with the single parameter ¢ > 0, which is more convenient for mathematical
analysis.

Incidentally, recall that solutions are either differentiable functions x : IR —
IR which satisfy Eq. 1 everywhere, or continuous real functions on some interval
of the form [fy — 1, 00), tp € IR, which are differentiable and satisfy Eq. 1 for all
t > to. Let C denote the Banach space of continuous real functions on the initial
interval [—1, 0], with the norm given by

¢l = max [¢()].
—1<t=<0

Data ¢ € C uniquely determine solutions x = x%?% on [—1, c0) by the initial
conditions x|[—1, 0] = ¢. The equations

F,t,¢) =x;, x=x%" and x,(s)=x(t+s)

define a semi-flow F, : [0, 00) x C — C. The only constant solution of Eq. 1 is
zero; 0 € C is the only stationary point of the semi-flow F,. Let us also recall that
slowly oscillating solutions are defined by the property that for any pair of zeros
z <z wehavez +1 < 7/,

Early numerical observations in [5] indicated that the equilibrium 0 € C is
asymptotically stable for a < 1, and that for ¢ > 1 there are stable periodic
orbits, with amplitudes becoming small and minimal periods growing to infinity
as a N\ 1. The main results in [1] establish asymptotic stability of the equilibrium
for a < 1, instability for ¢ > 1, and existence of a slowly oscillating periodic
solution with orbit in the boundary of a global centre-unstable manifold for a >
1. In [12] the asymptotic shape of the periodic solutions found in [1], for a —
00, is determined. There are also other periodic orbits, see Sect. 1 of [12], and
the result on asymptotic shape has implications on the number and location of
continua in the global bifurcation diagram which are beyond the earlier numerical
observations.

The present paper deals with bifurcation of periodic solutions from zero at
a = 1. There is no Hopf bifurcation, since the only imaginary eigenvalue of the
generator of the linearized semi-flow is 0 € C. The multiplicity of this eigenvalue
is2 ata = 1 and 1 otherwise. So for a close to 1 the situation may be seen as
part of a Takens-Bogdanov scenario with two parameters (see, e.g., [7]). Notice,
however, that the non-linear part in Eq. 1 is given by the C !-function

fiR3&= (1-[5D§ e R

which has no second derivative at 0. This means that the standard approach to
identify the local dynamics, i.e., centre manifold reduction, expansion and trunca-
tion of the resulting vectorfields on the plane and transformation to a normal form,
seems not amenable here, due to lack of smoothness.

The main result of the present paper is the following.

Theorem 1. For every € > 0 there exista = a. € (1 — €, 1 4 €) so that Eq. 1 has
a slowly oscillating periodic solution p. : IR — (—e€, €) with minimal period T,
given by three consecutive zeros. We have

Te > 00 as € — 0.
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The proof of the theorem begins in Sect. 2 with preliminary results on the semi-
flows F,, on linearization at the stationary point 0, and on the change of stability
of the stationary point when the parameter a crosses the critical level 1. As in
[1] we choose a certain complementary subspace N C C of the two-dimensional
centre space L1 at a = 1 and a basis of L1, to the effect that projection along N
onto L and taking coordinates coincides with the evaluation map

E:C3¢r (¢0),p(—1)) € R

This implies that for @ > 1 not too large coordinates on centre-unstable manifolds
are given by the map E.

The analysis of plane curves of the form ¢t — (x(¢),x(t — 1)) = Ex;, or
equivalent ones, along special slowly oscillating solutions x has been used suc-
cessfully in numerous papers on periodic solutions of delay differential equations,
beginning with work of Kaplan and Yorke [8]. It is closely related to the discrete
Lyapunov function from [10, 11]. For further references, see [8—11]. The identi-
fication of the evaluation map with coordinates on invariant manifolds in [1] is
similar to an earlier construction in Chapter 6 of [9].

Section 3 deals with a centre manifold W, for the augmented system

x(t) = a(®)[x@) —x( —1) = [x(@®)|x(1)]
&) =0 )

and with the foliation of W, by locally positively invariant manifolds W, of the
semi-flows F,; W, is a centre manifold and W, for ¢ > 1 are center-unstable
manifolds.

In Sect. 4 it is shown that solutions x : [—1, o0) — IR which start in smaller
manifolds W C W, are slowly oscillating, continuously differentiable (on all of
[—1, 00)), and have slowly oscillating derivatives.

In the beginning of Sect. 5 one sees among others that the coordinates given
by the evaluation £ on each manifold W¥ fill a fixed open square Q. The result of
Sect. 4 is used in the proof of Proposition 5.2 about coordinate curves

[0,00) >t > (x(1), x(t — 1)) € IR?

along solutions x = x%? which start at initial data ¢ € W \ {0} with coordinates
E¢ in the graph f C IR For these curves the graph f and the vertical axis
are global transversals. Propositions 5.3-5.6 and Corollary 5.1 deal with the case
a = 1. We need that in this case the coordinate curves keep winding around
0. Moreover, the two maps which are given by successive intersections of the
coordinate curves with the branches of f in the first and third quadrant need to
have limit 0 at 0 € |R?. The inherent difficulty is, loosely spoken, that the angular
speed tends to zero for curves in neighbourhoods shrinking to zero. The proof of
the desired winding behaviour and of the limit relation is based on the exclusion of
small solutions without zeros on unbounded intervals in Propositions 5.3 and 5.5.
Proposition 5.3 generalizes Corollary 5.2 of [1]; its proof by a short comparison
argument is new.

It is in Sect. 5 where our approach to local bifurcation diverges from the stan-
dard one: We study the coordinate flows on the square directly, without expan-
sion and truncation of underlying vectorfields and recourse to normal forms. The
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choice of coordinates explained earlier makes this relatively easy. For an analysis
of the dynamics on two-dimensional invariant manifolds which uses spectral pro-
jections instead of the projection along N see [13, 14] and the references given in
[14].

Section 6 completes the proof of the theorem. The change of stability of the
stationary point in the manifolds W¢ when the parameter crosses the level 1, the
information about coordinate curves from Sect. 5 and elementary continuity ar-
guments yield bifurcation of slowly oscillating periodic solutions with small am-
plitude. Depending on the stability properties of the stationary point ata = 1 we
obtain supercritical, subcritical, or critical bifurcation (Propositions 6.1-6.3). This
is slightly better than stated in the theorem. The last assertion of the theorem is
a consequence of the final Proposition 6.4, which makes precise what has been
said earlier about angular speed: Small amplitudes of slowly oscillating solutions
imply large distances between successive zeros.

The question whether the stationary point is asymptotically stable for a = 1
remains open. An affirmative answer would imply supercritical bifurcation.
Notation. For a Banach space B and a real number » > 0 the open ball with centre
0 and radius r is denoted by B(r). Sp stands for the unit sphere in B. The closure
and boundary of a subset M C B are denoted by M and d M, respectively. If a
curve ¢ : I — B, I C IR an interval with inner points, is differentiable at t € [
then we set

c'(t)y =¢(t) = Dc(t)1 € B.

Spectra of closed linear operators in a Banach space B over the field IR are defined
by complexification.

For a semi-flow § : [0,00) x M — M and fort > 0,¢ € M, I C [0, 00),
U C M we use the abbreviations S(¢t,U) = S{t} x U), SU, ¢) = SU x {¢}),
SU,U)=S8U xU).

Solutions of non-autonomous delay differential equations

X(t) =g, x (@), x(t — 1)), 3

for ¢ : [fo,00) x IR? — IR, 1y € IR, are continuous real-valued functions on
[to — 1, co) which are differentiable and satisfy Eq. 3 for all + > #y. In case g
is continuous a solution has a right derivative at ¢, and the differential equation
holds at 7y as well. For a function g : IR*> — IR we consider solutions on intervals
of the form [#y — 1, o0) as before and solutions on IR which are differentiable and
satisfy Eq. 3 for all # € IR.

In the sequel, equations are numbered separately in each section. Equation j
from Sect. k is quoted in Sect. m # k as Eq. k. j. Analogous conventions apply to
propositions, corollaries, etc.

2 Preliminaries

In this section we recall basic facts about Eq. 1.1 with parameter ¢ > 0. For
proofs which are omitted, compare [1] and [4]. If x : [—1, o0) — IR is a solution
of Eq. (1.1) then the restriction x|[0, co) is differentiable, and Eq. (1.1) is satisfied
at + = 0 with the right derivative of x. The next result is a variant of Proposition
3.2in [1].
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Proposition 1 Let a > 0 and let x : [—1,00) — IR be a solution of Eq. (1.1)
without zeros on some interval (t, o0) witht > 0.

(i) If sign(x(s)) = —sign(x(s)) on (t, 00) then

lim x(s) = 0.
§—>0Q0

(ii) If sign(x(s)) = sign(x(s)) for some s > t then x has a zero z > s.

Proof 1. Proof of (i). If ¢ = lim,,—, o0 x (1) # O then
x(w) =a(f(x@)) —xu—1)) - a(f(c)—c) #0asu— oo,

and we arrive at a contradiction.

2. Proof of (ii). Suppose X has no zero on (s, 00). In case x is bounded it
follows that ¢ = lim,_, o x(#) # 0, which yields a contradiction as in part 1.
In case x is unbounded and positive we infer that x is increasing on (s, 00) with
x(u) — oo as u — oo. Using this and the inequality

X(u) =a(f(x@) —x@—1)) <a(f(x@)) on (t + 1, 00)

we get x (1) < O for u sufficiently large, which yields a contradiction. The proof
in the remaining case is analogous. O
The semi-flow

F,:10,00)xC > (t,¢) > x"? eC

is continuous. All maps F, (¢, -), t > 0, and the restriction of F, to (1, co) x C are
continuously differentiable. We have

DyFa(t, ¢)x = v
with the unique solution v%%:X : [—1, 00) — IR of the variational equation
a o) =v@) — v = 1) = 2|x? ) |v(0),
with initial condition vp = x € C.For¢t > 1l and ¢ € C,

D1 F,(t, )1 = 2.

The curves F, (-, ¢) have right derivatives at ¢ = 1, given by the derivatives )éf’¢ €

C of the continuously differentiable functions xf"p. Fora >0,¢p € C,x = x@®,
andt > 1,
DyFy(t — 1, x)x1 = X;.

Linearization at the unique stationary point 0 € C yields a strongly continuous
semi-group given by
Ty(t) = DaFy(t,0).
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The variational equation along the zero solution is

a o) = v@) — v —1). )

The generator G, of the semi-group is defined on
dom, = {x € C : x continuously differentiable, a”! x(0) = x(0) — x(—1)},

and G, x = x. Its spectrum spec, is given by the zeros of the characteristic func-
tion
Coz>z—a(l—e %) eC.

Obviously 0 is a zero for every a > O0; it is a simple eigenvalue of G, for 0 <
a < 1 and for a > 1 and a double eigenvalue at @ = 1. So there is always a
non-trivial linear centre space; the stationary point 0 € C is non-hyperbolic. For
0 < a # 1 there is a unique real solution u#, # 0, u, < 0for0 < a < 1 and
ug > 0fora > 1. u, is a simple eigenvalue of G,. The non-real z € spec, form
complex conjugate pairs of simple eigenvalues, with |Im z| > 27 for each a > 0,
Rez < u, for0 < a < 1,and Rez < 0 fora > 1. For any a > O there is a
leading pair; more precisely, there is a continuous map

0,0)3ar>z,€C

with z, € spec, \ IR and Rez < Rez, forall z € spec, \ IR U {z4, Z4}).

Notice that there are no non-trivial imaginary eigenvalues, and Hopf bifurca-
tion of periodic solutions does not occur.

The spectra of the maps T,(¢), t > 0, are given by

{e" : z € spec,} U {0},

and for z € spec, the generalized eigenspace of (the complexification of) G,
coincides with the generalized eigenspace of the eigenvalue e’ of the (complexi-
fication of the) operator T, (¢).

Setuog = 0.Fora > Olet L, C C denote the two-dimensional leading realified
generalized eigenspace, given by the spectral set {u,, 0}, and let O, C C denote
the complementary realified generalized eigenspace given by spec, \ {u4, 0}.

The centre space L consists of the segments v, of the solutions v : R — IR
of Eq. 1 with a = 1 which have the form

v(t) =c+dt, telR,

with real constants ¢, d. Notice that all non-trivial solutions of this form are slowly
oscillating with at most one zero. We have

L; =R1+1Rid|[-1,0],
with 1(r) = 1 for —1 <t <0.
For 0 < a # 1 the space L, consists of the segments of the solutions v : R —

IR of Eq. 1 of the form

v(it) =c+dn,), telR,
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with real constants ¢, d and
Na(t) = e’

Again, all non-trivial solutions v of this form and their segments v, have at most
one zero.

For the non-linear equation (1.1) there is a change of stability at @ = 1. The
zero solution is asymptotically stable for 0 < a < 1 and unstable fora > 1. More-
over, the instability properties of the stationary point in centre-unstable manifolds
which are stated at the beginning of Sect. 6 in [1] imply the following: If a > 1
and if W is any two-dimensional C !-submanifold of C which is locally positively
invariant with respect to F, and satisfies

ToW = L,

then no flowline F, (-, ¢) in W \ {0} tends to 0 as t — oo.

Next we introduce a complementary space of L in C which later will facilitate
the description of projections of flowlines F,(-, ¢) in case the solution x%? is
slowly oscillating.

Notice that a solution of Eq. (1.1) is slowly oscillating if and only if all seg-
ments belong to the set

Z = {¢ € C : ¢ has at most 1 zero}.

Obviously, for every a > 0,
L, C ZU{0}.

For the closed subspace
N={peC:¢(—-1)=0=¢0)}
of codimension 2 we have N N Z = J and
C=L ®N.
The functions
A-=1+4+id|[-1,0] and Ao = —id|[-1,0]
form a basis of L with
A_(—1) =0, A_(0) =1, r(—1) =1, Ar0(0) =0,
which implies that the projection P : C — C along N onto L is given by
Py =¢0)A— + ¢(—Dho.
The isomorphism
K L1 3 yih— + yaho > (y1,y2) € R?
and the evaluation

E:C53¢ > (¢(0),¢(—1) € R
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satisfy
E=KoP.

For any solution x : [—1, 00) — IR of Eq. (1.1) and ¢ > O,
x(@)=0ifandonlyif x(r — 1) = f(x(?)),

i.e., if and only if
E.X[ € f - IRZ

Incidentally, notice that for a slowly oscillating solution x : [—1, c0) — IR of
Eq. (1.1) all zeros in (0, co) are simple.
It is convenient to introduce the closed hyperplane

Hy={peC:¢0)=0}CN
and the projections
P1:iC?3 @) dpeC pp:iC?3 (@)Y eC.

On the space C* we use the norm given by

(@ vl = ll@ll + vl

3 The augmented system

The segments (x;, ;) of the solutions (x, &) : [—1, c0) — IR? to the augmented
system (1.2) define a semi-flow F, on the space C2. A look at the second equation
of system (1.2) yields the following result.

Proposition 1 For ¢, in C andt > 0,
P1Fc(, (@, V) = Fy)(t, @) and prF(t, (¢, ¥))(0) = ¥ (0).

The linear variational equation of system (1.2) along the constant solution IR >
t— (0,1) € R? is the system

v(t) =v(@) —v(E—1)
w(t) =0. (1)
For the associated strongly continuous semi-group of the operators

on C? we have
T ()@, x) = (T, S@) x),

with the semi-group (S(¢));>0 on C given by the segments w; of the solutions
w : [—1, 00) — IR to the equation

w(t) =0.
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Let G4 : dom, — C and Gg : domg — C denote the generators of the semi-
groups (T« (t));=0 and (S(¢)),>0, respectively. Then

dom, = dom; x domg and G« (¢, x) = (G1(#), Gs(x))-
The characteristic functions for the spectra of G and G, are
charg :C>z+—>z€eC

and
chary, :C3z—~z(z— (1 —-¢77%)) €C,

respectively. z = 0 is a simple zero of charg and a triple zero of char,. The
associated one- and three-dimensional realified generalized eigenspaces of Gg
and G, are Lg = IR1 and

L,=1L;xLg,

respectively.
Proposition2 C = Ls & Hy

Proof The equation

»=900)1+(—-9¢0)1)
yields C = Lgs + Hy. For ¢ € Ls N Hp, $(0) = 0 and ¢ = ¢(0) 1, hence ¢ = 0.
Consequently, Ls N Hy = {0}. a

It is not hard to show that the complementary realified generalized eigenspaces
of Lg and L, are the hyperplane H( and the space

« = 01 x Hy,

of codimension 3, respectively. We shall not make use of this, but need that the

closed subspace

of codimension 3 is a complement of L, i.e.,
C2 = L* @ N*,

which follows from the equation L, = L x Lg in combination with Proposition
2 and the decompositionC =L @ N.

Let P, : C? — C?2 denote the projection along N, onto L,. Next, we state a
version of the centre manifold theorem for the stationary point (0, 1) of the semi-
flow F,.

Proposition 3 There existr > 0,p € (0, 1),a Cl-map wy 2 (0, 1)+ L(r) — Ny
with wy(0,1) = 0, Dw,(0,1) = 0, and an open neighbourhood U, of (0, 1) in
C? so that for all (¢, V) in

We={(,0)+w«(A,0): (A, 0) €(0,1)+ Li(r)}
and for all t > 0 with F.([0, t], (¢, ¥)) C U, we have
Fo(t, (@, Y)) € Wi
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The map Fy (1, -) defines a C-diffeomorphism from W, N\ Uy, onto an open neigh-
bourhood of (0,1) in W,. If (x,a) : R — IR? is a solution to system (1.2) with
(x;, 1) € (0,1) + C%(p) for all t € IR then

(xr,a0) € Wy forall t € R.

Corollary 1 Foralla > O with |a — 1| < p,
w4(0,a1) =0.

Proof Fora > 0 with |a — 1| < p the constant solution R 5 ¢ — (0, a) € IR? to
system (1.2) has all segments in (0, 1) + C2(p). It follows that (0,a1) € W, NL,,
which implies w,(0,a 1) = 0. O

The next result improves the invariance property of the centre manifold

slightly. Choose § € (0, p) and § > 0 so that

Li(6) x (1 =6,14+6)1C (0,1)+ L.(r),

Li(®) x (1=8,148) 14 N () x Hy() C Us,
and ~ B

ws(x) € N(§) x Ho(8) forall x e L1(§) x (1 —46,1+9) 1.
Corollary 2 For every x € L1(8) x (1 —8,1+8)1andt > 0 so that ¢ =
X + wi(x) satisfies
PiFi([0, 1], ¢) CL1(8) x (1 =68,14+8)1

we have
Fi(t, §) € W,

Proof Suppose F.(t, ¢) ¢ W,. The set
M ={s €[0,1]: Fi(s, ) &€ W}

is given by

(id — Po)Fy(s, ) # wi(PyFy(s, ¢))
and consequently open in [0, ¢]. By the assumption, ¢ € M. It follows that 7y =
inf M satisfies 0 < tp < t. We have 0 ¢ M, and by the choice of § and §, ¢ € U..
Continuity yields
for some #; € (0, ¢). By Proposition 3,

Fi([0,11], ) C W

Hence, [0,1;] N M = {J, and thereby 0 < #; < f9. As M is open in [0, 1], we
obtain 79 ¢ M. Arguing as before, with #y in place of 0 and Fi(ty, ¢) in place of
¢, we find ] > fo with

Fi([to, 71, ¢) C W
Recall F.(s, ¢) € W, for 0 < s < 1. It follows that

Fi(s, ) € W, forall s € [0, 1]],

in contradiction to 7y = inf M. ]
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The centre manifold of the augmented system yields two-dimensional locally
positively invariant C'-submanifolds W, C C for the semi-flows F,: For a €
(1 — 8, 1 + 8) consider the C'-map

wg :L1(8) A+ prwe(r,al) eN

and define
Wa={A+ws(A) : 2 € L1(§}.

By Corollary 1, w,(0) = 0.

Proposition 4 (i) (Local positive invariance) For everya € (1-8,1+38),¢ € W,
andt > 0 with

PFq([0, 1], ¢) C L1(5)

we have F,(t, p) C W,.
(ii) (Injectivity) For every a € (1 — 68,14+ 8), ¢ and ¢ in W, and t > 0 with
Fq([0,¢], @) U Fo([0, 1], @) C Wa and Fu(t, ) = Fu(t, ¢),

¢ =0

(iii) For every integer j > 0 and every € € (0, §) there exists §j¢ € (0, 8) so that
foralla e (1 —36je,1+8je),

Wa N (L1(8je) + N) C Fa(j, Wa N (L1(€) + N)).

Proof 1. Proof of (i). We have ¢ = A+w,(A) withA € L{(§).Sety = (A, al)+
wy(A,al) € W,. Notice that p>y/(0) =a + 0 =a.

1.1. Proof of P, F,([0,t],¥) C L1(8) x (1—§,1+5) 1. Lets € [0, ¢] be given.
We have p1y = A+ piwy(A,al) = A + w, (1) = ¢. Using Proposition
1 we infer pFi(s, V) = F,(s, p1¥) = Fy(s,¢) € L1(8) + N. Again
by Proposition 1, p2Fy(u, ¥)(0) = pr¥(0) = a for all # > 0. Hence,
p2Fi (s, ¥) € al + Hy, and thereby
Fi(s,¥) = (p1Fu(s, ¥), paFiu(s, ¥)) € L1(8) x (1-6, 14+68) 1+ N x Ho,

which yields the assertion.
1.2. Using Corollary 2 we infer F, (¢, ) € W,, and

Fut,y) = (A al) +wi(h,al)
for some A € L(8) anda € (1 — 8, 1 + 8). It follows that
a=prF(t,¥)0) =a+ prwi(..)(0) =a+0=a,
and thereby

Fu(t,¢) = p1Fu(t, ¥) = A+ prws(h,al) = A+ w,(X) € W,.
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2. Proof of (ii). Set A = P¢,)A\ = qu, Vv o= (Aal) + we(r,al) € Wy,
Y= (A, al)+wy(r,al) € W,. Then

$=rtw,(h), dp=rtw.d), d=pi¥, b=piV
Using Proposition 1 we obtain for the largest integer j in [0, ¢] the equations

PIFs(j+1,9) = Fa(j + 1,0) = Fu(j + 1,$) = piFu(j + 1, )
and A
PP+ 1L, ¥)=al=pFi(j+ 1, ¢).
Hence, )
Fulj+1,9) = Fu(j + 1, 9). @
2.1. Proof of F, ([0, t],¢¥) C U,. Lets € [0, t]. Then
P1Fu(s, V) = Fu(s,$) € Wy C L1(8) + N(3),
by the choice of § and §. For 6 € [—1, 0] we have
(p2Fy(s,¥))(@0) =aincase 0 < s+ 0,
and
(p2Fi(s,¥))(0) = a+ (pawx(A,a1))(s +0) incase s + 60 < 0.

Observe that prwy(A,al) € Ho(8). It follows that prF.(s, V) € al +
Hy(8). Finally,

Fi(s,¥) € (L1(8) + N(8)) x (1 = 8,1+ 8)1+ Hy(8)) C Us.

2.2 Analogously, we get F, ([0, t], 1}) C U,. An application of Proposition 3
yields

Filk, ) e W NU, > Fy(k, lﬁ) for all integers k € [0, j].

Using the preceding equations, the injectivity of Fi (1, -) on W, N U, (see
Proposition 3), Eq. 2 and induction we infer ¥ = , hence ¢ = p1y =

Py =¢.
3. Proof of (iii). Let j € IN and € € (0, §) be given. Proposition 3 implies that
F.(j,-) defines a diffeomorphism between neighbourhoods of (0, 1) in W,. In

particular, there exists = (0, 6) so that
V= F(.WaN(CE) x A+C©6)))
is an open neighbourhood of (0, 1) in W, and we may assume
Ppi(W, N (CG) x 1+ C@E))) C Li(e).

Choose 8¢ € (0, ) so that for every a € (1 — ¢, 1 + 6¢) and for each
A€ Li(8je) we have

A,al) +wye(X,al)eV.
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Leta € (1 —6je,1+8j), A € L1(§je), and consider ¢ = A + wa(A) €
Wq N (L1(Bje) + N). Set = (A,al) + wy(A,al). Then p1yy = ¢ and
(p2v¥)(0) = a, and by the preceding construction,

V 3¢ = F.(j, ¥) for some ¢ € W, N (C () x (14 C(3))).

By Proposition 1, pyi is constant with value (pzl/Af)(O) = (p2¥)(0) = a.
Also, ) A A
for some (i, al) e L.(r), and

a=(p)0)=ae(l -8 1+8).

A=Pp1fr € Ppi(Wa N (CB) x 1+ C(B)))) C Li(e).
Hence,

P =i+ prw.(h,al) =i+ prw.(h,al) = A+ w, () € Wa.
It follows that

¢ = p1¥ = p1F(j, %) = Fa(j, p1i) € Fa(j, Wa N (L1(€) + N)).
O

Parts (ii) and (iii) of the preceding proposition are not optimal, of course. The
maps F, (¢, -) define diffeomorphisms between neighbourhoods of 0 in W, but we
shall not need this in the sequel.

Proposition 5 There exists §1 € (0, §) so that for every a € (1 — 61, 1+ &y),
ToW, =L,.

Proof

1. Leta € (1 — 46,14 §8) be given. Using Proposition 4 (i), continuity, and a
compactness argument we find that each F,(¢, ), + > 0, maps a neighbour-
hood of the stationary point O in W, into W,. It follows that T, (£)ToW, =
DyF,(t,0)ToW, C ToW, for all t > 0. The eigenvalues of the endomor-
phism E, induced by 7, (1) on ToW, are also eigenvalues of T, (1), and ToW,
is contained in the realified generalized eigenspace of T,(1) given by these
eigenvalues.

2. Using Dw,(0,1) = 0 we find Dw;(0) = 0, and thereby ToW; = {A +
Dwi(0O)A : A € L1} = L. It follows that the endomorphism £ has a double
eigenvalue e” = 1. By continuity, there exists §; € (0, 8) so that for every
a € (1 =481, 14 61) the leading complex conjugate pair {z,, z,} C spec, and
the eigenvalues z of E, satisfy

le*| < z|.

For such a we conclude that the eigenvalues of E, are e® = 1 and e*«, and

thereby ToW, C L,. O

According to a remark in the preceding section we obtain from Propositions 4
(i) and 5 the following result on instability.

Corollary 3 Fora € (1, 1+ 81) no curve Fy(-, ¢) with trace in W, \ {0} tends to
Oast — oo.
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4 Slowly oscillating solutions

In the present section it is shown that for a close to 1 solutions on [—1, o) which
start from data in restrictions of the manifolds W, are slowly oscillating, con-
tinuously differentiable, and have slowly oscillating derivatives. We begin with a
variant of Proposition 3.1 in [1]; for the proof, see [1] and the remark following
Proposition 2.3 in [12].

Proposition 1 Suppose h : [0, o0) x IR — IR is continuous and locally Lipschitz
continuous with respect to the second variable, and h(t,0) = 0 for all t > 0.

Suppose also that for any to > 0, t; > ty, wo € IR, and for any continuous
function g : [ty, t1] — IR the unique maximal solution to the initial value problem

w(t) = h(t, w(t)) + gt), w(to) = wo,

is defined on [ty, t1]. Let a > 0 and let v : [—1, 00) — IR be a solution of the
equation

0(t) = hit, v(t)) —av(t — 1).

(i) In case 0 # vy € Z,
vy erorall t >0,

and for some t € [0, 3] the segment v; has no zero. For all s > 3,
vy € Z.
(ii) In case z > 0 is a zero of v and v has no zero on [z — 1, z) we have

0 # signv(t) = —signv(z — 1) forall t € (z,z + 1].

Before we can make use of Proposition 1 we need another auxiliary result.

Proposition 2 (i) Foreverya € (1 —6,1+6)andp € W, \ {0}, P¢ # 0 and

el ~'¢ —1PI~"Pol <2 sup  [[Dwa(A)].
reLi(IPoI)

(ii) For everya € (1 — 68,14 8) and ¢ € W, \ {0} with F,([0,2],9) C W,,
Y= )'cf’(b satisfies ¢ # 0 # Py and
Y1~y = IPYIT Pyl < 21 Dwa(PFa(1, 9.

(iii) There exists d > 0 so that for every . € L1 N Sc there ist = t(A) € [0, 2]
with
[[T1()X](O)] = d > 0 forall 6 € [—1,0].
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Proof 1. Proof of (i). From 0 # ¢ = P¢ + w,(P¢) and w,(0) = 0 we get
P¢ # 0. It follows that

eI~ ' — 1PAIT Pl < IPOII g — Poll + 1ol — 1PSI gl

_ NPl — ol _
= |P| " wa(P = 0 Po| " wa (P
PO~ lwa (PP + TIPSl ol < IPoI™ [lwa(PP)l
1Py — ol
+—
Pl
=2|Pol Mwa (P <2 sup  [[Dw W]
reL1(PgI)

2. Proof of (ii). Let x = x®®.

2.1. Proof of ¥ # 0. Assume ¥ = 0. Then x is constant. Equation 1.1 yields
that also xo = fo x| — a—1x| is constant. By continuity, x is constant on
[—1,1]. Then0 = a—'x(t) = x(t) —x(t — 1) — |x (1) |x (¢) = —|x()|x(¢)
on (0, 1] yields x(¢) = O on [—1, 1], in contradiction to xo = ¢ # 0.

2.3. Proof of Py # 0. Differentiating the curve [1,2] > ¢t +— x;, = Px; +
wy(Px;) € C att = 1 we obtain

0# Y =Py + Dwa(Px1)PY,
which implies Py # 0.
2.4. It follows that
I~y = IPy I~ Pyl < IPYI Y — Py
02 el V2V a1
1Py — il

Py ||~ I Dwy(Px1)P —_—
<Pyl IDwa(Px) Pyl + TR Il

= 2Py~ | Dwa (Px1) PY.

3. Proof of (iii). From the fact that L \ {0} C Z is positively invariant under
the operators T1(¢), t > 0, we deduce that for each 1 € L N S¢ there exists
t(A) € [0, 2] so that T1 (¢ (1))A has no zero. Moreover, for some d(A) > 0,

[T (r)ANO)| > d () > 0 on [-1,0].

Continuity implies that for each A € L1 N S¢ there exists €(A) > 0 so that for
all L € A + C(e()1)) we have

[T1(:(0))A1©O)] > d(2) > 0 on [—1,0].

The compact circle L1 N Sc is covered by a finite number of such neighbour-
hoods A+ C (e(1)). Define d by the minimum of the associated constants d (1).
O

Proposition 3 There exists 5, € (0, §) so that
Fo(t,9) € Z
forallae (1 —68,1+68),allp € (W, \{0}) NC(85) andallt > 2.
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Proof 1. Letae (1—-6,14+6),¢ € W, \ {0}, 1 € [0, 2]. Using Proposition 2 (i)
we infer P¢ # 0 and
@I~ Falt, ¢) — IPOI T (1) Pl
< oI~ I1Fa(t, ¢) — Ta(@ + NI~ T () — 1PSI ™' T1 (1) P

1
= |I<¢>|I_III/0 [DaF(t, 5¢) — DaFu(t, 0)]ds| + 1611~ Tu (1)

—IPoI~ ' Ti(t) Pl

<|I™" sup ID2F,(t, %) — DaFa(t, O[]l + o]~ Ta(t)g
veC(lol)

—IPoI~ ' Ti(t) P

= sup [[DaF,(t, %) — DaFa(t,0) + g1~ Tu(t)p — [ PHII ™' T1 (1) Pl
yveCleld

< sup  ||[DaF,(t, %) — DaFu(t, 0)| + | Ta(t) — Ty (0)||
YveC(lol)
+IT OIS ¢ — PSPl

= sup [[DaFu(t,¥) — DaFu(t, 0)[| + I Tu(?) = T1 (0]
veCdleld

HITi @12 sup  [[Dwa(A)].
reL1(IPgI)

2. There exists ¢ > 0 with
IT1(®)]l < con [0,2].
Using Dw, (0, 1) = 0 and the definition of the maps w, we find §,; € (0, §)
so that foralla € (1 — 831, 1 4+ 871) and all A € L{(521),
d
[Dwa (M) < e
C

Continuous dependence on parameters for solutions to variational equations
shows that in addition we may assume

d
| DaFu(t, ) — DaFq(t,0)|| < 3
fora € (1 — 81,1+ 821), ¥ € C(521) and ¢ € [0, 2], and
d
1T () —Ti (D < 3

for such @ and ¢.

3. Choose 8> € (0, 621) so that P maps C(8>) into L1(521). Leta € (1 — &2, 1 +
82), ¢ € (W, \{0}) NC(82). Choose t = t(||Pp| ' P¢) € [0, 2] according to
Proposition 2 (iii). The estimates in parts 1 and 2 combined with Proposition
2 (iii) imply

11~ Fa(z, )16)] > 0 on [—1,0].
So F,(t, ¢) has no zero. Now one can apply Proposition 1 (ii) with i(¢, §) =
a f (&) and deduce F, (s, ¢) € Z forall s > t. |
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Proposition 4 There exists §3 € (0, &) so that
D\F,(t, )l =" ez
forallae (1 —683,1+683),all¢p € (W, \{0}) NC(83) and all t > 3.

Proof 1. Proof that there exists 631 € (0, §) so that foralla € (1 — 831, 1 + 831)
and ¢ € (W, \ {0}) N C(831) we have

Fa([Ov 3]’ ¢) C Wa~

Continuity and compactness arguments and the fact that (0, 1) is a stationary
point for the semi-flow F, altogether imply that there exists §31 € (0, ) so
that

Pp1F([0, 3], C(831) x (1 + C(831))) C L1(d).

Fora e (1 —6831,1+6831),0# ¢ € W, NC(831) and ¢ € [0, 3] we get
PF,(t,9) = Pp1F.(t, (¢,al)) (Proposition 3.1)
€ L1(9),

and Proposition 3.4 (i) yields the assertion.
2. Fora € (1 — 831,14 631) and ¢ € (W, \ {0}) N C(831) consider the solution
x = x%?%. Recall

DyF,(t —1,x1)x; = x; forall t > 1.
By Proposition 2 (ii), X1 # 0 # Px1, and for all ¢ € [1, 3],
&1~ % — T — DIIPE | 7 Py |
< E T DaFa(t — 1, x1)%1 — Ta(t — Dl |7 g | 4+ 1 Ta (e — 1)
—Ti(t — DI+ 1T — DIE T % = P& Pl
< ID2Fu(t = 1,x1) — DaFu(t —1,0)|| + || Ta(t — 1) = Ty (t — 1)]|
+1T1(t — )| 2 |Dwy(Pxy)| (see Proposition 2 (ii)).

3. As in the proof of Proposition 3 there exists 3 € (0, §31) so that for all @ €
(1 —383,1483),allp € (W, \ {0}) NC(83) and all s € [0, 2] we have

d
[D2Fa(s, Fa(1,¢)) — DaFu(s, 0)] < 3

d
1Ta(s) — T (O < 3

d

2T Dwa (P Fa(1, $) < 3
Leta € (1 —83,1+683),¢ € (Wy\ {0})NC(53), and set x = x*¢. By
Proposition 2 (ii), X1 % 0 # Px;. Using the estimates in part 2 and the previ-

ous inequalities we obtain for s = ¢(|| Px I=1Px)) € [0, 2] (see Proposition
2 (ii1)) the estimate

A g — TiIPx1 |7 Py < d
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which implies that ¥;4; has no zero. Now one can apply Proposition 1 (ii) to
the solution x(- 4+ 1) : [—1, o0) — IR of the equation

() =a(l =2|x(t + DDv@) —av(t —1)
and deduce that D1 F,(t,¢)1 = x; € Z forallt > s + 1. ]

Corollary 1 There exists 84 € (0, 8) so that for every a € (1 — 84,1 + 84) and
for every ¢ € W, \ {0} with P¢p € L1(84) the solution x = x%? is continuously
differentiable everywhere and slowly oscillating, with slowly oscillating derivative
x:[—1,00) = IR.

Proof Choose € € (0, §) sothat fora € (1 —e€, 1 +€),
W,N (Li(e) + N) C C(min{d;, 83}).

Proposition 3.4 (iii) guarantees the existence of §4 € (0, min{e, 63, 63}) so that for
a € (1—34, 14684) and foreach ¢ € W, with P¢ € L1(54) we have ¢ = F,(3, qAS)
for some

e W,n(Li(e) +N) C W,NC(min{sy, 83}).

Use Propositions 3 and 4 to complete the proof. O

We choose
8o € (0, min{dy, 84}),

set
W =W, N (L1(3) + N)

fora € (1 —8g, 1+ §p), and

0 = (=50, 8)> C IR*.

5 Behaviour of coordinate curves

In this section we describe the behaviour of the curves
X :[0,00) 37+ Ex, € R?,

or equivalently,
[0,00) 3t > (x(t), x(t — 1)) € IR?

along continuously differentiable slowly oscillating solutions x : [—1, 00) — IR
of Eq. (1.1). Corollary 4.1 guarantees that solutions starting from initial data in
W4 1 —389 < a < 1+ §p, have these regularity properties. For ¢ € W% and
y = E¢ we denote the curve X associated with x*% by

xX4¢ = x4,

Recall that the restrictions P|W¢ and E|W¢% = K o P|W¢ are injective.
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Proposition 1 (i) Leta > 0, let x : [—1,00) — IR be a continuously differen-
tiable and slowly oscillating solution to Eq. (1.1). The curve X = (X1, X»2)
given by X (s) = (x(s),x(s — 1)) for all s > 0 intersects the axis {0} x IR
transversally, with

X (1) = x(r) { i }Ofort >0 with X(t) € “8% i E‘l::)o) }

(ii) Foralla € (1 — 8y, 1+ &),
KLi(80) = Q = EWC.
(iii) The map
(1=380,1480) x O x[0,00) 3 (a, y, 1) — X“Y(t) € IR?

is continuous.
(iv) Foralla € (1 — 8y, 1+ 80), » € W% and all t > 0 with X**([0,¢]) C O,

Fa(t, ) € WO,

(v) Foralla € (1 —8y,14380),y € Q,s > 0with X“¥([0,5]) C O, > 0 and
fory = X4V (s), R
X4V () = XDV (s +1).

(vi) Forgll ae€ (1—25p,140dp),ally, j) in Q and all t > 0 with X*Y ([0, t]) U
X4Y([0,¢]) € Q and XV (1) = XV (1),

y=7J.
Proof

1. Proof of (i). In case X () € {0} x (0,00),0r x(¢) = 0 < x(t — 1), Eq. (1.1)
yields a 'x(t) =0—x@t —1) < 0, with the right derivative in case t = 0.
The proof for X (¢) € {0} x (—o0, 0) is analogous.

2. Proof of (ii). For each A € L{(8g) we have A = PXA = A(0)A_ + A(—1)Ag,
and therefore K1 = (1(0), A(—1)). Both components of the preceding pair
are bounded by dp. Hence,

K L1(80) C Q.

Conversely, let y = (y1, y2) € Q be given. Then
A=y1A_+yAo € L
satisfies KA = y and
At) = yi(L +1) = yot = y1 + (=1)(y2 — y1) € (b0, o)

for all + € [—1, 0]. Consequently, A € L{(8p), and we obtain

0 C KL1(80).
The remaining part of (ii) follows from EW? = K PW? = K L1(8p).
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3. Assertion (iii) follows from

XV (1) = EFy(t, K 'y + wo(K~'y)) = Ep1Fi(t, (K 'y, a1) + w,
x(K~'y,al)).

4. Proof of (iv). Suppose X4?([0,¢]) = EF,([0,t],¢) C Q.AsE = K o P and
K is an isomorphism, we obtain from part (ii) that P F, ([0, t], ) C L1(dp)-
Next, Proposition 3.4 (i) yields F, (¢, ¢) € W,, and finally P F, (¢, ¢) € L1(50)
gives F,(t, ¢) € W4.

5. Proof of (v). For ¢ € W with E¢p = y we obtain from (iv) that F,(s, ¢) €
W9. Set ¢ = Fu(s,$). Then E¢ = EF,(s,¢) = XV (s) = 9, and conse-
quently

X3 (t) = EF,(t, ) = EFy(t, Fuls, $)) = EFy(s +1,¢) = X“V ().
6. Proof of (vi). For ¢ and ¢3 in W¢ with E¢p = y and E(;Aﬁ = ¥, part (iv) yields
Fo([0, 11, ¢) U F, ([0, ], ¢) € W*.

Using this and EF,(r,¢) = X%Y() = X“¥(1) = EF,(t,$) we get
Fu(t,¢) = F,(t,¢). Proposition 3.4 (ii) gives ¢ = ¢, hence y = E¢ =
Ep=73. O
Recall that for any solution x : [1, co) — IR of Eq. (1.1) and for any ¢t > 0 we

have

(1) 0 if and only if x (¢ — 1) Fx@),

AV
VoA

i.e., if and only if Ex; is strictly below, on, or strictly above the graph f C IR2.
Let

fe=tyeR iy < fOp)and fo ={y e R*:y2 > fO)).
Recall also that all zeros z > 0 of slowly oscillating solutions of Eq. (1.1) on

[—1, 00) are simple.

Proposition 2 Let a > 0, and let x : [—1,00) — IR be a continuously differ-
entiable solution of Eq. (1.1) so that x and x are slowly oscillating. Let t > 0,
x(t) =0,and x(t) > 0. Then

xX(8)>0o0n[t—1,1),

andin case 0 < x(t) < 1,
0<x@—1.

The curve X : [0, 00) 3 s > (x(s), x(s—1)) € IR? intersects f att transversally,
ie.,

X(t) = DX ()1 = (&(1), i(t = 1) ¢ Tx(n f = R, f'(x(@))),
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and for some T > 0,
X(s)e fcon (t —1,t)N[0,00) and X (s) € f~ on (t,t + 7).

In case x(s) > 0 on [t, 00) we have x(s) < 0 on (t, 00) and limg_, oo x(s) = 0.
Otherwise there are zeros z € (t,00) of x and { € (z, 00) of X with

x(s) <0on (),

and if in addition 0 < x(t) < 1 then

X((1,8)) C f~ N (x(©), x(O*

Proof 1. By x(t) > 0, x(t) > f(x(¢)). By x(#) = 0, f(x(t)) = x(t — 1).
Hence, x(¢) > x(t — 1), and consequently x(s) > O for some s € [t — 1, 1).
As t is a zero of the slowly oscillating function x we infer x(s) > 0 for all
s €[t—1,t).Incase 0 < x(t) < 1 we have x(t — 1) = f(x(¢)) > O.
The assertion about transversality is obvious from x(¢ — 1) > 0 which gives
(x(@),x( — 1)) € {0} x (0, 00).

2. Next we observe that in case t > 0 the derivative X (¢) of the slowly oscillating
solution X to the variational equation

a~ o) = (1 = 21x(O)Dv) — vt — 1)

equals —ax(t — 1) < 0; in case t = 0 this holds true for the right derivative of
x. Using the preceding statements and the fact that x is slowly oscillating we
getx(s) <Oon (¢, ¢+ 1].

3. Consider the case x(s) > 0 on [¢, 00). Suppose x(s) > O for some s > ¢ + 1.
Then there is a smallest zero ¢ of X in (¢, 00),and r+1 < ¢. We have x (1) < 0
on (¢, {), and thereby x(¢) < x(¢ — 1), in contradiction to

x(@ = 1) =—=a""2@) +x(©@) = |x(@)x(@) = x(©) — [x(@©)|x(©) < x(2).
It follows that x(#) < 0 on (¢, 0co). Proposition 2.1 (i) gives

Iim x(u) = 0.
u— 00
4. The case x(s) < 0 for some s > t. Then there is a smallest zero z of x in

(t,00). By part 2, x(u) < Oon (¢, + 1]. If z < ¢+ 1 then obviously x(#) < 0
on (¢, z]. If z > t 4 1 then arguments as in part 3 yield x(u) < 0 on (¢, z] as
well.
In the subcase x(u) > 0 for some u > z there is a smallest zero ¢ of x in
(z,u), and clearly x(u’) < Oon (¢, Z).
In the other subcase x(u) < 0 on (z, o) Proposition 2.1 (ii) shows that x has
a zero in (z, 00). For the smallest zero ¢ of x in (z, 0c0) we have x(#) < 0 on
[z, ).

5. The remaining assertions are now obvious. O

Remark Of course, the analogue of Proposition 2 for the case x(t) = 0 with
x(t) < 0holds as well.



598 H.-O. Walther

The next results concern the case @ = 1. At first we show that curves XY
starting at y € f with 0 < y; < §p intersect the yp-axis, or equivalently, that
solutions x : [—1,00) — IR of Eq. (1.1) which start in W1\ {0} and have a
maximum at# = 0 must have a zero z > 0. This is similar to the result of Corollary
5.2 from [1]. Notice that the following proof is by a simple comparison argument,
whereas in [1] a centre manifold reduction was used.

Proposition 3 Every solution x = xb® with ¢ € W' and 3(0) = 0 < x(0) has a
zero z > 0.

Proof Suppose x has no positive zero. Then Proposition 2 yields x(¢) < 0 < x(t)
on (0,00) and x(t) — 0 ast — oo. On the interval [1, 2] the function x has
a negative maximum ¢ < 0. There exist b € IR and s > 2 so that the solution
v:IR > ¢+ b+ ct € Rof the linear equation

() =v(@) —v(it—1)

satisfies v(¢) < x(¢) on [1, 00) and v(s) = x(s). It follows that v(s) = x(s). On
the other hand,

xX(8) =x(s) —x(s = 1) — [x()]|x(s) = v(s) —x(s — 1) — |x(s)|x(s)
<v(s) —v(s — 1) — x(s)|x(s) < v(s) —v(s — 1) = v(s),

in contradiction to the previous equation. O

Set

f+={yef:0<ytand fro={ye f:0<y <do}
f-={yef:y<0land fro={ye€ f:—d <y <O}
Recall §o < 1. By Proposition 3 the set
A_={(a,y) e (1 —=250,148) x fro: X" (z) € {0} x R for some z > 0}

is non-empty, and
{1} x fro C A_.

Proposition 2 implies that for each (a, y) € A_ the smallest zero z (a, y) of X ‘f’y

in (0, 00) satisfies X;’y(z+(a, y)) > 0, and that there is a smallest t_(a, y) >
z4(a, y) so that X*Y(¢t_(a, y)) € f; we have X%V (t_(a, y)) € f— and

XY (@) € f- N (X{V (- (a, y)), n11 on (0,1(a, ). ey

Using Proposition 1 (i) and (iii) and Proposition 2 we see that A_ is open in
(1 =680, 1 4+ 8p) x f, and that the maps

zy tA_> (@, y)—>z4(a,y) € (0,00)and?_ : A_ > (a,y)—~>t_(a,y) € (0, 00)
are continuous. It follows that the map

J_:A_3>(@a,y)— XY(t_(a,y) € f-
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is continuous. Our next aim is to show that the map J_(1, -) : fyo — f— satisfies

lim J_(1,y) = (0,0).

f+03y—0

This requires some preparations. Observe that for y € f4o,

XY (zi (1, y) + 1) € (=00, 0) x {0}.

Proposition4 The map I : f19> y — X}’y(z+(1, y) + 1) € (—o0, 0) satisfies
lim I(y)=0.

f+02y—0

Proof Fory € f10,0 < y; < 1. Proposition 2 therefore yields

X110, 24 (1, )] € [0, y11°.

Consequently,
lim OX”(zm, ) = (0,0).

fro09y—

Moreover, Proposition 1 (v) shows that for all y € fo,
X" (L y) + D = X" (1) with § = X" (4 (1, y)).
Apply Proposition 1 (iii). O

Incidentally, notice that there is no bound for z4 (1, y) with y € fyo small,
and that one can not invoke continuity of the semi-flow F and the fact that 0 € C
is stationary in order to obtain the previous result.

We need to control the behaviour of curves XY with —1 < I(y) on the
interval [z (1, y)+1, t_(1, y)], where they travel from (—1, 0) x {0} to the branch
f— of f. The subsequent result can be viewed as an analogue of Proposition 3 for
backward solutions. In part 2.2 of the proof we use a comparison argument as in
the proof of Proposition 3.

Proposition 5 There exists §5— € (0, 8¢) so that for each y € f_o with —5_ <
y1 < O there are n € (y1,0) and t > 0 with

y=x"000)

and
xB0(0,1) € f- N ((1,0) X (y2,0)).

Proof 1. Proposition 3.4 shows that there are open neighbourhoods U and V' of
0 in W' such that F{([0,1],U) ¢ W' and V C Fi(1,U). It follows that
there is 5_ € (0, §p) so that for each y € (—4_, §_)? there exists yeQ
with y = X9 (1) and X"-¥([0, 1) C Q. We may assume §_ < 1. Then f is
strictly increasing on (—é_, 0). Consider y € f_¢ with —6_ < y; < 0. Then
y2=f() € (1,0) C(=4-,0).
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2. Suppose
X100y £y forall n € (y1,0) and ¢ > 0. )
Let
Y = f> 0 ((y1,0) x (y2,0)).
2.1. Proof that there is a solution x : IR — IR of Eq. (1.1) with @ = 1 so that
xo € W!, Exo =y, and
x(t) <0 and y; < x(t) <0 on (—o00, 0). 3)
2.1.1. We have y = X7 (1) with

XM ([0, 1) € 0\ {0, 0)}.
By transversality as in Proposition 2, X:¥(1) € f- on some interval

(1—1,1)withO < 7 < 1. Hence, X}’y(t) < 0 on this interval. So we
may assume thaton (1 — 7, 1),

XY (1) € f2 N ((31,0) x (—=00,0)) = £~ N (31, 0) X (y2,0))
=Y C f-N(=5_,0)°
2.1.2. Proof of XW([O, 1)) C Y. Suppose the assertion is false. Then there
exists a largest ¢ € [0, 1 — 7] with
XYy ey,
It follows that Xl’y(t) is in dY, and Xl'f'((t, 1)) C Y. Using the as-
sumption (2) and Proposition 1 (v) we obtain
xM5 (@) ¢ (31,0) x {0).

Hence, (0,0) # X'3(t) € f_ or le(r) e () xR)N fo. I
the first case transversality yields X - Y(s) € f- C IR*>\ Y for some
s € (¢, 1), and we obtain a contradlctlon In the second case we have

1y(z‘) < 0, and thereby X y(s) < y; for some s € (¢, 1), hence

X" 1 J(s) € IR \ Y, and we get the same contradiction as before.
2.1.3. In particular, y € Y. Using arguments as in parts 2.1.1 and 2.1.2 and
induction one extends the solution x''% with ¢ € W! and E¢p = y
backward to a solution on IR with property (3).
2.2. Let ¢ = min x|[—2, —1] < 0. Choose s, € [—2, —1] with x(s.) = c.
There exist b € IR and s < s, so that the solution

viRat—b+ctelR
of the linear variational equation
() =v(@) —v(—1)

satisfies v(s) = x(s) and v(¢) > x(¢) on (—o0, s]. In both cases s < s
and s = s, we have v(s) = x(s). On the other hand,

X(8) =x(@)—x@ =1 — |[x)|x(s) > x(s) —x(s—1)=v(s) —x(s — 1)
>v(s) —v(s — 1) = 0(s),

which yields a contradiction.
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2.3. It follows that there exist #j € (y;,0) and f > 0 with y = Xl’(f”o)(ﬂ.
3. Asinpart 2.1.1 we have X0 ((7 — ¢, f)) C Y for some t € (0, f). Set

s=max{r € [0,7 — 7] : X"TO) e R?\ Y}.

Then (0,0) # Xl’(ﬁ’o)(s) € 0Y. As in part 2.1.2 we exclude the cases
X010y e f-and X110 (s) € {y;} x IR. It follows that X @9 (s) e
(y1,0) x {0}, and Proposition 1 (v) shows that the assertion holds for n =

X}’(ﬁ’o)(s) andt =17 — s. ]

Part 2.2 of the preceding proof shows that in case a = 1 there are no solutions
x : IR — IR of Eq. (1.1) so that x and X are negative on (—o0, 0). Forany a > 1
this is false: The branches of the one-dimensional local unstable manifold at 0
consist of segments of solutions x so that x and x have no zero and are of the
same sign on (—oo, 0). For a proof, see [1].

Proposition 6 lims, 5y0J/-(1,y) = (0,0).

Proof 1. Let € € (0,5_) be given. Proposition 5 guarantees the existence of
n € (—e,0) and ¢ > 0 so that

(e, (=€) = X" 10y and X190, 1)) € foN((—€, 0)x(f(—e€), 0)).
In particular, Xll’("’o) (s) < 0on (0, ¢). It follows that the set X -9 ([0, ]) U

((n, 0] x {0}) is given by a continuous function g : [—€, 0] — IR. The open
set

Y =) eR: e <§1 <0.f(G1) <52 < g(G)

is contained in the square (—¢, 0)? and has the boundary
Y = X 00, 1]) U (1. 0] x {0}) U (f N ((—€. 0) x R)).
By Proposition 4 there is d > 0 with
I(f+oN ((0,d) x IR)) C (n,0).
In the sequel we show that for y € f1o N ((0,d) x IR) we have
J_(1,y)=X"(_(1,y) € Y C [—e¢, 0]%.
2. Lety € f10N((0,d) x IR) be given. Then

X'z (1y)+1) € (7,0)x{0} and X, (s) < 0 on (z4 (1, y)+1,7-(1. y)).
by Proposition 2. It follows that for some t > 0,

X"(s)yeYon (zy(1,y)+ Lzy(1,y) + 1+ 7).

Suppose
XMY@e_(1,y) e R*\ Y.
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Then there exists s € [z (1, y) + 1 + 7, 7_(1, y)) with XY (s) € 3Y. Propo-
sition 2 shows that X 1Y (s) is neither in IR x {0} nor in f. Consequently,

XY (s) = X0 w) for some u € (0, 7).
Notice that for 0 < v < s we have
—€ < X:’(n’o)(u) = X}’y(s) < X}’y(v) < y1.
due to Proposition 2. Again by Proposition 2,
X'(10,5) C (=&, 11> C Q.

Recall
X100, u)) c 0.

2.1. Incases = z4 (1, y) + 1 + u Proposition 1 (v) and (vi) yield
XMWy + D) =X —u) = X" —u) = (7,0),
in contradiction to the choice of y.
2.2. Incases < zy(1,y) + 1 + u Proposition 1 (v) and (vi) yield
XBOD (s = (L) + D) = X (s = (s = (241, ) + 1))
= X" @ (1, y) + 1) € (=00,0) x {0},

in contradiction to X;’("’O)(v) <O0forO<v<rt.
2.3. Incases > z4(1,y) + 1 4 u Proposition 1 (v) and (vi) yield

XY (s—u)=xb000 —y) = (n,0),

in contradiction to X;’y(v) <O0on (z4(1,y)+ 1,1-(1, y)).
2.4. It follows that

J_(1,y)=X"(_(1,y) € Y C [—¢, 0]%.

By arguments as before, the set
AL ={(a,y) e (1 —250,14+8)) x fo:X%(z) € {0} x IR for some z > 0}
is non-empty with
{1} x foo C A4
and open in (1 — &g, 1 4+ &) X f, and for each (a, y) € A there exists a smallest

local extremum ¢4 (a, y) > 0 of X{ll’y = x%?% where ¢ € W and E¢p = y. For
each (a,y) € Ay, XV (t4(a, y)) € f+ and

XV (@) € f< NIy, X1 (t4(a, y)))* on (0, 11.(a, y)). “

The maps
ty :Ar > (a,y) = ty(a,y) € (0,00)
and
Ji Ay 3 (a,y) = X9 (t(a, y) € fr
are continuous, and J4 (1, ) : f—o — f4 has limit (0, 0) at (0, 0).
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Corollary 1 For every € € (0, 8o) there exist y = y¢ € f4 with (1,y) € A_ and
(1,J-(1,y)) € Ay sothat with y = J_(1, y) we have

XY (1) € (e, €)? on [0,1_(1, y) + t4(1, 1,

X" @) € fo N G,y on (0,1-(1, y)),

and
X € fo N XET (1, ) on (- (1, ), - (1, y) + 1.(1, 5)).

Proof Use Proposition 6 and limy 55,0 J+(1,9) = (0,0) in order to find
y € frwith0 < y; <€ —e < X;(-(1,y)) = J_(1,y); < 0, and
0 < X}’y(:+(1,y)) < €, where § = X (r_(1,y)) = J_(1, y). Properties (1)
and (4) yield
XYY ((0,1-(1,y))) C fo N (1. 3] C (=€)
and . -
XU0,64(1,9)) € f< N[5 X7 (141, $)))? C (=€, %

Use Proposition 1 (v) to complete the proof. O

Proposition 7 Let (a,y) and (a,y*) in A_ be given with y{ < yi and
X([0,1—(a, y)I) C Q. Then

X (t_(a, y)) < X“ (t_(a, y)).

Proof Consider ¢ and ¢* in W¢ with E¢ = y and E¢* = y*, and set x = x®?,
x* = x®@? X = X%V, X* = X%V Sets = t_(a,y) and s* = t_(a, y*).
From x < 0 on (0, s) and x* < 0 on (0, s*) we infer that the arcs X ([0, s]) and
X*([0, s*]) can be written as continuous maps

A [x(s),x(0)] = IR and B : [x*(s¥), x*(0)] - IR,
respectively, with

(x(s), A(x(s))) = X(5) € f—, (x"(s"), B(™(s™)) = X" (s7) € f-,
(x(0), A(x(0) = X(0) € f4, (x*(0), B(x™(0))) = X*(0) € f+,

and

(&, A(®)) € f~ on (x(5), x(0)), (§,B(&)) € f~ on (x™(s¥), x™(0)).
Assume x*(s*) < x(s). Then the graphs A and B intersect. Notice that X*(0) €
f+ is different from X (0) and does not belong to X ((0, s)), and that X (0) €
(x*(0), 00) x IR does not belong to X *([0, s*]). It follows that there exist r € (0, 5]
and t* € (0, s*] with X (#) = X*(¢*). Proposition 2 shows that the arc X™*([0, *])
is contained in

[x* (™), x*(0)] x [min{0, x*(t%)}, x*(0)] = [x(¢), x*(0)]
x[min{0, x(#)}, x*(0)]
C [x(s), x(O)* C Q.
Now the inclusion X ([0, s]) C Q and arguments as in part 2 of the proof of
Proposition 6 yield a contradiction. O
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Remark The analogue of Proposition 7 for A instead of A_ holds as well.

6 Bifurcation

We complete the proof of the theorem from Sect. 1. It is convenient to consider
for € > 0 and @ > O the following property.

(Peq) Eq. (1.1) has a slowly oscillating periodic solution p : IR — (—¢,¢€)
whose minimal period is given by three consecutive zeros. There is a first zero
z>—land 0 < x(¢) < x(0) on (—1, z).

Proposition 1 (Supercritical bifurcation) Ler € € (0, 89) and assume y = y©
satisfies

L,
X7 y) + (1, J(1, ) < 1.
Then there exists ar € (1, 1 + €) so that (P¢,) holds for every a € (1, a¢).

Proof 1. Lete € (0, §p) be given and consider y = y€ as in Corollary 5.1. Then
(1,y) € A_,and (1, §) with $ = J_(1,y) = XY (t_(1, y)) belongs to A,
and

Tea(LJ-(1,y) = X1 (0 (1, 9) = XY (- (1, y) + 141, 9)) < yi,

by Proposition 5.1 (v). Choose tp > ¢_(1, y) + (1, $) with X ([0, 10]) C
(—e€, €)*. Using Proposition 5.1 (iii), the openness of A_ and A, and the
continuity of 7, J_, ty and Jy we find a. € (1,1 4+ ¢€) so that for every
a € (1, ae) the following holds: (a,y) € A_, (a,y*) with y* = J_(a,y)
belongs to Ay,

t—(a,y) +ty(a, y*) < to,
Jy(a, J-(a,y)) <1,

and
X%V (1) € (—e, €)? on [0, fo].

Leta € (1,ac) be given and set X = X%V, 51 =t_(a,y), y* = J_(a,y) =
X%V (s1) and t; = 51 + t4(a, y*). Using Proposition 5.1 (v) we get

X(sp+ 1) = X“Y*(@) on [0, 4 (a, y)].
From (5.1) and (5.4) in combination with the preceding statement we infer
X((0,51)) C f= N (Xi(s1), X1(OF = fo N (X1(s1), 11T

and
X ((s1,01)) C f< N[X1(s1), X1(t1))*;

we have X (s1) € f—, X(#1) € f+, and
X1(n) < X1(0).

In particular,
X([0,11]) C (—€,€)* C Q,
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and

X(l,X(fl)(Z) =X(t1 +1t) forall t > 0, M

due to Proposition 5.1 (v).

2. Proof of (a, X(t;)) € A_. Proposition 5.1 (iv) yields F,(t1, ) € W< for
¢ € W with E¢ = y. Let x = x»?_ Suppose x has no zero in (t, 00). Then
Proposition 5.2 gives X (¢) < 0 on (t1, 00), lim; o x(t) = 0,and 0 < x(t) <
8o < 1 on [t; — 1, 00). Proposition 5.1 (iv) yields x, € W on [t1, 00), and
we obtain a contradiction to Corollary 3.3. It follows that there is a smallest
zero of x in (#1, 0o0). From this and from x;, = F,(t1,¢) € WY we obtain
(a,X(t1)) € A_.

3. Set s = t; + t_(a, X(#1)). An application of Proposition 5.7 to (a, y) and
(a, X (1)) in combination with (1) yields

x(s1) < x(s2).
‘We have
X(s2) = X“*"W(t_(a, X (1)) € f-,
X(t) € f- on (11, 52),

and
X ([t1, 52]) C [x(s2), x(11)]* C [x(s51), x(0)]* C (—¢, €)%

4. As in part 2 we get (a, X (s2)) € A4. Using the remark following Proposition
5.7 and arguments as in part 3 we find #, > s, with

X ([s2, 2]) C (=€, €)%, X((52,12)) C f=, X(12) € fr,

and

x(tp) < x(t1).
Let tp = 0. Induction shows that the local maxima and local minima of x
on (—1, co) form strictly increasing sequences (#,)q° and (s,){°, respectively,
with #9p = 0, so that for all integers n > 0, t, < s,+1 < f,41 and

—e < x(spt1) < X(s42) < 0 < x(tys1) < x(ty) < €.

Also, x; € W4 forallt > 0.
5. Using the preceding statement and Corollary 3.3 we infer that

(D lim x(#,) >0 or (II) lim x(s,) <O.
n—00 n—00

5.1 Case (). Set pf = lim, 0o x(#,) > 0. Then p* = (p}, f(p])) belongs
to fyo N (—€, €)% Set X* = X%P" and for ¢* € W with E¢* = p*,
x* = x%9° The inequality 0 < pi < y1 = x(0) and arguments as in
parts 2—4 show that there are a first local minimum s} > 0 and a first local
maximum ¢ > s} of x*, with

—€ < x(s1) < x*(s7) <0 <x*(1]) < x(r)) <e.
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It follows that
|x*(t)| < € on [—1,1]],

and
x; € W on [0, 1]].

Continuity of the maps J_ and J implies that for n — oo the points

(X (tng1)s [ (X (tng1)) = X (tag1) = J1(a, J—(a, (X(12))))
= Jy(a, J_(a, (x(tn), f(x(t2)))))

converge to
X*(0) = p* = Ji(a, J_(a, p*)) = X*(1]).
Hence, ¢* = F, (], ¢*). It follows that x* extends to the desired periodic

solution p, of Eq. (1.1), with minimal period .
5.2 The proof in case (II) is analogous. O

The next result establishes subcritical bifurcation in case the curve X' of
Corollary 5.1 spirals outward. The following proof differs from the preceding one
in that the periodic orbit is not obtained as a limit cycle.

Proposition 2 Let € € (0, 89) and assume y = y'© satisfies

L,
X —(d,y) + (1, J-(1, ) > y1.
Then there exists a. € (1 — €, 1) so that (P¢y) holds for every a € (ac, 1).

Proof 1. As in the proof of Proposition 1 we obtain a. € (1 — €, 1) so that for
each a € (ac, 1) the following holds: (a, y) € A_, y* = J_(a, y) belongs to
Ay,and X = X4V 51 =t_(a,y),and t; = 51 + 14 (a, y*) satisfy

X ([0, 11]) C (=€, €)%,

X(1) € f- N (Xi(s1), yi* = f> N (X1(s1), X1(0)]> on (0, 51),

X (1) € f< N [X1(s1), X1(11))* on (s1, 1),

X(s1) € f— and X (1) € [,

X1(0) = y1 < X1(11)-
Let a € (ac,1) be given. For ¢ € W< with E¢ = y set x = x®? and
s1 = t_(a,y). The set M of all §; € (0, y{] so that for y = (31, f(31)) we
have (a,y) € A_,J _(a,y) € Ay, and

1< Jya(a, J-(a,y))

contains y; and is open in (0, y;].
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2. Proof of (0, y;i]\M # @. As 0is asymptotically stable there is a neighbourhood
U of 0in C so that for all ¢ € U,

Fu ([0, 00),¢) C C(y1) ()
and
ll_i)ngo Fu(t, ) = 0. 3)

Choose ¢* € W4 N U with E¢* € f. The inclusion (2) in combination with
Proposition 5.1 (iv) shows that the solution x* = x99 satisfies xf e W for
all t+ > 0. Using (3) and the fact that the local maxima of x* form a non-empty
set of isolated points we find a local maximum ¢,, > 0 with

x*(t) < x*(ty) on (t, 00).
Set$ =x; .5 = Ed,and # = x“% = x*(t, + ). Then

J1=2(0) = x*(tm) € (0, y1),

by (2). Assume §; € M.Set§ =t_(a,y),y =J_(a,y),andf = §+1,(a, y).
Using (2) and Proposition 5.2 we see that on [—1, §] the inequalities

—€ <=y <Xt +5)=F@) <X@t) <XO0)=J <y1 <€
hold. From this we infer
X (1) = X3 (5 + 1) forall 1 > 0,
by Proposition 5.1 (v). It follows that

Ji(a, J_(a, 9 =J4(a, ) =XV (t4(a, ) =X $ + 11(a, ) =X (D),

hence
Jy1(a, J_(a, ) = )2(;) = x"(tm + f) < x*(tm) = 1.
in contradiction to the definition of M.

3. Let yp = max ((0, y1]\ M). Then 0 < y; < y;. Sety = (y1, f(31)) €
(—€, €)% Set X = X%, and for ¢ € W? with E¢p = y, ¥ = x%?. In the
sequel we show that x extends to the desired periodic solution.

4. Proof of (a,y) € A_.

4.1. Assume the contrary. Then Proposition 5.2 yields 0 < x(¢) < y; on (0, 00)
and lim;_, o, X (¢#) = 0. Choose a neighbourhood V of 0 in C with

Fa([0,00), V) C C(y1)-

Choose u > 0 so that X, € V. By continuity there exists y; € (¥1, y1)

so that the solution £ = x%? with ¢ € W%, E¢p = 9, = 1, fG1)),
satisfies
0 < x(t) on[0,u] and X, € V.

Set X = X7,
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4.2. Suppose (a,y) € A_. Thenu < t_(a, y), by Proposition 5.2, and
X(t-(a@, ) = X(1) = J1 <y on [=1,1(a, )],
and by the choice of V,
IX()] < y1 < J1 <€ on[t_(a, ), 00).

In particular, X ([0, 00)) C Q, and for y = J_(a,y) = X(t_(a, )
Proposition 5.1 (v) yields

X%V(s) = X(t_(a, $) +5) forall s > 0.

4.3. Suppose (a, y) € A_ and in addition (a, y) € A. Then we obtain

Tia(a, J_(a, ) =Jy 1@ $)=X" (ts(a, ) =X1(_(a, $)+11(a, 3))
= R(_(a, ) +1:(a, §)) < 1.

4.4. Tt follows that y € (¥1, y1) \ M, in contradiction to the definition of y;.
5. Lets = t_(a, y). Proposition 5.7 yields

x(s1) < x(5).
It follows that
—€ <x(51) <X() <x(t) <x(0)=y; <y <€ 4)

on [—1,5], and X ([0, 5]) C [¥(3), ¥(0)]* = [¥(), 11> C (—€,€)* Let§ =
X (5) = J_(a, y). By Proposition 5.1 (v),

X“Y(t) = X5 +1) forall t > 0. )

6. Proof of (a, J_(a, y)) € Ay.

6.1. Assume the contrary. Then Proposition 5.2 yields x(s) < x(#) < 0 on
(5, 00) and lim;_, o X(¢) = 0. Choose a neighbourhood V of 0 in C with

Fq([0, 00), V) C C(y1).
Choose u > s sothat x,, € V.Recall thaton [s, u], x(¢) < 0. By continuity
there exists §1 € (y1, y1) so that § = (31, f(91)) satisfies (a,y) € A_,
and for § =7_(a, y),

s <u and x(s1) < x(5);

moreover the solution £ = x*¢ with ¢ € W and E¢ = § satisfies

X(t) <0on [S,u] and X, € V.
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6.2. On[—1, ) we obtain
—€ < x(51) <X(6) <X(t) =xX(0) =31 <y <¢,

by Proposition 5.2. In particular, X = X7 satisfies X ([0, §]) C Q. Using
this and Proposition 5.1 (v) we infer that for y° = X@G$) = J_(a, y) and
forallt > 0, )

XY ()= XE +1).

6.3. Suppose (a, y°) € A4. Then

Ji(a. J-(a,3)) = J1(a,y°) = X“ (t1(a. y%) = X + t+(a, y°)),
hence
Jia(a, J—(a, ) =X +1t1(a, y°)) < N
(by the choice of V')
< )Ail.
6.4. It follows that $; ¢ M, in contradiction to the definition of j.
7. From y; € (0, y;) \ M we have
Jia(a, J-(a,y)) < y1.

Continuity and the definition of M combined yield

Jyi(a, J-(a,y)) =y1.

Asy € f and J4 maps into f we obtain
Ji(a,J-(a,y)) =).

On [—1, t4(a, ¥)] we have

—e <x(s) <X@) =51 =X{70) < X{7() < X7 (t4(a. )
=Ji1(a,y) =y <y <¢€,

by the remark following Proposition 5.2. Set f = § + 4 (a, ¥). Using (5) we
infer that on [5, 7],

0 =XV —5) € (=€, €).
Combining this with (4) we get X(¢) € (—¢, €) on [—1, 7]. Proposition 5.1 (iv)
gives
Xre We.
We have
E¢ =5 =Jra.J-(a.5) = J(@.5) = X" (14(a. 7))
— XG + 14, 5) = X() = Ex,

and the injectivity of £ on W gives

X extends to a periodic solution with the properties stated in (P¢,). a
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Proposition 3 Let € € (0, 89) and assume y = y'© satisfies
X1 (1) + 15 (1, (1, ) = 1.
Then (P¢1) holds.

Proof Recall Corollary 5.1. Consider ¢ € W! with E¢p = y. Set § = J_(1, )
and T = ¢t_(1, y) + t4(1, y). Using Proposition 5.1 (iv) we infer Fi(¢, ¢) € wi
on [0, T]. The previous hypothesis and the relations y € f, X':Y(t) € f yield

EF\(t.¢) =X"Y(1) =y = E¢.
By the injectivity of £ on wh Fi(z, ) = ¢, which implies the assertion. O

It remains to show that the minimal periods of the periodic solutions found in
Propositions 1-3 tend to infinity as € — 0. This is a consequence of the next result.

Proposition 4 Let a > 0. Suppose the solution x : [—1,00) — R of Eq. (1.1)
and z > 0 satisfy x(0) > x(t) > 0on (—1, z) and x(z) = 0. Then

log x(0)
a(l—x(0) = °

Proof Let m = x(0). On (0, z),

ail)'c(t) =x@)—x(@t—1)—|x@®|x(t) =x{@t) —m —mx(t)

m
=(1—m)(x(t)— 1—m>'

() — — z<x(0)—1:nm>e“(1—’”)’,

Hence,

1—m
or
m m

1) > - (1= — 1)etU=—m _ 1 — g ead—mry
X()_l_m+l_m(( m) —1) —1—m( m )

It follows that z is not smaller than the zero ¢ of the decreasing function

t > L(l — m e,
1 —m
_ log m
al-m)’
O
Remark The analogue of Proposition 4 for solutions which have a zero z > 0

with x(0) < x(f) < 0 on (—1, z) holds as well — apply Proposition 4 to the
solution —x of Eq. (1.1).
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