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Abstract The notion of contact number cx(M) of a Euclidean submanifold was
introduced in an earlier article (Proc. Edinb. Math. Soc. 47:69—-100, 2004) as the
highest order of contact of geodesics and normal sections on the submanifold. It
was proved in (Proc. Edinb. Math. Soc. 47:69-100, 2004) that the contact num-
ber relates closely with the notions of isotropic submanifolds and holomorphic
curves. One important problem concerning contact number is to construct Eu-
clidean submanifolds with high contact number. The purpose of this article is thus
to construct Euclidean surfaces with high contact number and to provide simple
geometric characterization of such surfaces.
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1 Introduction

Let M be an n-dimensional submanifold in the Euclidean m-space E”". Denote by
UM and T+M the unit tangent bundle and the normal bundle of M, respectively.
For each p € M and u € U, M, there are two canonical unit speed curves on M
associated with (p, u); one is the geodesic y, with y,(0) = p and y,(0) = u,
the other is the normal section B, defined as follows: Let E(p, u) be the affine
(m — n 4 1)-subspace through p spanned by u and Tle . The intersection of M
and E(p, u) gives rise to a unit speed curve S, (s) with 8,(0) = p and B,,(0) = u
(see [3] for details).
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It is well known that geodesics play very important role in differential geom-
etry, calculus of variations, as well as in the theory of general relativity. On the
other hand, normal sections have been studied by many geometers (see, for in-
stance, [1, 3, 5-8, 10, 11]. In particular, C. U. Sanchez et al. showed that normal
sections play some important roles in algebraic geometry as well as in differential
geometry.

The curves y,, and B8, are said to be in contact of order k if y,,(l)(O) = L(t')(())
fori = 1,...,k where y\” and B\ denote the i-th derivatives of y, and B,
with respect to their arclength function. The submanifold is said to be in contact
of order k if, for each (p, u), the geodesic y, and the normal section 8, at (p, u)
are in contact of order k. If the submanifold M is in contact of order k for every
natural number k, the contact number cx(M) of M is defined to be co. Otherwise,
the contact number cx(M) of M is defined to be the largest natural number k such
that M is in contact of order k and but not of order k + 1 (see [4] for details).

From [4] we have the following.

Theorem A For every submanifold M in a Euclidean space, we have:

(1) The contact number cu(M) of M is at least 2, i.e., cu(M) > 2.
(2) M is isotropic if and only if c4g(M) > 3 holds.
(3) M is constant isotropic if and only if c4(M) > 4 holds.

Theorem B A surface M in E* is a non-planar holomorphic curve with respect
to some orthogonal complex structure on B* if and only if we have cs(M) = 3.

Theorem C A submanifold in a Euclidean space satisfies cs(M) > k for some
integer k > 3 if and only if each unit tangent vector u of M is an eigenvector of
the shape operator A )i+ for j =0, ...,k —=3.

Euclidean submanifolds with high contact number are not well understood.
Very few such examples are known. Hence, one important problem concerning
contact number is to construct nontrivial examples of Euclidean submanifolds
with high contact number. The purpose of this article is thus to construct Euclidean
surfaces with high contact number and to provide simple geometric characteriza-
tion of such surfaces.

2 Preliminaries

Let M be an n-dimensional submanifold in E”. We choose a local field of or-
thonormal frames {ey, ..., ey} in E” such that, restricted to M, the vectors
e1,...,e, are tangent to M and hence e,41, ..., e, are normal to M. We de-
note by V and V the Levi-Civita connections on M and E”, respectively. And let
D denote the normal connection of M in E”. ~

We denote by !, ..., o the field of dual frames. If we put Vey =
Ef’;zla)ﬁ ep, A, B =1,..., m, then the structure equations of E” are given by

m m
A A B A A C B A
dw =—E wp A", da)Bz—E wc ANwg, o, +owp =0. 2.1
B=1 Cc=1
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Restricting these forms on M, we have " = O forr =n +1,..., m. Thus,
we get 0 = do” = —X 0] A o'. Hence, by applying Cartan’s lemma, we may
write

n .
wf =Y hel, hp=0 0 =1, (2.2)
j=1

The second fundamental form & of M in E™ is given by & = Zh} i w'wle,.
For any two vectors x, y tangent to M and any vector £ normal to M we have

Viy = Viy +h(x,y), Vié =—Agx + D&, (2.3)

where Ag is the shape operator of M in E™ with respect to &. The second funda-
mental form and the shape operator are related by (Agx, y) = (h(x, ), §) .

The covariant derivative V4 of & with respect to T M @ T+ M is defined by

(Vih)(y, 2) = Dyh(y, z) — h(Vyy, 2) — h(y, Vy2). (24

Sometimes we write (V. h)(y, z) as (Vh)(y, z, x) and we put Vo = h.
In general, the k-th (k > 1) covariant derivative VEh of h is defined by

(VER) (1, X2, + oy x02) = Doy (VTR (1, oy xig1))

k+1
L (2.5)
=Y V)@ Vi X XD,

i=1

q + 2 times
We simply denote (V9h)(X, ..., x) by (VIh)(x9t?). It is well known that V¥/
is a normal-bundle-valued tensor field of type (0, k + 2).
The equations of Gauss, Codazzi and Ricci are given respectively by

R(x,y,z,w) = (h(x,w), h(y, 2)) — (h(x, 2), h(y, w)), (2.6)
(Vi) (y, 2) = (Vyh)(x, 2), 2.7)
RP(x,y,&,1) = ([A¢, Ajl(x), y), (2.8)

where R(x, y) = V,V, —V,V, — V[, ) and RD(x, y)=DyDy—DyDy,— Dy
are the curvature tensors of the tangent and normal bundles, respectively.

A submanifold M in a Riemannian manifold is said to be isotropic if, for each
point p € M, the length A = |h(u, u)| of the normal curvature vector A (u, u) is
independent of the choice of u € U,M.If A = |h(u, u)]| is also independent of
p € M, then M is said to be constant isotropic (see, for instance, [9]).

We recall the following lemma due to O’Neill.

Lemma 1 ([9]) A submanifold M is isotropic if and only if each u € UM is an
eigenvector of Ap(u,u)-
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3 Flat surfaces with high contact number

The main result of this article is the following.

Theorem 1 We have the following:

(i) For any positive number a and integer n > 2, the map

1 P P
Vs, (x, y)—ﬁ—<cos<\/1 + cos (%) ax+\/1 — cos (w) ay),
na
<\/ + cos (2/ )ﬂ)ax—i-\/l—cos(w)ay),
2n 2n
cos<\/ ( l)ﬂ) \/ cos( l)ﬂ) )
sin(\/ + cos <(2j 1)”) \/ — Cos ((2] 1)”) ))
j=1,..,n

3.1
defines an isometric immersion of a flat 2-torus T, 4 into E* whose contact
number c4(T2,.4) equals to 4n — 2. Moreover, the immersion has parallel
mean curvature vector.

(ii) For any positive number a and integer n > 1, the map

(cos(ﬁax) sin(«/iax),

)ax—l— 1—cos<

1
a
x’ = ——
1102n+1( }’) m

( Cos

o)

. 2jm 2jm
sm [1+ cos (2 )a 1 —cos <2n+1>ay),
2jm
cos 1+cos( 1>a 1 cos<2n+1)ay),
. 2jm
sin l—i—cos( )ax— 1—cos<2n+l)ay>> )
3.2)

defines an isometric immersion of a flat 2-torus Tr,41,4 into E*t2 with
c#(Ton+1,4) = 4n which has parallel mean curvature vector.

(iii) Conversely, if M is a flat surface in E** (k > 3) with cs(M) > 2k — 2 and
with parallel mean curvature vector, then M is either an open portion of a
totally geodesic 2-plane or an open portion of the flat torus Ty 4 for some
a > 0 defined above and the immersion is congruent to the ;! defined either
by (3.1) or by (3.2), according tok =2n >4 ork =2n+1> 3.

Proof (1) Let k = 2n be an even number >4 and let ¢ be a positive number.
Denote by E? the Euclidean 2-plane equipped with the standard Euclidean metric
g = dx* + dy?. Consider the map ¥ = ¥ : E> — E* defined by (3.1). It
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is easy to verify that ¢ is an isometric immersion and v is doubly periodic with
respect to x and y. Thus, v is an isometric immersion of a 2-torus, say T2, , into
EZk

If we put ey = 9Y¥/0x,er = 9Y¥/dy, then ey, e are orthonormal parallel
vector fields. Let us put

XX 2
ez = —ay, e4=x/§<e3— I/fa ) €5=£¢xy

a
\/5364 " ﬁ des "
eg = —— — Yy, =——— — 1,
6 a 0x e a 0x Y
(_l)j_l\/i anj—Z (3.3)
éH; = — @y i_ s .
2j P ax 2j—4
(—1)/V2 dej 1 .
€2j+1=——j—€2j_3, j=4,....2n—1,
a dx
1 deq,-1 1
€4y = — — ——=€4n—3.
4n 4 ox «/E 4n—3
Then, by a direct computation, we know that e3, ..., es, are orthonormal normal

vector fields of T, 4 in E* which satisfy

a a a
Yox = ae3 — —=eq, Yry = —=es, Yy, =aez+ —=eq,
XX \/E Xy «/E yy «/E

des des
a = —ayy, E = _C”pys
dey a dey a
P E(I/fx + eg), W = 3(67 — vy,
des a des a
- —ﬁ(lﬁy +e7), By = 3(66 —Vx),
. _1)J 4
aae% = %(62]‘2 +e2jy2), % = %(@j% —ej-1), (34
. _1\Jj+1 .
ae;j:l _ 1\)/5 a(ezj—l +e2j+3), aeg—;ﬂ = %(er-i-Z —e2j-2),
desp—o  a dean—o  a
ax _36411—45 T = _364)1—3 + aesy,
dean—1 _ 2 ean s +aeq dean—1 _ — s
ax \/z n 1 ay ,\/E n ’
e, P . N
ax dy

where j =3, ..., 2n — 2. In particular, (3.4) implies that

h(ey, e1) = ae3 — i64, hey, ez) = ies, h(ez, e2) = aes + i64- (3.5)

V2 V2 V2
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Hence, the surface is constant isotropic. Using (3.4) we also know that

D e3 = Deye3 = 0,

a a
Dees = —eg, Deyeq = —=e7,
RN} V)
D ¢ e D ?
es = ———=ey, €5 = —=¢€6,
° V2 V)
D CDa e, D ° )
erj=———~@ej-—2+erj42), ej = —=€2;4+3 —€2;-1),
e1€2j NG J J %2) V2 7 J
(=)t a
Deerji1 = T(ezj_l +e2j43), Deyerjr1 = E(QHZ —e2j-2),

a a
Dee4y—2 = ———=e4p—4, Deyean 2= ——=eap_3+aey
21 n f n ’ e n n—: >
2 V2

a a
D¢ eqn—1 = 364%3 +aeqy, Deyesn1 = —664;174,
D¢ eay = —aean—1, Deyean = —aeqy—, j=3,...,2n—2.
(3.6)
For any real number 6, let us put eg = cosfe; + sinfe,. Then, we have
Ve,e0 = 0, since ey, e; are parallel. From (3.6) we find
h( ) cos 26 n sin 20
eg, e9) = aez — aey aes,
V2 V2
a .
De,e3 =0, Dgeq = E(COS Oee + sinfey),
a
D, e5 = E(Sineeﬁ —cosfer),
a : .
Deyerj = E((_l)j cosB(ezj—2 + exj12) +sinf(ezj13 —e2j—1)),
a ) 3.7
Deyerjy1 = E(SIHG(62j+2 —e2j-2) — (=1)/ cosB(ezj_1 + €2/43)),
j=3,...,2n-2,
a
Dejesn— = _E(COS Oeqn—gq + sinBeq,—3) + asinbey,,
a
Deye4n—1 = ﬁ(cos Oeqy_3 — sinbfeq,_4) + acosbey,,
Deyesy = —asinBesy_n — acosBesqy_q.

If we put
Ej = cos(jf)er; + (—1)/ " sin(j0)erjp1, j=2,3,...,2n—1,
Ean = Kap = /2sin(2n0)eap,

Kjj = cos((4n — j)B)ez; + (—1)-/ sin((4n — j)®ezjr1, j=2,...,2n—1,
3.8)
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then we obtain from (3.7) and (3.8) that

a
D, Eq = EEé,
. a .

Dy, Eyj = (_1)jﬁ(E2j—2 +Ezjy2), j=3,4,...,2n -2,

Do, E  Epa+ E
dn—2 = ——=FEan—4+ —=E4y,

eg Ldn ﬁ n \/z n (39)

D, E4, = —~2asin(2n6) (sinfes,—2 + cosbeq,—1),

DeyKrj = (—l)jﬁ(sz_z +Kzj12), j=3,4,...,2n =2,

a

D€9K4)’1—2 = _E(K4n—4 + E4n)'

Moreover, from (3.4) and (3.8), we find

a
AE4€9 = —Eee,

Ak e = %(cos(@n — 1)8)e; — sin((4n — 1)0)er). (3.10)

AE(,eO == AE4,169 = AK669 == AK4,1€9 =0.

Applying (2.5), (3.7), (3.8), (3.9) and V,,eg = 0, we obtain

2

(Vh)(e) = —%Eﬁ,

@) o (<) IS (O = )e E
e ) =(=1) 7 Z S Rl PR 20—di+4+ Edpyag,

t=1

(Vi) (e)t?) = (=172~ 1(%)”1 Wf ((j) _(;i1>>E2“‘4’+4
)-

t=[s/2]—n+2
[v/2] —n+1 ((

( ))K8n+4t—2s—4 — Kgn—25-4 ¢,

3.11)
where £ =2,...,2n —3; s =2n —2,...,4n — 4, and [£/2] denotes the largest
integer < £/2. Using (3.10) and (3.11) we find

a2
Ap(epe)€0 = €0

szj lh( 2/+1)69—0 ] —1 2]1—2,
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. _(‘_"2>1+1 2y (¥ =1...2m-3

B .
2271—1

gy (5){(G7D)-G0):

V‘"’*“h(eﬁ”_z) 0 2 2n—2 2n —3 ¢

—cos(4n — 1)0ey + sin(4n — 1)962}

(3.12)

for each eg = cosfle; + sinfe;. Therefore, ey is an eigenvector of Ag, he'*?) for
2

t = 1,...,4n — 5. Moreover, since n > 2, the last equation of (3.12) implies

that not every eg is an eigenvector of Aga, 4, (en2): Consequently, by applying
Theorem C, we conclude that the contact number of M is equal to 2k — 2.

Moreover, it follows from (3.5) and (3.6) that the immersion has parallel mean
curvature vector. This proves statement (i).

(2) Let k = 2n + 1 > 3. Consider the map 5, , | : E* — E**2 defined by
(3.2). Then, ¥, 1 18 an isometric immersion. As in the proof of statement (i), we
simply denote 5, | by ¥ and put e; = 9v/dx, e2 = 9dy/dy. Then, ey, e3 are
orthonormal parallel vector fields. Moreover, 1 induces an isometric immersion
of a 2-torus, say T2,,+1.4, INt0 E*+2 Let us put

T I T
(=172 dezj 2
e = T U2, (3.13)
(—1)/ /2 dezj .
ezj+1:7#—ezj_3, j=4,...,2n,
1des, 1

Copy2 = ——— — —=C4p-2.
n—+ a ox ﬁ n

Then, e3, ..., esy42 are orthonormal normal vector fields satisfying

a a a
Yex =ae3 — —=e4, Yuy = —=e€s5, Yy, =aez+ —=eq,
XX \/§ Xy ﬁ yy ﬁ

dez v des "

ax @V dy =Ty

dey a dey a

i E(Wx + e¢), E = 3(67 Yy,

00 e, 28— L)
— =——{Wy tey), — = e — Yy),
xS T AT
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derj (=1)a deaj a
ek T(ezj—z +e2j42), oy = E(@j-&% —ezj-1),
derjr1 (=Tl de2j+1 a
o N (e2j—1 + e2j+3), oy = E(ezj+2 —ezj-2),
j=3,....2n—1, (3.14)
dean _ @ L ge dean @ |
ox NG 4n—2 4n+2, 3y NG 4n—1,
deant1 _ _ a deantl _ @, o
ax ﬁ 4dn—1, ay \/z 4An—2 4n+2,
de4y 12 deant2
—— = —de4p, ———— = —de4nyl.
ox ay
From (3.14) we may obtain
a a
Dele3 = Deze3 = 07 Dele4 = —=¢6, Deze4 = —=e7,
V2 V2
a
Dejes = ——=e7, Deyes = —=ee,
“ NG ° T2
(—=1)/a a
D, ey = NG (e2j—2+e2j42), Deerj = E(QjH —e2j-1);
(—=)/*ta a
Deerjr1 = T(ezj—l +e2j43), Deyerjy1 = ﬁ(€2j+2 —e2j-2),

a a
D, e4, = —=e4y_2 = aey D, eq4;, = ———eqy,—
1€4n «/_ n n+2, er€4n 4n—1,
2 V2

a a
D¢ eapy1 = E&Ln*l, De,eqn1 = _3647172 + aeant2,
Del €4n = —daeé4y, Deze4n+2 = —ae4uy1, j=3,...,2n—1.
(3.15)
where j = 3,...,2n — 2. Thus, we also have
n ) cos 26 n sin 20
eg,ep) = aes — aey aes,
V2 V2
a .
D,ye3 =0, Dgyeqs = ﬁ(cos feg + sinfey),
a
D, es = —(sinfeg — cosBey),
“S= A 7 (3.16)

a

V2
a . .
Deyerjy = E(SIHQ(Q/H —e3j—2) — (=1)/ cosO(ezj_1 + €2j13)),

Dejerj = (=17 cosB(ezj_2 + exjy2) +sinb(ezj3 —ezj—1)),

j=3....2m—1,
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a .
D, e4, = E(COS Oesn—o — sinfes,_1) + acosbes,io,
a . .
Deyeant1 = —ﬁ(cos Oean—1 + sinbes,—2) + asinbesyo,
Deyeaninr = —acosBes, —asinbey, .
If we put
Esj = cos(jf)er; + (—1)/ " sin(j6)eajt1,
Esntz = Kangz = vV2cos((2n + DB)ean s, (.17
Ko = cos((4n —t +2)0)ey; + (—=1) sin((4n — t 4+ 2)0)ex41
for j =2,...,2n; t =2,...,2n,then (3.16) and (3.17) imply that
a
D,y E4 = —Fs,
ep \/E
. a .
DeyErj = (—1) —=(E2j 2 + Ezjy2), j=3,4,...,2n,
V2 (3.18)
DeyEgnyr = —2a cos((2n + 1)0) (cos bes, + sinBeant1) ,
. a .
DeyKoj = (-U’E(szq +Kzj12), j=3,4,...,2n.
Moreover, we obtain from (3.14) and (3.17) that
A a
E €0 = ——=¢€g,
4 «/5
Aren = L : (3.19)
K,€0 = (—cos((4n + 1)8)e; + sin((4n + 1)0)er),

V2

AE(,e& == AE4,,+269 = AK669 == AK4,,+269 =0.

After long computation we obtain from (2.5), (3.14), (3.18), (3.19) and

Ve,e0 = 0 that

(Vh)(e}) = — (%)2%

i [7/2] . .
Viny(el?) = (—plia-t( L s jz N ) Ey
9 NG 2\ f 2j—4r+4

+E2j+4 , J=2,...,2n—1,

[r/2]

r+1 - -
(V' h)(ey*?) = (~p/2-! (%) 3 ((’t)—(t " l))Ezr_4,+4

t=[r/2]—n+1
[r/2]—n

r r
+ Z (([) - ([ . 1>>K8n+4r—2r + Kgn—2r ¢
t=1

r=2n,...,4n — 2.

(3.20)
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By applying (3.19) fmd (3.20) we find
a

Ah(ee,ea)ee = 769’

A@z,-_uh(egjﬂ)ee =0, j=1,...,2n—-2,

Ao 1o _(‘_"2)”1 2N (¥ = 1., m—2

i =(2) () v
) 2n

ey =-(5) {(G7)-G)

Va2 (efr) 2 m—1) \an-2))"

+cos((4n + 1)0)e; — sin((4n + 1)9)62},
eg = cosfBeq + sinfe;. (3.21)

So ey is an eigenvector of A@, h(el?) fort =1,...,4n — 3. The last equation in

(3.21) shows that ey is not an eigenvector of Awn_zh( o) in general. Thus,
Theorem C implies that the contact number is equal to 4n = 2k — 2. It follows
from (3.15) that the immersion has parallel mean curvature vector. This proves
statement (ii).

(3) If k = 3, statement (iii) follows from Theorem 4 of [4]. So, we only need
to prove statement (iii) for kK > 4. In order to do so, we need the following lemma.

Lemma?2 Let ¢ : M — E™ (k > 4) be an isometric immersion of a flat surface
M into Euclidean m-space with parallel mean curvature vector. If the contact
number of M satisfies c4(M) > 2k — 2 with k > 4, then there exists a coordinate
system {x, y} and orthonormal normal vector fields e3, ..., ey on M satisfying

a a a
byx = aez — —=e4, yy = —=e5, ¢Pyy =aes+ —=e4, H =ae;3
XX ﬁ Xy \/E yy ﬁ

Dee3 = De,e3 =0, Dges = %e(,, De,eq = %67,
Dejes = —ie% De,es = ieé,
V2 V2
Doerj = T 00 st erjin). Degerj = ——(erj1 — e2js3),
NG 2€2) N J
Dejezjr1 = ﬂ(ezjq +e2j43), Deyerjy1 = —1(62;2 —e2j12),
NG 2€2] Nk j

k_ a
Dejesi—n = (1! (Ee'zk—zt + 0362k> ,
a

De,e2p—2 = —EEZk—3 + anexy + aperp+1,
1
Do eni—1 = (—1)ka <—€2k3 + nexx + pea 1) ,
el \/z n QD +

a
Deyerf—| = ——=ex—4 + adeyy (3.22)

V2

for j =3,...,k—2, where 8, n, ¢ are functions, e; = 3/dx and ey = 9/9y.
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Proof of Lemma 2. Let ¢ : M — E" be an isometric immersion of a flat surface
with parallel mean curvature vector and c4(M) > 2k — 2. Then, Lemma 2 and
Lemma 3 of [5] and Theorem A imply that M is a pseudo-umbilical constant
isotropic surface. Also, from Theorem C we know that each unit vector eg is an
eigenvector of A(?.fh)(eg”) forj=0,1,2,...,2k —5.

When M is minimal in E”, M is totally geodesic according to the equation of
Gauss. In this case, M is an open part of a totally geodesic 2-plane with contact
number oo.

Now, let us assume that M is a non-minimal surface in E”". Since M a pseudo-
umbilical surface with nonzero parallel mean curvature vector H, we may choose
e3 so that (a) the mean curvature vector H is equal to ae3 witha = |H| > 0 and
(b) Des = 0. Also, we may choose e4 satisfying (e, e1) = aez — bea.

Since h(ez, e2) = 2H — h(ey, e1) and |h(ey, e1)| = |h(ez, e3)| with H # 0,
we have h(ez, ep) = aez + bes for some function b. Because M is isotropic, we
obtain from Lemma 1 that

(h(e1, e2), h(er, e1)) = (h(e1, e2), h(ez, €2)) = 0. (3.23)
So we may choose e5 so that ii(e1, ex) = des for some function §. Hence, we have
h(ey,e1) = aes + beg, h(er,er) =ae3 —bes, h(ey,er) =38es. (3.24)

If we put eg = cosfe; + sinfey, then (3.23) and (3.24) imply that
\h(eg, e0)|* = a* + b*> + 4 cos> 0 sin® 6(8% — b?). (3.25)

Because M is isotropic, (3.25) yields 82 = b%. Moreover, it follows from the
flatness and Gauss’ equation that a? = 2b?. Therefore, we may choose ey, . . . , e
which satisfy

%6’4, h(ea, e2) = aez + %6’4, h(ey, e2) = %6’5-

(3.26)
In particular, we know from (3.26) that each first normal space is a 3-dimensional
space spanned by ez, e, e5. Because M is flat, there is a local coordinate system
{x, y} so that g = dx? + dy?. Hence, if we put e; = 3/dx and e; = /9y, we get
w% = 0. Combining this with (2.5) and (3.26) gives

2 (cos260eq — sin20es),

V2 (3.27)
(VER)(e5T2) = Doy (V) (e5T)), €=1,2,....
From (2.4), (3.26), (3.27) and De3 = 0, we find

h(ey,e1) = aez —

h(eg, eg) = aez —

(Ve h)(er, e1) = —% ';wz(ej)e,‘,

(Ve;h)(er, e2) = ws(ejer, (3.28)

=

4

‘
Il

wyleje, j=1,2.

Sis Sls
-

Il
w2

(Ve, ) (e, e2) =
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Applying (3.28) and the equation of Codazzi, we get
a)f1 =0, wj(er) = —ws(er), wyle)) =ws(er), r=6,...,m. (3.29)
It follows from (3.28) and (3.29) that

. " cos 30 n30
(Vh)(e]) = aZFge,, Fj =— wy(e)) — —=wl(e2).
r=6 \/— ﬁ

So, by (2.5), (3.23), (3.26), (3.27), and (3.30), we have

(3.30)

5 m m
(VZh)(eg) =a) > Fj (cosbwl(er) +sinbwl(ex)) es + > fres,  (3.31)

t=4 r=6 s=6
for some functions fg, ..., for. Therefore, we have

2 m

A(Wh)(eg) 6= \/_ ZF(, cos 20wl (eq) + sin 29a)4(e2))

+ (cos 200)y(e2) — sin 20 (e1))e2) (3.32)

Since ey is an eigenvector of A(Wh)(e;‘) by assumption, we have
(A(Wh)(eg)ee, sinfe; — cos Gez) =0.

Thus, by applying (3.30) and (3.32), we obtain

Z{Zwi(el)w:i(eg) cos 66 + (a)ﬂi(eg)2 - a)g(el)z) sin 69} =0. (3.33)
r=6

Since this equation holds for every 6, we obtain

2k 2k m
Y whenwye) =0, Y wjlen)’ =) wj(e)’. (3.34)
r=6 o — o —.

By taking the derivative of wi = 0 and applying (3.29), we find

Y alle)? + ) _wh(e)? = a’. (3.35)

Thus, by (3.34), and (3.35), we discover that

(Deyes, Deyes) = 0, [Deyes] = |Deyes| = % (3:36)
Also, from (3.29), we have D.,e4 = —D,, e5, D es = D,,e5. Hence, we may
choose ¢g, . .., ex so that
a a
D eq4 = Deyes = ﬁeﬁ, Deyeq4 = —Dejes5 = ﬁﬁ' (3.37)
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From the equation of Ricci, (3.23) and (3.37) we find

a . -
OZRD(el7€27€47€)‘) = _(U)'7(€1)_0)I6(62))a r :65""m7 (3'38)

V2
which ensures that wj(e2) = ¥ (ey) forr =6, ..., m. Similarly, it follows from
0= RD(el, er,es,e), r =60,...,m, that a)g(el) = —a)g(ez). Combining these
yields a)g = 0. Therefore, we may choose eg, . . ., e, such that
Des=0, D a D a
ez =V, €4 = —=¢p, €4 = —=€7
V) AN
D a D a
€5 = ——=¢€7, €5 = —=¢p,
“ V2 N
a a (3.39)
D¢ eg = ——=e4 —aaeg, Dey,e6 = ——=es5 +aPeg +ayeo,
. V2 “ V2
a a
D, e7 = —es+aPfes +ayeyg, D, e7 =——=e4+ aces.
el \/§ € ﬁ

If k = 4, this is (3.22) with § = aa, n = aB, ¢ = ay. Next, let us assume that
k = 5. Then, we have cg(M) > 8 according to the hypothesis. Thus, Theorem C
implies that ey is an eigenvector of A(ﬁfh)(eﬁ—z)’ j=0,1,...,5.
2

From (3.30), (3.31), and (3.39) we get

2
(?h)(eg) = —%(cos 30eg + sin 30e7), (3.40)

Hence, by (3.27), (3.39), and (3.40), we find

=2 4y _ a* o
(Vh)(eg) = —=(cos 20e4 — sin 20es)
232
(3.41)
a3 a3
+ ?(oz cos40 — Bsin46)eg — EV sin4feg,

which implies that A(Wh)(eg)% = —((14/4)69. In views of (3.39) we may put

m
9 "
De es = aneg — afe7 + wg(er)ey + E wg(erey,
r=10

m
9 .
De,es = —afeg — aaer + wg(ex)eg + E wg(er)e,

r=10 (3.42)

m
Deje9 = —aye; — wi(enes + Y ahlener,
r=10

m
9 "
De¢ye9 = —ayes — wg(ea)es + E wy(ez)e;.
r=10
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Using w% =0, (3.39), (3.41), and (3.42) we discover that

4
V*h)(e)) = %{(1 + a2+ B2+ y?) cos 360 + (a® — B2 — y?) cos 50

4
—2ap sin59}e6 + %{(1 +a?+ ﬂ2 + y2) sin 36

— (a? — B* — y?)sin 56 — 2ap cos 56}e7
a’ 9 9 . .
+ ?{V(U)g(el) cos 6 + wg(e2) sin ) sin 40

+ (aty €08 6 + oy sin ) cos 40 — (B, cos O + By sin6) sin46) Jeg
+£{(acos49—,8sin49)(a)9(e 0+ wd inog
B g(e1) cos 8 + wg(ez) sin )

— (yucos + yy sinf) sin46 }eq

3 m
+a7 Z {(a cos 40 — B sin40) (wi(ey) cos b + wg(ez) sin6)
r=10
- (wg(el) cos 6 + wi(e2) sin ) sin 40}e,-, (3.43)

which yields A(@3h)(eg)69 = 0. Also, using (2.5), (3.39), (3.42), and (3.43), we
find

5
(V) (e§) = 4a—ﬁ{(2aﬁ sin60 — (14 a2 + B2 + y2) cos 20

—(@* = B% = y?) cos60)es — (20 cos 60

m
-1+ o’ + ,32 + )/2) sin 20 + (oz2 — /32 - yz) sin 60)es} —i—Zp,e,

=6
(3.44)
for some functions pe, ..., pn. Therefore, we have
6
a
A G4y (820 = g{(l +o? + B2+ yHes + [(@ — B* — y?) cos 76 (3.45)

—2aBsin70]e; — [(&® — B2 — ¥?) sin 76 + 2aB cos 70]ea).
Since ey is an eigenvector of (@4h)(eg) for any 6, we obtain from (3.45) that
o =p2+y% af=0. (3.46)

The second condition in (3.46) implies that we have either « = 0 or 8 = 0.
If o = 0 holds, then (3.46) gives § = y = 0. In this case, (3.39) reduces to

a a
De3 =0, Dges=Dees = Eeﬁ, Deyeq = —Dejes = 367
a a 3.47)
D¢eg = Deye7 = ———=e4, D,e7 = —D,,e6 = 365.

V2
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Thus, by RD(el, ez, €6, €7) = 0 and (3.47), we get a’> = 0 which is a contradic-
tion. Therefore, we have g = 0 and «? = y2. Without loss of generality, we may
assume that « = y. Hence, (3.47) and RP(ey, €3, e5,¢7) = 0 yield o? = 1/2.
Without loss of generality, we may assume that « = 1/+/2. Thus, (3.39) and
(3.42) give

a a
De3 =0, Dges = ﬁeé, De,eq = 367
a
Dees = —Eeﬁ De,es = ﬁ%’
a a a a
D¢ eq = —Em - Ees, De,eq = E@ - E%,

a a a a
Dele7 = EeS + 369, D82€7 = ﬁe;; — 364,

m
a -
Do es = Zeot wg(eneg + Y wilerer, (3.48)
2 r=10
a m
Deeg = ——=e7 + wg(ez)@ + ng(ez)er,
ﬁ r=10
a m
Deeg = ———=e7 — wg(el)es + ng(el)eﬁ
ﬁ r=10
a m
Deyeg = ——=e6 — wi(e)es + Y _ woled)er.
ﬁ r=10
From (3.48) and R (e1, es, e, e,) = 0, r > 8, we obtain wy(e1) = —wig(e2).

Similarly, from (3.48) and RD(el, er,e7,e,) = 0, r > 8, we find a)g(ez) =
wg(e1). By combining these we obtain a)g = 0. Therefore, we may choose ejg
which satisfies D, eg = (a/ﬁ)% +adejp. Thus, we get Dy,e9 = —(a/ﬁ)eﬁ +
adejo. Similarly, if we choose e satisfying the condition D,,eg = —(a/ V2)e7 +
anejp + agpey1, we have D, eg = —(a/\/i)e7 — aneyp — ageq. Consequently,
we obtain

a
De3 =0, Dges = Depyes = —eg,

V2
a
Deyeq = —Dpjes5 = %67
D a a D a 4 a
e = ——=e4 — —=eg, €6 = ——=e5 + —=eo,
“ V22 ° NG (3.49)
D a n a D a n a :
e7 = —=es5 + —=eo, 7 = ——=e4 + —=es,
B V272 < V22
a a
Dejeg = EEG +adeyy, Deyeg = —567 + aneyo + apeq1,
a a
Deyeg = —ﬁ@ —anejo —ageir, De,e9 = —366 + adeyp.
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This proves Lemma 2 for k = 5.

Next, we shall prove Lemma 2 by induction. In order to do so, let us assume
that Lemma 2 is true for a given integer k = n > 5. Now, suppose that the surface
M has contact number c¢x(M) > 2k and it has parallel mean curvature vector. We
will prove that Lemma 2 also holds for k = n + 1.

It follows from the assumption that there exist local coordinate system {x, y}
and orthonormal normal vector fields e3, ..., ¢, such that

a a a
Pxx = aez — —=eq, Pxy = —=e5, Pyy =aez + —=e4, H =ae3
XX \/i Xy \/E Yy ﬁ

D¢e3 = De,e3 =0, Dejeg = %66, De,e4 = %87,
Dejes = —Eew De,es = %es,
Deerj = w(ez i—2 +e2j+2), Deyerj = i(62‘+3 —e2j-1),
NG j J 202 = 52 j
Deerjr1 = w(éﬁj—l +e2j43), Deerjr1 = i(6’2 i+2 — €2j-2),
NG 262 N j

j=3,...,n =2,
_ a
Dejern—z = (=)' (Tze2-4 +asess),

V2

a
Deyerp—2 = ——=e,—3 +aney, + agerniq,

V2

a
Dejeap—1 = (=" <332n73 + anexn + a(PeZnJrl),

a

De,e2n—1 = _EeZn—4 + adeay. (3.50)

In views of (3.50) we may put

2%
Dejern = (—1)"a{8ean—2 — nean—1} + w3’ eneantt + Z wy,(er)ey,
r=2n+2
m
Deyern = —aney 2 +adey, 1 + oy (@)1 + Y wh,(eder,
r=2n+2
m
Deyernir = (—1)"ager, 1 —wpn T eean + Y @,y (ener,
r=2n+2
m

Deyerni1 = —agex,—2 — wyn ' (edew + Y @b, (ed)er. (3.51)

r=2n+2

Let us put eg = cosbe; + sinfe; as before. Then, (3.50) implies that

a
Deye3 =0, Dgyeq = —=(cosfeg 4 sinfey),

/2

a .
D,,e5 = —=(sinfeg — cosber),

/2
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a

V2
a . )
Deyerjr1 = %{SIHQ(@/H —e2j—2) — (=1)/ cosO(ezj—1 + €243)},

Deyerj = —={(=1) cosf(erj + e2742) — sin(ezj—1 — €2j43)},

j=3,...,n—2,

a n+1 .
Deyern—o = E((—l) cosBepy—q — sinfer,—3)
+a((=1)" 8 cos 6 + nsinb)er, + ap sinber,t1,
a .
Deyern—1 = E((—l)” cos ey, 3 — sinfen,—4)

+a((—1)"ncosO + §sinb)ez, + (—1)'ap cosBerpi1,
Deyern = a((—1)"8cosO — nsinf)ez,—2 —a((—1)"ncosd — §sinb)ea,—1

m

2nt1 .
+ w3 ep)eant1 + Z w5, (eg)er,
r=2n+2

: 2n+1
Deyerny1 = —agsinfer, o — (—1)"agpcosfer,—1 — w3y, (eg)ez,

m
+ > b (ener. (3.52)
r=2n+2

If we put

Ep = cos(t0)eze + (— 1) sin(€0)ezey1,
Py jy = cos((n + j)0)ern—j) + (=)' sin((n + j)O)ern—jy+1, (3.53)
Q20— j) = (=)' sin((n + j)B)ezn—jy — cos((n + j)O)ean—j)+1

for{ =2,...,n—1and j =1,...,n—2, then we obtain from (3.52) and (3.53)
that

a

D69E4 = EE&
. a .
D¢, Erj :(_1)jﬁ(E2j—2+E2j+2), J=3....n=2,
(=D""'a n .
DeyEqp—2 = TEanét —a((=1)"8 cos(nf) — nsin(nd))ez,

+agpsin(nd)ez+1,

1 a
Doy Poin—1y = (1)1 —

V2

—agpsinnbey, 41,

_ia .
Dey Pyiu—j) = (=1)" jﬁ(PZ(n—j—l) + Pon—jt1)), J=2,....,n—2,
(3.54)

Kon—2) + a((=1)""'8 cosnf — nsinnb)es,
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a _ )
Doy Q2n—1) = (—1)"—2Q2(,1,2) +a((=D" 17) cosnf + §sinnb)es,

7

+(=1)""lagcos nbes,+1,
iy a .
Doy Qotn—jy = (—=D)" T — (02— j—1) + Q24— j41),  j=24...,n—2.

NG

Moreover, from (3.4) and (3.8), we find

a
AE4€9 = —%6’9,

a .
Apeqg = —%(cos(@n — 1)8)e; — sin((2n — 1)9)62),

a .
Ag,eq = —ﬁ(sm((Zn — 1)08)ey + cos((2n — 1)9)62),
Ap, 60 = Apyjeg = Agy 69 = Agg =+ = A, =0, j=3,....,n—1. (3.55)

By applying (3.40) and (3.52) we find

2 3
a a
(Vh) g3 = ——Fs, (Vzh) 64 = L _(E,+ Eg),
( 9) 2 ( 9) 2\/5
_y[@+2)/21 e+1 | [€/2]
g2y (=D a AN
vV h)(eg ) - 2(t+1)/2 ;((t P Exo—4r44+ Ezprat,
¢=3,...,n—3,
_1\[(n=1/2] ;n-2 [(n—3)/2] B
(V"3 (eh ) = T 3 (( t
t=1
n—3
i Eypo-as +Exy¢,

_ /21 n—1 | 12/2 1 _ _
s (-1 a n—2 n—2
(Vn h)(eg) = 2(,1,1)/2 Z <( ¢ - -1 E2n74t
=1
(—1)lt1)/2) gn—1
on/2—1
—nsin(nd))ez, — @ sin(nd)ezy1}. (3.56)

By applying (3.52), (3.53), (3.54), and (3.56) we find

[(n—1)/2)
_ (=Dl gn n—1 n—1
(V" 1h)(e§“) = T Z ‘ - f—1 Eonyo—as

t=1

+ @+ + ¢ —DEs 2+ (> —n* — 9P Pay s

[((=1)"8 cos(nf)

m
+ 26nQop-—2 ¢ + Z Pn—1,r€r (3.57)

r=2n
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for some functions p,_1 ,. Hence, by using (3.52), (3.54), and (3.57), we have

_\[m+2)/2] 01 | /2]
+2 ( 1) a n n
(V”h)(eg ) = 2(n+1)/2 Z ((t) - (t B 1)) Eopya—ay
=1

+ 4+ 0 +9? = DEsy g+ > — 1> — ¢ Pry

m
_ZSnQZH—4 + Z Pn,rér,
r=2n-—2

— 2n—4
2n—4 2n-2\ _ ( _ 1yn—1 a*3 (n—3) 2 2 2 _

m
+ = - PP+ (—1)"326nQ4} + Y Pa-arer
r=6
(3.58)

for some functions p, . Hence, (3.55) and (3.58) imply that

2n-2 (2”—4
_ nd I’l*3) 2 2 2
A(V2"74h)(e(§“_2)60 = (_1) 2)’!—1 n_2 + ) + n + (. 1 ]

+ (82 — % = p*)(cos((2n — 1)B)e; — sin((2n — 1)0)er)

+(=1)"3287 (sin((2n — 1)0)e; + cos((2n — 1)0)er) }

(3.59)

Since we have ¢g(M) > 2n, Theorem C implies that each eg = cosfe; +
sin fe; is an eigenvector of A (V24 ) (212) Therefore, (3.59) implies that
6

2 =n>+¢> n=0. (3.60)

If § = 0, then n = ¢ = 0. Thus, by using R? (e1, €2, €22, e2,—1) = 0 and
(32.50), ;ve get a = 0 which is a contradiction. Hence, we obtain n = 0. So we get
6° = @,

Without loss of generality we may assume that § = ¢. Hence, from (3.50) and
RP (e, ez, €202, €2,—1) = 0 we find that 8> = 1/2. Without loss of generality,
we may put § = 1/\/5. Hence, by applying (3.50) and RP(ey, €2, e31-2,¢:) =0
for r > 2n, we may obtain ), (e1) = (—1)"" o}, (e2).

Similarly, from (3.50) and RP (e, e, e20-1,¢,) = 0,7 > 2n, we find

w£n+1(62) = (=1)"w), (e1). By combining these we get a)%ZH 0. Therefore,
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we may choose e2;,42, €2,+3 such that

a -
D, ex = (—1)”<—€2n—2 + a562n+2>,

V2
a -
D62€2n+1 = _3921172 +adexpi2,
a (3.61)
De,ern = _EeZn—l + anex, 2 + ageryy3,
Dejeapi1 = (—1)"! (iezn—l +anezyq2 + a¢62n+3)
V2

for some functions S, 7, ¢. Consequently, we obtain (3.22) for k = n + 1, This
proves Lemma 2.

Now, let us assume that ¢ : M — E2} (k > 4) is an isometric immersion of a
flat surface into E* with contact number ¢4 (M) > 2k — 2 which has parallel mean
curvature vector. Then, Lemma 2 implies that there exist a local coordinate {x, y}
and orthonormal vector fields e; = 9/0x, e2 = 9/0dy, e3, ..., ez on M such that

a a a
Oux = aez — —=eq, Pyy = —=e5, Pyy =aez+ —=eq, H =ae3
XX «/i Xy ﬁ yy ﬁ

a a
Dele3 = Deze3 = Oa Dele4 = Eeﬁa Deze4 = 367’
a
D es = ———=e7y, D €5 = —=¢g,
el «/E e «/E
D (_1)]'“( +erjsa). D 2 )
erj = ——=(e2j—2+€2j42), erj = —=(e2j43 —e2j—1),
€2 NG j j+ @€ = 52t j
D D ey, D 2 )
erjy1 = ——(e2j—1 +e2j43), ejr1 = —=(e2j42 —€2j-2),
e1€2j+ NG j Jj+ 2241 = 5 lejt j
J=3,. k=2,
Dejexi—n = (— D! <i€2k—4 + a8ezk>, De,erp—2 = aney, — iezk—&
V2 V2

a a
D, exp—1 = (_l)k(EEZk—S + anezk), De,er—1 = adey, — E‘?zk—m

Deerr = (DX (@Seak—a — anex—1),  Deyerx = —anes—2 — adex—1 (3.62)
for some functions §, 1, ¢. From RD(el, e, €212, ear—1) = 0 and (3.62), we find
" +82=1. (3.63)

From RP (e, ez, exk—2, e2x) = RP (e, e2, 211, e2) = 0 and (3.62), we
have
dn 986 9n 98

=——, —=—_—. (3.64)
ax dy dy  ox
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Solving (3.63) and (3.64) yields
§ =sint, 1n =cost (3.65)

for some constant .
CASE («): k = 2n > 4. In this case, if we put
e3 = e3, é4j = coste4j — sinte4q,~+1,
€4jy1 =sinte4; + costesj1, €4j42 = COStesjip+ sinteqjy3,

e4jy3 = —Sinte4jip +CoSteqj13, €4y = ey
for j = 1,...,n — 1, then it follows from (3.62) and (3.65) that the orthonormal
normal frame {es, ..., eq;} satisfies (3.6). Therefore, the immersion ¢ : M —

E4" satisfies (3.4). Consequently, by applying the fundamental rigid theorem of
submanifolds (see [2]), we conclude that the immersion is congruent to the one
defined by (3.1).

CASE (B): k=2n+ 1> 5.1f we put

ez = e3, é4j = sinte4j —coste4jt1,

€4j11 = Ccosteyj + sin teqjy1, €4j42 = sin teqj41o + costeqji3,
€4j43 = —COSteqjyo +sinteqj13, €4y = sintesq, — COStesy 1,
€4n41 = COSteqy + sintesn1, €ant2 = €4p42

for j = 1,...,n — 1, then, (3.62) and (3.65) imply that {e3, ..., e4,+2} satisfies
(3.15). Hence, the immersion ¢ : M — E**2 satisfies the partial differential
system (3.14) which shows that the immersion is congruent to the one defined by
(3.2). This completes the proof of statement (iii). Consequently, we complete the
proof of the theorem. U
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