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Abstract In this work, we study a general class of partial neutral functional dif-
ferential equations. We assume that the linear part generates an analytic semi-
group and the nonlinear part is Lipschitz continuous with respect to the a-norm
associated to the linear part. We discuss the existence, uniqueness, regularity and
stability of solutions. Our results are illustrated by an example. This work extends
previous results on partial functional differential equations (Fitzgibbon and Parrot,
Nonlinear Anal., TMA 16, 479-487 (1991), Hale, Rev. Roum. Math. Pures Appl.
39, 339-344 (1994), Hale, Resen. Inst. Mat. Estat. Univ. Sao Paulo 1, 441-457
(1994), Travis and Webb, Trans. Am. Math. Soc. 240 129-143 (1978), Wu and
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1 Introduction

Let (X, ||) be a Banach space, (L(X), ||-||) be the space of bounded linear oper-
ators on X, and « be a constant such that 0 < o < 1. We consider the following
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class of partial neutral functional differential equations (PNFDE)

d
ED(X,) =—AD(x;) + F(x;), fort >0, (1.1)

xoz(pecou

where A : D(A) € X — X is a linear operator, C, := C([—r, 0]; D(A%)),
r > 0, denotes the space of continuous functions from [—r, 0] into D(A%), and
the operator A% is the fractional o-power of A. This operator (A%, D(A%)) will
be described in Sect. 2. For x € C([—r, b]; D(A%)), b > 0, and ¢t € [0, b], x;
denotes, as usual, the element of C,, defined by x;(8) = x(¢ + 0) for 6 € [—r, 0].
F is a continuous function from C, with values in X and D is a bounded linear
operator from C := C([—r, 0], X) into X defined by D(¢) = ¢(0) — Do(¢p), for
¢ € C, where the operator Dy is given by

0
Do(¢)=/ dn(@)e(®), fore € C,

—r
and n : [—r, 0] — L(X) is of bounded variation and non-atomic at zero; that is

var (n) - O0ase — 0.
[—&,0]
In this paper, we discuss the existence, uniqueness, regularity and stability in the
a-norm for Eq. (1.1).

It is well known, that if the phase space C, is the space of all continuous
functions from [—r, 0] into X (i.e. « = 0), Eq. (1.1) has been studied by several
authors. For more details, we refer to the book of Wu [17]. For example, Wu and
Xia considered in [18] a system of partial neutral functional differential-difference
equations defined on the unit circle S', which is a model for a continuous circular
array of resistively coupled transmission lines with mixed initial boundary condi-
tions. They obtained equations of the form

%[x(-,r) —gx(at =]

2

=K%[X(-,I)—QX(-J—")]-i-f(xt), 1 =0, (1.2)
where £ € S!, K a positive constant and 0 < ¢ < 1. The space of initial data
was chosen to be C([—r,0]; H 1 (S l)). Motivated by this work, Hale presented,
in [11, 12], the basic theory of existence and uniqueness, and properties of the
solution operator, as well as Hopf bifurcation and conditions for the stability and
instability of periodic orbits for a more general class of PNFDE on the unit circle
S!. For the sake of comparison, let us briefly restate the equations considered by
Hale in [11, 12]. If ¢ € C([—r,0]; H'(S")), we write it as (&, 0) for £ € S!
and 6 € [—r, 0]. For any function f S Ck+1(C([—r, 0;R);R), &k > 1, we let
[ e CHNC (=, 05 H'(S")); L3(S")) be defined by f(p)(§) = f(9(&,.),
g e Sl LetD € L(C([-r,0];R); R) be defined by

Dy = v - 3w
FW) = f dn©@)y ).

—r

where 7 is of bounded variation and non-atomic at 0.
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We define D € L(C([—r,0]; H'(SY)); H'(S!)) as

D(p)(&) =D (¢(&,.), for&eSh (1.3)
Hale considered, in [11, 12], PNFDE of the form

9 9?
ED}C[ = Ka—§2DXf + f (.Xt) s t = 0, (14)

with C([—r, 0]; H'(S')) as the space of initial data. He considered the Laplace
operator Ag = K ;’5—22 with domain H?(S!), which yields an operator generating an
analytic semigroup.

In [1-3], we considered a natural generalization of the work of Hale [11, 12].
We extended the study to the case when the linear part of PNFDE is non-densely
defined Hille-Yosida operator.

In [8] and [16], Eq. (1.1) has been studied with respect to the a-norm, but in
the particular case when Do = 0.

As far as we know, no general theory exists in the case of partial neutral func-
tional differential equations in fractional power spaces. Our aim in this paper, is
to develop a basic theory of existence, uniqueness, regularity and stability for this
problem.

This paper is organized as follows: in the first part of Sect. 2, we recall some
preliminary results about analytic semigroups and fractional power associated to
its generator. After that, we start to prove our main results. We prove the existence,
uniqueness and regularity of solutions in the e-norm. In Sect. 3, we use a result of
Desch and Schappacher [7], to develop a principle of linearized stability for Eq.
(1.1). Finally, in Sect. 4, we propose an application.

2 Existence, uniqueness and regularity of solutions

We first study the existence, uniqueness and regularity of mild solutions of
Eq. (1.1), using fixed point argument. We assume the following:

(H1) The operator —A is the infinitesimal generator of an analytic semigroup
(T (t));>0 on the Banach space X and satisfies 0 € p(A).

We know that there exist constants M > 1 and w € R such that |T(¢)| <
Me®", fort > 0.

If the assumption 0 € p(A) is not satisfied, one can substitute the operator A
by the operator (A — o) with o large enough such that 0 € p(A — o). Then,
without loss of generality, we can assume that 0 € p(A). This remark is valuable
here only for proving existence, uniqueness and regularity of solutions.

We consider, see Pazy [14], the fractional power (A%, D(A%)), for0 < o < 1,
and its inverse A~%. We recall the following known results.

Proposition 2.1 ([14], pp. 69-75) Let 0 < a < 1 and assume that (Hy) holds.
Then,

(i) D(AY) is a Banach space for the norm |x|y := |A%x|, x € D(A%),
(i) T(): X — D(A%), foreveryt > 0,
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(iii) AT (t)x =T (t)A%x, foreveryx € D(A%) andt > 0,
@iv) for everyt > 0, A“T (t) is bounded on X and there exists My > O such that

wt

|AYT ()| < M"‘et_a’ foreveryt > 0, 2.1

(v) A™%is a bounded linear operator on X with D(A%) = Im(A™%),
(vi) there exists Ny > 0 such that

(T () — AT < Not*, fort > 0small enough.

We denote by X, the Banach space (D(A%), |- |y) and by Cq := C ([—r1, 0]; X¢)
the space of continuous functions from [—r, 0] into X, endowed with the norm

lolle := sup |@@)la, ¢ € Cq.
0e[—r,0]

Remark that (Cy, ||-|l,) is also a Banach space. To prove our result on existence
and uniqueness, we need to assume that

(Hp) |F(¢1) — F(92)| < kllg1 — @2lla, for 1, 92 € Cq, where k is a positive
constant,

(H3) if x € Xy and 6 € [—r, 0] then n(0)x € X, and A%n(0)x = n(0)A%x.

The assumption (H3) implies that if ¢ € C, then Dg(¢) € Xy and A% Dy(¢) =
Do (A%y), where the expression A% is defined, for ¢ € Cy, and 6 € [—r, 0], by

(A%)(©0) := A%(9p(0)).

Definition 2.2 Let ¢ € Cy. A continuous function x : [—r, +00) — X, is called
a mild solution of Eq. (1.1) if

(i) D (x) =T®D (p) + [y Tt —s)F(xs)ds, t >0,
(i) xo=¢

Definition 2.3 Let ¢ € Cy. A continuous function x : [—r, +00) — X, is called
a strict solution of Eq. (1.1) if

(i) t = D(x;) is continuously differentiable on [0, +00),
(ii)) D(x;) € D(A), fort > 0,
(ii1) x satisfies (1.1).

Now, we state our first result.

Theorem 2.4 Assume that (Hy), (Hp) and (H3) hold. Then, for ¢ € Cy, Eq. (1.1)
has a unique mild solution which is defined for all t > 0.
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Proof LetT > 0 and ¢ € C,. We consider the set

A={xeC(-rT];Xq): xO)=¢(@®), forb € [—r,0]}.
A isaclosed subset of C ([—r, T']; X) provided with the uniform norm topology.
Let J be the operator defined on C ([—r, T]; X) by
Do(x;) +T(t)D(p) + /t T —s)F(xg)ds, iftel0,T],
@(1), ’ if# € [-r,0].

Jx)(@) =

First, we have immediately that 7(A) € A. Furthermore, for x,y € A and ¢ €
[0, T'], one has

t
(J(x) =T = Dolxr — yr) +f0 T'(t —5)(F(x5) — F(ys)) ds.

Taking the o-norm ||, and using (2.1), we obtain
ew(t—s)
(t —s5)~

As 1 is non-atomic at zero, we can choose ¢ > 0 such that

t
(T (x) =T NOa < A*Do(xr — y)| + Makfo llxs = slle ds.

var (n) < 1.
[—¢.0]

Let0 < T < e.Then, fort € [0,T]and 0 € [—r, —¢], we have t + 6 < O.
Consequently, for ¢ € [0, T],

0
A*Do(x; — yr) = / dn(0)(A*(x(t +0) — y(r +0))).

—&

This implies that
A*D — < var — < var ma — .
| o(xr — yo)| < [1’8,0](’7)”’6’ Yelle < [_V&O](n)se[of;]IX(S) Y($)la

It follows that

T ,ws

[(Tx) =TNDle < |: var (1) + Mgk e—a dS:| max |x(s) — y(s)la-
[—&.0] 0o S 5€[0,T]

Remark that

T ,ws

lim —ds =0.
T—0Jy ¢

Then, we can choose T € [0, €] such that

T ,ws

var () + Mok | $—ds < 1.
[—&,0] o Ss¢

Then, J is a strict contraction in A. That means that 7 has a unique fixed point
in A. We obtain the existence and uniqueness of a mild solution of Eq. (1.1) on
the interval [0, T']. Proceeding inductively, we extend the solution uniquely and
continuously to [—r, +00) . O
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If instead of assuming that Dy is given by a function of bounded variation and
Condition (H3), we make the assumption that

(H}) Do € L(Cq, Xo) and [|Dollzcy.x0) < 1.

then, we obtain the same result as in Theorem 2.4.

Proposition 2.5 Assume that (Hy), (Hy) and (Hg) hold. Then, for ¢ € Cqy, Eq.
(1.1) has a unique mild solution which is defined for all t > 0.

Arguing as above, we prove that the operator J is a strict contraction in A, for
T > 0 small enough.

We focus now our study on the regularity of the mild solution of Eq. (1.1). Under
more restrictive conditions on F' and ¢, we obtain a strict solution of Eq. (1.1).

Theorem 2.6 Assume that (Hy), (Hp) and (H3) hold. Furthermore, assume that
F : Cy — X is continuously differentiable and F' is locally Lipschitz continuous.
Let ¢ € Cy be such that

¢' €Cqy, D(p) € D(A) and D(¢") = —AD(p) + F ().
Then, the mild solution x of Eq. (1.1) belongs to C' ([0, +00); X4). Consequently,

it is a strict solution of Eq. (1.1).

Proof Let T > 0 and x be the mild solution of Eq. (1.1). Consider the equation

t
D(yt)zT(t)D(go’)—i—/O T(t—$)F () yeds fort €[0.T]. 5,

Yo=¢.

Then, using the same reasoning as in the proof of Theorem 2.4, we prove that
Eq. (2.2) has a unique continuous solution y on [—r, T]. Letz € C ([—r, T]; Xq)
be defined by

t
() = (0) +/0 y(s)ds, fortel0,T],
@(1), fort € [—r,0].

Simple computations yield

t
Iy =¢ —}—/ ysds, fort e[0,T]. 2.3)
0

We will show that x = z on [0, T']. From Eq. (2.2), we get

/ D (vs) ds:/ T(s)D(<p/)ds+/ /ST(s—J)F/(xU)ygdads. 2.4)
0 0 0 Jo

On the other hand, we have forz € [0, T']

t

t
i T(t—s)F(z5)ds =T (¢t) F(p) + f T(t —s)F'(z5)ys ds.
dt 0 0
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This implies that

/T(s)F(ga)ds:/ T (t—s)F (z4) ds—/ /ST(s—a)F’(zg)deads.
0 0 0 Jo

2.5)
It follows that

D(z;) = D(¢) +/ T(s)(=AD(p)+F(p))ds +// T (s — 0)F'(x0)ys do ds,
0 0Jo

t t ps
= T(t)D((p)—i—/ T(s)F (@) ds—{—/ / T(s —0)F'(x4)ys do ds.
0 0 JO

Using (2.5), we obtain that
D(z) = T()D(p) + /0[ T(t — 5)F(z5)ds
+/OZ/OST(S — 0)(F'(x5) = F'(25))y5 do ds,
and
D(x, —z,) = /Ot T(t — 5)(F (x;) — F(zy)) ds

t ps
—/ / T(s —0)(F'(xo) = F'(z4))ys do ds.
0 JO

By Fubini’s Theorem, we obtain
t
Dy —z;) = /0 T(t —s)(F(xs) — F(zg))ds

t r—s
—/0 (/O T (o) do)(F'(xs) — F'(z5))ys ds.

To complete the proof, we need the following lemma. |

Lemma 2.7 Assume that (Hy) and (H3) hold. There exist positive constants a, b
and c such that, if w € C ([—r, +00) ; Xy) is a solution of the equation

D (w) =f(1), t=0,
{lUO:(PECa,

where [ is a continuous function from [0, +00) into X, then

el < (alplla +b sup 19l )e”, 12 0. 2.6)

0<s<t

The above lemma is an immediate consequence of the following which is the same
result but for o = 0.
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Lemma 2.8 [/7] Assume that (Hy) and (H3) hold. There exist positive constants
a, b and c such that, if w € C ([—r, +00) ; X) is a solution of the equation

D (w) = f(t), 120,
{wozweC:=C([—r,0];X>,

where f is a continuous function from [0, +00) into X, then

lwil < (allell+b sup [f@)I)e, 1= 0. @7

0<s<t
We put, fort € [0, T],

t
f@ = /0 T (t —s)(F (x5) = F (z¢)) ds

t t—s
—/ (f T(O)dG) (F'(xs) = F'(z5)) s ds.
o \Jo

Then we get, fort € [0, T],

t ew(l—s) t 1=5 p0o
[f ()] EKI/ ||xs_Zs||ads+K2/ / —do ) |lxg — zs |l ds,
0o (t—9)* o \Jo 0o¢

for some positive constants K; and K, . Without loss of generality, we suppose
that @ > 0. Then, if we choose

o Tea)o
0<T <— and K3:=T% T [ —do,
w 0o o¢
we obtain, for r € (0, T],
t ,wo wt
/ e do < K3e—.
0 o¢% t*
This implies that, for ¢ € [0, T']
t ew(tfs)
|f(t)|oz < (Ki+ K2K3)/ ———|lxs — zsllo ds.
o (t—s)

Suppose that T < r. Then, for s € [0, ¢],

lxs — zslle <= max |x(o) —z(0)]a,
0<o<t

because x(0) = z(0) = ¢(0), for o € [—r, 0]. Consequently, for t € [0, T] with
T < min{%, r}, we get

T _ws
sup | f()|e < (K1 + K2K3) (fo es—ads)

max |x(0) — z(0)|g-
O<s<t t

0<o<
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Then,

X — z:lle = max [x(0) — 2(0)|a
0<o<t

T v
< (K1 + K2K3) (/ —d5> max |x(o) — z(0)lq-
o ¢ 0<o<t

For T > 0 small enough, we have

T ey
(K1 + K2K3) </ —ds) < 1.
0o s

It follows that x = z on [—r, T']. Then, x is continuously differentiable on [0, T']
with respect to the o-norm, for T > 0 small enough. By steps, we prove that x is
continuously differentiable on [0, T'] with respect to the «-norm, for every T > 0.
Since X, <> X, we deduce that x € C! ([0, +00) ; X) and satisfies Eq. (1.1).

Remark 2.1 If the delay is discrete; that is for example for F (¢) = G(¢o(—r)),
then, the Lipschitz condition on F is not needed to obtain the existence of mild
solutions. Also, the local Lipschitz condition on F’ is not needed for the existence
of strict solutions. In this case, we can proceed by steps.

3 The nonlinear solution semigroup and linearized stability

Define the operator U (¢), for t > 0, on Cy by
U)(p) = x(., ),

where x(., ¢) is the mild solution of Eq. (1.1) for the initial condition ¢ € C,.
One can prove the proposition.

Proposition 3.1 The family (U (t)),>o is a nonlinear strongly continuous semi-
group on Cy; that is

1) U©) =1,
) Ut +s)=U@)U(s), fort,s >0,
(iii) for all ¢ € Cy, U (t)(@) is a continuous function of t > 0 with values in C,,
@iv) forallt > 0, U(t) is continuous from Cy into Cy,
(V) (U(1));¢ satisfies the following translation property, for t > 0 and 0 €
[_ri 0],
U+0)p) ), ift+6=0,
(U(t)((p))(e)_{(p(t—i—G), if1+0 <0.

We are now interested in the stability of the equilibriums of Eq. (1.1). By equilib-
rium, we mean a constant mild solution x* of (1.1). Without loss of generality, we
can assume that x* = 0 and F (0) = 0.

We need the following assumption.

(Hy) F : C, — X is differentiable at zero.
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Then, the linearized equation at zero of Eq. (1.1) is given by

d
G D00 ==AD (3 + LGy, fori 20, B
yoz‘peca,

where L = F'(0). Let (S (¢));>0 be the solution semigroup on C,, associated to
the linear Eq. (3.1).

Theorem 3.2 Assume that the conditions (Hy), (Hy), (H3) and (Hy) hold. Then,
for every t > 0 the derivative at zero of U (t) is S(t).

Proof Lett > 0 be fixed and ¢ € C,. We have

t
DU@)(p) — Sl = /o Tt —s) (FUE)(9) = L(S()g)) ds.

We put
=U@)(p) — S)e,
and .
g() =f0 Tt —s)(FU@)@) —L(S(s)p)) ds.
Then,

t
g(®) :/o Tt —s)(FUs)(@) = F(S()e)) ds

+/O Tt —s)(F(S(s)p) — L(S(s)p)) ds.
Using Lemma 2.7, we obtain

lwille < be sup [g()as ¢ 2 0.

0<s<t
On the other hand, we have

w(z )
mwaMkf([ el ds

a)(t s)
+Ma/ S [F(S()@) — L(S(s)p)|ds.
o (t—y)

Let ¢ > 0. By virtue of the continuous differentiability of F at 0, we deduce that
there exists § > O such that

w(t s)
/ - IF(S(s)<p) —L(S®)lds < é¢llglla, forllplla <.

Then, for ||¢|le <6,

w(t s)

Iﬂmaiﬂww+Mk/(t sl ds.
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Since wg = 0, then

|wslle = max |[w(o)le < |welle, fors €[0,7] andz € [0, r].
0<o<s

Consequently, for ¢ € [0, r] fixed

tea)s
sup 12()le < £llgllo + Mk (/ —ads) e
0<s<t 0 S

Then, we obtain for 7' € (0, r] small enough and ¢ € [0, T] fixed

bect
lwille =

t oS € ”90”017 for ||§0||a = 8.

1 — bMyke! —ds
0o %

That means that U (¢) is differentiable at 0, for each z € [0, T] and D,U (¢)(0) =
S().
Now, suppose that t € [T, 2T] is fixed. It follows that, for max{||¢||, |U (t —
T)(@)la} < 80, where §p > 0 is small enough
IU (@) = SOelle = IUT) UE —T)(@) —SUE = T)(@)llo
HISMIMNU (¢ = T)(p) = St —T)ellas

<élellq-

By steps, we conclude that U (¢) is differentiable at 0, for each + > 0 and
D,U()(0) = S(1). |

Theorem 3.3 Assume that the conditions (Hy), (H,), (H3) and (Hy) hold. If the
zero equilibrium of (S(t));~q is exponentially stable, then the zero equilibrium of
(U (t)),~¢ is locally exponentially stable, in the sense that there exist § > 0, @ >
0, k > 1 such that

IUO@lla < ke N@lla, for ¢ € Co with |lglle <8 andt = 0.

Moreover, if Cy, can be decomposed as Co, = H1 @ Hy where H; are S-invariant
subspaces of Cy, H1 is finite-dimensional and with

o1
w = lim —log ||S(h)/H2”a’
h—ooh
we have

inf{|A] : & € o (S@)/HD)} > e,

then, the zero equilibrium of (U (1)) is not stable, in the sense that there exist
e > 0 and a sequence (¢y), converging to 0 and a sequence (t,), of positive real
numbers such that U (t,)enlle > €.

The proof of this theorem is based on Theorem 3.2 and the following result.
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Theorem 3.4 [7] Let (V (t)),;~¢ be a nonlinear strongly continuous semigroup on
a subset Q of a Banach space (Z, | - ||). Assume that xo € Q2 is an equilibrium
of (V(t));>q such that V (t) is differentiable at xq for each t > 0, with W (t) the
derivative at xo of V(t), t > 0. Then, (W (t)),~¢ is a strongly continuous semi-
group of bounded linear operators on Z and, if the zero equilibrium of (W (t)),~¢
is exponentially stable, then the equilibrium xo of (V (t)),~¢ is locally exponen-
tially stable. Moreover, if Z can be decomposed as Z = Z\ @ Z» where Z; are
W -invariant subspaces of Z and Z is finite-dimensional and with

1
o= lim —log |W (h)/Z>||,
h—ooh
we have

inf{|A| : 2 €0 (W(t)/Z1)} > e,

then the equilibrium xo of (V (t));>o is not stable in the sense that there exist
e > 0 and a sequence (x,), converging to xo and a sequence (t,), of positive real
numbers such that ||V (t,)x, — xo|| > &.

In the following, we will concentrate our study on the linear Eq. (3.1). Let
(As, D(As)) be the generator of the semigroup (S(¢));>¢ on Cy. We have the
result.

Theorem 3.5 Assume that the conditions (Hy), (H,), (Hz) and (Hy) hold. Then,
the operator (As, D(Ag)) is given by

D(As) ={p € Cqo : ¢ € Cq, D(¢) € D(A) and D(¢') = —AD(p) + L(¢)},
Asp =¢', ¢ € D(Ay).

Proof Let B be the infinitesimal generator of the semigroup (S(¢)),>o on Cy and
¢ € D(B). Then,
1
Iim — (S(t)p — @) =¥  existsin Cq,
r—0t 1
By =1.

The first expression yields to

liI(I)l ; (p(t +0) — @) =), ford € [—r,0).
t—0t

This means that the right derivative
oy =1

exists and is continuous on [—r, 0). To complete the proof, we need the following
lemma.

Lemma 3.6 [/4] Let x be a continuous and right differentiable function on [a, b).
If the function x!,_is continuous on [a, b), then x is continuously differentiable on

[a, b).
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From the above lemma, we deduce that the function ¢ is continuously differen-
tiable on [—r, 0) and ¢’ = ¥ on [—r, 0). On the other hand, for & = 0, one has
limg_, ¢ ¢/, (6) exists and is equal to ¥ (0). From this, we conclude that the func-
tion ¢ is continuously differentiable from [—r, 0] into X, and ¢’ = . Moreover,
one has

1 1 1!
7 (TOD() = D(g)) = ~D(S1)p — ) — ;/0 T'(t —s)L(S(s)p) ds.

First, it is clear that

;/0[ T({t—s)L(S(s)p)ds = L(¢) ast— 0
in X-norm and .
D0 —¢) — D(¢') ast—0
in o-norm. Since X, <> X, we deduce that
;D(S(t)fp —¢) > D) ast—0
in X -norm. This implies that
D(¢) € D(A) and %(T(I)D(qo) — D(p)) » AD(¢p) ast =0
in X-norm. Consequently, we conclude that
D(B) S{p €Cq: ¢ €Cq, D(p) € D(A)and D(¢') = —AD(¢) + L(9)},
By =¢'.
Conversely, let ¢ € C such that

¢’ €Cq, D(@)eD(A) and D (¢') = —AD (¢) + L(p).

In Theorem 2.6, it has been proved that ¢ — T ()¢ is continuously differentiable
from [0, +00) into X,. Hence, ¢ € D(B). O

Let C be the space of continuous functions from [—r, 0] into X provided with the
uniform norm topology and let

Cp={peC:D(p) =0}.

Definition 3.7 [13] D is said to be stable if the zero solution of the difference
equation

D (y) =0, t >0,
(3.2)
yo=¢ € Cp,

is exponentially stable.



450 M. Adimy, K. Ezzinbi

Lemma 3.8 If D is stable, then there exist positive constants a, b, ¢ and d such
that for any ¢ € (0, r] sufficiently small and any continuous function h from
[0, +00) into X, the solution v of the equation

D (v) =h(), =0, (3.3)

satisfies the inequality

ol < e~ bllvol +¢ sup kI +d s ), =6 (G

0<s<e max(e,t—r)<s<t

Proof The idea of the proof comes from [5], in which there is the same estimate
(3.4) but in finite-dimensional case. To prove (3.4) we will make a transformation
of variables in Eq. (3.3) such that 4(g) = 0.

Consider the mapping A : X — C defined, for ¢ € X and 0 € [—r, 0] by

0, —r <6 < —¢,
A(c)(0) = 0 (3.5)
1+—)e, —e<6<0.
I3
Since
r—e
—r < 0 —e<—g, foralld e[—r, 0],
r
then
ID(A(c)| = var (n)]c|.
[—¢,0]
We can choose ¢ € (0, r] sufficiently small such that
1.
2 <
We conclude that the linear operator D(A) : X — X defined by
D(A)(c) = D(A(c)),
is invertible.
We make now the following transformation of variables in Eq. (3.3)
z(t) = v(t) — y(t), fort >e—r,
where y : [¢ —r, +00o[ — X is defined by
ADMI (et —), e—r <t =<e,

IR IS TRIION t>e.

Thus, we can rewrite Eq. (3.3) as
D(z)) =h*@t), t=>¢, (3.6)

where
h*(t) = h(t) — D(y;), t>e.
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Note that
Ye(0) = y(e +0) = A(D(M)]™ (h(€)))(©), ford € [—r,0].
This gives

D(y:) = D(A(D(M] 1 (h(e)))) = D(AID (AT H)(h(e)) = h(e).

Hence
h*(e) = 0.

We can now start the proof of estimate (3.4).
It is immediate that

| ()] < |h(@)| + Kallyell, t>e,

and
Iyl = sup |y(s)l, t=>e.

(—r<s<i
Letse[t—rt].Ift —r>¢
y(s) = [D(M)]™" (h(s)),
andifr —r < ¢
A(DMI (h@)(s —¢), t—r<s<e,
v {[E(A)rl(h(s)), e<s<t.
Then, we can assert that

Iyell = Ks sup ()], t=e¢, (3.7

max(e,t—r)<s<t

and
|h*(t)| < K¢ sup [h(s)], t=>e. (3.8)

max(e,t—r)<s<t

Our next objective is to estimate ||z, ||, for t > .
By the superposition principle of solutions of linear systems, we have

z(t) = zl(t) + zz(t), t>¢e—r,

where
{D@b=a t>e,

1 _
Z, = Zg,

and
{D&b=hﬂm t>e,

Z; =0.
Since D is stable, it follows that

IzH] < Be =)zl
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As z, = vg — e, We obtain
lzell < llvell + Ksh(e)].
Applying (2.7), we conclude that
llvell = K7llvoll + K sup |h(s)]. (3.9)

0<s<e
This gives
Iz < Be = (K7 llvoll + (K5 + K3) sup [A(s)]).
0<s<e

We also have
Izl < Ko sup |h*(s)l,

e<s=<t
(see, for example, Theorem 2.1 in [10] which is easy to extend to infinite-
dimensional case). Then, (3.8) implies
1271 < KeKo sup ( sup  h@)) <Ko sup  [h(s)]

£<S=<t “max(e,s—r)<o<s max(e,t—r)<s<t

Consequently, for t > ¢

Izl = = (BKlvoll + B(Ks + Ks) sup [(s)])

0<s=<e

+ Ko sup |2 (s)].

max(e,t—r)<s<t

Finally, using (3.7) we obtain

luell < ™= (BKqlluoll + B(Ks + Ks) sup [h(s)])

0<s<e

+ (K5 + Ki0) sup [ (s)].

max(e,t—r)<s<t

As the interval (0, r] is bounded, the constants K; can be chosen independent of
¢. This completes the proof. |

Estimate (3.4) is very interesting because, if |2 (s)| is bounded on [0, +00), then
the ultimate bound on v, as t — 400 is determined by the bound on |/ (s)| for s
in the delay interval [t — r, t] as t — +o00.

Proposition 3.9 [/2] Let D(¢) = Z,fzoak(p(—rk). Then, D is stable iff
P olakl < 1.

In the sequel, we assume the followings.
(Hs) The operator D is stable.

(Hg) The semigroup operators T (¢) are compact for every ¢ > 0.
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Theorem 3.10 Assume that (Hy), (Hy), (H3), (Hs) and (Hg) hold. Then the
semigroup (U (t));>o can be decomposed as

U@) =Ui(1) +Ua(r), fort =0,

where U\ (t) is an exponentially stable semigroup on Cy and U, (t) is compact on
Cq for everyt > 0.

Proof Without loss of generality, we can assume that there exist positive constants
My and y such that the semigroup (T (1)), satisfies

IT () < Moe™", forz > 0. (3.10)
Let Uy (¢) be defined by

[e+0), ifr+0<0,
(Ul(f)¢)(9)—{v(r+9), it 46> 0,

where v is the unique solution of the problem

D) =T)D(p), forr=0,
v(t) = g, fort € [—r,0].

On the other hand, the operator D is stable. We deduce after applying the operator
AY that

Il = e [bllglle +c sup TGOD @) o] +d s [TED@)-

O<s<e max(e,t—r)<s<t
So, from (3.10) we get, for some constants N and v, that
U ()¢plle < Ne " ||plla, fort > 0.

Let Ux(t)¢ := wy = uy — vy. Then,
t
D (Ua()p) = D (uy) = D (v;) = /0 T(t—s)FU()e) ds.
Consequently,

t
D(wy) = h(t, @) := / T(t—s5)F U(s)p)ds, fort=>0,
0

wo = 0.

@3.11)

Let (¢r)i=o be a bounded sequence in C,. We will show that the family
{h(., @) : k > 0} is equicontinuous and bounded on C ([0,0]; X,), for any
o > 0fixed. Let B € (a,1). Since A™# : X — X, is compact, it is enough to
prove that {Aﬂh(t, o) k> 0} is bounded in X, for each ¢ > 0. Since (U (¢));>¢
is locally bounded in ¢ and ¢, it follows that there exists a positive constant A such
that

t ,ws

AP h(t, or)| < MﬂA/ —5 ds, forevery k > 0.
0o S
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We get that {A(z, ¢x) : k > 0} is compact in X,, for each + > 0. Its remains to
prove the equicontinuity property in o-norm. Let ¢ > f¢. Then,

fo
A%h(t, or) — A%h(to, or) = fo AY(T (t —5) =T (to — 5)) F (U(s)gx) ds
t
+/ AYT (t — s) F (U (s)gy) ds.
1

0

Consequently,

t
f AT (t — s)F (U (s)qr) ds

0

tea)s
< Mak/ — ds - 0 ast — fp uniformly in £.
1) s
Moreover,
fo
/ AY(T (t —s) =T (to — 5)) F (U(s)@r) ds
0
fo
= (T'(t — 1) — I)f A%T (tg — s)F (U (s)gy) ds.
0
There is a compact set K in X such that
fo
/ AT (tg — s)F (U (s)gr)ds € K, forall k > 0.
0

It is well known, form Banach—Steinhaus’s theorem, that

lim sup|(T ((t — t9) — I)x| = 0.
=10 xek

This implies that

lim+|h(t, or) — h(to, 9r)le =0, uniformly in £ > 0.

l—)to

The proof is similar for t < fy. Then, for any o > 0, there exists a subsequence
(@r)r>0 such that /i(¢, ¢r) converges as k — +00 uniformly on [0, o] to some

function A4 (¢) in a-norm. Let wf be the solution of Eq. (3.11) with ¢ = ¢. Then,

D(wtj — w,k) = h(t, @j) — h(t, gr).

Consequently, there is a positive constant ¢ such that

|w] —wk|,, < ¢ sup 1A, ) — h(t, p)la.
OSSSf

This implies that the sequence (wfc ) w0 18 @ Cauchy sequence, which proves that
Us(t) is compact in Cy. B O
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Let (Y, ||]|) be a Banach space. For a bounded linear operator B in Y, we define
|Blless ;= inf{c > 0: x(B(H)) < cx(H), forevery bounded set H of Y},

where x (.) denotes the measure of noncompactness in Y.
The essential growth bound of (§(¢)),5¢ in Cy is given by

1
Wess (S) = ;gg;log 1S () lless-

It follows from Theorem 3.10, that
Wess(S) < 0.

Let |
wo(S) := inf—log [|S(7)|e
t>0t

be the growth bound of (S(7)),>( in Cy. Then, it is well known (see [9]) that
wo(S) = max{wess(S) , S/(AS)},

where
s'(Ag) =sup{Re A : & € 0(Ag)\Oess(As)}

and ocss(Ag) is the essential spectrum of Ag. Consequently, the stability of
(8(2));>0 is completely determined by s'(Ag). Note that o (Ag)\0ess(As) contains
a finite number of eigenvalues of Ag.

We say that A € C is a characteristic value of Eq. (3.1) if there exists a nonzero
x € D(A(W))\ {0} such that A(X)x = 0, where A(}) is defined by

AN =AD" 1) + AD(' 1) — L(e"' 1),
and the domain D (A(})) is given by
D(A() := {x € Xq : D(e"'x) € D(A) and AD(e*'x) — L(e*x) € Xq}.
Consequently, we deduce the following theorem.

Theorem 3.11 Assume that (Hy), (Hp), (H3), (Hy), (Hs) and (Hg) hold. Then,
the following assertions hold.

(1) A is an eigenvalue of Ag iff A is a characteristic value of Eq. (3.1).

(i) If s'(Ag) < 0, then (S(1));q is exponentially stable and consequently, the
zero equilibrium of (U (1)), is locally exponentially stable.

(iii) If s'(Ag) = O, then there exists ¢ € Cq, ¢ # 0, such that |S()¢|e =
l¢lla, fort = 0.

(iv) If s'(As) > O, then there exists ¢ € Cq such that |S(t)¢|le — +oo as
t — 400 and consequently, the zero equilibrium of (U (1)), is instable.

(v) Assume that s'(As) < 0 and let so(Ag) = {, € Po(Ag) : Rer =0}. If
each X in so(As) is a pole of order 1 of the resolvent operator of Ag, then
(S(2));>0 is stable in the sense that there exists a positive constant M such
that |S(t)le < M, forall t > 0.

Proof This result is an immediate consequence of (Theorem 3.7, p. 333, [9]). O
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4 Application

As an application of our abstract result, we consider the following partial neutral
functional differential equation
a[(l ) (t )] 82[(1 ) (r )]
—[v(t,x) —gquv(t —r,x)] = — [v(t, x) —qv(t —r,x
o1 1 9 1

+f U([,X), U(t_ra -x)7 _[v(t7-x)_qv(t_r> X)]),

dx (4.1)
for x € [0,],t >0,

v(,0) =qu(t —r,0)and v(t,7w) =quv(t —r,m), fort >0,

v(@,x) =v90,x), ford e[-r,0], x €[0, 7],

where vy € C ([—r, 0] x [0, 7]; R), g is a positive constant and f : R3>> Risa
Lipschitz continuous function.
Let A be the operator defined on X := Lz([O, m]; R) by

D(A) = H*(0,7) N H} (0, ),
Ag=-¢", g€ D(A).

Then, —A generates an analytic semigroup (7 (¢));>0 on X. Moreover, T (¢t) is
compact on X for every t > 0. The spectrum o (—A) of —A is equal to the point
spectrum Po(—A) and is given by o (—A) = {—n? : n > 1} and the associated
eigenfunctions (¢,),>1 are given by ¢, (x) = sin(nx), x € [0, w]. Actually, the
semigroup T (¢) is explicitly defined by

TWy=Y e (v, ¢u)¢u. 1=0.y€X.

n=1

Leta = % From [16], we have for ¢t > 0
1 2
AZT(Z)yZZZozlne nt(y’qsn)(pnv foryeX,

1 1
ATy =30 (v ) éns fory € X,

1 1
Azy =322 0y, én) bn, fory € D(A?).

Lemmad.l [/6]If¢ € D(A%) then ¢ is absolutely continuous and ¢’ € X.

LetF:C 1= X be the mapping defined by

(F(p) (x) = f ((ﬂ(o)(X), P(=r)(x), a% [@(0)(x) — qw(—i‘)(X)]> ;
for x € [0, ],
D:C:=C([-r0],X) — X be the bounded linear operator defined by
D(p)(x) = ¢(0)(x) — qo(—r)(x), forx e [0,n],
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y : [—r, +00) — X be the function defined by
y(@) =v(,-), fort > —r,
and ¢ (0) = vo(6, ), for 8 € [—r, 0]. Then, Eq. (4.1) takes the abstract form

d
ED (yi) =—AD (y;) + F(y;), fort >0,

4.2)
Yo=¢eC1.

Lemma 4.2 F is Lipschitz continuous from C into X.
2

Proof Let 1, g2 € C%. Then, for x € [0, 7], one has
0
(F(p1) — F(g2) (x) = f (901(0)()(), e1(=r)(x), F™ [1(0)(x) — (I<ﬂl(—’”)(x)])

a
—-f ((ﬁz(O)(X), 92(=r)x), == [92(0)(x) —qwz(—r)(X)]>-

X
Since f is Lipschitz continuous, then there exists a positive constant k such that
|F(p1) — Fp2)(x)] < k<|‘/71 0)(x) = @20)(x) | + [@1(=r)(x) — @2(=r)(x) |
0
+ ‘5[%(0)@)—@(0)@) - q(<p1(—r)(x)—<pz(—r)(X))]D.

Which implies that

|F(p1) — Fp2)| <k (\//o |91(0)(x) — ¢2(0)(x) |* dx

+\//0 o1 (=r)(x) = @2(=r)(x) |*dx

T 9
N \/ / 2= 10) — p2(0)() P dx
0 X

T 9
+q \// |a_(¢1(_’”) — ¢2(=7))(x) Ide).
0 X

By [16], p. 141, we have for every T € [0, r]

\//0 lp1 (=) (x) — @2(—7)(x) |2 dx < |lg1 — 2 [

and

T 9
\// |—a (@1(—=1) — @2(—)) () 2dx < llo1 — @2 |l
0 X 2

Which means that F' is Lipschitz continuous from C into X. O
2
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Consequently, we have the existence and uniqueness of mild solutions of Eq. (4.1).
Letvg € C 1 such that

(a) vp(0, )—qvo( r, ) € H(0, n)ﬂH 0, ) and 2% ECI,

() 2200, x) — g2 (—r, x) = W [vo(0, x) — qvo(—r,x)]

+f (vo(0)(x), vo(—r)(x), %[UO(O)(X) — quo(—r)(x)]), forx € [0, 7].
We deduce that

9eCy. ¢ €Cy. D(9) € D(A) and D (¢) = —AD(p) + F (¢).

Moreover, if we assume that f is continuously differentiable, then all assumptions
of Theorem 2.6 are satisfied. We conclude that every mild solution of Eq. (4.2) is
a strict solution which is also the solution of the partial differential Eq. (4.1).
In the sequel, we assume that

0<gq <1

This means that the operator D is stable. We also assume that f is continuously
differentiable and zero is a solution of (4.1), i.e. f(0,0,0) = 0. The linearized
equation at zero of Eq. (4.1) has the following form

2
%[M(LX) —qu(t —r,x)] = % [u(r, x) — qu(t —r,x)]
+au(t,x) + bu(t —r,x) + c% [u(t, x) —qu(t —r, x)],
forx € [0, 7], >0,
u(t,0) =qu(@ —r,0), u(t,m)=qu(t—r,m), forr > 0,
u@@,x) =uo(0, x),
for6 € [—r,0], x € [0, 7].

4.3)
We obtain a region of stability of Eq. (4.3) as a function of parameters a, b, ¢ and
q.

Theorem 3.3 Suppose that

¢z b
b+qga<0 and 1+Z+—20.
q

Then, for every r > 0, all characteristic values of Eq. (4.3) have negative real
parts.

PlOOf First, it is not difficult to prove that the spectrum o (A) of the operator
A _ad 5> +c-- is equal to the point spectrum Po(A) and is given by {—n? — e Smn=1}
To Justlfy this, consider

V' 4+ v =, v(0) =v(r) =0,

whose nontrivial solutions can be obtained if and only if X is one of the eigenvalues
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Suppose that b 4+ ga < 0. Then, the characteristic values of Eq. (4.3) are deter-
mined by the expression

b —Ar 2
—i“r—e_m;—nz—c—, n>1. (4.4)
—qe 4
We put
2
K, =n®+ Tz 1

Then, Eq. (4.4) becomes
e A+ Ky—a) =g+ Kng +b.

This implies that
b\ 2
PRV (Re(M)+Kyp—a)*+(Im(1)?) = ¢ ((Rem + Ky + 5) + (Im@))Z) :

On the other hand, under the conditions
¢z b
b+ga<0 and 1+ —+ - >0,
4 q
we have, foralln > 1 and A € C,
b 2 b
Re(A)+ K, —a > Re(A) + K, +— > Re(h) +1 +Z+_ > Re(A).
q q
Then, if we assume that Re(1) > 0, we obtain that

AR _ 2

which is a contradiction. Then, Re(1) < 0. a
Remark that the stability result is independent of the delay. Finally, as an im-
mediate consequence of the last theorem, we have the local stability of the zero

equilibrium of Eq. (4.1).

Corollary 4.4 Under the same assumptions as in Theorem 3.3, zero equilibrium
of Eq. (4.1) is locally exponentially stable.
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