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1 Introduction

Smooth complex Fano threefold with Picard number 1 and with no harmonic 1, 2
forms play a special role. According to Iskosvskih’s classification [15, 16], there
exist four classes of such varieties, namely, P3, 03, V5 and Vp;, respectively, of
index 4, 3, 2 and 1, where the genus-12 variety V35 is the only one with non-trivial
infinitesimal deformations. Their degree, respectively 1, 2, 5 and 22, is maximal in
each index class; they are all rational and deformation equivalent to a smooth orbit
closure of the group SL(2, C). Moreover, their K -theory group is isomorphic to
7*. The geometry of these varieties has been studied in a great number of papers,
and we refer to [17] for their exhaustive treatment and to [2, 22, 27] for more
important results.

Here we will study the variety V2, in terms of vector bundles it and we will
prove the following result.
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Theorem 1.1 The general variety X of type Voo admits the resolution of the diag-
onal

0> G3XG) > GXG? > G KRG > GoRG? > Op > 0

where (G3, ..., Go) (respectively (G3,...,G%) is an exceptional collection of
stable aCM bundles of rank 2, 3, 4, 1 (respectively of rank 2, 5, 3, 1).

This gives an analogue of Beilinson’s theorem over the projective space,
see [3]. Further instances of this fact were found, e.g. by Kapranov in [18], by
Canonaco for weighted projective spaces in [6], by Orlov in [26] for the threefold
Vs, by the author in [11] still for the threefold V5.

The main tools are the results obtained by Schreyer in [27] and by Mukai in
[21] involving nets of quadrics, 3-instanton bundles on P? and nets of alternating
2-forms. It will turn out that mutations of the bundles G; of the above theorem are
closely related to the different descriptions of the threefold V7;.

The paper is organized as follows. In Sect. 2, we give the basic definitions
and lemmas. In Sect. 3, we provide the first description of V, by means of nets
of quadrics, recall its relation with the moduli space of twisted cubics and with
3-instanton bundles on P3. Section 4 takes care of the definition of V5, via nets of
alternating 2-forms and contains the technical core of the paper i.e. Theorem 4.5.
This theorem is crucial in Proposition 6.4, which in turn is the key to prove The-
orem 7.2, our main result. Section 5 is devoted to the description of V3 via polar
hexagons to a plane quartic. In Sect. 6 we give several results concerning bundles
on X and describe the homomorphism groups between them, while in Sect. 7 we
state precisely and prove the main result (cfr. Theorem 7.2), together with some
corollaries (cfr. Corollary 7.3 and 7.4). Finally in Sect. 8 we draw some remarks,
including helices and the Mukai-Umemura case, i.e. a threefold of type V2 with
an SL(2) quasi-homogeneous structure.

Remark After this paper was finished, the author learned of the existence of
an interesting preprint by Alexander Kuznetsov [20], where similar questions are
investigated, although making use of different methods.

2 Generalities

We will always assume that the ambient variety X is a compact complex algebraic
smooth variety with Pic(X) ~ Z = (Ox (1)), Ox (1) being a very ample line
bundle.

Definition 2.1 For a pair of vector bundles F and G on a variety X, define
prg :Hom(F,G)QF — Gandirg: F — Hom(F,G)*®G as the canon-
ical evaluations. If pr g (respectively ir g)) is surjective (respectively injec-
tive) define the left mutation Ly G = ker(pr g) (respectively the right mutation
Rg F = (cokerir g)).

We refer to the book [1] useful properties of mutations, to [7] and [12] for their
original use over projective spaces.

For any complex vector space V denote by 1y (respectively by xv ) the identity
map of V (respectively the canonical map V*®V — C). We write S', where i
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is a finite sequence of nondecreasing integers, for the Schur functor associated to
the Young tableau defined by the partition given by i. More precisely, the tableau
defined by i has i ; boxes on the j-th row. For example S/ V, where j is an integer
and V is a vector space, is the j-th symmetric power of V.

Definition 2.2 Given a sheaf F over X, we say that F is aCM (for arithmetically
Cohen—-Macaulay) if HP (X, F(t)) = 0, for all t € Z and for 0 < p < dim(X).

We will write H”(—) or Hom(—, —) instead of H” (X, —) or Homy (—, —)
unless the ambient variety X is not clear from the context.

Given a subvariety Z C X we denote its ideal sheaf by Jz x and, by abuse of
notation, the ideal of Z in the coordinate ring of X.

Definition 2.3 A variety X of type Voo is a smooth projective threefold with
Pic(X) = (Ox (1)) = (w}) and deg(Ox (1)) = 22.

We refer to [14] for the definition of stability of bundles, in the sense of
Mumford-Takemoto, with respect to the positive generator ¢1(Ox (1)) of Pic(X).

Recall from [17] that the Chow ring CH(X) is isomorphic to 7*, where
CH? (X) (respectively CH? (X)) is generated by the class of a line (respectively
of a point) in X.

Given a vector bundle F on X we denote its Chern classes by ¢; (F), for 1 <
i < 3byc € Z,meaning c¢;(F) = c;&, where &1 = ¢1(Ox (1)), & is the
cohomology class of a line in X and &3 is the cohomology class of a point in X.
Denote by p(F) the rational number c¢1 (F)/ tk(F), called the slope of F. We say
that a bundle F is normalized if —1 < w(F) < 0. We write F,, for the unique
normalized twist of F. The proof of following lemma can be adapted from P”
since Pic(X) >~ Z, see [25].

Lemma 2.4 (Hoppe) Let F be a rank r vector bundle on X. Then F is stable if
h'(APF)n) =0for1 < p <r.

3 Nets of dual quadrics and 3-instanton bundles on P3

Let A ~ C* and B ~ C3 be complex vector spaces, and let R = C[A] =
Clxg,...,x3] and T = C[B] be polynomial algebras over them. Considering
the dual ring R* = C[A*] we have R* ~ C[Jy, ..., d3]. Then define the apo-
larity action of R* on R by differentiation a"(xj) =1i!j/i xj_;, where i, j are
multiindices and 3’ (x i) =0if j % i. Thenford € S’ A* we have the apolarity
map 8 : S/ A — S/~' A. In the same way T* acts on T by apolarity and we have
perfect pairings between degree d polynomials over R (respectively over T') and
degree d differential operators over R (respectively over T).

We define the variety H to be the irreducible component of Hilbs,;(IP(A))
containing rational normal cubics in P(A), as constructed in [10]. The open sub-
set H, consisting of points which are Cohen-Macaulay embeds in G(C3, S? A) by
means of the vector bundle U, ,j whose fiber over [I"'] € H, is Tor{e (R/Jpp3, C)p ~
C3. Equivalently, we associate to any [I'] € H, the net of quadrics on P(A) van-
ishingon I'.
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Moreover, there exists a rank-2 bundle on H. whose fiber over I' is
Tor§ (R/Jpp3, C)3 =~ C?. Namely we take the space of first-order syzygies of
Jr ps. We denote this bundle by En.

Lemma 3.1 Over the variety H, the bundle U, (respectively the bundle Ey) is
globally generated with HO(Ulj)* ~ S? A (respectively with HO(Ef_‘l)* ~ 82l A=
ker(S2A® A — S3 A)). The vector bundle E}, embeds H, into G(C?,8%1 A) =
G(P!, PY9).

We have the canonical isomorphisms Hom(Ey,Up) =~ A* Hom
(A2Un, Ep) ~ A* and HO(A\2U*)* ~ A2 S* A ~ S A The morphism i 2y, f,,
is induced by the map N> S* A — A®S>! A in the diagram below

o N?S%A
]

ARSI A—S2ARS2AS4 A (1

where the map m is the multiplication in C[A] and the maps A* S?A —
S?ARS*Aand AQS*' A — S A®S? A are the canonical injections.

Proof Over a point [I'] in H, we take the minimal graded free resolution of J, I.p3
in degree 3. This yields the exact sequence

0« H'(Jpps(3) < A®Unr < Epr < 0 )

The above map A ® Uy r < Enr is induced by ig ¢y and the isomorphism
Hom(Ey, Uy) ~ A* is clear. Since det(Un) ~ On(1) and det(Ep) >~ Oy(1) we
have Hom(A?Uy, E) ~ Hom(E}, /\2U|j) ~ Hom(EH, Uy) ~ A*.

Since any quadratic form on A contains a twisted cubic in H.., we have HO(U g)
=~ S? A* and globalizing (2) we get H(E[))* >~ S*! A = ker(S?A® A — S° A).
Since the 2 x 2 minors of the matrix A ® Uy < Ey in (2) define the twisted cubic
I, Ey provides an embedding into G(C?, S>! A) and thus it is globally generated.

Finally, there are SL(A)-equivariant isomorphisms SPAQS?A ~ SP2A @
SHA@S*A A@S? A >~ s2l A S22A 0 S3A, A2S2 A ~ sELL A,
Then by Schur’s Lemma the inclusion §2h1A s S2AQS%A composes to zero
with m and therefore factors injectively through A ® S>! A, so the last statement
is proved. O

Definition 3.2 A net of dual quadrics V (parametrized by B) on P(A) is defined
as a surjective map ¥V : S?A — B. We also denote by W the composition

ARA — S?A 2 B.Let W' : B* — S% A* be the transpose of V and let
Vy = ker(W). For [I'] € H consider Jr p3. Given a general net V define

Xy ={[T'] € H C Hilb3,1 (P*)| W (H(J} 33 (2))) = 0}
={[I'] € H C Hilbs, 11 (P)|H*(J. p3(2)) C Vig'}

the following result is due to Schreyer.
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Lemma 3.3 Given a general net of dual quadrics W : S> A — B, Xy is a Fano
threefold of type Vas, equipped with a rank-2 vector bundle Ey and a rank-3
vector bundle Uy.

Consider a net of dual quadrics W as defined in 3.2. We take the ideal J¥ of
polynomials in R annihilated by W, i.e.

JV=(peR| ¥ (B)(p) =0,V BeB* 3)

where W (B) sits in S A* and for 8 € S* A*, p € S* A we define 3(p) by
apolarity action as at the beginning of this section.

Definition 3.4 For general V define the Artinian ring RY = R/JY. Taking its
minimal graded free resolution, put V&,’j = TorlR (RY,0) j- As shown in [27,
Lemma 4.1], the minimal graded free resolution of R¥ reads
0 R/JY <« RLEVIPQR(-2) L V2P @R(-3) @ VI @ R(—4) L&
L VITQR(=5) « (Vg®) @ R(—6) <0 4)
WehaveR;I’ ~ A,R;’ ~ B andRc‘,I' = 0ford > 3.
Recall by [27, Corollary 4.3] that there is an isomorphism (Vé',’é)* o~ qu,’4.
The dimensions of the spaces V&,’] are the following

dim(Vy?) =7 dim(Vg?) =8 dim(Vg*) =3 dim(Vy”) =8

There is a canonical isomorphism V\IIJ'2 ~ Vy = ker(¥), indeed we have
Vqu’z ={peS*A |V (B)(p) =0, VB € B*} ~ ker W. Thus we will identify
these spaces from now on.

Given a general net of dual quadrics W as in 3.2 and the ring R defined in
3.4, consider the vector bundle ker(py) over P(A) obtained sheafifying py

0 — ker(py) = V & Opa)(—2) L% Opay — 0 5)

We get HO(ker(py)(1)) = 0 for t < 3.

Lemma 3.5 (Schreyer) Given a general net of dual quadrics ¥V as in 3.2, the
sheafification of the map qy gives an instanton bundle Ey defined by

0 — Eg(=5) = V&2 @ Op(ay(=3) L5 ker(py) — 0 (6)

We have c>(Ey) = 3 and h' (Ey (1)) = 0 except for t = 0, 1, 2. Furthermore
we have the canonical isomorphisms

H'(ker(py)) ~C  H'(ker(py)(1)) ¥ A H'(ker(py)(2)) ~ B
H' (Ey(-1)) = Vgt H'(Ey) ~ A* H'(Ey (1)) =~ C
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There exists an isomorphism HI(QI]P,( A) REy) x~ V\f,’s and the vector space

V\I3,’5 is endowed with a canonical alternating duality. Finally, the instanton bundle
Ey is isomorphic to the cohomology of the monad

rT
(V™) ® Opay (=1) = V5™ @ Opca) = Vi ® Opiay (1)

where the map ry is defined by the minimal graded free resolution (4) and we
recall (V$’6)* ~ V\IZ,’4 and (V\i’s)* ~ V\f,’s.
The relation between nets of quadrics and 3-instanton bundles has been thor-

oughly investigated by Gruson and Skiti in [13]. We give account of this in the
following remark.

Remark 3.6 (Gruson-SKkiti) For a general instanton bundle £ on P(A) with
(&) = 3, the homomorphism H'(£(—1) @ A — H' () gives a map \IJ;— :
HY(E(—1)) ~ C3 < A*® A* since H (§) ~ A*. The map \IJ;— factors through
S? A* and for £ ~ Ey it agrees with W . Then we may indifferently start with a
general net W or with a general 3-instanton £.

4 Nets of dual quadrics and nets of alternating 2-forms

Remark 4.1 Given a general net of dual quadrics W as in 3.2, the space
Torf (RY,C), is endowed with a natural skew-commutative algebra structure,
see [27, Section 5]. In particular, we define the net of alternating 2-forms oy as
the tor-multiplication N>Vy — qu,’4.

By construction, see [9, exercise A.3.20], the map o fits in the commutative
diagram below.

2

T

Ve ®R(—4) —0 > Vg"®R(-2) —5, > R

It will turn out from Theorem 4.5 that V\Iz,’4 ~ B* so we will be able to write
with no ambiguity oy as a map A*Vy — B*.

Let V be a complex vector space of dimension 7 and consider the Grassman-
nian G = G(C3, V) endowed with the rank-3 universal subbundle Ug. Given a
3-dimensional complex vector space B, let o : A2V — B* be a net of alternating
2-forms.

Definition 4.2 Given a general net of alternating forms o : N>V — B* define
Xy = {(C3 cV| UT(b)(u Av) =0foranyu,v € (C3,f0ranyb € B}

The variety X, is a Fano threefold of type Vo, given in G as the zero locus of
the section o of B* ® /\Z(Ué).
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Lemma 4.3 (Schreyer) Given a general net dual quadrics \V as in Definition 3.2,
and the net of alternating 2-forms oy of Remark 4.1, we have an isomorphism
Xv =~ X4y, . Under this isomorphism Uy is taken to Ug.

Remark 4.4 For a general net o define the map ¢ : V ® B — V* associated to
ol B — A2V by c(u®b)(v) = o " (b)Yw Av) forue Bandu,v € V.There
is an isomorphism

Homy (Ug, QE) ~ B

The map ¢ is the transpose of the map induced on globas sections by the dual
of the surjective map py. o+ : BQU — Q™.

Proof The definition of ¢ is clear. Considering the Koszul complex of X in G one
computes easily HO(X, S? Ug) ~ S?V* and HO(X, /\2Ué) ~ cokero |, obtain-
ing Hom(Ug, Q%) ~ H'(UE ® Q%) ~ B. Now for b € B,u € Ug, q € Qg. we
have PUG. 0% bRu)(g) = o T(b)(u ® q). Therefore Pug, 0, agrees with ¢. The
map ¢ is surjective for general ¢ so PUG, 0% is also surjective for U and Qg are
globally generated. O

Theorem 4.5 For a general net of dual quadrics ¥ we have the following natural
exact sequence

05 Yy 5 AV B Bavy 2 Vi —>0 ®)

where the vector space Yy and the map £, are given by

Yy = ker(oy : A2Vy — V\Iz,’4) )
vl
ARV S AQVy — 5 BRVy (10)

The map £3 is defined as ¢ as in Remark 4.4 with 0 = oy. The map £ is
defined lifting the inclusion Yy — S’ A®@ Vy 10 A® V\Iz,’3 via the map qy, i.e. £
makes the following diagram commutative

o AQVZ?
law
Yo = A2Vy = Ve ® Ve > S2AQ Vy (11)

. L . 2.4
There is a canonical isomorphism V™ ~ B*.

Proof To prove the exactness in A ® V\IZ,’3 we need to use the definition of oy in
4.1. In fact, considering the resolution of the ideal J ¥, taken in degree 4, we write

0> AV} e V2 ™ S2A0Vy - S*A— 0 (12)

and we need to consider the composition (10). Notice that the kernel of ¥ ® 1y,
in S A® Vy is Vg ® V. Moreover it is mapped to zero by m : S> AQ S A —
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S* A, so it must lie in A2S? A. Therefore we have ker(¥ ® lyy) = AZSZAN
Vo ® Vi = A2Vy. So we obtain the following exact sequence

0 AWy = Ag Vi gyt L2 oy, (13)
where the map ¢ of the statement is the restriction to Yy of the above map
AVy > AQ® V\Iz,’3 @ V\IZ,’4 and we still have to prove that £; takes image in
A® V\Iz,’3. Now Tor multiplication identifies the map oy : A?Vy — V\IZJ’4 as the
arrow making diagram (7) commutative. This diagram, taken in degree 4, boils
down to the following commutative diagram

ANV — AQVIP @V — 2 AQ Ve
x Jj“ﬁ%“i
V2,4
4

This, together with (13), proves at the same time that the map £ is well defined
in Yy and that the required sequence is exactin A ® V\Iz,’3. Consequently it is exact
also in Yy. In order to prove exactness in B ® Vg we will need to use the instanton
bundle Ey.

Denote the kernel sheaf ker(pg) by IC}I,. Taking the symmetrized powers of
the sequence (5) we get

0> K3 - S*Vyg®0 = 04) -0 (14)
0— APKLMA4) - Ve ®KL(2) — K3, =0 (15)
00— S*KL4) - S?Vy®0 - Vg ®0O(2) - 0 (16)
0— APKLMA) = APV @0 = KL -0 (17)

for some vector bundle IC%I,. In turn the symmetrized square of the sequence (6)
gives the following

0— O(=6) > A2Vg? ®0(=2) — K3, — 0 (18)
0— Ky = Vol @KL(1) - S2KL@) -0 (19)

for some vector bundle IC?I,. So we get the the following commutative diagram
with exact rows and columns.

0—S?Vy 5> gt 4 —» HY(K2)

T T TR ly, T

0—Ve®Vy ——S2A0Vy ———» B Vy

1 1 l

00— A2Vg — A ® V2R @ Vot —» HY (ALY (4))

Here the left vertical column is the canonical decomposition Vf? 2 into sym-
metric and skew-symmetric tensors, the central vertical row is (12) and the bottom
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row is the cohomology sequence of (17). This yields two presentations of H! (IC%I,)
(the vertical one from (15) and the horizontal one from (14)).

On the other hand K2, defined in (14) and S? KC, (4) fit into the following short
exact sequence

0—SPKL4) - KL - KL4) -0 (20)
Summing up we can then build the following commutative diagram (we omit
surrounding zeroes for brevity)
Ky —— Vg? @ K1) — S K (4)
l 1 1

Ki — V2P eVe@0(-1) — K%

1 1 1

Ey(~1) — Vi@ 0(1) —— Ky (4) @1)

where the top (respectively bottom) horizontal row is (19) (respectively 6). The
central row defines some bundle IC?I, as the kernel of the composition of the two

projections Vg~ ® Vg @ O(—1) — Vg ®KL(2) and Vo @ KL(2) — K of
(6) and (15). The right (respectively central) vertical column comes from (20)
(respectively comes from (5)) . Use (18) to show H2(IC§I,) ~ S% A* and Lemma

3.5 for H' (§y (—1)) ~ B*. Now taking cohomology in the diagram (21) we get

0— AR VS — AQ VI @ Vi* —» B* ~ HY(Ey(-1))

|| | Lo

0— AQV2® — HY(S2 KL (4)) —» S A* ~ H2(K3)

| !

HY(K3) —=—— Vg

This provides the following isomorphisms
V\IZ,’4 ~ B*
Vy ~ coker(S% Vg — S* A) ~ Hl(IC\zy)
Vi =~ coker(A® Ve® — B®Vy) ~ H'(K})

Thus we proved the exactness of the sequence (8). O
5 Polar hexagons to a plane quartic
5.1 The variety of sums of powers
Let B be a 3-dimensional C-vector space and f € S* B be a plane quartic. Put

P2 = P(B*). According to Mukai [21], we define the subvariety of Hilb@(]}vﬁ)
consisting of polar hexagons to f.
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Definition 5.1 Given a general quartic form f € S* B = HO(P2, O(4)) define
the variety of sums of powers as

VSP6., ) ={fi.... fo | [i+...+ =[]

where the closure is taken in Hilbg (Iﬁ’z).

Lemma 5.2 (Mukai, Schreyer) For general f the variety VSP(6, f) is a Fano
threefold of type V. Given a net of dual quadrics ¥V as in Definition 3.2, there
exists a quartic such that VSP(6, f) ~ Xy.

Remark 5.3 Considering the apolarity action of T* on T (cfr. Sect. 3) we may
view f as the map f : B* — S> B taking 9 to 9(f). This map is injective for gen-
eral f so we can define Vy = s? B/f(B*). Under the hypothesis of Lemma 5.2,
there is a natural isomorphism Viy ~ S B/f (B*).

Definition 5.4 Let f be a general plane quartic and let X = VSP(6, f). Then
there is a rank-3 vector bundle Uvysp (respectively a rank-5 vector bundle Kvsp)
on VSP(6, 3/‘), whose fiber over an element A = (f1,..., f¢) € VSP(6, f) is
(f]3, s fE) /[ (BY) (respectively the fiber is (fl4, R f64)/f). This bundle em-

beds X into G(C?3, V) (respectively into G(C3,S8* B/f)) (see Remark 5.3). De-
note by Qqp the restriction to X of the universal rank-4 quotient bundle on

G(C3, V).

5.2 The Hilbert scheme

For any A € Hilbg (IvP’z) we can consider the resolution of the ideal J, 3, over the
ring T* = C[B*]. For a general length-6 subscheme A the resolution reads

0« Jy g < TH(=3)" < T*(=4)* <0

The resolution has this shape whenever no conic of P2 passes through A and
no line cuts a length-3 subscheme of A. This open set, which we denote by

Hilbg(P?)°, embeds into G(C?, S* B*) by means of a rank-4 vector bundle Q.
The fiber of Q[ over A defined as TorlT*(T*/]A p2, C)3 = C* i.e. we take the

space of cubics vanishing on A. We have H*(Q)* ~ S3 B*.

Moreover we have a rank-3 vector bundle U on Hilbﬁ(IF’z)O whose
fiber over A is the 3-space of first-order syzygies of A. Equivalently
we take Torg*(T*/JAPz,(C)A; ~ 3. We have HO(UE‘)* ~ §3p* ~
ker(S® B*® B* — S*B*). One computes dim(S>! B*) = 15. The bundle ur
provides an embedding Hilb6(]f1’2)O c G(C3, §31 B*). The following Lemma

is proved in [27, Theorem 2.3] except for the last statement that follows from
[27, Theorem 2.6].
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Lemma 5.5 (Schreyer) Let f € S* B be a general quartic and, making use of
the apolarity pairing (cfr Sect. 3), define the ideal
I ={seT* | s(f)=0)
Then the ring (T*)! = T*/J 1 is Artinian Gorenstein and its minimal graded
free resolution over T* takes the form
0 (T «T* < VPRTH=3) <V} @T*(=4) < T*(=7) <0
. (22)
where V}’j = ToriT*((T*)f, C) ;. We have dim(V};3) = dim(V?‘l) = 7 and there
is a canonical duality (V}’S)* ~ V;A.

The map g}— : V]%A — B*® V;’3 defined by (22) is skew-symmetric and
induces afT. :B — /\Z(V?A)* (cfr. Remark 4.4). We have Xop = VSP(6, f) (see
Definitions 4.2 and 5.1).

Thus, the rank-4 bundle Q| provides an embedding X — G(C4, V;’3) while
the rank-3 bundle U* gives X — G(CH, V?’4) where Vfl-’3 and Vf2-’4 are dual
7-dimensional complex vector spaces. ' ' '

Remark 5.6 After restriction to X = VSP(6, f) there are natural isomorphisms
Q%ep = OF and Uysp ~ UL. On X = VSP(6, f) we have H'(Q)* ~ vj}.’3 ~

ker(f1:S*B* = B), HOU)* ~ V}* ~ V.

Proof The isomorphism V;’3 ~ ker(f' : S*B* — B) is clear, indeed, by
the definition of J¢, the cubic forms that generate J ! (i.e. the space V}‘3 by
Lemma 5.5) are those annihilated by f T : S* B* — B under the apolarity pairing
(i.e. the space ker(fT)). Also, we have HO(QL)* ~ V}’3 since by Lemma 5.5 the
cubic forms vanishing on a length-6 subschema A with [A] € VSP(6, f) lie in
1,3
Vi
Now, given A = (f1,..., fe) € VSP(6, f), the fiber of Q"[ A consists of
those elements in S* B* (and actually in V}’3 C S? B*) that vanish identically on

A, i.e. that annihilate ff ey f63 under the apolarity pairing (cfr. Remark 5.3).
Equivalently we take the degree-3 generators of the ideal J, 5,,i.e. OYgp - Thus

% ~ *
we have QL,A ~ QVSP’A.
Then we also have U >~ Uvsp since they are both isomorphic to ker po», gysp-

By virtue of the duality in Lemma 5.5, we also have HO(U*)* ~ V;A ~
(v‘s3)>; ~ V. o

5.3 The variety of Kronecker modules

Following Drezet we introduce the following variety of Kronecker modules. Con-
sider the space of 3 x 4 matrices with entries in B* and the G.I.T. quotient

K'=M3x4(B*)//SL(3) x SL(4)
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An element [y] € Kis represented by y : V) — Vi) ® B* where V() ~

C3 and Vi) = C* denote the source and target vector spaces of the map y. The
variety K has been studied in detail in [8]. It is endowed with two natural bundles,
Q; (respectively Uk) of rank 4 (respectively 3), whose fiber over [y] € Kis Vi)
(respectively V;(;)). The bundles Uk and Q’R are related by

Homy (U Qf) ~ B

Lemma 5.7 (Drezet) There is a birational map § Hilbg(ﬁ”z) --» K de-
fined over Hilbg(ﬁ”z)O associating to A the map y : Torg*(T*/JA’ﬂv)z, C)y —
B*® TorlT*(T*/JA’Pz, C)3. Denote by K° the open subset of K isomorphic via §
to Hilbg (P?)°.

Notice that under the isomorphism §
to UL and Qy is pulled back to Q.
Lemma 5.8 Define Pk as Px = coker(iUK’Q? : Uk — B*® Q). Then Pg is
locally free of rank 9 over K°. The fiber of Pk is identified with HO(JA’EDZ @n/f.

The bundle Py is globally generated with HO(P;) ~ S* B. The zero locus in
G@3 x 4, B*) of its general section f is a Fano threefold of type Vy, of the form
VSP(6, ) defined in 5.1.
Proof The bundle Py is globally generated since Qg and Uy are. Recall that
HO(Q)* ~ S* B* and HO(UE‘)* ~ §*1 B*. Computing global sections of Py
via the map § defined in 5.7 we get the HO(P&*) ~ $* B. Now the condition for
a point A € Hilbg (]?’2) to lie in X is that the generators of its ideal, as elements
of $* B*, multiplied by any linear form 8 € B*, map to zero under the evaluation
with f € (S* B*)* ~ S* B.

This means that A lies in the zero locus of the section f of the kernel bundle
Py, since the map induced on global sections by the evaluation B ® Qg — Uy is

just the multiplication m in T'. So the zero locus of a section f of Py is isomorphic
to the variety VSP(6, f). O

Remark 5.9 In the framework of Lemma 5.8, there exists a rank-5 bundle Kx =
ker(po, P HO(P;(“) ® Ok — Py). Under the identifications of Remark 5.6 we
have an isomorphism on X, Kysp ~ Kk.

| Hilbg (52)° the bundle Uk is pulled back

Proof 1t is easy to show that there exists the following commutative diagram with
exact rows and columns (we omit zeroes surrounding all the diagram for brevity).

si(B)—— B*@B—>2

T 1p» ®fT Tf

$31pg* — B*®S3 B* —— St B*

[

v B*®Vf k
f 7) f—— er(f) (23)
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Here f is considered alternatively as a map S® B* — B (in the central column)
or as an element of S* B ~ (S* B*)* (in the right column) and the bottom row
is defined by Remark 4.4. Since Kqp is globally generated with HO(K{“,SP)* o~

ker f c S* B* by Definition 5.4, the bottom row of (23) proves the following

Kvsp = ket (Puygp. 01, © B ® Uvse — OYsp) 24

On the other hand by definition of K we have
Kk ~ ker (PUK,Q; : B®Uk — 0) (25)
Thus we conclude keeping in mind Lemma 5.7. O

6 Bundles on X

Throughout the rest of the paper, X will be a Fano threefold of type V2, defined
by a general net of dual quadrics ¥ as X = Xy according to Definition 3.2. In
particular, we fix a 3-dimensional (respectively, 4-dimensional) C-vector space B
(respectively A). We will keep in mind the isomorphisms of Lemmas 4.3, 5.2 and
of Remarks 5.3, 5.6 and 5.9.

Then, we denote by U (respectively O* and K) the rank-3 (respectively rank-4
and rank-5) bundles on X defined by any of the constructions of Sects. (3), (4) and
(5). We will often drop the subscript ¥, e.g. \/\12,’3 = V%3 and we will write E for
the bundle Ey restricted to X.

Lemma 6.1 There are the following natural isomorphisms
Hom(U, Q*) ~ B Hom(E,U) >~ A* Hom(K,U) ~ B* (26)

Furthermore there are the following natural exact sequences

0—>K—>BU—-0"—=0 27
0-U—B*"®Q0"—>P—0 (28)
0> K —>HK"H"®0O > P* =0 (29)
0—-U—->VR0—>0"=0 (30)

Finally we have the following Chern classes
caU)y=—-1 cU)=10 c3U)=-2
(@) =-1 Q") =12 (0" =-4
c1(K)=-2 c(K)=40 c3(K)=-20
ci(P)=-2 (P)=48 c3(P)=-36

Proof 1t is straightforward to compute the Chern classes of the bundles involved
in our statement. Further, the isomorphisms in (26) follow the from Remarks 5.9,
4.4 and Lemma 3.1 by restriction to X, as well as the exact sequences (27). The
exact sequence (28) follows from Lemma 5.8. Combining (27) and (28) one ob-
tains the following commutative diagram with exact rows and columns (we omit
surrounding zeroes for brevity)
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v—2% L BreQ ror.r . P
liU’o . llB* ®iQ*,O liP,O
1
Vo022 B eV 90— coker(cT) ® O =~ HO(K*) ® O
lPO,Q lls* ®po,u* Po,K*
E3 * A\ *
Q ig,u* B ® v Pu*,k* * K

where ¢ is defined in Remark 4.4 and the vertical arrows in the first two columns
are the obvious ones. Then the last column yields the exact sequence (29). O

Lemma 6.2 The bundles U, Q, K are aCM stable sheaves on X .

Proof 1t follows from Definition 4.2 that X is the zero locus in G(C3,V) of a
section of the globally generated bundle U (1)3. Taking the Koszul complex as-
sociated to this section tensorized by U (¢) and using Bott theorem (see [5]) over
G(C3, V) one computes the required vanishing for U and Q in order to show that
they are aCM sheaves. Using the exact sequence (27) it is immediate to show that
K is also an aCM sheaf.

Since ¢ (U) = ¢1(Q*) = —1 and h°(U) = h°(0Q*) = 0, and since U* and Q
are globally generated, it follows easily from Lemma 2.4 that U and Q are stable.
From the exact sequence (27) one sees that hO(K ) = ho(/\zK ) = 0. Finally from
APK (1) ~ AS"PK*(—1) and again using (27) it follows that hW(AK),) =
h®((A%K),) = 0. Thus we conclude by Lemma 2.4.

O

Lemma 6.3 The bundle E* is globally generated with HO(E*)* ~ V23 ~ C8,
There is a rank-6 bundle L defined by the exact sequence

0> E—>V»0O—>L"—>0 (31)

There exists a rank-10 vector bundle M with HO(M*)* ~ S3 A, whose fiber
over [Tl e X = Xy is HO(]F’H»(A)(S)) ~ C!9 according to Definition 3.2. There
are the exact sequences

0> EE% Agu 2% M0 (32)
0>V3 5 AV 583450 (33)

where (33) is obtained dualizing global sections of the dual of (32) and m is the
composition of the obvious maps AQV — A® S?A > SPA.

Finally, M* is globally generated and there exists a rank-10 vector bundle N
defined by the exact sequence

0> M-—>SAQ0 — N* =0 (34)

Proof By the discussion in Sect. 3 and Definition 3.4, the fiber of the bundle £
over any point of X embeds in V\Iz,’3 ~ C8, so HO(E*)* ~ \/\12,’3 and E* is globally
generated and we have the exact sequence (31).

The map £ — A ® U in (32) is obtained globalizing ¢y in the resolution (4).
Equivalently over any [I"] € H, we take the linear map A ® Tory(R/ Jrp3, C)z —



Bundles over Fano threefolds of type V2 15

Tor (R /Jp p3, ©)2 given by the 2 x 3 matrix of linear forms whose 2 x 2 minors
define I'. Therefore (33) follows at once from (4).

Finally, it is clear that M* is globally generated and rk(N) = dim(S® A)—10 =
10. O

Proposition 6.4 We have Hom(A*U, E) ~ A* and we define the following maps
(cfr. Lemma 6.1)

e1=ioypi AU —> AQE (35)
ep=Voiry: AQE - BU (36)
es=pyo-:BU — o 37

Then the following sequence is exact

0— AU S AQE 2 BRU 2 0= 0 (38)

Proof The dual of all the bundles appearing in the sequence (38) are globally
generated, hence the sequence is exact if we prove that transpose of the maps ey,
e7 and e3 induce an exact sequence on global sections of the dual bundles. Denote
these maps by e; for j =1, 2, 3.

It is clear that 23| = ¢3 of Theorem 4.5. Since i .y maps the syzygy of a
twisted cubic I" with [T'] € X to the 2 x 3 matrix of linear forms in the mini-
mal graded free resolution of Ji- p3 (see Lemma 6.3), the map on global section
AQHYE** - S? AQH(U*)* induced by ig v agrees with gy . Therefore we
have ET ={s.

Now recall that Hom(A2U, E) ~ Hom(E*, A2U*) ~ Hom(E, U) ~ A* (cfr.
Lemma 6.1 and Lemma 3.1), thus we have the map i 2y g : AU — AQE.
Since o = oy by Definition 4.2 and Lemma 4.3 we have H(A2U*)* ~ ker(o :
A2V — B*) ~ Yy. Thus we have the map al Yy > A® Vlf,’3, and we need
to prove that is coincides with £;. Observe that the map i AUE is defined by
restriction from H of the map i 2y, f,,- Now by Lemma 3.1 i N2ULE is induced
by the diagram (1). On the other hand by Theorem 4.5 i,2; f is induced by
the diagram (11). Since the diagram (11) is obtained restricting to X the global
sections spaces appearing in the diagram (1), we have e1' = ¢;. Thus we
conclude by Theorem 4.5. O

Remark 6.5 We can define a map V1 A — A*Q® B associated to the net W' :
B* — S% A*. Indeed we put Y(a)(b®d) = VY(d(a®Db)) for a,b € A and
d € B*. In turn we have a map

v AQU - A*® QF (39)

andthe map y ":A® Q — A* ® U* is defined by the formula " (a @ q) (b ® u)
= W(a ®b)(u)(q) under the identification B ~ Hom(U, Q%).

Lemma 6.6 Given a general net of dual quadrics VWV : AQ A — B, usingo = oy
of Remark 4.1 defineamapk : AQV — A*Q V™ by

k(@a@u)(b®v) =0 (V(a®b)(u®v) (40)
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The map « is induced on global sections by . There is an exact sequence

:
0> V232 Aqv S aArvs % (123 o

Furthermore, there is a skew-symmetric duality © : S> A — S A* such that
the following diagram is commutative

A®V—'m—>83A

Lo

* * 3 pA*
A*QV (m—TS A @n

Proof The definition of « is clear and implies k (@ @ u)(b @ v) = k (b Q@ u)(a ® v)
= —k(b®v)(@®u). Since k " (a@u) (b®v) = k(b ®v)(a u), we have that
Kk is skew-symmetric.

Taking the minimal graded free resolution (4) of RY in degree 3 and 4 we get
the exact sequences (33) and (12), and we denote, for the sake of this proof, by qu
(respectively by qf/‘/) the map ¢y in degree 3 (respectively in degree 4).

Now, by the exact sequence (8) we have Za,-,jo—r(\ll(ai b)) Mv;) =
0 if > a ib®a;®v; € Im(qf},), for some coefficients «; j. Then
Zoci,joT(\IJ(ai RbNMvj) = 0if Y o ja;®v; € Im(q?l,). Thus there ex-
istsamap ¢ : S*A — A*®V* with ¢ o m = k. On the other hand, again by
(®),if Y o jk(a; ®uj) = O0then ) ;ja, ®u; € Im(q?y). It follows that ¢ is
mjective.

Now, since (q&,)—r o k = 0, there exists a map x such that m'l ok = ¢. This
map is bijective since ¢ is injective and it is skew-symmetric since « is. O

Lemma 6.7 We have the following exact sequences.

0> AU —>AQE - K — 0 (42)
0> M—> A*®Q0*—> L —0 (43)

Furthermore, in the notation of Lemmas 6.3 and 6.6, there is a natural isomor-
phismn : M >~ N which makes the following diagram commutative

Po,N*

iM,0
0— M —7S3 A0 s N* s 0

P ol

Po,Mm*
0—N——SP A0 —— M*—0 (44)

Proof The exact sequence (42) follows immediately by (38) and (27).
It is easy to check that the exact sequences (30), (31), (32), (33) and (34)
induce the following exact commutative diagram (omitting surrounding zeroes)
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iE,U pU,M
F— 2 AQU —— M

JjE,O llA ®iy,0 liM,O

V2300 25 AV R0 "5 BA00

J/PO,L* llA ®po,qQ lpo,N*

L*—A®Q —— N* (45)

thus the dual of the bottom row provides (43).

Further, since the diagram (41) is commutative, and since the homo-
morphism « is induced by the map i (cfr. Lemma 6.6), we get the fol-
lowing exact commutative diagram (again we omit surrounding zeroes)

RoiM,Q* pQ*,L
M———AQRQ ————— L

lz’M,o llA* Rigr 0 liL,o
PA QO T ARV RO —— (V23) @0
lpo_N* oKk llA»« ®Po,t?? lPO,E*
Nt —— s A QU ———— E* (46)

where the central column is the dual of (30), tensorized with 14, and the last
column is induced by the first two (and in turn it is the same as the dual of (31)).
It is easy to prove that the two maps in the bottom row of (45) (respec-
tively of (46) agree with iy« o and pgp ny+ (respectively agree with iy= y+ and
pu+ E*). Since py+ gx = i;U, the bottom row of (46) and the first row of (45)
give the isomorphism 7. It is clear also that 5 is induced by «, so that (44) is
commutative. O

Tracing back the above proof, it is straightforward to prove the following
corollary.

Corollary 6.8 There are the following natural isomorphisms

Hom(E,K) ~ A 47)
Hom(E, 0*) ~ coker(y) (48)
Hom(Q*, L) ~ A* (49)
Hom(M, Q*) ~ A (50)
Hom(U, L) ~ coker({) (51)
Hom(U, M) ~ A (52)

Lemma 6.9 The bundle E is stable aCM with ¢i(E) = —1 and cp(E) = 7. The
bundle L is also stable and aCM.

Proof The invariants of E are clear by Lemmas 6.1, 6.3, 6.7. The Cohen—Maculay
condition for E follows (42) and Lemma 6.2. The bundle L is also aCM by the
dual of (31) since the map po_ g+ is surjective on global sections for any twist.
Stability of £ and L is obvious from Lemma 2.4 and (31) since c|(E) =
ci1(L) =—1. O
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7 Resolution of the diagonal

Define the collection (G3, ..., Gg) = (E, U, 0*, O).

Lemma 7.1 (Kuznetsov) The collection (Gs,...,Gg) = (E,U,Q* O) is
strongly exceptional, i.e. ExtP(G;,G;) = 0 if p > Qorifi > j and
Hom(G;, G;) >~ C.

For the original proof we refer to [19]. However it is easy to reprove
Lemma 7.1 using Corollary 6.8 and the exact sequences of Lemmas 6.1, 6.3 and
6.7. The dual collection is defined as (G, ..., G%) = (E, K, U, O).

Theorem 7.2 The general variety X admits the following resolution of the diag-
onal

Po P P Ps

O—HEEELUEKLQ*QU—@—‘)O—)OA (33)

where the arrows are given by the following natural elements

Hom(Py, P1) X A*® A3 1,
Hom(P;,P2)  B® B* > 1p
Hom(P2, P3) ~V*®V > 1y

Proof Let us look at the maps in more detail

dy Q*RU a2 )
iQ*,OgiU,OJV /m

VeV*eOKRO

d: UIEK—>Q*®U

1lyRix v
Pu,o* ® lu

BeURU

d
do : ERE————URK

iE,UgiE,Ul J}U@i}(,u

A®A®U®Uf>B®U®U
URU
The map d is the restriction from G = G(C3, V) of amap d : Ug X 0g —

Og and it is a classical fact that coker(d) ~ O A(G)- Thus we have coker(dz) =~
O and the sequence is exact in Ps.
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Let us now look at the composition in P5. It is convenient to prove exactness
for the dualized maps which we then write

d3 df
O yQRUY ————— U* R K*
io,UEiO,UJ( iQ,U"‘ glqu
R * JC*
oQR1yrrus v@Pur.K

VeVeU*RU* —— B*QU*XRU*

This yields
ker(d|) = QRU*NU*KQ Cc B*QU*RU*

Then the mixed tensor products can be separated by factoring out the identity
over U*. If 7 is the involution interchanging factors in X x X, then we have the
symmetry U* X Q = 7*(Q X U*). So exactness in P, is proved if we prove
surjectivity of the map p below

V®(’)ﬁ—>Q

ly ®7:O,U*J' J,iQ’U*

V®V®U¢7®1—m)B QU (54)

Hence we are done if we prove that the map p is the universal quotient (which
is clearly surjective), i.e. if we prove that pp o+ makes the diagram (54) commu-
tative when replacing p. And indeed this holds since any morphism » : U — Q*
comes from a skew-symmetric homomorphism b : V — V* of the ambient space
and we have o T (b)(u A v) = b(v)(u).

Let us turn to P;. Looking at the definition we have
ker(d) =UXRKNKXU C BQUKU

Just as in the case of P, we are allowed to separate the mixed tensor products
by factoring out the identity over U and so reduce to prove surjectivity below

AQE—1 K

la ®iE,UJ( J,iK’U

A®A®Ulm‘)B®U
lpu,o

Q" (55)

Thus we are done if we prove that the following sequence is exact in B @ U

Woig y DU, o*

0> AU > AQE —5 BQU —= 0* > 0
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But this is proved in Proposition 6.4. O
By the classical argument in [3], we get the following corollary.

Corollary 7.3 Any coherent sheaf F on X is functorially isomorphic to the coho-
mology a complex Cr whose terms are given by

Ch= P H(F®G)H®G,
i—j=k
Alternatively F is functorially isomorphic to the cohomology a complex Dr

whose terms are given by

D= P H(EFRG)HRG/
i—j=k

We have the following standard consequence of Theorem 7.2, namely
Castelnuovo—Mumford regularity associated to the collection (G3, ..., Go).

Corollary 7.4 Let F be a coherent sheaf on X and suppose H? (G , ® F) = 0 for
p > 0. Then F is globally generated.

Proof Again by a standard argument, one looks at the term DO]_- in the complex

D, which is isomorphic to H’(F) ® O in the hypothesis. On the other hand, in
the complex D, any differential with source in H’(F) ® O vanishes. Therefore
the evaluation map po_r is surjective and the statement is proved. O

8 Further remarks

Remark 8.1 The diagram (55) can be completed to the following exact diagram,
where we omit surrounding zeroes for brevity.

A2U A2U,E AQE PE,K %
a2y 1A®ip,U lix,u
~ <4 N
(V@A2A)®U——>A®A®Uﬂ>B®U
J 14®% lPU,Q
~ < XA ® lQ*
SA)®Q — s AR A* @ Q* =% *
PQ*,L 1a®po+,L

where | is defined by the inclusion V @& A*A < A ® A followed by r, defined by
(39) in Remark 6.5.
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Proof Exactness of the horizontal sequences is straightforward. The central col-
umn follows from the exact sequences (32) and (43). The right column is (27).
The left column is induced by the central and right ones, where the isomorphism

Hom(A%U,U) ~ ker(A® A LA B) ~ V @ A2A, is clear. Commutativity of all
the squares is left to the reader. O

8.1 Helices

We refer to [1] and [4] for general definitions and properties concerning helices
and to [24] for the study of helices on Fano threefolds.

Consider the collection (G3,...,Gg) of Sect. 7 (strongly exceptional by
Lemma 7.1) and extend it defining Gjy4x = G;®O(—1) for any j = 0,
1, 2, 3 and any k. We will show in the following remark that G;;; =
L¢;Lg; Lg;, G j_3, for any j, according to Definition 2.1. All of the se-
quences from (56) to (59) below are obtained resolving G; ® O(1) with respect to
the basis (G3, ..., Go) according to Corollary 7.3.

Remark 8.2 There are the following exact sequences.

O(—1) 200k V2’3®Eh—g>ker(g)®Uh—?>V®Q*mO (56)
0*(— 1) — V'®O0(- 1)—>A®E—]>B®U 5 0F (57)
U1 2% Brg o (~ 1)—>ker(§) ® O(— 1)—>A*®E U (58)
E’E_”>A®U—>A*®Q (v“) ®0 L2, g (59)

where the first map in each sequence is injective and the last one is surjective.
In (56) ¢ is defined in Remark 44, h(l) is the defined by the composition

ker(¢)®U — V ® BQU followed by 1y ® py, o+ and hg is given by

VI3 QE m VRARARQU M) VBRU
In (57),h} is the composition
IA®1EU
A®E—>A®A®U BU

while h% is identified with the projection V* ® O(—1) — AU ~ U*(—1).

In (58) we have ker(pg.y) ~ K*(—1) by (42). This gives back the isomor-
phisms ker(¢)* ~ coker(¢c ") ~ HO(K*), established in the proof of Lemma 6.1.
and the map h%. Then h% is given by (28).

In (58) we have to glue together the exact sequences (31), (32) and (43).
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8.2 Quasi-homogeneous case

In this section we restrict our attention to Ujy, the Mukai—-Umemura threefold,
i.e. the SL(2)-quasi homogeneous case. This is thoroughly studied in [2, 23, 21].
Let us denote Y the standard representation space of SL(2) and Y,, the weight—n
representation, so that and Y,, = S" Y.

In terms of plane quartics Uy corresponds to a double conic. The action of
SO(3) preserves this conic so we may view B as Y, and the stabilizer in SO(3)
of a polar hexagon is the order 60 icosahedral group, isomorphic to As.

In terms of the net W of dual quadrics, Uy corresponds to a net containing a
twisted cubic in the dual space, on which SL(2) naturally acts. In this case there
are isomorphisms of SL(2)-modules

B~Y, A~Y3 (60)

The net of dual quadrics W is itself equivariant. Therefore by the isomorphism
S2 A ~ Y¢ @ Y, we deduce V =~ Y. Further, the resolution of RY takes the form
(3), so one computes V23 ~ Y;. The instanton &y of Sect. 3 is endowed with an
SL(2)-action in this case and H' (Q2p(a) ® Ey) is isomorphic to Y1 @ V5.

The threefold Uy, also corresponds to the (smooth) closure of the SL(2)-orbit
of the polynomial x!! y 4 11x6 y© — x y!! in ¥1,. This appeared first in [23]. The
roots of this polynomial can be drawn in the Riemann sphere to form the vertices
of a regular icosahedron. For a quick sketch of how this relates to the other Fano
threefolds with b3 = 0 see also [11].

Proposition 8.3 The variety Ujy admits the resolution of the diagonal (53), where
all maps are SL(2)-equivariant.

Proof The maps we have defined over the product X x X in Theorem 7.2
are equivariant under the SL(2)-action. Since d; represents the identity in
Homy « x (Pi, Pi+1) = Yuwa) ® Yy, where w(0) = 3, w(l) = 2, w(2) = 6, it
lies in the unique 1-dimensional SL(2)-invariant subspace of Homy x x (P;, Pit1).

Computing the weights of Homy xx (P;, P;+2), one sees that there are no
SL(2)-invariant subspaces. Thus the composition d; o d;_ is zero for all ;.

The sequence (8) in this case can be read in terms of SL(2)-modules and it
boils down to

0—— Yo — Yo
®

® Ys — Y3
D &

Ye — Y5 Y —Ys —0
D &
Yy —Y,

This sequence is clearly exact. However the proof of exactness in (55) is forced
since the induced map A ® E — K is SL(2)-invariant, hence it coincides (up to
a scalar) with the projection from A ® E onto the cokernel of AU — A ® E and
as such it surjective. O
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Since all the maps defined in Theorem 7.2 are functorial, they lift to the moduli
space of V5 threefolds. So, once we prove that the sequence of morphisms (53)
is a complex, by semicontinuity we can deduce general exactness from exactness
over a point of the moduli space. By the above proposition this point can be taken
to be [Up].
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