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Abstract Let Bg C RY (N > 3) be a ball centered at the origin with radius R. We
investigate the asymptotic behavior of positive solutions for the Dirichlet problem
—Au = % +u?~1"¢ 4 > 0in Bg, u = 0 on 3Bg when ¢ — 07 for suitable
positive numbers /.
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1 Introduction and main results

Consider the problem with critical Hardy terms

—Au:,ui—i—up x €,
|x|2
u>0 x e Q, (1.1)

u=0 x €082,

where Q is a bounded, star-shaped domain in RY with smooth boundary 9€2,
0<upu<pp="22% p>1,N > 3. Itis well known that the character of this
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problem changes when the exponent p + 1 passes through the critical Sobolev
exponent 2* = % If p + 1 < 2%, then problem (1.1) always has a solution,
whatever the domain 2 is (see [1]), while if p 4+ 1 > 2* it has no solution for any
star-shaped domain (see [1]).

Recently, considerable attention has been paid to problems like (1.1) in which
the right-hand side term u? is replaced by a perturbation f(u) of the pure power,
such as f(u) = uf + Au? with A > 0Oand 0 < g < p, because of (1) its
definite celestial mechanics and physics background (see [4] for example) and
(2) its critical singular term (Hardy term) and critical (nearly critical) Sobolev
growth. Many existence and nonexistence results have been given with various
parameters w, A and g, we refer to [1, 7, 8, 12, 16] and the references therein.
When p = 0, there are many interesting results on the asymptotic behavior of
the positive solutions of (1.1), which can be found in [3, 5, 6, 13, 14, 19] and the
references therein.

In this paper, we study the case u € [0, ). We mainly concentrate on the
asymptotic behavior of the solutions to problem (1.1) when p + 1 approaches the
critical Sobolev exponent from below. Thus we set p = 2* — 1 — . We will let
& > 0 tend to zero and choose a ball

Q=Br={xecRY:|x|<R}, R>0O.

Foreach 0 < ¢ < 2* — 1 and R > 0, problem (1.1) has a solution in H& ()
(see [1]) which we will often denote by u.(x). We will prove that this solution is
radially symmetric.

We denote v = /it — +/j1 — it and I'(x) the Gamma function. Our princi-
pal results include two theorems, the first dealing with the behavior of the limit
value of u,(x) at the origin which is the singular point of #.(x) and the second
describing the shape of u.(x) when x is away from the origin, as ¢ — 0.

Theorem 1.1 Let u.(x) € HOI(Q) be a solution of problem (1.1) in which p =
2* — 1 —ecand Q = Bg. Then

lim hm eu (x) |x|
e—>0|x|—0

B g v T(N) 1
—AN"T N -2V =) () E RV

Theorem 1.2 Let u.(x) € HO (2) be a solution of problem (1.1) in which p =
2* — 1 — e and Q = Bg. Then, for every x # 0,

N
fim e~ b () = 2@V = ) B NPV — 2)- 5 RV G
e—0 2 [F(N)]Z

1 1
. ( PG m«/ﬁﬂRZm)'
For Theorem 1.2, we have
Remark 1.1 Theorem 1.2 indicates that for every x # 0, uy(x) = 0(5%) as & —
0. Further more, Theorem 1.2 also states that, when ¢ tends to zero, the solutions,

suitably rescaled, tend to a precise function which is (apart from multiplicative
constants) the fundamental solution of the linear operator —A — ju/|x|?.
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The main method to prove these two theorems is to transform problem (1.1)
into a boundary value problem of ODE and then employ a shooting technique
introduced by Atkinson and Peletier in [3]. In [3] where 1 = 0 and the solution
ug(x) € C3(Q) N C(Q), so following the famous Gidas—Ni—Nirenberg Theorem
in [15] directly, all solutions of (1.1) are radial symmetric. However in our case

u # 0, due to the appearance of the critical Hardy term l’;—l"z, the solution u.(x)

is singular at the origin and fails to satisfy the conditions of Gidas—Ni—Nirenberg
Theorem in [15]. As we will see later, this difficulty is not so easy as we expect.
To overcome this difficulty, we employ an important result in [9] which can be
expressed as following:

Theorem 1.3 (Chou and Chu) Let u(x) be bounded C*(Bg \ {0}) N C (Bg) so-

lution of
—3;(|x|0u) + |x|'u? =0 x € Bg \ {0},
u>0 X € Bp,
u=0 X € 0Bp.

Then u(x) is radially symmetric in Bg provided q > 1,a(a/2+ N —2) < 0 and
a/2>b/q.

More precisely, first using Moser iteration and a generalized comparison
principle in [10], we prove that the exact singularity of u,(x) at the origin is
x| VEHVE=R 50 v(x) = |x|VE~VE=Ry,.(x) is bounded in L>(2) and solves
a new equation. Then applying Theorem A to this new equation, we deduce that
v(x) is radially symmetric, continuous at the origin and satisfies an ODE. At last
by dealing with the ODE satisfied by v(x), we establish our main results.

With the same method, we also study the asymptotic behavior of solutions to
the following (possibly degenerate) elliptic problem:

—div(|x|*Vu) = [x|PuP@P—1=¢ e Q,

u>0 x e Q, (1.2)
u=20 X €092,
where
2(N +B)
pla, B) = N+p>0, B—a+2>0, 0<e< p(a,B)—1.

T N4a-2
(1.3)

Problem (1.2) has been investigated in many papers, for example [8, 9, 11, 17].
Let H(} (2, |x|%) be the completion of C, 80 (£2) under the inner product

(u,v) = / [x|*Vu - Vodx
Q

and LP(Q, |x|?) be the weighted L” space with the weight |x|f. By Moun-
tain Pass Lemma and compactness of embedding HO1 (Q, |x]%) — LK, |x|?)
for ¢ € (1, p(a, B)) , it is easy to prove that for 0 < ¢ < p(a,8) — 1 and
Q2 = Bg, problem (1.2) has a radially symmetric solution denoted by uy g, (x) in
HOl (K2, |x|%) (see also [17] for the case @ = 0). We have the following asymptotic
behaviors of ug, g ¢ (x) as e — 0:
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Theorem 1.4 Suppose (1.3) holds and let uy g (x) be the solution of problem

(1.2) in which Q = Bg. Then

2([8 — + 2) N+a—-2 N4a-2

EhE—— — Q) B—a+2 (N B—a+2
N e N e 2R 4 gy

2(N+B)
Iq(ﬂ—a+2) 1

T

815% euy 5. (0) =

B—a+2

Theorem 1.5 Suppose (1.3) holds and let uy g ¢(x) be the solution of problem
(1.2) in which Q2 = Bpg. Then, for every x # 0,

. 1 Nta—2 1 1
EIE)T})S Zug(x) :C((X, ﬂ& N)R 2 |X|N+(x—2 - RN+O(*2 ’
where
N+B
Ca gy = L (N2 (g v D " ()
o, B, =\ 7= o - [ I
2\ B—a+2 )

To end this section, we give two remarks:

Remark 1.2 Our results are the same as those in [3, 13, 20] if u = 0 in Theorems
1.1 and 1.2 and « = 8 = 0 in Theorems 1.4 and 1.5.

Remark 1.3 In this paper, we have obtained two other important results indeed,
i.e., a unique result of solutions to problem (1.1) and (1.2) (see Remark 3.2)
and a nonexistence result of solutions in H'(R"Y) to problem (1.1)and (1.2) (see
Remark 4.1).

This paper is organized as follows: in the following section, we will estimate
the singularity of the solution to problem (1.1) in a more general domain and we
will give some basic estimates in Sect. 3. The last section will be devoted to the
proof of the main results.

2 Estimate of the singularity

In the sequel, we fix p = 2* — 1 — ¢ > 0 in problem (1.1) and study the singu-
larity and radial symmetry of the solution u.(x) € HOI(Q). By standard elliptic
regularity theory, u, € C2(2\ {0}) NC (2 \ {0}). Hence the singular point of i,
should be the origin.

Suppose u(x) € HOI(Q) satisfies problem (1.1). Let v(x) = |x|"u(x), then
v(x) satisfies

—div(|]x| Vo) = |x|"@ o2 -l-e e Q,
v >0 x€Q, (2.1)
v=20 X € 0Q2.

By the regularity theory of elliptic equations, v € C2(Q \ {0}) N C1 (X2 \ {0}).
Moreover, we have
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Lemma 2.1 v(x) € HO1 (€2, |x|72”) and v(x) is bounded in 2.
Proof For simplicity, seta = —2v, § = —(2* —¢)v, then p(«, B) = 2%+
By Caffarelli-Kohn—Nirenberg Inequalities (see [8] for example), we have

1
2 ( .B)
(/ x| |Vw|> >Aaﬂ</ ||x|ﬂ|w|"<“ﬁ>)' . YweHN, |x|%).

2.2)
For any u € H(} (2) satisfying problem (1.1), we claim v(x) = [x|"u(x) €
HO1 (2, |x]%). Indeed, by Hardy inequality,

f|x|“|Vv|2=/ 1% 1x|" Vi + vlx " 2ux|?
Q Q
u2
Q Q x|

<C.

Ve

Because v(x) satisfies
/ |X[*Vv - Ve = / xPoPg, Vg € HY(Q, x|,
Q Q

for s,/ > 1, defining v; = min{v, [} and taking ¢ = vvlz(S D e Hol(Q, |x]%) in
the above equation, we deduce

/|x| V2o 07 4 2s — 1)/ x|V oD f|x|ﬂv!’+1v,2“2
Q

Hence, we can write

2
p@.p)
</ |x|/3 p(“ﬂ)) <Aaﬂ/ [x]¥ |V vvl )I

<243 ((s - 1)2/ 407wy 2
’ Q

+f |x|av12(s_1)|Vv|2>
Q

< 2A;jgs/9 Ix|Plopt&-1, (2.3)

From (2.3), we see that v € LPT2~1(Q, |x|#) implies v € LP@P(Q, |x|P).
Define, for j =0,1,2,...,

-1 2 = ) 5
{p +2s0 = p(a, B) 0.4)
p—1+2s;41 = pla, B)sj,
Mo =CAZ2,
P - 2.5)

Mj+] = (2A07,,3‘vaj) 2,

where C is a fixed number such that fQ Ix|*|Vv|? < C.
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From (2.4) we derive
sj = (p(, ) =@ " ple, B (pl. ) —p =D +p—1).
From (2.5), similar to the computation in [18], we derive
3d >0 independentof j, suchthat M; < e%5i-1,
From the fact that 2 < p + 1 < p(a, B), it follows that s; > 1 for all j > 0,

sj —> +ooas j — +oo.
By (2.3), (2.4) and (2.5),

UCH:))
@) pep)
/ |x|ﬂvp+25171 < (ZA;%SO)%</ |x|ﬂvp+2sol>
. ’ Q
) ple.p) p@.f)
< (2Aa f}SO) 2 / |x|,3vp(ot,ﬁ)
, Q
pap)
< (24, %s50Mo)
< M.

Similarly,
/|x|,3vp+2sj'fl fMj
Q

So,by p—1+2s;41 = p(a, B)s;, denoting C (2, B) = maxycq |x|~#, we obtain

_ 1
p@.p)s;j

1
Ivle(a.ﬂ)s_f(Q) < C(,B) J |U|Lp<a,ﬂ)s_,- «,1x18)

1 1
pl.p)sj

o (a,B)s ;
<CQ, B M,

1 1

<C(Q,p) P@.B)s ep(oi,ﬂ)sj- )

Taking limit on each side of the above inequality and using s;_; — +00, 4 >
. I
2 as j — 400, we have

2
[V|Loe(@) < e,

which implies the conclusion. O

From Lemma 2.1, we deduce u(x)|x|” is upper bounded in 2. For the lower
bound of u(x)|x|" in €2, we have

Lemma 2.2 Suppose u < HO1 (2) satisfies problem (1.1) and 0 < u < [, then
for any B, CC K there exists a C(p) > 0, such that

ux) > C(p)lx|™", VxeB,CCQ.
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Proof We only need to prove that there exist 7 > 0 and C > 0, such that
u(x)>Clx|™", V xeB,CQ.

Let f(x) = min{u? ~!'7¢(x), 1} with [ > 0, then f € L>®(Q). Letu; € H} ()
be the solution of the following linear problem

u
—Auy — p—s = Q,
{ “ohEp =S ore (2.6)

uy =0 X € 092.

By Lemma 2.1 and a result in [10], there exists a constant C; > 0 such that
0 < u; < Cqlx|™". Since u is a supersolution of problem (2.6), by the comparison
principle proved in [10], 0 < u; < u, so it suffices to prove the result for u;.

Now since u; # 0, u; > 0 and —Au; > 0in €2, we have some § > 0 and
n > Osuch thatu; > § in By,.

Choose C > 0 satisfying C|x|™" < § for |[x| > nandsetw = (u; —C|x|™")",
then w € H} (By).

By Hardy inequality and the fact that |x| ™" solves the problem — Au— % =0,
we deduce

pw?

0=~ [ vul+ 2
B |x|

n

=/ V(u —C|x|*”)-Vw—f Lo = clk™w
B B, |xl

n

/fw—C(/ V|x|_”-Vw—/ L2|x|—”w>
B, B, B, |x|

zg/ w > 0.
't Jos,

Hence, by maximum principle, w = 0 in B, which is our desired conclusion. [

Now combining Lemma 2.1 and Lemma 2.2, we have

Proposition 2.1 Suppose u € H& (R2) satisfies problem (1.1) and 0 < p < [,
then for any ' CC R, there exist two positive constants C1 and Cy, such that

u) x| >C; vVx e Q' ccQ, 07
u)x|" <Cy Vx e Q. :
Moreover, u(x) is radially symmetric if 2 = Bpg.

Proof (2.7) is obvious. The radial symmetry can be deduced from Lemma 2.1 and
Theorem 1.3. 0
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3 Some basic estimates

Now, by Proposition 2.1, setting » = |x|, we can write v(r) = |x|"uc(x). Then
v(r) satisfies
v+ N—%v—l v+ ,.(2*—12—e)v U2*7178 =0,
v>0 forO<r <R, (3.1)
v(R) =0.

Set t = (¥=2=2)N-2-2 and y(¢t) = (N — 2v — 2)7"v(r). Problem (3.1) can be
rewritten as
y(t) = —t_k(g)yz*_l_g,

yt)>0 forT <t < o0, (3.2)
y(T) =0,
wherem = 142/l — it = N —2v—1,k(e) = ;22 — G220 — (melym=1,

The critical Sobolev exponent can now be expressed as

" 2ve
2" —1=2k(e) -3 — .
m — 1

To simplify notation, we will always write k(¢) as k in the sequel.
First we give

Lemma 3.1 Suppose that y(t) satisfies problem (3.2), then there exists a positive
number y < 400 such that

. 1 _ : —
Jm YO =0 ad  lim 5=y

Proof By Proposition 2.1, y(t) is bounded in [T, 400). From (3.2) we know
y'(t) < Oforalls > T,so y'(t) decreases strictly in ¢ € (T, +00). Hence

y'(t)—1 as t— +oo.

In the cases / > 0 and / < 0, we deduce y(t) — +oo and y(t) - —o0
ast — o0, respectively, which contradicts the boundedness of y(¢). Therefore
Yy () — Oand y(t) — y < +ooast — +oo. O

Remark 3.1

(i) From Lemma 3.1, if we define v(0) = lim, o v() = (N —2v — 2)"y, then
v(r) € C[0, R]. Furthermore, v'(r) < 0 for all re€ (0, R].
(ii) y'(t) > Oforall# > T and y'(t) ~ A5t *y? =17 as t — 4o0. So from
y(t) = (N —2v — 2)"Vv(r), we deduce that
V(0T) =0 if0<p <t
1 «
VIOh) = = (V=20 = 2"y T T =
v'(0T) = -0 if u¥ <p <,
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where

. (N=2\* (2(N-2)—(N-27%)\"
“_( 2 )_< 3 —2(N —2) )

Consider the equation

{y//(t) +17ky2 = =0 1 < o0, (3.3)

lim; o0 y(t) =y,

where y > 0.
Since k > 2, it follows from [2] that problem (3.3) has, for every y > 0, a
unique solution which will be denoted by y(¢, y). Define

T(y)=inf{t >0:y(¢,y) >0 on (t,00)}, (3.4

then T(y) = y =2 T(1). By Lemma 4.1 in Sect. 4, T(1) > 0. Thus for every
y>0,T(y)>0.

Hence, for any given T > 0 and ¢ > 0 small, there exists a unique y such that
problem (3.3) has solution y(¢, y) such that y(T, y) = 0.

Remark 3.2 From the above analysis we conclude that the solution to problem
(1.1) is unique when €2 is a ball centered at the origin.

Now we give an upper and lower bound for y (¢, y).

Lemma 3.2 Suppose ¢ > 0 small, then

yt,y) <z(t,y) for T(y)=t<oo, (3.5)
where
| 2-2e -
z(t,y) = V(l + m,k—z> :
satisfying
2n(t) + 17k _("12%1+1)822*_1 =0, 0<t<o0
. Y = ’ (3.6)
lim; 00 z(2, ) = 7.
The proof is similar to that in [19], and we omit it here.
Set s
y @ =2-6)/(k=2) y2f#&fz)s
= = 3.7
) ki(e) ki (&)
where k1(¢) = (k — 1)ﬁ. Then for any o > 0,
Z(aT87 )/) = CO(,EV’ (38)
where

N o
T (0 + a2/

Co,e
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Lemma 3.3 Let o > 0 and ¢ > 0 small, then for everyt > aT,,
y(ts V) Z Z(ta V)(l - dot,é‘g)v
where
(1 —cqe)(1+2v/(m — 1))
dO[ e = 2
; Fa+2v/(m—1))e
Co,e
Proof By (3.3) and (3.6), we have
(t y) =y — / (S —k 2/{ 3— (1+2v/(m 1))8(s y) ds
Z(t y) =y — / (S (1+2v/(m 1))8 2k— 3(S J/) dS
Hence, by Lemma 3.2,
o0
y(t, y) > Z(t, ,y) _ / (S _ t)s—kz2k—3(s’ y)(z—(1+2v/(m—l))a(s7 y)
t
_ y7(1+2v/(m71))8) ds. (39)
By the mean value theorem we deduce
iZ_(l+2v/(m_l))8(S, y> _ y—(1+2v/(m—l))s|
2v i _
= ( — l)ee ORI 2 (5, ) — ], 2sy) =0 <.
Hence, using (3.8), if «T, <t < 0o, we have
|Zf(1+2v/(m71))e(s’ V) _ y7(1+2v/(m71))6|
2
< (1 T — _V 1)E(CMy)—l—(1+2u/(m—1))ey
2v
< (1 + p— 1) Ec;’if(lJer/(mfl))e
y—(l+2v/(m—l))8.
Inserting this estimate into (3.9), we find that, if r > «T,, then
(14+2v/(m—1))e
Y&, v) > z2(tY) = iy m— e
Ca,e
(3.10)

o0
X / (S _ t)s—/{y—(l+2U/(m—1))822k—3(S’ J/) ds
t

142 1
=207+ e G0 ),

On the other hand, by (3.8), if t > T,

y = cqrz(@le,y) < cgiz(t, y).
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So we can deduce from (3.10) that

(14 2v/(m — 1)) 1
y(t.y) > z(t, V)(l t e (LT )E)
Ca,e

Ca,e

which is the bound we want to prove. 0

Now we return to problem (3.2). We fix T and denote the solution by y (7).
Then lim;_, », ¥(#) = y(¢) and y (¢) depends on ¢. Moreover

Lemma 3.4 lim._ oy (¢) = o0.

Proof From Lemma 3.3, there exists some C(T) > 0 such that y(e) > C(T)
when ¢ is small. Suppose, in contrast, there exists a sequence {¢,}, ¢, — 0 as
n — 00, and a number M > 0 such that y(g,) < M for all n. Then we can
choose a number « > 0 satisfying

=2
-1 2- LR/l N -2 NT )
aTe, =aki(e)” y(en) T s M?*+0o(1)<T, forlarge n.

So by Lemma 3.3, for large n, we have z(¢, y(,))(1 — dyc€n) < 0, which is
impossible. O

Finally, we give two formulae for us to use later. Define
o0
B(€,a,b) = / x4+ x0)7 b dx
3

with positive parameters @ and b. Then
_ T(@r®)

B(O,Cl,b) = m

(3.11)

By direct calculation, we obtain

Lemma 3.5 Supposek > 2, p =2k —3 — (1 +2v/(m — 1))e and & small, then
(i) [ 575 2P (s, y)ds = ki(e)ka(e)y T T OB(z(e), 1 — k(&) ka(e)),
(i) [ s7*zPFU(s, y)ds = ki(e)ka(e)y*© B(z (). ka(e) — k (&), ka(e)),
where
m—1+4+2v k—1

— (F — N/ k=2) —
(m _ 1)(k _ 2)87 kl(s) - (k 1) ’ k2(5) - k _ 25

t k—2
e = (i) -

We end this section by giving

k(e) =

N-2
. 2N =2 . N e
lim; 0k = N2 £ ko, limg 0 ki(e) = <m) £ ki,
. N , . o A
limg—0 k2(e) = 3 = ko, limg 0 cq,e = —5 ~a = Cas (3.12)
(1+av2)
. l—cq A . ]
limg0dye = F— = dy, limg_ok(e) =lime_gt(e) =0.
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4 Proof of the main results

Note that if u.(x) is a solution of problem (1.1) with 2 = Bpg, then from the
previous analysis, we know that

lllimous(x)|x|” =(N-2v—-2)"y(e)
X|—

if R = (m — )T ~Y=D_Thus we need to understand how y (¢) tends to infinity
ase — 0.

We define the following Pohozaev functional which was introduced in [3, 19],
etc.

P 2
Hiy=0?—yy+20* 2 pook—3— 1+ )e=2r—1—e
+1 m—1
4.1
If y(¢) solves problem (3.3), then
142 -1
H () = - L2/ = D) g i 4.2)

p+1
and y'(r) = O(t'=%) as t — oo (see Remark 3.1). So
tl_1>rgo H()=0.
Hence, since H(T) = Ty’z(T), integrating (4.2) over (T, c0), we deduce that

Ty2(T) = (142v/(m—1))e /Oo 9P () de. 43)
p+1 T

This equation is crucial for us to obtain the desired results.

Lemma 4.1 Let T (y) be defined as (3.4), then T (1) > 0.

Proof By Lemma 3.2, y(t,1) < z(¢t,1) for t > T(1). Suppose in contrast that
T (1) =0, then
Y(0.1) <20, 1) = k{7 (o).
So
ya, ) <k e, 0<t,
which means H (0) = 0.
On the other hand, combination of (4.2) and the fact lim,_, o, H (#) = 0 yields
H@)>0forT(1) <t < o0.
Hence, we get a contradiction, and our conclusion follows. ]

Remark 4.1 By Lemma 4.1 and the previous analysis, we deduce that for 2 <
p+1<2and0 < u < (#)2, the following elliptic problem has no solution
in H'(RN).
—AM=ML+L¢” x RN,
|x|?
u>0 x RV,

u—0 |x] = o0.
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Lemma 4.2 lim,_.oy'“©y/(T) = ki, where y = y(¢).
Proof Integrating Eq. (3.2) over (T, 00), we derive

V(T) = foozkyl’(r)dz < /Oozkzp(z) dr. (4.4)
T T

Hence, by Lemma 3.5 (i) and Lemma 3.4, as ¢ — 0,

k=2
T
y! TEY(T) < ki(e)ka(e) B ((;) 1 —k(e), k2(8)> — kikaB(0, 1, k).
&
By (3.11) and the fact that '(x 4+ 1) = xI'(x), we deduce
kikyB(0, 1, k2) = kika/ ko = ky.
Therefore
limsup y ' =©y(T) < ky. (4.5)

e—0

Next, we shall show that for any § > 0,

liggfyl_K(g) Y(T) > ki — 8, (4.6)

which completes the proof of this lemma.
For a given o« > 0, by (3.2) and Lemma 3.4, we can choose a suitable small
& > 0 such that T, > T. Thus (4.4) can be written as

aT, 00
ylflc(E)y/(T) — le(€)</ +/ )[kyp(t) dt
T aTe

= Ji(e, a) + Jo(e, ). 4.7)

Because z(¢) < (y/T¢)t for t > 0, using Lemma 3.2, we have

y P aT,
Ji(e,a) < )/1_"(8)<F) / tP*dt
3 T

—k
<2 P (T, )P—k+1
T, p—k+1

_ H'®
C(k—2)(1 —«(e)
On the other hand, by Lemma 3.3 and (i) of Lemma 3.5, for ¢ > 0 small,

k=21 () 4.8)

oo

Jae,a) >y 71 —da,ss)l’/ t7*zP (1) dt
aTg

= (1 —dyee)Pk1(&)ka(e) B2, 1 — k(e), ka(e)).  (4.9)
Combining (4.7), (4.8) and (4.9), we derive

liln_j(r)lfyl_’((e)y’(T) > kikaB(@*072, 1, ko) — La0=2,
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where .
k1
L = lim N
e—0 (k —2)(1 — k(¢))
Hence, given any § > 0, we can choose « > 0 such that (4.6) is satisfied.
This completes the proof. 0

By (ii) of Lemma 3.5, similar computation also gives

Lemma 4.3

(m—1+42v)e

o0
lim y ()~ D / 175 yPHe, y (e)) At = kika[T (k2)1?/ T (2k2).
E—> T

Now we are ready to analyze the behavior of y (¢) as ¢ — 0.

Theorem 4.1 Let y(t) be the solution of problem (3.2) and denote
y(e) = lim y(@).
—00

Then
ANVE= ki Tk
(N =22 ky [T(kp))?

where ki and k are defined by (3.12).

lim £y%(e) =
e—0

Proof Noting (4.3), we have

[y =@ y/(T)1?
y*K(S) fT?o tfkprrl(t) d[ :

(4.10)

2
(1 + = )8)/2_K(€) =(p+ DT
m—1

Combination of (4.10), Lemma 4.2 and Lemma 4.3 yields
_ ANV — ok T'(2ko)

li 2—k(e) _ T,
lim ey (¢) (N —2)2 & [T (k)2

which also means
y(e)* @ = 0.

As a consequence lim,_.¢ y (¢)*®) = 1. Hence

AN ix — ki T'(2k2) T
(N=2)2 ky[T(k2)]>

lim £y%(e) =
e—>0
Proof of Theorem 1.1 1f y(t) is the solution of (3.2), then
v(x) = (N =20 =2)"y((m = 1" x| =)
is the solution of problem (2.1) in Bg with R = (m — 1)T_TLI, hence

e (x) = x| v(x) = (N —2v —2)" x| "y ((m — )"~ x[t=m).
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Therefore, Theorem 4.1 yields

4 o 1 m—1 o
lim hm e (x| = (N —2v — 2)% N —pky (m (2k2)
e OI=0 <N —-2? k\ R [T (ko) 2

) '(N) 1
—AN"T(N =2 2V N-1 —,
( ) ( ) [F( P RVir

which is the desired conclusion of Theorem 1.1.

Proof of Theorem 1.2 Firstly, using the same method as that in [3], we can gen-
eralize Lemma 4.2 as follows:
LetM > 0and 0 < o < 2, then

limsup {1y (&) ™ ®y (1) —ki| : T <t < My(e)°} = 0. 4.11)

e—0

On the other hand, by the concavity of y(¢), we deduce

—y(T
v = 20220 < v, (4.12)

So, there exists a @ € [T, t] such that
YO =yO~T). 1=T. 4.13)
Combining (4.11), (4.13) and noting the fact that lim,_,¢ y (€)* (&) = 1, we obtain
lim &2 (1) = Tim e~ 2y (e) " lim y()y ()
= [k ko, )72 lim y () @y O) ¢ = T)

= ki[Atky. ko, T2 (t — T), (4.14)
where
AN VE— ik T2k
(N =22 ks [T (k)]

and the convergence is uniform on bounded intervals.
For the solution u (x) of problem (1.1), (4.14) means that as ¢ — 0

Aky, k2, T) =

1 1 1
£ tuslr) =KW, R’“)<|x|ﬁ+m - MﬁmRzm)

uniformly on any annuli p < |x| < R, where

N
K(N.R, ) = —(%/ﬂ) TN W - 2)**Rm_( ).
[T(V)]2

Hence we obtain the desired result.
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Proof of Theorem 1.4 and Theorem 1.5 With the same method as that in Lemma
2.1, we can prove that solution uy, g - (x) of problem (1.2) is in C2(BR) nct (Bgr)
and is radially symmetric. So we can transform problem (1.2) to the following
ODE by setting |x| = r (for simplicity, we write u(r) = uqy, g.¢(X)):

urr(r) + M”/(") 4 pBayp@p—l-e _

u>0 for0O<r <R, 4.15)
Set
Nta=2 e -
= _— , y(t) = (N + o — 2) 17(a,ﬁ)—1_gu(r)’
r

then, problem (4.15) can be rewritten as

yi(t) + Ky @h=1=¢1y = 0, t € (T, 00),

y)>0 for T <t < oo, (4.16)
y(T) =0,
where
2N -2 N +a—2\Nte2
k:ﬁ, 2%—-3=p.p)—1, T= Nto—2 )
N+4+a-—2 R

Similar to Lemma 3.1, we can prove y'(f) — 0 and there exists a positive
y < 400 such that y(t) — y ast — +o00.

Denote '
1 ppp)—2-e ) 2

z(t = 1
z(t,y) )’( tro T 2

We can check that z (¢, y) satisfies
{ Z(t) + tkyEzp@h -1l =,
lim; 0 z(2, y) = y.

Hence z(¢, y) plays the same role as z(¢, ) in Sects. 3 and 4. Theorems 1.4 and
1.5 can be proved by direct calculation.
At last, we give the following remark

Remark 4.2 The method used to prove Theorem 1.1 and Theorem 1.2 is applicable
to analyze the asymptotic behavior of solutions to the following more general

problem:
u ubB—1—¢

—-Au=p——s+—7>-— € Q,
CEERET TR
u>0 x € Q,
u=20 x € 092,
where
N —2\? 2(N —
OSMS(T), 0<p <2, p(ﬁ)=%, 0<e<pp)-L.
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