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Abstract. In this article, we study the baroclinic flow in the primitive equations (PEs) of
the ocean, which are known to be the fundamental equations of the ocean, [4]-[8]. We prove
that the magnitude of the baroclinic flow in the L2-norm is of order O(8), where & is the
aspect ratio of the ocean. Some numerical simulations of the PEs of the ocean consistent
with these estimates are also presented.
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1. Introduction

Seawater is a slightly compressible fluid; its motion and state are governed by
the general hydrodynamical equations and the diffusion equations of temperature
and salinity. The general hydrodynamical equations can be approximated by the
Boussinesq equations (BEs) or the primitive equations (PEs), which are derived
from the BEs by replacing the vertical momentum equation by the hydrostatic
equation, thanks to the fact that the ratio H/L between the vertical and the horizontal
scales is very small, [4-8, 13], and by assuming that the density p is constant except
in the buoyancy term. The BEs and the PEs of the ocean are the core equations of
the large-scale ocean; their mathematical analysis was conducted in [4]. However,
the phenomena of ocean dynamics are very complicated. To understand in detail the
structure of the ocean, scientists rely on simplified models both from the physical
and mathematical points of view.

There are two essential characteristics of the ocean that are used in simplifying
the PEs or the BEs of the ocean. The first one is that, for large-scale geostrophysical
flows, the ratio § between the vertical and the horizontal scales (called the aspect
ratio) is very small. Another small parameter is the Rossby number €, which is the
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ratio of the speed of (horizontal) wind to the speed of rotation of the earth around
the poles axis. For the ocean, these numbers are of order 1073,
In numerical ocean modeling, it is very common in oceanography to treat dif-

ferently the dynamics of the depth average flow u = % f u dz (called barotropic

—h
flow) and that of the departure u” = u — i (called baroclinic flow). In fact, the
barotropic and baroclinic adjustment processes in the ocean have quite different
characteristic time scales. Barotropic adjustment occurs on the order of days, while
it takes years for the adjustment of slow planetary waves in the midlatitude [2].
Motivated by this time scale split, oceanographers use the idea of differential
time stepping for the barotropic and the baroclinic equations when developing
algorithms for solving the PEs of the ocean. Additionally, interaction between
baroclinic and the barotropic waves are thought to be unimportant from a cli-
matic perspective, at least insofar as one needs to explicitly and accurately resolve
them [2].

In this article we study the baroclinic flow of the PEs of the ocean and prove
that its magnitude (in the L2-norm) is of order O(8) for the PEs of the ocean with
both continuous density stratification and with double diffusions. Let us recall that
for the mesoscale or synoptic scale ocean, § = O(1073).

The article is organized as follows. In the next section, we recall from [9] and
[8] the PEs of the ocean with continuous density stratification and the geostrophic
scaling. Using some a priori estimates, we prove that the magnitude (in the L>-
norm) of the baroclinic flow is of order O(§). The third section presents a similar
result for the baroclinic flow of the the PEs of the ocean with double diffusions.
Some numerical simulations of the PEs of the ocean consistent with these estimates
are presented in the fourth section.

2. The PEs of the ocean and the geostrophic scaling

It is well known that the ocean is made of a slightly compressible fluid subject to
the Coriolis force. It is also well accepted that the Boussinesq equations govern the
motion and state of seawater. Furthermore, if we take into account that the depth
of the ocean is small compared to the radius of the earth, the Boussinesq equations
are well approximated by the PEs. In this section, we recall the PEs of the ocean
and their geostrophic scaling following [8].

2.1. The PEs of the oceans. We first recall the primitive equations of the ocean
in the presence of a stratification. We write the total density p,,, and total pressure
Dior in the form

(21) Pror = Ios(z) + lba DPtor = Ps(Z) + 15,
where the vertical mean pressure p,(z) and density ps(z) satisfy the equation

ps(z)
0z

(2.2) = —ps(2)8
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and p and p are spatially and temporally varying departures from the standard
values p; and pj, respectively.

Then assuming the B-plane approximation, the PEs of the ocean in dimensional
form read (see [8])

8V Bv

W—MAV 8 +fk><v+ gradp+(v V)v+w =0,
ap -
= =—gh,

2.3) Sw
leV—i—E:O,
B _ A 8p aps _ 3%ps  apo
ot MTA/O VTa P +(V V)P+w +w—o- oz =Vvr 822 + Cp Q

The boundary conditions are given by
pov 3 =%, w=0, Copovr 2 =ar(5* ). on I,

(2.4) %ZzO,w:O,%:Oonf“b,

v =0, 8’0 =0 onl].
The initial condmons are given by
(2.5 (v, p) = (vo, po) at 1 = 0.

Here p* is a given function representing the apparent density distribution on the
upper surface of the ocean; 7, is the (given) wind stress, which drives the motion
of the ocean; n is the unit outward normal on fl; and k is the vertical unit vector.
Let us recall that the boundary of the domain M consists of the following three
parts:

Ii(z=0)= upper boundary of the ocean (interface with air),
(2.6) fl = lateral boundary,

I'y(z = —h) = bottom of the ocean.

In (2.3)-(2.5), the unknown functions are the horizontal velocity v = (u, v),
the vertical velocity w, the density p, and the pressure p. The positive constant
C) is the heat capacity of the ocean, py is the reference value of the density, g is
the gravitational constant, f is the Coriolis parameter, and Q is the (given) rate of
internal heating that vanishes in the ocean and is introduced here for mathematical
generality. For more details on the PEs of the ocean, the reader is referred to [3,
9,10, 14] for the physical aspect and to [4], in which the existence results for the
system (2.3)—(2.5) is studied; see also [12].

Here the differential operators V, A, and div are all (2D) horizontal operators
acting on the variables x and y. The positive constants v and p are the viscosity
coefficients, and vy > 0 and pur > 0 are the thermal diffusivity.

The PEs (2.3)—(2.5) are derived from the Boussinesq equation using the fact
that the aspect ratio § (ratio between the horizontal and the vertical length scales)
is small [4,8,9].
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2.2. Geostrophic scaling. Here we first recall from [8] a standard scaling for the
PEs of the ocean. We set

/ / / L !’
(2'7) (x9yazat)=<Lx7LyaHZ9Ut>a
where U is the reference value of the horizontal velocity.
We also set
’ H roT
(2.8) v=UV, w=—Uw', h = Hh,

L

Prot = Ps(2) + Lpo foUP', pror = ps(2) + €Fpop’, fo = 252 cos by,
29) 1 0 6

F_ 7 cos @ — cos

f=rhl+ef), fi = EWOO =0, f=1+ef,
where F = fOsz /gH is the Froude number, § = H/L is the aspect ratio, € =
U/ foL is the Rossby number, and 2 is the angular velocity of the earth.

Other nondimensional parameters are given by

1 _ @ 1 _ v
., LU R, LU’
1 _ M7 1 _ vr
(2.10) R_t]_L_’ R_Q_W’
,0*_ ;5* L&T — L =
€Fpy> “T 7 C,HUpy ™~ poU’H

We introduce the nondimensional function
vrg 0 2 Ps gHa -

2.11 F = = + =
@1 T HUw 07 UG,

Hereafter we assume that
(2.12) F, = 0Q).
The nondimensional space domain M has the form

M ={(x,y,2); (x,y) € M5, —h <z <0},
(2.13) { :
M C [(x,y); Xl < 5. Iyl < Q}-

We denote by I3, I}, and I the boundaries of M given by

I;(z = 0) = upper boundary of the ocean (interface with air),
(2.14) I} = lateral boundary,

I'y(z = —h) = bottom of the ocean.

Substituting these expressions of dimensional functions, variables, and parameters
in the PEs (2.3), and suppressing the primes in the nondimensional variables, we

' That is |§ — 69| is small, O(e).



Baroclinic flow in the primitive equations S5297

obtain the following nondimensional form of the PEs of the ocean (see [8] for more
details):

av € i
[ +(v- V)v—i—wa ] R_elAV_S R, a—+ﬂ<xv+gradp 0,

ap _

(2.15) &=
’ : ow _
div v+ E = 0,
P Ly, 3_0] € pp € B

E[at + (V- V)p+was R, Ap PR, 02 ow = eF>,

with
1 dp; . . .

(2.16) o=o0(z) = ——F ™ > ( (assuming stable stratification, [8]).

The boundary conditions (2.4) become

52}@2 g—; =1, w=0, 32}% g—f =ar(p* —p)onl;,
2.17) N =0, w=0, g—§=00nrb,

v=0, g—z =0on I;.
The initial conditions are
(2.18) (v, p) = (vo, po) att = 0.

From (2.15),, (2.15)3, and (2.17) we derive

0
p= ps+/ pdz,
z

0
(2.19) w= / div vdz = W(v),
z

.
/ div vdz = 0.
—h

Then equations (2.15) become

av av € e v
e[ G+ oIV WG] - g av - S g T
0
+ grad p; +grad | pdz =0,

(2.20) z

/ divvdz =0,

2
[ +(v - V)p+W(v)%—§]—RLI1Ap—82;t aaT'O—O’W(V)ZGFQ.
2
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Remark 2.1. Hereafter, for simplicity we will consider only homogeneous bound-
ary conditions and we will assume that the functions p* and 7, in (2.17) are
identically zero, that is, p* = 1, = 0; see Remark 3.2 for the nonhomogeneous
case at the end of Section 3. Let us mention that with the boundary data of the
form 7, = (ccos2my, 0), which is commonly used in oceanography to simulate the
double-gyre phenomenon, the boundary conditions (2.17) present a discontinuity
on dl7}; since dv/dz = 0 on 91 by (2.17),, and dv/9z = 82Reztv # 0 by (2.17);.
This discontinuity may affect the accuracy/stability of the numerical schemes if
special care is not taken. To overcome this problem, it is common in oceanography
to take 7, = 0 and to compensate it with a body force F| = g(z)I', in the momen-
tum equations. We will also consider the general case where the zero forcing term
on the right-hand side of (2.20); is replaced by a given function €F;. To simplify
the analysis, we also assume that ¢ given by (2.16) is constant. Some specific
empirical formulations for pg and p; can be obtained from physical and numerical
considerations. A typical density profile is given in [9], and a linear approximation
ps(2) = po — bz (b > 0) for the density profile was used in [1].

2.3. Function spaces. We first introduce the following function spaces based on
the space L?(M) and the Sobolev space HY(M) :

0
(2.21) V) = {Ve (Hl(M))z,/ div vdz = 0, v=00nn}.
—h

Let Vo, = HY(M), V = V| x V, and let H be the closure of V in (L2(M))>.
Hereafter we denote by (-, -) the inner product in L?>(M) or in (L*(M))". The
associated norm will be denoted by | - |, 2, and || - || will denote the norm in H' (M)
or (H'(.M))" for any positive integer 7.

Now we define the following forms:

1 1 o9vov
2.22 V) = —VvVVy + ——dM,
I A A v
_ 1 . 1 0dpap / -
2.23 ,p) = —VpV ———dM dr;,
(2.23)  ax(p, p) /Mo{Rzl P p+52Rt2 % az} + Fiarapp i
(2.24) el(v,ff)zf (fk x v) - vdM,
M
N - vl .
(2.25) bl(v,v,v)=/ |:(V~V)V+W(V)—:|~VdM,
M 0z
PN . ap| .
(2.26) by(v,p,p)= | o (V~V),0+W(V)£ - pdM,
M

0
227)  ri(p, V) = / (v f ,odz)w?deM, (v, p) = f W) pd M,
M z M
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(2 28) a(uv ﬁ) = (l](V, {’) + a2(,0, b)? r(uv ﬁ) = rl(pv {’) + rZ(Vv 15)7
’ bu,a,0) = by (v, V, V) + br(v, p, p), e(u,it) = ey (v, V),

foru= (v, p),a = (V,p), anda = (v, p).
We also define the following operator Ap by

Ay H— H

(2:29) Ao(v, p) = (v, O',O)

Proposition 2.1. The forms a and a;(i = 1, 2) are coercive, continuouson V x V
and Vi x V;, respectively. Moreover, we have

230 ai(v,v) > ci|Ivl?, Vv € Vi, ax(p, p) = c2llpll®, ¥p € Va,
' a(u,u) > collul®, Yu eV,

where ¢; = 1/c|, ¢} = cMax(R,,, R.,), ¢2 = 1/c}, ¢, = cMaxR,,, R;,),
co = 1/¢j, ¢, = Max(c}, ), and c is an absolute constant independent of § and
of physically relevant constants such as ar, R,;, R;,.

Furthermore, we have

(2.31) ailul}, < (Aou,u) < ul},, Yu e H,

where a1 = Min(1, 0), ay = Max(1, o).

Proof. The coercivity of a follows from the Poincaré inequality, while that of a,
follows from the term pp that appears in (2.23).

2

L2>

To prove (2.30);, we note that
. 1 1 2 av |? .
> CMIH(H, R_ez> |VV|L2 + a_Z)LZ (SIHCC 6 < 1),

> civl?,

ar(v,v) = eMin (7=, ) (WV& v |2

(2.32)

and (2.30), follows. The proof of (2.30),, (2.30)3, or (2.31) is similar. The conti-
nuity of the forms a and a; is obvious.

Hereafter we denote by ¢ a generic constant that is independent of physically
relevant constants such as ar, R.,, R;; and c4 will denote a generic constant inde-
pendent of the aspect ratio 6.

Proposition 2.2. For (u,t) € V x V, we have
(2.33) b(u,a,u) =0, e(u,u) =0, r(u,u) =0.

Moreover, the forms r, r;, e, e; are continuous on V.x V, Vi x V;, V. x V, and
Vi x Vi, respectively.
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Proof. The complete proof is given in [8]; therefore, we omit the details. It is clear
that (2.33); and (2.33); are satisfied. To prove (2.33)3, we replace v by vin (2.27),
and integrate as follows:

0
ri(p, v) =<V/ pdz, V>
z0
(2_34) = <—/ pdz, diVV>
Z0
= <107/ d]V V> = _r2(vv 10)9

and (2.33)3 follows. The continuity of the forms r, r;, e, e; is obvious. O
Now we consider the following variational formulation of the PEs (2.20),

(2.17)—~(2.18), with a source term € F;, F| = O(1), added to the right-hand side of

(2.20):

Problem 1. For uy = (vo, po) € H, find u = (v, p) such that

6% (Aou, ) + €a(u, ) + eb(u, u, 0) + e(u, W) + r(u, @)
=e(Ao(Fy, F>),0), Vi€ V,u=mugpatt =0.

(2.35)

The existence of weak solutions to Problem 1 was studied in [8], in which the
following result was proved.

Proposition 2.3. For any T > 0, there exists at least one solution u = (v, p)
defined on (0, T) for the system (2.35), such that

(2.36) u € C([0,T], Hy),

where H,, is the space H endowed with the weak topology.
Some a priori estimates
Replacing u by u in (2.35) yields
d
(2.37) € EAOU’ u)+ €(Au,u) = €(Ao(Fi, Fr),u),

from which we derive

< Auu) VV| 1 ‘&2 +L|V |2
dr ™ 82R 0z |2 ' Ry Ply2
(2.38) {18

+82R12 3_,2 L2+O{TV/F, p*dl} < |Fil2IVl2 + loFal 21l 2,
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and
d 1 2 1 |av]? L2,
diAm.u) + gV £ o + ol
9
(2.39) R,. VoL, 2821R P L S |Fil2IVl2 + oF 21p],2
LR+ Gl + okl
Then
d 1 |av]?
(2.40) diom )+ 19V 282Re |12
' 9
TR IVoL + 2521 W <dRE + LloRl,
Finally, using (2.31) we derive
T T
2 2 2 1 2
(2.41) w72 < c| ol + |Fi],dt + — |Falyqdt | = K
L L 0 L e Jo L
and
1 [Tlav|? 1 (Tlopl
(2.42) 2—/ 2 ar <k, 2—/ L1 ar < k.
1) Rez 0 aZ L2 1) R’Z 0 32 L2

2.4. Barotropic-baroclinic splitting. Hereafter, for a given function u we set:

1 0
(2.43) u:—/ udz, u” =u—i.
h )

In oceanography, the vertical average i is referred to as the barotropic flow and u”

is called the baroclinic flow [3, 14]. The following properties hold.
Proposition 2.4. The following properties hold true:

(1,0°) =0, Yu,v e LEM),

W), < 2h ‘g—;“Lz, Vu € H' (M),

(A, ") =0, Yu € H*(M),Yv € LE (M),
(2.44) (u AV + aav > 0, Yu € L*(M),Yv € H*(M)

satisfying % =0 onI;U I,
(4, av’ +3a > 0. Yu e H2(M), Yo € HX(M)

satisfying g—lz) =0 onI;UTy.
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Proof. (2.44)1, (2.44)3, and (2.44), are clear by definition of it and v. For (2.44),,
we notice that

0 0 by 2 0 2
0 0
(2.45) f Iublizdzs4h2/ (i) dz=4h2/ (-”) dz
—h —h aZ —h 8Z

since
0

(2.46) / u’ dz = 0.
—h

Therefore, (2.43), follows from (2.45).

For (2.44)4, we notice that

_ 9% , 0% _ , 0%
(2.47) / —Aii—— | | —Av—— =/ —Aii [ —AV = — ) =0
M 0z 0z M 0z

since

0 ) 0 ava ) v
(2.48) v dz =0, —dz=01f8—=00n1",-U1"b.
—h Z

—h 322

Therefore, (2.44)4 follows from (2.48).

Proposition 2.5. Let u = 0 + u” be a solution of (2.35) given by Proposition 2.3.
Then there exists a constant c4 = c4(F1, F2, Re, Re,), Ry, Ry,, M, T) independent
of § such that

T
(2.49) / 0’7 ,dt < c48”.
0

Proof. Using (2.42) and (2.44), we derive

2

dt
L2

T T 8“
f [u’|?,dr < 4h2/
(2.50) o L o |0

2
< cK;8,

which proves (3.42), and we conclude that

1

T 2
(2.51) (f Iub|i2dt> = 0(5).
0

3. The PEs with double diffusions

In this section, we prove that the magnitude (in the L>-norm) of the baroclinic flow
of the PEs of the ocean with double diffusion is of order O(5). The steps we follow
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are similar to those of the previous section; therefore, we will omit the details. We
first recall from [8] the PEs of the ocean with double diffusions.

In order to obtain a proper geostrophic scaling of the PEs, we need to con-
sider the standard temperature and salinity profiles, i.e., the mean temperature
and salinity distributions. For the mesoscale ocean, it is legitimate to consider
the vertical profile of these functions. Let 7;(z) and S;(z) be the vertical strati-
fication profiles of the temperature 7, and the salinity S,,, respectively, which
can be considered as the mean values of T,,; and S;,; at level z. We refer the
reader to [1,9] for some typical profiles of the temperature and salinity func-
tions.

We write the temperature and salinity functions as follows:

3.1 T = Ts(@) + T, Sir = S5(2) + S,

T and S being the deviations of T;, and S, from Ty and Sy, respectively.

We also assume that the density profile py is such that the following equation
of state is satisfied:

(3.2) Ps () = 100(1 - IBT(TS - Tref) + ,BS(SS - Sref))’

where 7 and B are expansion coefficients and 7,,rand S, are the reference values
of T;,, and S,,,, respectively [8].

We assume that the hydrostatic equation is satisfied. Therefore, we assume the
existence of a vertical mean pressure p;(z) satisfying

ps(2)

(3.3) .

= —pPs (Z)gv

where g is the gravitational constant. We also write the total density p,,, and total
pressure py,, in the form (2.1).

Then, assuming the B-plane approximation, the PEs of the ocean in dimensional
form read

%—‘;—MAV—V%+]‘I€XV+ ——grad p+ (V- V)V+wav 0,
E: glb’
dlvV—i—aa—w—O,
(3.4) ) ‘ )
- T, T
%—t—mm—w% +(v- V)T—l-w%T—l—waaz VT%,
aS i S, %S,

+(V V)S 4+ w

o MSAS_VSB aZ+waZ—VS sz

b= po(—BrT + BsS).
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The boundary conditions are given by
pov3¥ =7, w=0, Cppovr ST =ar (7 - 1),

Cppovs% =as(S* = Son Ty,
(3.5)

Here 7* and S$* are given functions representing the apparent temperature and
salinity distribution on the upper surface of the ocean, while %, is the (given) wind
stress, which drives the motion of the ocean; n is the outward normal on fl, and k
is the vertical unit vector.

The initial conditions are given by

(3.6) v, T,S) = (vo, To, Sp) at r = 0.

In (3.4)-(3.6), the unknown functions are the horizontal velocity v = (u, v),
the vertical velocity w, the temperature T, the salinity S, and the pressure . The
positive constant C, is the heat capacity of the ocean, p is the reference value
of the density, g is the gravitational constant, and f is the Coriolis parameter. For
more details on the PEs of the ocean, the reader is referred to [3,9, 10, 14] for the
physical aspect and to [4], in which the existence and uniqueness results of the
system (3.4)—(3.6) is studied; see also [12].

Here the positive constants v and w are the viscosity coefficients, vy > 0 and
pr > 0 are the thermal diffusivity, and vg > 0 and pug > 0 are the diffusivity
coefficients of the salinity.

The PEs (3.4)—(3.6) is derived from the Boussinesq equation using the fact that
the aspect ratio & (ratio between the horizontal and the vertical length scales) is
small [4,8,9]. For the nondimensional form of the PEs (2.3)—(3.6), we consider the
geostrophic scaling (2.7)—(2.9) and we scale T and S; by

(3.7) (Ts, S5) = (TrefT, SyeSy)-
For the temperature and salinity deviations, we set
(3.8) T = €FT,yT', T = €FS,yS'.

Other nondimensional parameters are given by

(3.9)
1 _ w1 _ v 1 _pr 1 _ v 1 _ps 1 _ Vs
R, LU R, LU R, LU R, LU R, “LU R, _ LU
7 P «_ T sk __ * L&T
,BT—ﬁTTreﬁ ,BS—ﬁSSrejfy T" = EFTef’ EFSr B CpHU,OO’
Lag L -
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We introduce the nondimensional functions

1)TgI—I asz

3.10 -
( ) f()UzTref 072

2 =

B USgH 82Ss
N f‘()Ueref 322

Hereafter we assume that

(3.11) F,=0(01), F; =0().

Substituting these expressions of dimensional functions, variables, and param-
eters in the PEs (3.4), and dropping the primes in the nondimensional variables,
we obtain the following nondimensional form of the PEs of the ocean with double

diffusion (see [8] and above for more details):

(3.12)
e[&—i—(v V)V—i—wav] € - av—i—ﬂcxv—i— rad 0,
o z| " R, 57R,, 022 gacr=
p _
E__’O’
w _
divv+ ¥ =0,
oT | _ e T —
[ o oruil]- £ ~ PR, 62 TOW= €l
as ) 0S1_ € g _€ 08 _
e[at—i-(v V)S—i—waz] R 82R, o + oow = €F3,
pz_ﬁTT+ﬁSS9
where
1 97T, 1 aS
(3.13) o1 = — o= —.
FTref 0z FSref 0z

Using (2.19), the PEs (3.12) can be written in the form

(3.14)
[av—i—(v VIV + W(v) 5 ]—RLEIAV—Sie gv—i—ﬂcxv—i—gradps
0
+grad/ pdz =0,
0 z
fdivvdz:O,
—h
2
e[+ nT+wmil]- £ —SQLR%—;qLalW(v):eFZ,
o as € € 9’8 _
e[m (v~V)S+W(V)&]—R— — PR S eV = eh,
p=—PBrT + BsS.
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The boundary conditions (3.5) become

(3.15)

1 dv _ _ 1 oT _ x 1 9SS _ . .
7R, 0~ =0 g g =T ) gy masST =Sy on I,
ov _ _n 0T _n 0SS _
g—O,w—O, 82_0’ az_Ooan,

_ T _ aS _
v=0, W_O’ W_Oonl“l.

The initial conditions are
(3.16) v, T,S) = (vo, Tp, So) att = 0.

The mathematical study of the PEs of the ocean is given in [4,8], in which the
existence of weak solutions was proved.

Remark 3.1. Hereafter, for simplicity we will consider only homogeneous bound-
ary conditions and we will assume that the functions 7%, S*, and 7, in (3.15)
are identically zero. We will also consider the more general case where the zero
forcing term in (3.14); is replaced by a given function €F; see Remark 3.2 for
the nonhomogeneous case (7", S*, 7, # 0). We also assume for simplicity that the
temperature and the salinity profiles are given such that

(3.17) ki = Bro;' >0, ky=—Bs0; ' >0
are constants.

Hereafter we set
(3.18) V=V xV, xV,,

and we define H as the closure of V in (LZ(M))*.
We also define the following forms:

1 1 9vov
(3.19) a1<v,v>=/ {—VVV€7+2——V—V}d,M,
# | Re 8*R,, 9z 3z
(3.20) ay(T, T) fk ! VIVT + L aroT dM+/ k\TTdr;
V) el L) = o . o i
? M ! R;, 8’R,, 0z 0z I i
(3.21) as(S, S) /k : VSVS + L 954§ dm+/ k> SSdT;
. a N = - o »
3 v R, 87R,, 9z 0z P
(3.22) el(v,ff)zf (fk xVv)-vdM,
M

(3.23) bi(v,V,V) = / [(V- V)V + W(V)§j| -VdM,
M 0z



Baroclinic flow in the primitive equations S307

5 aT | -«
ki (V~V)T+W(v)a—i|-TdM,
Z

(3.24) by(v, T, T) =

e

~ aS | a4
ka|(v-V)S+ W(V)a—:| - SdM,
Z

3

(3.25) by(v, S, §) =

e

0
(3.26) rn, T, 5):/ <v/ bdz)~vdM, p=—BrT + BsS,
M z

(3.27) rav, T) = / WW)TdM, r3(v, S) = / W(v)SdM,
M M
a(u, 0) = a,(v, V) + ar(T, T) + a3(S, S),
(3.28) r(w i) =ri(v,T,8)+rv,T)+rv,S),
b(u, i, 0) = by (v, V,V) + ba(v, T, T) + b3(v, S, S), e(u, @) = e (v, V),

foru=w,7,5),a= %7, anda = (¥, T, 5‘).
Here the operator Ay is defined by:

Ay H— H

3.29
5:29) Ao(v, T, 8) = (v, ki T, k2S).

Proposition 3.1. The forms a, a;(i = 1, 2) are coercive, continuous on V. x V,
Vi x V;, respectively. Moreover, we have

ai(v,v) = ci|[vI%, Yv e Vi, ax(T, T) > co| T|*, VT € Va,
(3.30)

as(S, S) > c3||S|I*, VS € Vs,
(3.31) a(u,u) > collul?, Yu eV,

wherecy = c1(Re;, Reyy M) > 0, c2 = 2Ry, Ry, M) > 0, ¢35 = 3Ry, Ryy, M)
> 0, co = co(Re;s Rey, Ryy s Ry, Ry, Ry,, M) > 0 are constants independent of §.
Furthermore, we have

(3.32) aiful?, < (Agu,u) < wful?,, Vu e H,

where a; = Min(1, k1, k), ap = Max(1, ky, k).

Proof. The proof is similar to that of Proposition 2.1.

Proposition 3.2. For (u,0) € V x V, we have

(3.33) b(u,a,u) =0, e(u,u) =0, r(u,u) =0.

Moreover, the operators r,ri(i = 1,2), e, e;(i = 1, 2) are continuous in H.

Proof. The proof is similar to that of Proposition 2.2 and is given in [8].
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We now consider the following variational formulation of the PEs (3.12)—(3.15).
Problem 2. For uy = (vo, Ty, Sp) € H, findu = (v, T, S) such that

(3.34)
L‘ft (Apu, 0) +€ea(u, ) +b(u, u, ) +e(u, ) +r(u, 0) =€(Ag(F1, F>, F3), ),

Vie V,u=ugattr=0.

The existence of weak solutions to Problem 2 was studied in [8], in which the
following result was proved.

Proposition 3.3. Forany T > 0 there exists a least one solutionu = (v, p) for the
system (3.34) defined on (0, T) such that

(335) ue C([Ov T]9 Hw),

where H,, is the space H endowed with weak topology.

Some a priori estimates
Replacing @ by u in (3.34) yields
d
(3.36) e<aAou, u) + (A, u) = e(A(F1, B, Fy), u),

from which we derive

1 2 1 |av]® | Kk 2
<th0u u> RV + g }87 + REIVTE,
2
ki |aT 2 ko |ds
3.37 L |oT T2dI + 2|V
(3.37) +82Rf2 oz L2+ozT/ +R | |L2+52 %),

+mf§w%qﬂmwm+MJmﬂﬂu+mamwm,

and (3.30) gives

(3.38)

d 1 1 |av|* | ¢

<%Aou,u>+R—e||Vvliz+m S|+ GITI + 7 -IVTE,
ki |aT |? LSS ko
5= S YA =

+ 282R72 az ” ” + 2 | | 282RS2 0z 12
< |Filp20vl2 + lka B2l 2| T 2 + ko P31 121812
=

Z%W%ﬁﬂﬂ@+%MW+%WB@+%MW+%MMZ
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Therefore,
(3.39)
d 1 gy L |ov] | ki > ki |aT|?
(o w) o 19V + gl [+ 2 19T + 53 |5
k 2 k s |2 2 c 2 c 2
—i—ﬁWﬂLz + ﬁ ‘E 2 SClblp + Gl + Gl sl

Finally, using (3.32) and (3.39) we derive

(3.40)
2 2 TF2d lTF%J lTde =K
[u(®)];, <c | laol;+ | Fi|]dt + | F>|dt + |F3];,dt | = K>
0 2 Jo 3 Jo

and

(3.41)

1 (Tlav] 1 (Tler| (7
- dthQ,—/ dtslﬁ,—/
52R€2v/(; L2 82R[2 0 L2 82[\’52 0

Proposition 3.4. Let u = it + u’ be a solution of (3.34) given by Proposition 3.3.
Then there exists a constant cs=cs(F1, F», F3, Re,, Re,, Ri,, Ry, Ry, Ry, M, T)
independent of § such that

v 2

oz

oT
0z

aS

dt < K.
0z =02

L2

T
(3.42) / ’[7,dt < c58°.
0

Proof. The proof is similar to that of Proposition 2.5.

Remark 3.2. 1f the wind stress 7, in the boundary conditions (2.17) or (3.15) is
not zero, we can “homogenize” the boundary condition as in [4] (assuming some
regularity on 7,) and write v into the form

(3.43) V=V +V,

where v is known and depends on t,, and v; satisfies a homogeneous boundary
condition. Assuming enough regularity on v we can use the idea presented above
to show that the magnitude (in the L?-norm) of the baroclinic component v? of v
is of order §, provided we make a consistent assumption on the magnitude of ,.
The same remark holds for 7 and S in this section if 7%, §* # 0.

4. Numerical results

In this section, we present some numerical simulations of the PEs of the ocean with
continuous density stratification. First, we numerically check the order of magni-
tude of the baroclinic flow, and in the second part we present some simulations of
a wind-driven flow in an idealized ocean model.



S310 E. Simonnet et al.

4.1. Numerical accuracy check. The focus of this numerical experiment is to
numerically check the order of magnitude of the baroclinic flow and compare it
to the estimates (3.42). In our experiments, the basin configuration is the (non-
dimensional) cube [0, 1] x [0, 1] x [—1, 0]. Let us simply recall that this is a two-
gyre, wind-driven ocean problem with a steady sinusoidal wind stress (maximum
79 = 1 dyne cm~* ) in a basin that is L x L x H km (east-west x north-south
x bottom-surface extent). The Coriolis parameter is given by f = fo + By,
fo =93 x 107!, B = 2. x 107" m~'s™!. The model does not include
bottom topography. The ocean is forced by a steady wind stress 1o = (17, rg ) =
(—10~*cos(2my/L), 0) and a density variation. Other dimensional quantities are
givenby U = 107" ms™!, ¢ = 9.8 ms~2, and L = 2.10°m. The initial condition is
givenbyv=p=0att =0.

The details on the numerical method are given in [11]. Let us simply recall that
all the operatorsin (2.20), (2.17), (2.18) are discretized using a second order central
differencing scheme. The Jacobian operator appearing in (2.20) is approximated
using Arakawa’s method [14]. For the time integration of the model, we use a fourth
order Adams—Bashforth method. In all the computations presented in this article,
the (nondimensional) time step is At = 10~*. For the space discretization, we take
100 x 100 points in the x-y plane and 10 points in the vertical direction. For the
boundary condition (2.17), we take t, = p* = 0 and compensate with a forcing
term F| in (2.20); defined by

4.1 Fi = c(g(2)7, 0),
where g(z) is defined by
(4.2) g(z) =0.5(1 +tanh ((z/H + z1)/€1)),

where z; and € are very small constants chosen such that the forcing F is nonzero
only on the first couple layers from the surface of the ocean.
The forcing term F; in (2.20), has the form

8% o,
(4.3) B2 =2 /p,,
0z

where p; is given by
(4.4) ps(z) = 1028 — 3exp (10z/H)
and c is a constant.

The following table shows the order of magnitude (in the L?-norm) of the
baroclinic flow defined by

T 3 T >
(4.5) order = </ |Vb|izdt) / (f IFllizdt)
0 0

for different values of H and for the (nondimensional) integration time 7 = 20.
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H (meters) 1000 2000 2500 3000 3500 4000 5000
S=H/L 51074 1073 1251073 | 151073 | 1.75.1073 | 2.1073 2.5.1073
order 9.28.107% | 1.86.1073 | 2.28.1073 | 2.66.1073 3.1073 3.3.1073 | 3.84.1073

The table above clearly shows that the order of magnitude (4.5) decreases with 4.
Moreover, for H = 1000 m, the order of magnitude is almost half its value when
H = 2000 m. Comparing the order of magnitude for H = 2000 mand H = 4000 m
as well as for H = 2500m and H = 5000m, the table seems to indicate that
as § decreases, the order of magnitude (4.5) of the baroclinic flow is (at most) of
order O(9).

08 1 081
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031

02

0.1f

1027

1026

2 1025
H

1024

10231

L L L L L L L L L L L L L L L
01 02 03 04 05 06 07 08 09 1 =] 08 06 04 -02 0 02 04
y z

Fig. 1. Snapshot at the (nondimensional) time ¢ = 32.99 of the barotropic streamfunction,
the surface density deviation, the total density at x = 0.25, and the total density at (x, y) =
(0.5, 0.5).

4.2. Double-gyre simulations. In this subsection, we present some simulations
of the wind-driven flow in an idealized ocean model. In our experiments, the basin
configuration is as described above with H = 4000 m. The following figures show
a time sequence of the surface density deviation (that is p(x, y, 0)), the barotropic
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norm of the barotropic streamfunction

L L L L L ) L L L L L
0 10 20 30 40 50 60 0 10 20 30 40 50 60

time (years) time (years)

Fig. 2. Kinetic enegy and norm of the barotropic streamfunction with respect to time (in
years)

streamfunction , the total density at x = 0.25 (that is, (ps + 0)(0.25, y, 7)) and the
total density at (x, y) = (0.5, 0.5) (that is, (ps + p)(0.5, 0.5, z)) for the Reynolds
numbers R,, = R,, = R, = R, = 103. For these values of the Reynolds
number, the flow remains time dependent. This is confirmed by Figure 2, which

1/2
represents the energy ( / |v|2dxdy> of the flow and the norm of the barotropic
2

1/2
steamfunction ( / |1p|2dxdy> with respect to time (in years), where ¥ is the
Q

barotropic streamfunction. A thorough analysis of the double-gyre circulation with
the PEs of the ocean will appear elsewhere.

5. Conclusion

In this article, we have studied the baroclinic flow of the PEs of the ocean, and we
have derived some estimates of its order of magnitude in the L?-norm. We have
presented some numerical tests that agree with the estimates. The article ends with
some simulations of the wind-driven flow using the PE model.
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