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1. Introduction

Consider a singularly perturbed system with forcing that is derived from an
electrical circuit, called a Cellonics element (see the Web site of Cellonics:
www.cellonics.com):

b= ft) — i,
el =v— o), (1.1)

where v and i denote the voltage and current, respectively, € > 0 is a small
parameter, f(¢) is the time derivative of the input voltage, and ¢ is the current-
voltage characteristic of the circuit and is given by the following;

Kii, ifi > 0;
¢(i) = { K»i, ifip<i <0
Koig + K1(i —ip), ifi <ip,

where ip < 0 is a constant, K; > 0, and K, < 0. The graph of the function is
piecewise linear and of S-shape.

Figure 1 shows the components of the circuit and the graph, and Figure 2 shows
the characteristic function ¢.

In Figure 3, we show a typical analog input and its output signal after going
through the Cellonics element.

We note that the input and output signals in Figure 1 are typical of bursting
and spiking outputs in neuron models (see, for example, [1]). In this paper, we will
present a detailed study of the spiking phenomena over a fixed, finite time interval,

S.-N. Chow: Georgia Institute of Technology, Center for Dynamical Systems and Nonlinear
Studies, Atlanta, GA 30332, USA, e-mail: chow@math.gatech.edu

W. Huang: University of Alabama in Huntsville, Department of Mathematical Sciences,
Huntsville, AL 35899, USA

* Research was partially supported by NSF grant DMS-0204676.



S130 S.-N. Chow, W. Huang

Ry
+ \‘/c| -t D Vcc
7
* +
+ av _dVe i Input signal
AN a "~ dat T C putsig
| ACS I Ri d
e— =V—=¥(3) IV Characteristic
_ dt
R
— % Vs = Vc + \%4
Fig. 1. A Cellonics circuit
) .
v = ¢(i)
Vv
20

Fig. 2. Characteristic curve

in particular, the number of spikes over a finite time interval and their bifurcation.
Note that we will not be concerned with asymptotic or chaotic behavior of the
system (see, for example, [5,4] and references therein). In what follows, we will
explain our motivation for the mathematical studies on the number of spikes over
a fixed time interval.

A vector field analysis indicates that the stable slow motions of equations (1.1)
consist of two sets .§1 and §2 in the v-i plane with

Si={(wi):i=¢ "(v)=kv,v>0}
S ={(v,i): i =¢"" (W) = —b+kv,v<v),
where k = 1/K, v* = Kjip, and b = —ig + kv*.
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It is clear that the attracting part of the slow motions are those points (v, i) with
0 < v < v*, namely,

Si={(w, i) : i=kv,0<v<v"}

S ={(v,i): i =—=b+kv,0<v<v*

The fundamental property of equations (1.1) is the relaxation oscillation of its
solutions. For sufficiently small € > 0, a solution starting at any point will converge
quickly to a small neighborhood of one piece of stable slow motion and stays there
for a relatively long time. Because of an external force f(f) the solution will
eventually be pushed out of this neighborhood and then quickly jump to a small
neighborhood of another piece of stable motion. When time varies, the solutions
repeat this pattern, which can create many interesting dynamical phenomena, such
as stable periodic solutions, period doubling, chaos, horseshoes, etc. [5,4]. We also
note that equations (1.1) is precisely the equation considered by Levinson in [6].
However, the reason Levinson considers the piecewise linear case is to show it
has the same singular behavior as the forced van der Pol equation and for which
the proof is considerably simpler. In [2,3], Levi studied in detail a forced system
similar to ours but with an extra € as the coefficient of i in the first equation of
equations (1.1).

However, the purpose of our paper is not to further explore those properties
mentioned above but to consider them in a different direction that has important
applications to signal processing, analog-digital modulation, and wireless or wire
communication. The circuit in Figure 1 is part of a technology recently patented
by Cellonics. It is a new technology, based on nonlinear dynamical systems, of
converting analog signals to digital signals. In Figure 4, we illustrate how this
conversion is achieved by counting the number of spikes separated by silent periods.

One of the most important features of their demodulation technique is its carrier-
rate decoding, which enables one information symbol to be carried in one RF carrier
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cycle. Conventional systems, which are usually linear systems, require thousands
of cycles to capture one symbol. Thus, this unique carrier-rate decoding is offered
throughout at maximum rate. We refer the reader to www.cellonics. com for
more detail and its application in communication.

We will consider the mathematics behind this technology. In particular, we
are interested in the number of cycles a solution completes in one time period of
the periodic forced function f. Since any completion of one cycle will introduce
a spike in the solution, in other words, we want to study the number of spikes
for a solution in one time period. Another important issue, from the point view of
applications, is the stability property (which is required for the circuit to achieve
one information symbol in one RF cycle). There are two aspects regarding the
stability of spike solutions:

1. Stability of the number of spikes under perturbation of initial value uniformly
for all sufficiently small € > 0.

2. Stability of the number of spikes as time goes to infinite. That is, the number of
spikes remains fixed when time runs in the first time period, second time period,
third time period, etc.

Since a solution reaches either a small neighborhood V| of S; or a small
neighborhood V, of S, in a very short time, we may only consider solutions
that start at a point in V| or V,. Let P(zp) be a period 1 map corresponding to
equations (1.1). That is,

P(ZO) = (U(T’ 09 ZO)’ l(T9 0’ ZO))a

where T is the period of the forced function f and (v(z, 0, zo), i(t, 0, zo)) is the
solution of equations (1.1) satisfying the initial condition (v(0), i(0)) = zo. Then,
for instance, in order to have the stability of (v(z, 0, z¢), i(z, 0, zo)) with zg € V}
in the sense of the number of spikes, there must be a neighborhood U, of zg such
that

P"Uy) CVi, n=12,....
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However, the above inclusion is not easily verified unless P(V;) C V|, and it may
not be sufficient because it only indicates the completion of the number of cycles
in one time period but does not guarantee that the number of cycles is constant at
any one time period. This indeed could happen if P(V|) ¢ V). On the other hand,
if P(Vy) C Vi, then we certainly have P" (V) C V;. Moreover, by the continuity
of solution on the initial value we can conclude that any solution starting from
a point in V) has a fixed number of spikes at any time interval [n7, (n 4+ 1)T]. To
this end, in this paper we look for those forced functions f in equations (1.1) that
ensure the existence of a small neighborhood V; of S| or V, of S, such that

P(V))cVy or P(V,) CV,.

To be specific, throughout this paper we choose the external force to be acommonly
used sine function

f() = asin(vr)
with a the amplitude and v the natural frequency. With the above choice of f,
equations (1.1) become
v = asin(vf) — i,
€l = v — ¢Q). (1.2)
Let

i
@t = min{ [zo , —2i0} . (1.3)

Moreover, for each v > 0 we let P(-, v) be the time 237 map introduced by the flows
of equations (1.2). Then in this paper we shall establish the following result.

Theorem 1.1. There exist small neighborhoods Vi of S1 and V» of S, such that for
each a € (0, a*), there exist three sequences {vy}, {vy}, and {Vy} with

Uytl < vy <Vvy <by, N=1,2,...

such that the following hold:
For each positive integer M and o > 0 with

1
o< zmin{v}"v—vN,f)N—v}"v, N=1,2,...,M},

there is a €* > 0 such that

A. P(Vy,v) C V) foreachv € U%ZI[VN+G, vy—olande € (0, €*]. Furthermore,
v € [vy + 0, vy, — o] implies that any solution starting from a point in V| has
exactly N spikes in one time period.

B. P(V,,v) C Vhforeachv € U%zl[v}‘v +o0, by —oland e € (0, €*). In addition,
v € [vy + 0, vy — o] implies that any solution starting from a point in V> has
exactly N spikes in one time period.

This paper is organized as follows. In Section 2 we study the reduced system
of (1.2) at the slow motions S| and S, as € trends to zero, which is essential
for establishing Theorem 1.1. Sections 3 and 4 are devoted to proving two key
propositions needed in Section 2. We give a complete proof for conclusion A of
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our Theorem 1.1 in Section 5. To limit the size of the paper we shall omit the proof
of conclusion B of Theorem 1.1, which is essentially the same as for the proof of
conclusion A.

2. Reduced systems in slow motion

Since the dynamics of the singularly perturbed system (1.2) has a close con-
nection with the dynamics of its reduced system as € — O, it is a natural way
to begin our study on reduced systems in slow motion. Let us first reduce the
number of parameters by introducing the following translation and time scal-

ing:
1 t 1. [t
x(t) = Klav(y), y(t):al(v).

Equation (1.2) is therefore transformed into the dimensionless form

X = o[sint — y],

1
y= [x—-gWl (2.1
)
where
ys y=>0
g(y) =Ky, y'=<y=0 (2.2)
B+y, y=)y
and
1
w =
K]U
N €
p= K,
k=X 2.3)
= & )
«_ 1o
Y=
(K2 — Ky)io
B= .
(lK]

Accordingly, the slow motions S; and S, are transformed into W, and W, respec-
tively, as
Wi={xy:y=x 0<x=<x"},
Wo={(x,y): y=—-B+x 0=<x=<x"}
with
* K2i0

oK) (2.4)
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From the first equation of system (2.1) we see that the reduced systems on W, and
W, are given respectively by the differential equations

X = w[sint — x], 0<x<x¥ (2.5)

X=olsint+B8—x], 0=<x<x" (2.6)

To reflect the dynamics of original singularly perturbed system (2.1), a solution
of the reduced system (2.5)—(2.6) is described as follows: If a solution starts at
W, with x(0) = x¢ € [0, x*], then x(¢) is subject to equation (2.5) before x(7)
reaches 0. If there is a first time #; > 0 such that x(#;) = 0, then the solution is
considered as jumping to W, immediately and so that x(7) is given by equation (2.6)
with the initial condition x(#;) = 0 (note: if x(0) = 0, then the solution x(7) of
(2.5) is increasing for small # > 0 and then decreasing to 0 in a late time. This late
time will be considered ¢#; instead of ; = 0). If there is again a first time #, > 1;
such that x(;) = x*, then the solution returns to W; and hence x(f) is governed
by equation (2.5) again with the initial condition x(#;) = x*. In such a way the
solution is defined by equations (2.5)—(2.6) alternatively. That is,

X = w[sint — x],

t €[0,11] with x(0) = x¢ € [0, x*], x(1) =0, 2.7
t € [t tag1] - with x(t2) = x™, X(t41) =0, k=1,

X =ow[sint + B — x],
t € [tog1, taga]l  With x(fag1) = 0, x(tog2) = x*, k>0, (2.8)

for some sequence
O<thi<h<--- <t <---,

where the time sequence {t, = 1, (xo, w)} depends both on the initial value x( and
o > 0. Alternatively we can discuss solutions beginning W, in the same way. To
reduce the length of the paper, we shall focus on the search for a solution starting
at W, only. It is also easy to see that #, (x¢, ®) are continuously differentiable on xg
and w. Since system (2.5)—(2.6) is 27 period, the period 1 map P[0, x*] = [0, x*]
is defined as usual as

ﬁ(xo, w) = x(2m, xg, w).

We frequently omit the parameter w to reduce the notation. In conjunction with our
main Theorem 1.1, we are interested in the case in which a solution starting from
a point in W returns to W, at time 2w. Hence we must distinguish between two
possible cases for a time sequence {t, = 1, (xo, w)}.

Case 1: There is an integer N > 1 such that 2r € [fon, fan+1]-
Case 2: There is an integer N > 1 such that 2w € (ftay_1, tan)-

We note that case 2 implies that a solution starting at a point in W, arrives at
W, at time 2. A solution x(#, xo) returns to Wy if and only if

21 € [y, tan41]
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for some N > 1 (Figure 5). If this happens, we denote it by

P(xo) € [0, x*Iw,;

here we use the lower index “w,” to denote that the interval corresponds to slow
motion W;. Moreover, in case 1 a solution completes in exactly N cycles around
W, and W, in one time period. Also in this case we have the expression for P (xg)

as

2
ﬁ()C()) — efa)Zrt (x*ewsz(xo,a)) +a)/
n

N (x0,®)

Throughout the paper we suppose that
. ) { Ksig . }
a < a* = min ,—2ip¢ .
K,
From (2.3) and (2.4) we see that (H1) is equivalent to the inequalities

xF>1, B>x"42.

€7 sin ‘L’d‘L’) .

(2.9)

(H1)

(H2)
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It is easy to verify that assumption (H2) guarantees that a solution of equa-
tions (2.5)—(2.6) is bounded by 0 and x*.
Our main goal of this section is to establish the following.

Theorem 2.1. There is a sequence of intervals {Iy = (0}, wn)}3_, With
O<of<w<oy<wy < <wy<oy- -,
such that for each @ > 0,
P([0,x*], @) C (0, x*)w,

if and only if w € Iy for some positive integer N. In addition, if w € Iy, then for
each xqy € [0, x*], the solution x(t, xo) has exactly N spikes in 27 -time period.

Remark 1. If 15([0.x*], ) C (0, x*)w,, then we know that the period one map P
has at least a fixed point xo € (0, x*) and hence x(z, x¢) is a periodic solution of
period 27. In fact we can show that the fixed point is unique if P([0.x*], ) C
(0, x*)w, . However, we should not provide a proof here because it is too tedious.
On the other hand, the monotonicity of P(x0) on x (see Property P1in Lemma2.1)
guarantees the convergence of any solution x(z, xo) to a periodic solution with the
number of spikes independent of the initial value x¢. This is most important for the
application.

Before proceeding to the proof of Theorem 2.1 let us first provide two key
propositions that will be proved in Section 3 and Section 4 respectively due to the
length of their proof.

Proposition 2.1. For a fixed w > 0, if there is an integer N > 1 such that
t2N+1 (09 CU) = 27-[7
then ty (x*, w) < 2.

Proposition 2.2. The time sequence {t,(xo, w)} is strictly monotone, decreasing
with respect to w > 0 as long as t (xg, w) € (7, 27).

Remark 2. Since xo + fotl @30:@) b0 in 7dt = 0, we must have 7, (x9, w) > . On
the other hand, if 7| (xg, ®) > 2, then the solution takes longer than 2 time to
return to W;. Hence only those values (xg, w) for which ¢, (xg, ®) € (i, 27) will
be of interest to us.

In addition to Propositions 2.1 and 2.2, we need the following results.

Lemma 2.1. The sequence {t,(xo, )} has the following properties:

Pl1. Foreachw > 0and0 < x1 < xp < x*,
tn(.XI,(,()) <tl‘l(x29a)) <tn+2(X1,(1)), n= 1927~'~'

An immediate consequence of the above inequalities is that P (xo, ) increases
with respect to xo whenever P(xg, w) € (0, x*)w,.
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P2. Let 0 < x| < x2 < x* and w > 0 be fixed. Iff’([xl, x2], w) C [0, x*]w,, then
there is an N > 1 such that

oy (X0, ) <21 < tay41 (xp, )

for all xy € [x1, x2]. Hence all solutions x(t, xo, w) with xo € [x1, X2] have
the same number of spikes in 2w period.

Proof. Property P1 is obvious (Figure 6). Let us verify P2. First by assumption
there is an N > 1 such that

by (x1, w) <21 <ty (X1, o).
We define
xp = sup{x : x € [x1, x2], oy (x, @) < 27}.

We claim that x,; = x,. Suppose, on the contrary, that x; < x,. Then by the conti-
nuity of t,y we deduce that toy (x 7, @) = 2. Hence toy—1 (xp, w) < tay (xp, @) =
2m. So again by continuity there exists X € (x, x2] such that roy_ (X, w) < 2m.
However, X > xj; implies that (by P1)

2 = toy(xy, w) < by (X, w),

so that P (%, ) ¢ [0, x*]w, , which leads to a contradiction.

!/ !/
2 3 tak+2  lak+2 lok+a

TR bkl Lhx+ Lok+3 2r
tn =tn(x1,w), th =1in(x2,w)

Fig. 6.

Lemma 2.2. For each fixed integer N > 1,

lirrz) hn+1(0, w) = 1iII%) by (x*, w) = o0,

lim ty11(0, w) = lim Ky (", w) = 7.

w—> 00 w—> 00
Proof. First equation (2.5) and sint > 0 for ¢ € (0, ) imply that ¢, (xo, ) > 7.
Then the conclusion of Lemma 2.2 follows easily from the fact that increasing w

will fasten the oscillation of the solution x(#, x9, @) of equations (2.5) and (2.6),
while decreasing » will reduce the oscillation of the solution.



Singularly perturbed differential equation S139

From Proposition 2.2 and Lemma 2.2 it follows that, for each integer N > 1,
there are unique positive real numbers w}, and wy such that

oy (x*, oY) =27, (0, on) =27
Lemma 2.3. For each integer N > 1, vy < wy < wy_,.

Proof. For each fixed N > 1, Proposition 2.1 yields that oy (x*, oy) < 2m.
Note that fx(x*, w) is increasing as w decreases by Proposition 2.2. Hence,
iy (x*, wyy) = 27 implies that w}, < wy. Similarly, one can show thatwy < w}, -

Proof of Theorem 2.1. For each fixed w > 0, by P2 of Lemma 2.1,
P[0, x*], ) C (0, x")w,

if and only if there is an N > 1 such that

tan (X0, @) < 27 < thyny1 (X0, ), X0 € [0, x*]. (2.10)
Since 1, (xg, w) increases as xg increases, (2.10) is equivalent to

Ly (x*, w) <21 < thy11(0, w). (2.11)
By Proposition 2.2, (2.11) is equivalent to
Wy <0 < wy,

that is, if and only if w € (@}, wy) for some positive integer N. Moreover, w € Iy
implies (2.10). Hence x(¢, x¢, ®) has exactly N spikes for all xg € [0, x*].

3. Proof of Proposition 2.1

We shall give a complete proof of Proposition 2.1 in this section. First, for
xo € [0,x*], it is easy to verify that the solution x(f) = x(¢, xo) of reduced
equations (2.5)—(2.6) has the explicit formulas

t
x(z):e*w’[xoquwf e“Tsintdr], 1€0,1],
0

t
x(H) = we_wt/ e’ (sint + B)dr, t € [toy_1, tn],
1)

k—1
t

x(f) = e~ @20 x* 4 e*“”a)/ e’Tsintdr, t € [tu, tart]
[5)3

From the above expressions and the boundary conditions we have

n
X0 + a)/ e’ sintdt =0, (3.1
0
ok
x*e®2k = a)/ e“" (sin T + B)dr, (3.2)
k-1

Dk+1
P2k x* 4 a)/ e“"sintdt = 0. (3.3)
[§)

k
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There is a unique w* > 0 such that

3

2 oo
e“ sintdt = 0.
0

In addition, we have t3(0, v*) > 2.

Proof. For w > 0, we have

37 3

2 1
/ e’ sintdt = (e”" [wsinT — cos T]) :
0 14 o? 0
1 3w
= 1+w2(—a}e 2 +1).

37
Hence [,* ¢““"sintdt = 0 is equivalent to

3nw ]
hw)y=e2 — =0.
1)

Since the function & (w) increases as w increases, and

h(0) = —o0, h(oo) = o0,

there is a unique w* > 0 such that

hw)=e 3 — =0 (3.4)

a)*

To claim 73 (0, w*) > 2, let us suppose its opposite, i.e., that 3 = £3(0, ©*) <
2m. Then # (0, 0*) = 37 /2 implies 1, (0, 0*) € (37/2, 27.). By (3.3) we have

3
% N % .
x*e® 2 = —a)*/ e 7 sin tdr.
15}

Note that (3.4) implies w'e™™ = 1.1t follows that

x* =

<

13
*(r— .
—a)*/ e ") gin wdt
n

2
* .
—a)*/ e 3712 §in tdr
37/2

S 3
—a)*/ e“”sin(n—i—r)dr
) 2
- o’ e’ | »* sin 3 + 1) —cos 3 +7
1+ (w*)? 2 2

w* [eﬂa)*/2 — "]
1+ (w*)?
3™

w e 2

1.

/2

0

This contradicts the assumption x* > 1.
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Lemma 3.2. Forall w € [w*, 00)
—e“109 gin(1,(0, w)) > 2.

Proof. Lett(w) = t;(0, w). By Lemma 3.1 we have #(w*) = 37/2. Proposition 2.2
implies that

7 < tw) <37/2, e (v, 00). (3.5)

] (it is true that * < 1/m). By definition of #(w) we have

1
4

H(w)
0= / e“" sin tdt
0

1
14 w?
Equation (3.6) yields

First suppose w € (a)*

(e [wsin H(w) — cost(w)] + 1). (3.6)

e wsint(w) — cost(w)] +1 =0
or, equivalently,

—e” @ sin f(w) = 1 - e cost(w)

3.7
1)

Now t(w) € (i, 37/2) implies that —e“@ cos t(w) > 0. Hence w < 1/m and (3.7)
give that

—e” @ sint(w) > 7 > 2.

Next suppose @ > 1/m. Again by the definition of #(w) we have

tH(w) T T
- / et sintdt = / e®" sin tdt > / e"” sin tdt
b4 0 0

1 3.7
= te o > 7. (3.8)

(L)
Noting that
—e”sin(H(w)) > —e“Tsint, T € [7, Hw)],

together with (3.8) we obtain

H(w)
—e™ sin(1(w)) (1(w) — 1) = — / e sin(1(w))dz

v

H(w)
—/ e“" sin tdt > 7. (3.9
g

Recall that #(w) — m < /2. Equation (3.7) therefore yields

) 11
—e” @ sin(1(w)) > > 2.
Hw) —m
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Lemma 3.3. For v > w*, if H(x*, w) < 27 and | sint; (0, w)| < |sint; (x*, w)|,
then

o[t (x*, w) — (0, w)] < In (xz* + 1) )

Proof. Lett; = 1;(0, w) and f; = t;(x*, w). From (3.1) and (3.2) we have

n n
x* 4+ a)/ e“Tsin tdt = a)/ e“"sin tdt = 0.
0 0

It follows that

~ t.]

n
x* = —a)/ e“" sin tdt > — sin(tl)a)/ e“tdt
n 3
= —e“" sin(f)) (e — 1),

The above inequality and Lemma 3.2 yield

- x* *
1= < +1<7 +1.
T —e®lt gin(ty) -2

=

That is,

- x*
w(tl—t1)<ln(2 +1)

Definition 1. Let w > 0 be fixed. For a € (i, 27r), we define

DI1. A(a) > 0 to be the first positive number such that
a+A(a)
x*e® + a)/ e”" sin tdt = 0;
a
D2. I'(a) > 0 such that
a+1(a)
a)/ e @O gin 1 4 BldT = x*.
a

From the above definitions we see that a + A(a) is the first time at which the
solution to the initial value problem

X =ow[sint —x], x(a)=x*

vanishes, while the number a + I'(a) is the first time at which the solution to the
initial value problem

X¥=olt+B—-x], x@=0

arrives at x*. It should be clear that both A(a) and I'(a) are differentiable, and
a+ A(a) and a + I(a) are strictly monotone increasing functions of a.
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Proposition 3.1. Suppose that there is a a € (r, 2m) such that a + A(a) < 2w for
a € [, a] € [m, 2n]. Let A be the derivative of A. Then

(a) There is at most one value a, € [m, d] at which A(a) changes its sign from
negative to positive;
(b) A(a) <0ifa+ Ala) <77;
Aa) > 0ifa+ Aa) — 3” > 3; — a, in particular, A(a) > 0 ifa > 3;;
(¢c) wA(a) > In(x* + l)fora € [m, al.

Proof. Let us first prove (a). It is easy to check that
a+A(a)
x*e” + a)f e’ sintdt =0
a
is equivalent to

Aa)
x* 4 a)/ e’" sin(a + 1)dtr = 0.
0

Differentiating the above equality with respect to a we obtain

Aa)
we” @ sin(a + A(a)) Aa) + a)/ e”" cos(a + 1)dr = 0.
0

This yields

. efa)A(a) Aa) .
Aa) = — @ dr. 3.10
(a) sina + A@) e’ cos(a + 1)dt (3.10)
Note that sin(a + A(a)) < 0 since 7 < a + A(a) < 2m. Equation (3.10) implies
that the sign of A(a) is determined by the integral f AW ot cos(a + 7)dt. Now we
write

Ala) a+A(a)
/ e”" cos(a + 1)dt = e*“’“/‘ e”" cos(t)dt
0 a

3n/2 a+A(a)
=e ™ [/ e”" cos(r)dt + / e COS(f)dT] . (31D
a 3

/2

It is clear that both the integrals

31/2 a+A(a)
/ e”" cos(t)dt and / e”" cos(t)dt (3.12)
a 37/2

increase as a increases. Hence by (3.11) we deduce that there is at most one number
a; at which the integral f 4@ gor cos(a + t)dt changes its sign from negative to
positive. The same holds for A(a). This completes the proof of Part (a).
For part (b), if a + A(a) < 3m/2, then both integrals in (3.12) are negative, so
that A(a) < 0. Next suppose that a + A(a) > 37/2 and
3

3
a—+ Aa) — 271 > 5 a, equivalently, a4+ A(a) > 37w —a.
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Then, since
37/2 3r—a
/ e’" cos(t)dt = —/ €370 cos(7)dr,
a 37/2
we obtain
37/2 a+A4(a)
/ e“" cos(t)dt + / e’? cos(t)dt
a 31/2
a+A(a) 3m—a
=/ e”" cos(t)dt —/ 3770 cos(1)dt
37/2 37/2
a+A(a) a+A(a)
> / " cos(t)dt — / e’? cos(t)dt = 0. (3.13)
37/2 37/2

Equations (3.11) and (3.13) therefore imply that A(a) > 0. Also it is trivial that
A(a) > 0fora > 37/2.
Finally, for part (c), by the definition of A(a) we have

a+A(a)
x*e = a)/ e”F| sin t|dT < e @TA@) _ pea,
a

It follows that

x* < 2@ _
or

41 < @@
so that

wA(a) > In(x* +1). O

Arguing in the same way as above one is able to obtain the following proposi-
tion.

Proposition 3.2. Suppose that there is a a € (, 2] such that a + I'(a) < 27 for
all a € (m, a]. Then the following hold:

(@) There is at most one value ay € [, d| at which I"'(al) changes its sign from
positive to negative;

®) (@ >0ifa+Na) < %, Ma) <0ifa=;

(c) In ﬂfx* < wl(a) <In ﬂf:x*.
Now we give the proof of Proposition 2.1.

Proof of Proposition 2.1. For any positive integer N, let wy > 0 such that

tan+1(0, wy) = 2.
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We shall prove oy (x*, wy) < 2m. Let us introduce the following simplified nota-
tions:

t,=t,0,wy), n=0,1,--- 2N+ 1
and
f, =t,(x*, 0oy), n=0,1---,2N.
Then, by the definitions of A(a) and I'(a), we have

Alty) =t — ok, Alfk) = Togs1 — Foks (3.14)
Mtok—1) = tog — tog—1,  T(fk—1) = bk — Tog—1. (3.15)

In addition, by property P1 of Lemma 2.1 we have
ty <tp <ty n=12,...,2N—1. (3.16)
From Proposition 2.2 and Lemma 3.1 it follows that, for all ® € (0, v*),
(0, ) > 13(0, w*) > 2.

Hence N > 1 and th)y+1(0, wy) = 27 imply that

3
oy > o and 10, wy) <10, 0") = 5 -
Therefore, there must be an integer n* with 0 < n* < N — 1 such that

3
b1 < ) < B 41)+1- (3.17)

Also we have
H <t < byer =2
We will break the proof down into two parts. The first part handles the case
|sint| < |sinfql, (C1)
and the second part handles the case
|sint{| > |sinfy]. (C2)

Proof under condition (C1). Let us first suppose 2 < n* < N — 2. We will give
a remark at the end of the proof of the proposition under condition (C1) to explain
how the case of n* < 2 or n* > N — 2 can be treated analogously. By (3.16) and
(3.17) we have

3

) §t2k+1<fzk, k=n*+1,...,N—1, (3.18)
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and

3m . .
< by < B(k+1), k=n*"+2,...,N—1. (3.19)

Part (b’) of Proposition 3.2 implies that I'(a) is decreasing fora > 37/2. Hence
by (3.15) and (3.18) we obtain
fss — fkst = I (for1) < Ttair1) = tousr — it (3.20)
k=n"+1,...,N—1.

Similarly, by applying part (b) of Proposition 3.1 to (3.19) and with the use of
(3.14) we have

it — b = A(fk) < Altagesn) = Dt 1)+1 — D) (3.21)
k=n"+2,...,N—1

(see Figure 7, to the right of point 377/2).

tom tom tom +2 tok fok +2 tok+2
tom -1 Lom +1 tom1 3 tor+1 Lok +1 Lok +3
tom — tom -1 < lom+2 — lom +1 tok+1 — tor < lok+3 — fak+2

Lom+1 —lom < lom+1 = Lom for+2 — ok +1 < tok+o — Lokt

Fig. 7.

Equations (3.20) and (3.21) yield

N-1 N-1
Hn — D g3 = Z (fax2 — Thoit1) + Z faks1 — Tk
k=n*+1 k=n*+2
N-1
< Z (t2k+2 —t2k+1 + Z Dk+1)+1 — lz(k+1))
k=n*+1 k=n*+2
N-1 N
= Z (t2k+2 - t2k+1) + Z (t2k+1 - l2k)
k=n*+1 k=n*+3

= tng1 — tar4s + (s — b 43). (3.22)
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Next, again by (3.17) we have
- 3 N
k1 < Dpg1 < Ipryl < 5 k=1,2,...,n" —1 (3.23)
and
- 3
x < k42 < byprg1 < 2 k=1,2,...,n*—1. (3.24)
Hence (3.23) and part (b) of Proposition 3.1 imply that
Dyt — by = Atu) < Alta) = twrr — to, (3.25)
k=1,2,...,n" = 1.
Similarly, (3.24) and part (b’) of Proposition 3.2 yield that
by — b1 = Dtg-1) < Ttat1) = tara — b, (3.26)
k=1,2,...,n* — 1
(see Figure 8, to the left of point 377/2).
S‘Tn t?n*+3 f?n”"#—f’}
f?n""‘ +8 = lopz-9 > {271,* +3 = iQn* +25
Or fon* 43 — Lanw o < tons +5 = Lan* 44
Fig. 8.
From (3.25) and (3.26) we obtain
n*—1 n*—1
L1 — 1) = Z (ka+1 - fzk) + Z (fzk - kafl)
k=1 k=1
-1 n*—1
< Z (faks1 — 1) + (faks2 — Taks1) (3.27)
k=1

>~

=1

=l — .
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Now we have either fp,+,| < 37m/2 or tyxy > 3m/2. If fhp=y1 < 3m/2, then
fon41 < fap+41 and part (b) of Proposition 3.1 imply

D1 — banx < bopxg1 — b (Db1)

If o+ 41 > 3m/2,then37/2 < foy+42 < tan+44. Again by part (b) of Proposition 3.1
we have

T3 — bt < bwsgs — by 14 (D2)

Let us suppose that we have case (D1). One will be convinced that the same
approach is applicable to case (D2). We observe that

g < Tprga < byt 44
Hence part (a) of Proposition 3.1 guarantees that the following must be true:
Aty 42) > Alfarg2)  or  A(fanr42) < Altanr44).
Without loss of generality we suppose the second inequality occurs. That is,
Tone43 — be 42 = Altanr12) < Afonr+4) = lanr4s5 — Lo 44 (3.28)

(Indeed one will see from the following proof that the choice of the first inequality
does not affect the final result.) Similarly by applying part (a’) of Proposition 3.2
to the inequality

Doi—1 < 41 < Dy
we conclude that
IM(fpr—1) < Dtapr41)  or  Dtageiy) > T(fone41)
must hold. Specifically, suppose we have the first inequality, so that
b — o1 = Tt 1) < Tt2w*41) = tows 42 — o 41 (3.29)

By adding through, respectively, the left-hand and right-hand sides of inequalities
(3.22), (3.27), (3.28), (3.29), and (D1) we thereby obtain

Don — g4z + bprg1 — 1l < tang1 — b 43 + e — b, (3.30)

Recall that | sinty| < | sin f{|. Hence from Lemma 3.3 it follows that
- x*
a)N(tl —ll) <ln<2 +1) (3.31)

By part (c) of Proposition 3.1 we have

on (43 — e 42) > In(x™ + 1). (3.32)
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Similarly, part (¢’) of Proposition 3.2 yields

oy ~ -1
a)N(l‘2n*+2 — tz,,*_H) < In ( p )

B—1—x*
wn(ty — 1) > In p . (3.33)
B—x
A straightforward computation shows that the assumption 8 > x* 4 2 implies
p—1 (x* « B
1)< 1 . 3.34
pot—x\o 7D (39

We therefore deduce from (3.31)—(3.34) that
wN (f2n*+2 - f2n*+1) + wni

= a)N(t~2n*+2 — f2n*+1) + wN(fl — ll) + wpnty

m Pt +1 x*+1 + wnt
< In n w
B—1—x* 2 M

m Pl (T ) s (3.35)
= In .
B—1—x\2 @Ni

<In(x*+1)+1In p + oyt
p—x*

< wN(fan*43 — hnr42) + on(12 — 1) + ont

= oy (tr43 — tanr+2) + ONT2.
Equation (3.35) gives

Dns 2 — bt + 11 < lyrg3 — lopega + 1. (3.36)
As a consequence of (3.30) and (3.36) we arrive at
fQN < DNyt1 = 27.

Hence we complete the proof of Proposition 2.1 for the case | sin#;| < |sinf|.

Remark 3. In our proof we suppose 2 < n* < N — 2. We shall show that the proof
works for the case 2 > n* or n* > N — 2 as well. For instance, if n* = N — 2,
then we do not have the equality (3.20) and (3.22) becomes

by — -1 < by — y—1.

However, inequalities (3.30)—(3.36) are still valid, so that 7,y < 27 still holds. For
all other cases we can carry out a similar argument.

Proof under condition (C2). First, it is easy to see that |sin#;| > |sinf|,
<t <h <2m andt; < 37/2 imply that

fi —37/2 > 31/2 — 1. (3.37)

Let us begin by showing the following claim.
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Claim. t, < t3.
Proof. Let x(t, ty, xo) be the solution to the initial value problem
X1 =on[sint —x1], x1(t, ty, X0) = Xo.
Then
0 <x1(f1,0,x") < x* (3.38)
since 7; > f; is the first time the solution vanishes. Therefore (3.38) implies that

xi(t, 11, x*) > x1(1,0,x*) >0, 1€[ty,h] (3.39)

0 t o { t o+ A(ty)
tho+ A(h) > 1

Fig. 9.

(Figure 9). It follows from the definition of A(#;) and (3.39) that

t+ A > 1. (3.40)
Thus we have
t+ A) 3 f 3w _ 3w t
— > — > — .
1 1 ) 1 ) ) 1

Note that t + A(f) is monotone increasing, and the above inequality yields that

3 3
t+ A1) — ;> ;—t, t>1. (3.41)

Hence part (a) of Proposition 3.1 and (3.41) imply that A > 0 fort > .
Together with (3.40) we obtain

3 —1h =A(h) > A(t) > 1 — 1. (3.42)
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We therefore deduce from (3.42) that
Bh—tfh=B—tb+th—1 >h—1.
Let x5 (¢, tp) be the solution to the initial value problem
Xo =owp[sint + B —x2],  x2(fp, 1) = 0.
Condition (3.43) and the assumption | sin#;| > | sin7;| give that
sin(f +5) <sin (7 +5), s€[0,n—1]C [O, 13 — fl].
By (3.44) and the comparison principle one easily sees that
M +s.n) <x(h+sh), sel0,n—nl
Note that, by the definitions 7, and 7,, n = 1, 2, we have
x2(th, 1) = xz(fz, fl) = x*.
The last equality and (3.45) therefore yield
h—h <th—1.
As a consequence of (3.43) and (3.46) we have
h=hHh+h—ti<h+t—t<h+Hr—1==n.

This completes the proof of our claim.
Next we have

37 .

<ty <tyss, k=1,...,N—1,
3 -
2 <t < b+, k=1,...,N—1.

So part (b) of Proposition 3.1 and part (b") of Proposition 3.2 imply

Ik — b < g3 — a2, k=1,...,N—1,
Diyr — b1 < toggr —tuy1, k=1,...,N—1.

Equation (3.48) yields that
Oy — b < g — 1.
Combining (3.48) and (3.49) we get

hy < byl = 27

S151

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Remark 4. In our proof we cannot suppose hhy = fhy(x*, wy) < 27 at the be-
ginning, so we cannot directly apply part (b') of Proposition 3.2 to I'(fhy—1) =
foy — b1 if fy > 2. However, if we replace (2.6)’ by

X = o[t + B —x] (2.6)
with

sin t, ift <2m

1) =
¢ t—2m, ift>2m

and replace sin t in definition D2 by ¢(t), then Proposition 3.2 is valid for all
a > m. Thus Proposition 2.1 is true for the time sequence generated by equations
(2.5)" and (2.6)'. Therefore Proposition 2.1 is also true for systems (2.5)" and (2.6)'
because ¢(f) = sint for ¢ € [0, 27].

4. Proof of Proposition 2.2
We define the function 7; : [0, 00), 27) x (0, 0c0) — (0, 00),i = 1, 2, such that
Ti(a,w) >a, i=1,2

and

T] (a,w)
x*e® 4 a)/ e“" sin tdt = 0, 4.1)
a

T (a,w)
w/ e’ [sin T + Bldt = x*e? 2@, (4.2)
a

here T (a, w) is restricted to be the first value satisfying the above equation.

Lemma 4.1. Both functions T\ and T, have the property that if a; < a and
w1 > wo, then

Ti(a, w1) < Ti(az, wp), i=1,2.

Proof. We shall prove the above inequality for function 7. The proof for function
T, is the same. First it is trivial if 7} (a;, ®;) < aa. Now suppose T} (a;, ;) > as.
By (4.1) we have

¥ Ty (a,w)
e + e”"sintdt = 0.
@ a

Fori = 1, 2, let y;(¢) be the solution of the equation
y=sint —w;y, t>a;

with initial condition y;(a;) = x*/w;. Then from the definition of 7} and the
assumption x* > 1 (see (H2)) one sees that

0 <yi() <x/w, te(a,Ti(a,w)), i=1,2, 4.3)
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and
yi(Ti(ay, w1)) = y2(Ti(az, w2)) = 0. 4.4)

Equation (4.3) and w; > w; imply that

* *

X X
yi(a) < o < o y2(az). 4.5)

If Ti(a;,w;) > Ti(az, ), then (4.3)—(4.5) yield that there is a time r* €
(az, Ty (az, )] such that

yit*) = y2(t%) and  yi(0) < y2(), 1€ (azt7].
It follows that
Y2(t*) = 31(%) = sin(r") — w1 y1 (1) < sin(*) — w2y2(1%) = Y2 (1*).
This leads to a contradiction.
Lemma 4.2. For xg € [0, x*] and w > 0, if t;(xo, ) € (7, 27), then

ot (xo, w)
<
Jdw

Proof. Recall that 1 (xo, w) satisfies the equation

0.

11 (xp,®)
X0 + a)/ e”"sintdt = 0.
0

Or equivalently
11 (x0.®)
/ ¢ sintdr = —°. (4.6)
0 w
Let #; = t;(xo, w). Differentiating equality (4.6) with respect to w gives
ot i
e sin(ry) ot =0 f ¢“" sin wd. 4.7)
v  w? 0

Note that #; € (i, 27r) implies that

I3l bd n
/ e tsintdt = / e’ sin dt + / e”"tsin tdt
0 0 T

b4 n
< / e’Tsintdt + 7 / e sin tdt (4.8)
0 b4
|
. XoTT
= e’TTsint = — <0.
0 w

It follows from (4.7), (4.8), and the inequality sin(#;) < O that

oty (xo, 1 §
1(x0, ) _ [xo _/ e T sin rdr:| < 0.
0

1) e® sin(ty) | ?
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We are now in a position to prove Proposition 2.2.

Proof of Proposition 2.2. For each fixed xo € [0,x*] and w > 0, let {f;(w) =
1 (x0, w)} be the corresponding time sequence. Suppose that w; > w, and #;(w;) €
(m,2m). i = 1, 2. First Lemma 4.2 gives that #;(w;) < t;(w2). Moreover, by the
definition of functions 7; we have

D(ty-1(wp), wj) =ty (w;), k=1,..., i=12, 4.9)
and
T (tu(w), w) = tys1 (), k=1,..., i=12. (4.10)

Beginning with the inequality #;(w;) < #; (w;) and with the repeat use of Lemma 4.1
we are therefore able to inductively obtain

tn((l)l)<tn(a)2), n:19"'~

5. Singularly perturbed systems

Now we return to the singularly perturbed system (1.1). Let us begin with the
transformed singularly perturbed system (2.1), which we write here again for
convenience:

X = w[sint — y],

y= l[x—g(y)], (5.1
P
with
v, y=0
g(y) = { Ky, y'<y=0 (5.2)
Bty y=)y

where K < 0, y* < 0,and g > 0.

Let £2;,i = 1, 2 be the regions given in Figure 10. Moreover, for y > 0 let X/
and /!, i = 1, 2 be the region and line segment as shown in Figure 11.

A solution (x(t, ty, X0, Yo, @, p), Y(t, to, X0, Yo, @, p)) of system (5.1) depends
on the initial time #y, initial date zop = (xo, yo), and the parameters w and p. For
notational simplicity we often omit the parameters w and p and simply write them
as z(t, to, z0) = (x(¢, to, X0, Y0), Y(t, to, X0, o)) if no confusion arises from this.

In the sequel we always let I = [w,,, @) ] denote a closed interval with 0 <
Wy < WM.

Lemma 5.1. Given an interval I, the following hold:

(1) Thereis a py > 0 such that for all p € (0, p1] and w € I, if (x9, yo) € §21 and
xo > 0, then xg — +/1 — 4wpyy > 0.
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Fig. 10.

(2) Foreach$ > Othereisa ps > 0suchthatfori = 1,2, w € I, and p € (0, ps],
ifzo € 82;3 \ lf, then the solution z(t, ty, zo) enters the interior of Z‘f and can
leave Elfs only from lf.

(3) Foreaché > 0, ifzp € l‘f andty € (m, 2m), then z(t, ty, w) leaves E‘f. Ifzp € lg,
then for any ty, z(t, to, ) leaves Eg.

Proof. (1) can be verified algebraically. (2) and (3) follow the analysis of the vector
field defined by the right-hand side of functions of (5.1). O

Before proceeding to the proof of our main theorem, let us first give an explicit
formula for the solution to the following second order equation:

1 w .
y=— (@y+wy + sint, (5.3)
o o
with initial condition
. Y1
y(to) = Yo, y(to) = . (5.4)

where r # 0. The corresponding linear homogeneous equation of (5.3) has the
characteristic equation

2 r a)_
M4+ A+ =0,
o p
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(=", z")

y=-7+=zw

Fig. 11.

which has two roots

hi(p) = —2’[) [1+ V1= 40p/].

ha(p) = — zrp [1 —J1- 4wp/r2] . (5.5)

By using the variation-of-constant formula one is able to verify that the solution to
the initial value problem (5.3)—(5.4) can be expressed as

1
2r\/1 — dwp/r?
N 1

2r/1 — 4wp/r?

1
/ I _ 20)t=0] gin 7.
10

¥ =— [r(l — \/1 — 4a)p/r2)y0 + 2)’1] M (P t=10)

[r(l +1- 4wp/r?)yo + 2y1] 2 P=)(56)

. w
V1 —4wp/r?

From the expressions in (5.5) one easily sees that, as p — 0,
. w
A(p) —> —sign(r)oo,  Aa(p) —> —

uniformly for @ in any bounded set of R.
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Let #; (x9, ) be the function defined in Section 2.

Lemma 5.2. Suppose that there is ad > QO with w +d < t)(xo, ®) < 2w — d for
all (xo, w) € [0, x*] x 1. Then for each y > 0, there is a p, > 0 such that for each
z0 = (x0, y0) € £21, w € 1, and p € (0, p, 1, the solution z(t, 0, z) has a first time
s1(zo, w, p) € (T, 2m) with

Is1(z0, @, p) — t1(x0, )| <y, 2(s1(20, @, ), 0,20) €.

Proof. Let (x(1), y(t)) = z(t,0, zo). It is sufficient to show that (x(f), y(f)) has
a time s; = s1(20, ®, p) € (i, 2) such y(r) > 0 fort € (0, s;) and y(s;) = 0,
and in addition, s (29, ®, p) — t;(xg, ®) and x(s;) — 0 as p — 0 uniformly for
w € I and zg = (xo, yo) € £21. Let us first suppose that zo = (xo, yo) € £21\ (0, 0).
Then by part (2) of Lemma 5.1, y(#) > 0 for small # > 0, so that g(y(¢)) = y(?). It
follows that

. L. 1 . w .
V= @G—-y)=—- (+wy+ sint
P P P
with
X0 — Yo

y(0) =yo, ¥(0)=

Using (5.6) for r = 1 and #y = 0 we obtain

1
@ = T2l — dap [2x0 - (1+ J1— 4wp)y0] Mot
1
+ 2J1 _ 40)[0 I:ZX() — (1 — \/1 — 4a)p)y0:| e)‘Z(p)f (57)
— @ ' [eM(p)(t—t) _ ekz(p)(t—r)] sin zdx.
V1 —4dwp Jo

Note that A(p) > A;(p) and for (xg, yo) € £21, w € I, and p < p; we have, by
part (1) of Lemma 5.1,

200 — (1= /1 = 4wp) 0 2 0.

With the above inequality one is able to verify that the sum of the first two terms
of the right-hand side of (5.7) is positive. Also, it is trivial that the integral in (5.7)
is positive for all ¢ € (0, rr]. It follows that

y(@#) >0, te,mr] (5.8)

By the continuity of the solution to the initial value we see that (5.7) is valid for
(x0, ¥0) = (0, 0) as well. Since

A(p) = —oo, Aa(p) > —w
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as p — 0 uniformly for w € I, we deduce from (5.7) that
t
y(6) — y*(t, x0, @) = xpe” " + a)f e "I sin tdr (5.9)
0

as p — 0 uniformly for (xg, yo) € §21, w € I, and t € [e, 2n] with y(¥) > O,
where € is any positive number. By the definition of 7 (x¢, @) and (5.9) we have
y*(t) (xo, ®), X0, ) = 0. Hence the assumption of #y(xg, w) < 27 — d for xy €
[0, x*] and w € I implies that there is a d; > 0 such that

2
V¥ (21, X0, w) = e [xo + a)/ ¢”D gin ‘L’d‘L’]
0
2w
=e "y / e?® sin tdt
11 (xp, )
2w
< e ¥y / e® sin tdr
2w —d
=< —d (5.10)

for all (xg, w) € [0, x*] x I. It therefore follows from from (5.8)—(5.10) that there
is a first time 51 = 51(20, ®, p) € (7, 27) such that y(s;) = 0. In addition, since
t1(x9, w) is the only zero of y*(t, xo, w) for t € [7,27] and 0 = y(s1(z0, 0, p)
converges to y* (s (2o, w, p), X0, ®) as p — 0 uniformly for (zo, w) € £2; x I, we
conclude that

s1(z0, @, p) = 11 (x0, W)
as p — 0 uniformly for (zg, w) € £2; x I. Next, let
h*(t) = h*(t, 20, w, p) = y(t) — y*(t, x0, @), t € [0, s1]. (5.11)

Then A*(f) — 0 as p — 0 uniformly for (z9, w) € §£2; x [ and t € [¢, s1] for any
€ > 0. This implies that

1
/ h*(s)ds — 0
0

as p — Ouniformly for (zg, w) € £21 x I. Recall that x(f) = w[sint — y(f)]. Hence
(5.9) and (5.11) yield that

x(s1) = xo + /Sl [sins — y(s)]ds
0

1
=xp+ / [sins — h*(s) — ¥* (s, x0, w)]ds
0

51 s
=x0+ / |:sin sds — / h*(s)]ds
0 0
S1 S1 s
- f Xxoe~ds — a)/ / e~ gin tdrds
0 o Jo

51 51
= xpe ! 4+ w / e U1 gin tdt — w / e UITIOR (9)ds.  (5.12)
0 0
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Fig. 12.

Since 51 — 11(x0, w) and [ h*(s)ds — 0 as p — O uniformly for (zo, ) €
£21 x I, from (5.12) it follows that

n (X(),a))
x(s1) — xpe” @00 4 a)/ e~ N 0.@) =D gin 7dr = 0
0

as p — 0 uniformly for (z¢, w) € 21 x I. O

For any point (xg, yo) in the x-y plane and any y > 0 we let B, (xo, yo) denote
a disk of center (x¢, yo) and radius y.

Lemma 5.3. Let m < T} < T, < 2m be fixed. Then, for each y > 0, there are
py > 0andd, > Osuchthatforeachw € I, p € (0, p,), to € [T1, T>], andzy € lfy

(respectively if 7o € l;y and ty > 0), there is a t, = t,(t, 20, ®, p) € (0, y] such
that

z(to + 1, 1o, 20) € B, (0, —pB).
(respectively  z(fo + 1, fo, 20) € By (x*, x¥).)

Proof. We give the proof only for the case zg € lfy. The proof of the second case is
similar. Let I, be the line segment connecting points (0, 0) and (/y, —B + /¥)
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(see Figure 12, where we suppose that I, is on the left-hand side of the line
y = 1/K. This can be done if y is small,) and let

N4
8, = .
v
Then a straightforward computation shows that there is a p; > 0 such that for
alwel, pe(0,p1],te(m?2m),and (x,y) € I, the vector field

(w[sint —y), (x — g(y))/p)

defined by the right hand side of the system (5.1) points to the left side of I7,.
Hence the solution z(t, fy, zg) cannot leave region U, (Figure 12) from I, if
T <ty <t < 2. When the solution (x(1), y(¢)) = z(t, to, zo) enters U, and stays
in the region U, N {y* <y < 0}, g(y(¥)) = Ky(?). Hence y(¢) satisfies the second
order equation

1
V=— (Ky'—i—a)y)—i—wsint (5.13)
o o
with initial condition
. x(th) x
Vi) =0,  y)=""" =" xe[=8,.0l (5.14)
o o
Applying (5.6) to (5.13) and (5.14) we obtain
_ X0 M(O)t=t0) | 2 (p)(t—10)
y(t) = — M 0) 4 M2 0
K\/1 —4wp/K> ( )
_ @ / ’ [P0 _ 20D in 74, (5.15)
K\/1—4wp/K? Ji

where

K
mw=—MP+Jr4wmﬂ,

K
Jalp) == [1 —J/1 —4w,o/K2]. (5.16)
0

Since K < 0, Aj(p) — +oo and Ay(p) — —w/K uniformly for € I. Let
T, < Ty <2m and

s* =max {sinr: 1 € [T}, T5]}.

Then s* < 0. Thus (5.15) yields that (recall I = [w,,, wp])

t
y(@) < IKI\/I a)4 /k2/ [e)‘](p)(’_f) —eAZ(p)(’_f)] sin wdt
— awp to

S On 1T 50— (o) (t—
< [e HP=1) _ (o)t ’)]dr (5.17)
|K| 1)

= ¢*(t09 t? p)?
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whenever 0 < y(r) < y* and ¢ € [Ty, T;]. Let

)
azmin{ 14 ,TZ*—TQ,V}.
wpy (1 4+ P) 2

Theno > 0andtg + o € [T1, T;] for tg € [T}, T>]. Hence

s*w, 107
¢ (to, to + 0, p) = K| [ekl(p)(“f) — e’\Z(p)(’*’)]dr — —00
0]

as p — 0 uniformly for all w € I. Consequently there is a 0 < p, < p; such that
¢*(to, to +0,p) < y*

for all p € (0, p2], to € [T1, T>], and w € I. It follows from (5.17) that for each
p € (0, pp] and each w € I, thereis at’ = t'(xp, w, p) € (0, o] such that

0<y@® <y, rtelto+t), yto+1)=y"
It is obvious that the solution (x(7), y(¢)) enters the region
Uy=U,N{y"<y=<-p+ v}
when the time 7 passes 7y + ¢’ and when there is a positive number d such that

x(n —gy®) < —d,  (x(0,y®) € U;.

Hence
. 1 d
yo= (x—gy®) <— ,
o o
so that
dit —ty—1
ypy <yt = AT (5.18)
0
whenever (x(f), y(¥)) € U}’j. Let
i { od } (5.19)
oy, = min{ s, . .
’ B+ y*

Then (5.19) implies that, for all p € (0, p,),
do do
Y= ) <y - ) <Y —B+y)=—B<-b+y.
Y

It therefore follows from (5.18) and the last inequality that, for all p € (0, p, 1,
there is a t” € (0, o) such that

yto+1 +1") = =B+ y. (5.20)
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Now for ¢ € [to, 1o +t,] with t, = ¢ + " and w € I = [wy, wu], we have

1X()] = o|sint — y(O] < wp (1 + p).

This yields that
[x(to + 1,)| < |xol + tywm (1 + B) = 8y 4 200u(1 + B) <8, +28, < /y.
(5.21)
Equations (5.20) and (5.21) imply that
z(to + 1y, 19, 20) € B, (0, —p)
witht, =1t +1" <20 < y. O

Definition 2. For6# > 0 and w > 0 we define & = &;(0, w) > 0,i = 1, 2 such that
D3. x*e~@E1-0 4 a)f(f' e~ €19 gindr = 0,
D4. w [3? e @ I[sint + ldr = x*.

Note that & > 6 the first time at which the solution x; (¢, 6, x*) to the initial
value problem

X1 =ow[sint —x1], x1(0) = x*

vanishes. The number &, > 6 is the first time at which the solution x; (z, 6, 0) to the
initial value problem

Xo =olsint + B —x2], x200) =0

reaches x*. The assumption of § — 1 > x* implies that &, (6, w) is uniquely defined
forall > 0and w > 0.

Lemma 54. Let I = [w,, wopy] with w, > o}, and let D C Ry x I be a closed
set. Then the following are true.

(a) Suppose that there is a { > 0 and an integer M = 1 or M = 2 such that
£&1(0,w) € [CM — 1)+ ¢, 2Mn — ] for all (6, w) € D. Then for eachy > 0,
there are §,, > 0 and p,, > 0 such that for each (0, w) € D, |to — 0| < §,, and
20 € Bs, (x*, x¥), the solution z(t, 19, 2o, w, p) with p € (0, p, ] has a first time
n1 = n1(to, 2o, @, p) such that

z(no. 10, 20) €1}, and |1 (fo, 20, @, p) — &1(6, w)| < y.

(b) Foreachy > 0, there is a 8, > 0 and p,, > 0 such that for each (6, w) € D,
lto — 6] < 6,, and zo € B(sy (0, —p), the solution z(t, ty, 2o, w, p) With p €
(0, py 1 has a first time n, = N2 (to, 2o, w, p) such that

z(no, 10, 20) €15, and |2 (to, 20, @, p) — £2(6, w)| < y.

Remark 5. In part (a) of Lemma 5.4 we require that & (6, w) ¢ {(2M — 1), 2Mr}
because if & (6, wg) = 2M — )7 or &, (6y, wy) = 2Mm, then & (6, ) may not
be continuous at (6p, wp), while the function &, (6, w) is always continuous under
the condition 8 > x* 4 1.
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Proof. We shall prove part (b) of Lemma 5.4 only. The proof for part (a) is similar
to the proof of Lemma 5.2. Let §,, > 0 be small enough such that Bs, (0, —8) C
XY\ ;. By part (2) of Lemma 5.1 there is a p, > 0 such that for p € (0, p, ],
w € I,and zo = (x0, yo) € B,gy (0, —B), the solution z (¢, ty, zo) = (x(¢), y(¥)) stays
in the interior of X} before it reaches I} . Let

h(n) = y(1) — (=B + x(0)).
Then (x(7), y(t)) € E; implies that |k (f)| < y and
X(f) = wlsint — y(#)] = w[sint + B — h(t) — x(?)].

It follows that

t
x(f) = xpe~ @) 4 a)/ e " Isint 4+ B — h(1)]ldr

fo

t
> xpe @00 4 f e IB -1 — yldr (5.22)

fo

= xpe T H[B— 1 = y](1 — e @)

whenever (x(1), y(f)) € E; . Note that, by our assumption (see (H2) in Section 2),
B — 1 > x* + 1. Without loss of generality we can suppose y is small such that

B—1—y>x"+y.

It therefore follows that, for sufficiently small §,, > 0, there is a sufficiently large
T such that

xoe T B~ 1=yl —e ) > 2" +y (5:23)

for all |xg| <8, and w € I. Since z(1, f9, z0) can leave X} atl} and x(1) > x* + ¥
implies (x(£), (1)) ¢ XY, (5.22) and (5.23) therefore yield that there is a first time
12 = m(to, 20, @, p) < to + T such that

z(m,to, 20) €15

Next we claim that, if §, and p, are small enough, then |ty — 0] < §,, z0 €
Bs(0, —B), w € I, and p € (0, p, ] imply that

for all (0, w) € D. Suppose, on the contrary, that the above statement is false. For
n=1,2,3,...,lets, > Osuch that Bs, (0, —B) C X)/"\1}/" andlet p" > 0 (with
"1 < p™) be the corresponding number defined in part (2) of Lemma 5.1. Then
for each n, there are (9", ") € D, tj with [t] — 0" < 8,, 275 = (x5, Yp) €
Bs, (0, —pB), and p" € (0, p1,] such that

(15, 2. ", p") — £2(0", &")| > v. (5.24)
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Note that both the sequences {(#], zj}, ", p")} and {15 = m (1, 2, &", p")} are
bounded. Without loss of generality we can suppose that

(15, 26, wn. ")} = (1%, 25, 0*, ") W3 —> 0" (5.25)
as n — oo. It is obvious that z* = (0, —B), " — 0* = 1, and (0%, 0*) € D.

Moreover, let (x, (1), y, (1)) = z(t, 5, z5, ", p") for t € [, n,]. Then we have

n n 7]; n
xa(m3) = xge " (-15) + w, / e n () [sint + B8 —h,(D)]dr  (5.26)
1

with 1, (1) = yu () — (=B + x4 (2)). Since (x,(0), (1)) € Zy/" for ¢ € [¢}, 3] and
Cea(12), ya () € 1Y/ imply that

1
1= i3] (5.27)
and
xa(m3) > 0 as n— oo. (5.28)

by letting n — oo in (5.26) and with the use of (5.27)—(5.28), we therefore obtain

*

r’ k *
0=ow" / e~ " I[sin 1 + Bldr.
0*

It follows from the definition of & (6, w) that n* = & (6%, w*). This leads to
a contradiction to (5.24) since &, (0, w) is continuous on (6, w). O

With all the results obtained above we are ready to prove conclusion A of
Theorem 1.1. Since (1.1) is equivalent to (5.1), it is sufficient to prove the following
theorem for (5.1).

Theorem 5.1. Let the sequences {wy} and {wy } be given as in Theorem 2.1. Then
for each positive integer M and . > 0 with

u < ;min{a)}‘v—wN, N=1,2,...,M},

thereisa p* > O suchthat Pi51)($21, w) C $2y foreachw € U"Nt1 [oy+1, wy—ul
and p € (0, p*]. Furthermore, w € |wy + [, w5 — u] implies that any solution
starting from a point in §21 has exactly N spikes in 27 time period. Here P(s 1) (-, w)
is the time 2w map introduced by the flows of (5.1).

Proof. Let Iy = [ + 1, ony —pul, N = 1,2, ..., M. Itis sufficient to show that
for each I}, there is a p* > 0 such that

22,0, 21, w,p) C 21, pe(0,py]l, wely
and z(t, zo) has N spikes in 277 time period. To this end, we define

D, = {(ta(x0, ), ) : xo € [0, x*,we Iy}, n=1,2...2N,
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where #, (x9, w) is the time sequence defined in Section 2. Then by the definitions
of £1(0, w) and &, (0, w) we see that the following equalities hold:

&1 (ta (x0, w), ) = typy1(x0, w), k=1,...,N—1,
& (top—1 (x0, w), ®) = tor(xp, W), k=1,...,N. (5.29)

Moreover, w € I 1’\‘, implies that for all xo € [0, x*],
T<nh (X(), a)) < Z‘QN(X(), a)) <21 < t2N+1()C0, a)) (530)

Recall that P(x¢, ), the time 27 map for the reduced system (2.5)—(2.6) is defined
as

2
P(xp, w) = e I:x*e“”zN(xO"") + / €7 sin rdrj| . (5.31)
N (xp,w)
Hence (5.30) implies
0 < P(xo, ®) < x*, (x0,w) € [0, x*] x I. (5.32)

Since [xg, x*] x 11’\‘, is a compact set, (5.30) and (5.32) yield that thereis a ¢ > 0
such that for all (xg, w) € [0, x*] x I

Pl. t,(xp,w) € [T+ ¢, 2n —¢],1 <n <2N;

P2. 3n 4+ ¢ < toys1(xg, w) > 4w — ¢. (Note: We have try11(xo, ) = 2w +
1 (f’(xo, ), w) by definition. Hence P1 implies P2.)

P3. ¢ < ﬁ(xo,a)) <x*—-¢.

By Lemma 5.2, for each §; > 0, there is a p; > 0 such that for all p € (0, p;]
and w € I}, if zo = (xo, yo) € 21, then there is a 51 (29, w, p) With

21,2000, p) €L, 5120, @, p) — 11 (x0, )| < 81 (5.33)

Let d| = s1(20, w, p) and 2} = z(s1, zo, w, p). Then by Lemma 5.3, for any given
y1 > 0, if the above p; and §; are small enough, then (5.33) implies there is
0 < t,,(d}, z) < y1 such that

z1 = z(d} +1,(d}, 2}). 21) € By, (0, —B). (5.34)
Moreover, for di = d| +t,,(d{, z}), we have

|dy — 11 (x0, )| < |d} — t1(x0, @)| + 1, (d]. 2))
= |51(z20, @, p) — 11 (x0, )| + 15, (d}, 2}) (5.35)
<1+ .

It follows from (5.34), (5.35), and Lemma 5.4 that for any small number y, > 0,
7y =z(m(dy, 21, 0), di, 21) € I}
and

[n2(dy, 21, @) — & (1 (x0, ), )| < 2
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as long as p € (0, p;] and py, &, y; are sufficiently small, where n,(d;, z;, ) and
& (11 (xo, w), w) are defined as in Lemma 5.4. Let d) = n2(dy, 21, ). Notice that
1 (x0, w) = & (1) (x0, ), and we thus have

’dé — tr(xo, a))| <" and Z/2 S 112/2.

Thus, with the repeat use of Lemmas 5.3-5.4 we can inductively show that for any
given y > 0 there is a p* > 0 such that for any p € (0, p*], w € 11’\‘, and zo € §24,
thereare d| < dy < --- < dany1, Where d; depends on (zg, @, p) such that

z(doy-1,20) € B,(0,—PB), |du—1 —tu—1(x0, )| <y, k=1,...,N+1,
(5.36)

z(dok, 20) € By (x*, x¥), |du —ta(x0, )| <y, k=1,....,N.  (537)
In addition,
(x(0), y(0) = z(t.z0) € X, t € [day, dans1]. (5.38)
Define

R(k], k2, k3, t) — |(x* _ kl)e—w(2ﬂ—t+k2) _ x*e—w(2ﬂ—t)|

t 2
/ efa)(anr)dr f 6‘7&)(27{71)611'
t—ky t—ky

Rk, ky, k3, t,0) > 0 as (ki k2, k3) — (0,0,0)

+ + wlks| - (539

It is apparent that

uniformly for (¢, ) € [, 2] x I " so that there exists a k* > 0 such that

R(ky, ko, k3, 1) < ; if |k <k* i=1,2,3, (o) c€lr2n]xIy.

(5.40)
Now we choose y > 0 small enough such that
— min i ¢
y = min { k™, (5.41)
2
— Vo ; * {
21 =(x1,y1) €0y : ZSXISX ~ 5 C £2;. (5.42)

Then (5.36), (5.37), and (5.42) yield that

don < toy(xo, w) +y < 2w — ;

and

¢
dony1 = g1 — Y = 21 + .
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Hence one has 27 € [daw, don+1]. Now for t € [doy, 2] we have
X(t) = w[sint — y(1)] = w[sint — x(t) — h(1)] (5.43)
with h(f) = y(f) — x(¢). Equation (5.38) implies that
lh(O] <y, 1€ lda,2m]. (5.44)

Let thy = tn(x0, w). Then, using (5.43) and (5.31), and upon a straightforward
calculation, we obtain

2
x(27) = x(doy)e P EN) 4 / e P Isint — h(7)]dt
dyn
2
= x*e TN 4 4 / e %D gin tdr + R (5.45)
N

= P(x0, ) + R*,
where

R* — [[x* _ (x* _ x(dzN)])e—w(2ﬂ—12N+(t2N—d2N)) _ x*e—a)(zﬂ—tz]v)]

N
+w / e~ %" gin tdt (5.46)
n—(ty—dan)
2
—w / e P I p()dr. (5.47)
Hn—(N—daN)

Using (5.39)—(5.42), (5.44), and (5.46) we therefore deduce that
IR < R(x" = x(don) taw = das v) < . (5.48)

Hence (5.45) and (5.48) yield that

¢ ¢

<x(2mw) <x* —

Together with (5.42) and the fact of z (2w, z¢) € ZJT we conclude that

éfxlfx*—g}CQI

z(2m, z0) C {Zl = (x1,y1) €0 :
allzp € 21, w € I}f,, and p € (0, p;]. Moreover, it is clear that the solution z(z, zg)
completes exactly N cycles for a 27 time period. O

Final remarks

1. We notice that, unlike the region §2,, we have cut a small corner near the origin
in the region £2. The reason we do so is that there is a discontinuity of solutions
of (5.1) on the initial value at (0, 0) as p — 0. That is, the solution starting
at (0,0) at r = 0 will stay in the y > 0O half plane for at least 7 time before
it goes to the lower half plane. However, if a solution starts at a point (0, yo)
with yp > 0 at time ¢ = 0, then, if p is sufficiently small, the solution will jump
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to §£2; in a short time. Hence this type of solution cannot be approximated by
a solution of the reduced system.
2. Recall that (see (2.3)) w = K1|v‘ Thus we have

1 1

VN U}kv =

K]CON’
and
Vyp <vv <vy, N=1,2,....

Moreover, wy and w}, depend on x* and B. It can be shown that wy and w},
increase as x* and S increase. A visible reason is that an increase in x* and
will slow the oscillation. Hence, in order to complete N cycles in a 27 period
we must increase the value of w. Note that, by (2.3) and (2.4),

_ K»>ip
o aK1

_ (K> — Ko
a aK1 '

*

. P

This means that wy and w}, increase when the amplitude a decreases. That
is, vy and v}, decrease as a decreases. Figure 13 gives the diagram about the
relation between vy, vy, and a.

a* = min {—k,‘;’l'" , = 22‘(,}

Fig. 13.
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