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Abstract. We prove a small excess regularity theorem for almost minimizers of a quasi-
convex variational integral of subquadratic growth. The proof is direct, and it yields an
optimal modulus of continuity for the derivative of the almost minimizer. The result is
new for general almost minimizers, and in the case of absolute minimizers it considerably
simplifies the existing proof.
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1. Introduction

In this paper we study the regularity properties of almost minimizers of variational
integrals

Fu) = f J(Du) dx , (D
U

where U is a bounded open subset of R”, n > 2, and u : U — R" is a map defined
on U taking values in RV, N > 1. Here

9 i
Du:( " ) - U — Hom(R", R)

axa 1<a<n, 1<i<N
is the derivative of the function # and Hom(R”, R") denotes the space of alln x N
matrices. The function f: Hom(R", RY) — R is a C?-integrand of subquadratic
p-growth, i.e. for some L > 0 and p € (1, 2) there holds:

[ (] = L(1+ A7), 2)
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for any A € Hom(R", R"). Further we assume that f is strictly quasi-convex,
meaning that there holds

/ (f(A+ Dg) — f(A))dx = /\/ (1+1AP + | Dgl) o |Dl*dx,  (3)
U U

for some fixed constant A > 0, for any A € Hom(R", RY) and ¢ € C}(U,R").
The condition of quasi-convexity was introduced by Morrey in [28]; for the notion
of strict quasi-convexity in the case p > 2 we refer to the paper of Evans [19]. In
[10] and [11] this condition was generalized to the case 1 < p < 2 (i.e. the case of
integrands with subquadratic growth) in the form given in (3).

For every u € WP (U, RV) the variational integral ¥ (u) is defined. We say
that u is an (¥, w)-minimizing function (or an (¥ , w)-minimizer) if there holds

/ f(Du) dx
By (x0)

< / f(Du + Dg) dx + w(p) (1+1Dg|? + [Du|”) dx,  (4)
By(xp) By (x0)

forany ball B,(xg) CC Uandany ¢ € WP (U, RV) withspto C B,(xo). Here the
modulus of almost minimality w: [0, co) — [0, c0) is a non-decreasing bounded
function with lim, o w(p) = w(0) = 0 satisfying the Dini condition

Q) = / velp) dp < 00, (5)
0 o

for any r > 0. In particular, note that the case w = 0 corresponds to the case of
F -minimizers.

For examples, and motivation for studying almost minimizers (which are also
immediately seen to be applicable to the subquadratic case) we refer the reader to
the papers [15] and [5]. In particular we note here the example of Sverak given in
[31] of a quasi-convex integrand with subquadratic growth which is not convex,
nor even polyconvex.

In the fundamental paper [19] Evans considered strictly quasi-convex inte-
grands f in the superquadratic case (i.e. p > 2). He proved that if f is of class C?
and satisfies the growth assumption

|D? f(A)| < L(1+|A|P72), (6)

for any A € Hom(R", RY) (note that this is stronger than (2)), then any
F-minimizing function u € W"?(U,R") is of class C"** on some open sub-
set Uy C U whose complement has n-dimensional Lebesgue measure zero. In [1]
this result was generalized to integrands f of p-growth with p > 2 satisfying the
weaker assumption (2); in that paper the authors were also able to handle the case
of integrands f depending also on x and u, i.e. the case of quasi-convex variational
integrals of the form # (u) = [, f(x, u(x), Du(x)) dx.

In [11] the result of Evans (under the weaker growth assumption (2)) was
extended to the case of quasi-convex variational integrals with an integrand of
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subquadratic growth; cf. the earlier paper [10] for a treatment of the particular case
nzfz <p<2

The proofs of the regularity results for ¥ -minimizing functions « of the above-
mentioned papers are based on a blow-up technique originally developed by De
Giorgi [13] and Almgren [3], [4] in the setting of geometric measure theory, and
first adapted to the setting of partial-regularity theory for elliptic systems by Giusti—
Miranda [24]. The key step is to establish a certain excess-decay estimate for the
excess function ®. In the case p > 2 this function is given by

12
D (x0, p) = <f (lDM - (Du)xo,p|2 + [Du — (Du)xo,plp) dx) s
Bp(x())

whereas in the case 1 < p < 2 one uses

1/2
@ (xo, p) = (][ - [V(Du) — V((Du)xo,p)|2dx) ; (7
By (xo

where
V(A) = (1 + A%+ A for A € Hom(R", RY).

It is shown that if ®(x¢, p) is small enough on a ball B,(xg) CC U, then for
some fixed ¢ € (0, 1) one has the excess improvement ® (xg, 9p) < cIP(xg, p).
Iteration of this result yields the excess-decay estimate which implies the regularity
result. In each of the above-mentioned papers the excess improvement is established
by an indirect argument.

Partial regularity for (¥, w)-minimizing functions was first established in [15]
in the case of quasi-convex variational integrands of quadratic growth and later in
[17] for the case of p-growth with p > 2 under the stronger growth assumption (6).
Both papers use the method of A-harmonic approximation, which in particular
enables the authors to prove the excess-improvement estimate directly. We give
a brief discussion of this technique in the following, but remark here that the
technique has its origins in Simon’s proof of the regularity theorem of Allard ([2]),
see [30, Section 23], and cf. [6]. The technique has been successfully applied in the
framework of geometric measure theory (see [18]), and to obtain partial-regularity
results for general elliptic systems (see [16], [14], [25], [26], [27]).

We consider a bilinear form on Hom(R", RY) which is (strongly) elliptic in the
sense of Legendre—Hadamard, i.e. for all n € R” and £ € R" there holds:

AN ®E N ®E > k|nl*E%

for some positive constant . The method of A-harmonic approximationis based on
the fact that one is able to obtain a good approximation of functions
g € WH2(B,RN), which are approximately +A-harmonic in a certain sense by
s-harmonic functions 1 € W'-2(B, RY), in both the L>-topology and in the weak
topology of W!-2, Here h € W!2(B, RV) is called A-harmonic on B if there holds

/ A(Dh, Dg)dx =0 forany ¢ € Cj(B, RY).
B
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In the situations considered in the above-mentioned papers [15] and [17] the
required approximate -harmonicity of (¥, w)-minimizing functions u €
WP (U, RV) is a simple consequence of the minimizing property. A comparison
argument involving # and the A-harmonic approximation & implies an estimate (in
some sense an L2-excess-improvement), which when combined with Caccioppoli’s
inequality yields the desired excess-improvement estimate.

In the present article we extend this approach to the case of quasi-convex
variational integrands of subquadratic growth fullfilling the weaker growth as-
sumption (2). The main result then reads as follows:

Theorem. Suppose f is a strictly quasi-convex function of class C* satisfying
the subquadratic growth condition (2). Suppose further that u € W7 (U, R")
is (¥, w)-minimizing where the modulus w: [0, c0) — [0, 00) determining the
almost minimality property is a non-decreasing bounded function such that
lim, 0 w(p) = w(0) =0, p = 0 *Pw(p) is non-increasing for some B € (0, 1),
and which satisfies the Dini condition (5). Then there exists an open subset Uy C U
of full Lebesgue measure such that u is of class CllOC (Uo, RY). Moreover; in a neigh-
bourhood of any point xg € Uy the derivative Du of u has modulus of continuity

given by p — p* + Q(p) for any a € (B, 1).

The common feature in all the cases discussed above is the fact that one is in
a situation where the considered maps g: B — R" admit a bound f B |Dg|?dx < 1
for the L?-norm of the gradient. In the subquadratic case we are dealing with
functions belonging to the Sobolev space W!'” with 1 < p < 2, and hence
one only has a bound for f 5 1Dg|? dx, and this causes several problems. The main
problem is to establish a suitable version of the #-harmonic approximation lemma.
For p > 2 it is straightforward to adapt the standard +-harmonic approximation
lemma by utilizing L?-theory combined with the (standard) Sobolev inequality.
For p < 2 we obviously do not have access to L>-theory for functions in W7,
and so we have to generalize the approximation lemma directly. The formulation
and the proof of the L”-version (see Section 7) are much more involved, and the
proof requires the following Sobolev—Poincaré-type inequality:

2 !

u—u n=p e 2
][ 1% < x‘”’) dx <c@, N, p) ][ |V (Du)|*> dx | .
By (x0) 1Y By (x0)

We prove this inequality in Section 4. A weaker version of this Sobolev—Poincaré-
type inequality has been proved in [11]. There the authors need to increase the
radius of the ball on the right-hand side; we note that such a weaker version is not
sufficient to establish our desired approximation lemma.

Having proven the A-harmonic approximation lemma, the other steps in the
above-sketched strategy are fairly simply adaptable to the current setting. Firstly, we
prove a Caccioppoli-type inequality for (¥, w)-minimizing functions u by suitably
modifying the arguments from the case p > 2 (see Lemma 3 in Section 5). Sec-
ondly we show that (¥, w)-minimizing functions are approximately #-harmonic,
where « results from “freezing the coefficients”. Finally we compare u with the
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4-harmonic approximation to obtain — via our Caccioppoli-type inequality — the
desired excess improvement. We note that all these steps have to be performed by
using the excess function ® from (7) and its L*-counterpart

(][ v (u —&— (Du)yy,p(x —xo)) : dx)l/z,
By (xp)

P
where £ € RV,

2. Notation and statement of the result

Throughout the paper we consider functionals of the form
Fu) = / f(Du) dx, ®)
U

where U is a domain in R” and f: Hom(R", RY) — R satisfies the following
structure conditions:

(H1) the function f is of class C? and there exists p € (1, 2) such that for some
constant L > 0 and all A € Hom(R", RV) we have

[f(A] < L1+ A7) ;

(H2) the function f is (strictly) quasi-convex, i.e. there exists a constant A > 0
such that

f (f(A + Dp) — f(A))dx > & / (1+ AP + DgP) " |Dpfdx,
Bp(x()) B

p(x())
for any B,(xo) CC U, A € Hom(R", R") and ¢ € C}(B,(x), R").

Note that (H1) implies in particular that F is defined on W7 (U, RV).
We next remark that hypothesis (H2) implies that, for any function ¢ €
C(‘) (B 0 (X0), RY ), the non-negative function

p—2
1(7) =/ (f(A+tD<p)—f(A) —M1+]AP + |t Dp|) 2 |th0|2> dx
Q
attains its absolute minimum at ¢ = 0; hence 7”(0) > 0, which implies
2 2\ P52 2
/ D f(A)(Dg, Dp)dx > 2A (1 + |A[7) 2 / [Dg|” dx.
Q Q

This integral condition is equivalent to the strong Legendre—Hadamard condition
(see [29, 4.4.1,4.4.3] or [20, 5.1.10]), i.e. for all € R", £ € RY we have

2 1P 2012
D f(AY(n®&n®E& =20+ A7) 2 nlI°|&]". 9
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Let us remark that we do not assume an explicit growth condition for the second
derivatives of f. For our purposes it is sufficient that, for any given constant M > 0,
there exists a constant K; < oo such that there holds

sup  |D*f(A)| < K. (10)
|Al<M
AeHom(R",RN)

Since f is quasi-convex and satisfies the growth condition from (H1) it is
well known (see [11, Remark 3.1]) that there exist a constant ¢ of the form ¢ =
c(n, N, p) - L such that the first derivatives D f of f satisfy the growth condition

IDf(A)] <c(1+]AIP7). (11)

Finally, we note that hypothesis (H1) implies the existence of a modulus of con-
tinuity of D?f on compact subsets of Hom(R", RY). To be more precise: cor-
responding to M > 0 there exists a monotone non-decreasing, concave function
vy : [0, 00) — [0, co) continuous at O such that vy, (0) = 0 and

|D? f(A) — D*f(B)| < vu(|A — BJ), (12)

for any A, B € Hom(R", RY) with |A| < M + 1, |B] < M + 1. (We work with
M + 1 instead of M due to the fact that we apply (12) to matrices A, B with
|[Al <Mand |A—B| <1)

Now we are in the position to define precisely the notion of an almost minimizer.

Definition 1. Consider a functional ¥ as in (8) defined on the Sobolev space
whre(U,RN), 1 < p < 2, U adomaininR", and a function w: [0, co) — [0, 00).
A function u € W"P(U,RV) is called (F , w)-minimizing at xo in U if, for all
B,(x0) CC U, there holds

F (u; Bp(x0)) = F(u + ¢; Bp(xo)) + w(p) (1+ |Dul|” 4 | Dg|")dx, (13)
Bp(x())

forall ¢ € C(l) (Bp(xo), RN). Here ¥ (v; By(xp)) = pr(xo) f(Dv)dx. A function

u € WhP(U,RV) is called an (F , w)-minimizer if u is (¥ , w)-minimizing at every

point xo in U.

We impose the following conditions on the function @ which characterizes the
almost minimality:

(F1) w(p) is a non-decreasing function of p with lim, o w(p) = w(0) = 0 and
w(p) < 1 forall p;
(F2) w(p)/p*” is a non-increasing function of p > 0 for some B € (0, 1);

(F3) Q(r) = / Volp) dp is finite for some r > 0.
0 o

The main result of our paper is the following:
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Theorem 1. Consider p € (1, 2), a domain U in R" with n > 2, a function @
satisfying (F1)—(F3) and a function f : Hom(R", RN) — R which satisfies (H1)
and (H2). Further let F be the functional on WP (U, RN) given by ¥ (u) =
fU f(Du)dx andu € WhP(U,RN) be (F , w)-minimizing on U. Then there exists
a relatively closed subset Singu of U such that

ue C'(U\ Singu ,RY).
Furthermore Singu C 2| U X, where

¥ = {xo eU: liminf][ |Du — (Du) o dx > O} , and
Bp(x())

P10

¥y = yx0 € U :limsup [(Du)y, ,l =00y ;
P40

in particular L" (Singu) = 0.
In addition, in a neighbourhood of any xo € U \ Sing u and for any a € (8, 1)
the derivative Du of u has modulus of continuity given by p — p* + Q(p). O

We close the section with a remark on notation. The various constants ¢ appear-
ing in the proofs and statements will depend on a number of structural parameters,
and these dependencies will be indicated in the text or by self-explanatory nota-
tion without giving the explicit form of the constant in every case. Moreover, the
constants ¢ may change from line to line. We also assume, unless otherwise stated,
that all constants appearing satisfy ¢ > 1.

3. Preliminaries

Throughout the paper we shall use the functions V=V, : RF — R* and W=Ww, :
RF — R defined by

3 W 3

V(e = s ® = ,
(1+EP) V1 + (512

(14)

for each £ € R¥ and for any p > 1. From the elementary inequality ||x||22 <
P

27
el <2072 x|l 2 applied to the vector x = (1, |€]>~?) € R? we deduce that
2,

2— 2—
A+1ED 2" <14 PP <2221+ €% 2,
which immediately yields

W& = V(O] = c(p) IWE)I. 15)

The purpose of introducing W is the fact that — in contrast to |V|*” — the function
|[W|?? is a convex function on R¥. This can easily be shown as follows: firstly
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a direct computation yields that # > W2/P(f) = t*/P(1 + t*>~P)~1/? is convex and
monotone increasing on [0, oo) with W?/7(0) = 0; secondly we have

)W(s;n) W (55 < g (JErEly P

_ WAEDY? + W(in)>? _ WP + W
- 2 2

)2/19 _

El

for any &, n € RK.
We use a number of properties of V' = V, which can be found in [11,
Lemma 2.1].

Lemma 1. Let p € (1,2) and V, W : R* — R be the functions defined in (14).
Then for any &, € RF and t > 0 there holds:

(i) ), min(l, [£]%) < [V(®) < min(l¢], |€]%);
(ii) V()| < max(t, 12) [V)];
(iii) V(& +m)] < e(p) (V@] + V)

(iv) Plg—nl < VOO <k, p)1E—nl;
(A+HEP+n?) 4
(v) V(&) — V()| < ek, p) [V(E —n);
i) |V(E — )| < e(p, M) |V(E) — V()| for all n with || < M.

The inequalities (i) — (iii) also hold if we replace V by W.

Proof. The assertions for V are taken from [11, Lemma 2.1]. The analogous
inequalities for W are easy to derive in the case of (i) and (i7); the estimate in (iii)
follows from the corresponding estimate for V and (15). O

For later purposes we state the following two simple estimates which can easily
be deduced from Lemma 1 (i) and (vi). For £, n € R¥ with || < M we have for
|€ — n] < 1 the estimate

& —nl* < c(p, M) |V(E) — V)%, (16)
while for |€ — n| > 1 we have
& —nl” < c(p, M) |V(E) — V(). (17)

The next lemma is a more general version of [11, Lemma 2.7], which itself is
an extension of [21, Lemma 3.1, Chap. V]. The proof in [21] can easily be adapted
to the present situation by replacing the condition of homogenity by Lemma 1 (ii).

Lemma2. Let 0 < ¥ < 1,a,b > 0, v e LP(B,(x0)) and g be a non-negative
bounded function satisfying

g(n) = Vg(s) +a/ V(2 dx+b,

By (x0)

forall p/2 <t < s < p. Then there exists a constant c = c(9) such that

g(p/2) < c(¥) <a/ |V(;;)|2dx + b).
By (x0)
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4. A Sobolev-Poincaré-type inequality in the subquadratic case

In this section we consider functions in u € W7 (B »(x0), RN ) in the subquadratic
case 1 < p < 2 and prove an inequality of Sobolev—Poincaré-type which is
appropiate to our situation. An analogous Poincaré-type inequality can be found
in [9, Proposition 7.6]. A weaker version of this Sobolev—Poincaré-type inequality
was proved in [11, Theorem 2.4] (see the comments in Section 1).

Theorem 2 (Sobolev—Poincaré-type inequality). Let p € (1,2), B,(x9) C R”
with n > 2, and set p* = nz_” . Moreover, let V and W be the functions defined
in (14). Then the following inequality holds:

1
U — Uy P v 2
][ W< “’)‘ dx| <e¢s ][ |W(Du)|*dx |
Bp(x()) p Bp(x())

foranyu € WI'P(B,, (x0), RN); here the constant cs depends only on n, N, and p.
Furthermore, the analogous inequality holds if we replace W by V.

Proof. Similarly to the proof of [23, Lemma 7.16] we have for x € B, (xo) (since
|x =yl = 2pforx,y € Bpy(xo) ):

_ [x—y]
00 = ttg.pl ][ ][ |Du(x + ro) o| drdy
2p By(xg) J0

where here w = 7% .
[y—x]

Since t > W?P(¢) is non-decreasing and convex (see the beginning of Sec-
tion 3) we apply W?/” to both sides of the previous inequality and obtain by
Jensen’s inequality and recalling W(0) = 0:

2 lu — uy, p| b=l 2
W /P< o ) < ][ ][ WP (| Du(x + ro) o|)drdy
By(xp) JO

2p
2p)"!

_ylen WZ/p D d ,
= 1= 1)L (B (x0)) Jan lx — vl (IDu(y)Ddy

where we define

1 x & B,(xo)

W(|Du(x)|) =
(1DuD { W(Du(x)|) : x € B,(xp).

Then [32, Theorem 2.8.4] applied with f = V~V2/1’(|Du|), o = 1 (note that
W2P(|Dul) € LP(R") since W¥?(|Du|) € L?(B,(xo)) by Lemma 1 (i)) yields
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n—p

u—u Z !
/ W( x"*”) dx
By(x0) 2p
np ny:p
(v () )
B, (x0) 2p
n—p

ff] np
sc</( |x—y|1"V~v2/f’<|Du(y>|)dy) 'dx)
P \Jrr \JRrn
1
<¢ (/ (W””(wu(xn))pdx)p
P \JRrn

1
=€ (/ |W(Du(x))|2dx) ,
p Bp(x())

n—-p _n
where the constant ¢ depends on n, N, and p only. Since L =p7 p rand

[W(&/2)| = ; |[W(&)| by Lemma 1 (i7), we obtain the assertion of the theorem, first
for W, and then also for V by (15). m|

5. A Caccioppoli inequality

The first step in proving a regularity theorem for (¥, w)-minimizing functions is
to establish a suitable Caccioppoli inequality. Typically, such an inequality is used
to prove higher integrability via Gehring’s lemma (in a version due to Giaquinta
and Modica [21]). Since we do not use the blow-up technique for proving regu-
larity we need only a very weak version of the Caccioppoli inequality; this means
that the constant ¢, in Caccioppoli’s inequality for the function B,(xp) > x
u(x) —& — A(x — xq), where £ € RY and A € Hom(R", R") is allowed to depend
onabound M > 0 of the matrix A. Throughout this section we consider functionals
F of the form £ (u) = f y J(Du) dx, and we assume that the integrand f satisfies
the hypotheses (H1), (H2). Moreover, we assume that the function w from the
(¥, w)-minimality condition satisfies hypothesis (F1). For the convenience of the
reader we recall from Section 2, (10) the definition of K;: for M > 0 there exists
Ky < o0 such that |D2f(A)| < Ky, forany A € Hom(R", RY) with |A| < M.

Lemma 3 (Caccioppoli inequality). Let M > 0. Then there exist constants ¢, =
ccn, N, p, LA, M, Kpr11) and py = po(n, N, p, ., M, w(-)) such that for every
ball B,(xg) CC U with p < po, § € RM, A € Hom(R", RY) with |A| < M and
everyu € WLr(U, RN) which is (F, w)-minimizing in U, there holds:

][ [V(Du — A)|?dx < ¢, ][
B2 (x0) B, (xp)

P

V(“*E*A(xfxo))‘z dx+w(p)i| .
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Proof. Although the proof is close to the proof of similar inequalities given in [19,
Lemma 3.1, 5.1] in the case p > 2 (see also [15, Lemma 3.2], [17, Lemma 1]),
and [1, proof of Lemma II.5], [22, Proposition 4.1], [10, proof of Lemma 2.7] and
[11, proof of Lemma 2.8] in the case 1 < p < 2, we give the arguments for the
convenience of the reader.

Let B,(xg) CC U. We choose p/2 <t < s < p and a standard cut-off function
n e C(l)(Bp(xo), [0, 1]) with n = 1 on B,;(xg), n = 0 outside B;(x(), and which
satisfies |Vy| < 2, For & € RV and A € Hom(R", RY) we abbreviate

N
v=u—§&— A(x — xo), o =nv, and Yv=>{0-—nv.
Then
Dy + DYy = Dv=Du—A, (18)
and further there holds
1Dg|” < e(p) (1DvI” +,7,|") and  [DY|” < c(p) (IDv” +1.2,]). (19)
Using hypothesis (H2) and (18) we obtain
A/ (14 |A2 + Do) "> |Do|?dx < T + 11 + 111, (20)
By (x0)
where
1= [ tfou= D)~ fouar,
By (x0)
11 =/ [ f(Du) — f(Du — Dg)]dx, and
By (x0)

111l = / [f(A+ DY) — f(A)]dx.
By (x0)
To estimate I + 111 we note that
1
I+ 111 = / / [Df(A 4 tDV¥) — D f(Du — tDVY¥)dtDVY dx
Bs(xg) JO
1
= / / (Df(A + DY) — Df(A)) dtDyr dx
By(xp) J0
1
—i—/ / (D f(A) — Df(A 4+ Dv — tDv)) dtDyr dx
Bg(xp) JO

=I'+1I,

with the obvious labelling. On B(x¢) N {|Dy| > 1} we use (11) and the fact that
|A| < M to deduce the following estimate for the integrand in 1’

|Df(A + DY) — Df(A)||DY| < c|Dy|”,
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where the constant ¢ depends only on n, N, p, L, and M. On the other hand,
on By (xo) N {|D¥| < 1} we use the bound for the second derivative D f of f,
i.e. (10) with M replaced by M + 1, to infer

|Df(A + DY) — Df(A)IDY] < Kus1 DY,

where Kp41 = SUpj4<p11 |D? f(A)|. Using the last two estimates, we obtain

7| SC/ |Dw|l’dx+KM+1/ DyPdx, @)
By (xo)N{|Dy|>1} By (xg)N{|Dy| <1}

where ¢ = c(n, N, p, L, M). In view of Lemma 1 (i) we infer
I <c f V(DY) Pdx
By (x0)

where ¢ depends on n, N, p, L, M, and K4+ only. Using Lemma 1 (i), (i) and
(iii) we estimate V(D) as follows:
IV(DY)| = V(1 —n)Dv — Vi @ v)|
= c(p) [IV((I —mD)| + [V(Vn @ v)|]
< c(p) [|V(Dv>| +mm{ A i|}]
< cp) [IVIDV| + [V ()] -

In view of the previous estimate we conclude, noting that Dy = 0 on B,(xo),

I <e¢ f [|V(Dv)|2 +|v (sff)|2] dx, 22)
By (x0)\B: (x0)

where ¢ depends on the same quantities as before, i.e. onn, N, p, L, M, and K74 1.
The second term /11’ is estimated similarly. Firstly, on the set By(xo) N {|Dv|+
|DYr| > 1} we use (11) to bound the integrand in /71’ from above by

|Df(A) = Df(A + Dv —tDW)||DY| < ¢ (Dol + DY)~ DY,

where ¢ = c(n, N, p, L, M). Secondly, on the complement B;(x¢) N {|Dv| + | Dy|
< 1} we use (10) to bound the second derivatives D? f (note that |A + Dv—tDyr| <
M + 1 in this case) and obtain:

IDf(A) = Df(A + Dv —tDY)||DY| < Ky1(|1Dv] + DYDY .

Using again Lemma 1 we deduce:

[11I'| < c / [IDv| + |Dy|1? dx
Bs (x0)\ Bt (x0))N{[ Dv|+|Dy|>1}

+ Koo f [1Dv] + | DY|P dx
B (x0)\ Bt (xp))N{| Dv|+|Dyr|<1}

<c / \V(IDv| + | DY) Pdx
By (x0)\ Bt (x0)

IA

c / [V(Dv)|? + | V(DY) |*dx
By (x0)\ Bt (x0)

<c / (|V(Dv)|2 +|v (S3,)|2) dx, (23)
By (x0)\ Bt (x0)
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where the constant ¢ depends on the same quantities as the constant in (22), namely
onn, N, p, L, M, and K.
To estimate /1 we use the (¥, w)-minimality of u, i.e. (13), to conclude

1| < w(s) (1 + |Dul|? + | Dg|?) dx
Bs(x0)
< w(s) (14 2P~'MP 4 2P~Y Dv|? + | Dg|?) dx
Bs(x0)
< c(p, M) cy0(s) 5" + c(p) w(s) (|Dv| + | Dg|)? dx.
By (xp)

To estimate the second term of the right-hand side of this inequality we argue simil-
iarly as above, i.e. we split the domain of integration into two parts B, (xo) N{|Dv|+
|[Dg| < 1} and Bg(xo) N {|Dv| + |Dg| > 1}. On the set where |Dv| 4+ |Dg| < 1
we trivially find

w(s) (IDv] + [ Do) dx < ana(s) s,
By (xo)N{|Dvl+[ Dyl <1}

whereas on Bg(xp) N {|Dv| + |Dg¢| > 1} we argue similarly to (23), using (19) to
estimate | Dy|”, and obtain:

w(s) (IDv] + | Dgl|)? dx
By (x0)N{| Dvl+| Dyl > 1)

< cpow [ [Ivoul+|v ()] ax

Bs (x)
Thus we have established:
v 2
1] < c(p, M) ayao(s) 5" + c(p) a(s) [lV(Dv)|2 +vi(.)l ] dx. (24)
Bs(x())
Finally, on B;(xg) we use Lemma 1 (iv) and (vi) to bound the integrand of the
left-hand side of (20) from below:
21+ A1 + D) 2 |DeP2 = 2(1 + |AP + [DvP) "2 | DvP?
> c(p) A (L+ |A2 + [ Du) "> |Du — AP
> c(n, N, p,A) |V(Du) — V(A)*
> c(n, N, p, », M) |V(Dv)|*.

Using this in (20) together with the estimates (22), (23), and (24) we finally arrive
at:

c / \V(Dv)Pdx < T (/ (VP + v (7)) dx + (o) s")
By (xo) By (x0)\ Bt (x0)

+ Caools) (|V(Dv)|2 +|v (sif)|2) dx,
By (x0)
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where the constants ¢, ¢, and ¢ have the following dependencies: ¢ = c¢(n, N,
p.A M), C=Cn, N, p, L, M, Ky11), ¢ =7<(p). Now, we choose pg = po(n, N,
P, A, M) such that Tw(py) < g; this choice of pg is possible in view of our
hypothesis (F1) on w. “Filling the hole” yields, with ¥ = cﬁ? < 1

/ |V(Dv)|*dx < ¥ / |V(Dv)|2dx
By (xq)

By (x0)

el [ W(IPa+ e ],
Bp(x())

for a constant ¢ = c(n, N, p, L, A, M, Kj+1). The proof is now completed by
applying Lemma 2. O

6. Approximate harmonicity

For a ball B,(xo) CC U, a functionu € W'?(B,(xo), RY), a vector £ € R", and
a linear function A € Hom(R”, R") we define

d(xg, p, A) = <][B o IV(Du) — V(A)|? dx>2 ) (25)
p (X0

Lemma 4 (Approximate A-harmonicity). For any M > 0 there exists a constant
ce =ce(n, N, p, L, M, Ky+2) such that for everyu € wbhr(U, RN) thatis (F , w)-
minimizing in U, every ball B,(xo) CC U and every A € Hom(R", RY) with
|A] < M we have:

][ D? f(A)(Du — A, Dp)dx
Bp(x())

= ¢ (Vou(@@ + %) + Vo)) sup Dl,

Bp (x0)

forall ¢ € C(l)(Bp(xo), RN). Here we have abbreviated ®(x, p, A) by ®.

Proof. We write B, for B,(xp). We assume initially that [Dg| < 1.For0 <s <1
we use the (¥, w)-minimality of u to deduce (see [15, inequality (4.4)])

/ D? f(A)(Du — A, Dy) dx
By
> l [/ /S (D f(Du) — D f(Du + tDg)) Dy dr dx
B, Jo
1
—i—s/ / (D*f(A) — D* f(A + ©(Du — A)))(Du — A, Dg) dt dx
B, Jo

—w(p)/ a +|DM|”+S”)dX}
BP

= (U+1+1)dx,
By
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with the obvious labelling. To estimate /, I and /1] we distinguish the cases
|Du—A| <1,|Du— A| > 1.Inthe case that | Du — A| < 1 we use (16) and obtain

|Du — A]® < c|[V(Du) = V(A (26)
while in the case |Du — A| > 1 we infer from (17)
|Du — A|” < ¢ |V(Du) — V(A) | (27)
note that the constants in (26) and (27) depend only on p and M.
Estimate for I: Since | D? f(B)| < Ky4» on {B € Hom(R", RY) : |B| < M + 2},
on the set B, N {|Du — A| < 1} we have the bound:
1] = 1 /Os /: sz(Du + otDy)(tDg, Dy) do dt| < ;KM+2-

In the case B, N {|Du — A| > 1} we use (11) and (27) to deduce:
11| < c|Du— AJ” < c|V(Du) — V(A),
where ¢ = c¢(n, N, p, L, M).

Estimate for II: On B, N {|Du — A| < 1} we have |A + t(Du — A)| < M + 1.
We then use (12), (10), (26) to obtain:

11| < /2 Ky /vy (|1Du — Al) | Du — A|
< c/ou(IV(Du) — V(A)|) |V(Du) — V(A)] .

where the constant ¢ depends only on p, M, and Kj;41. On the set B, N {|Du — A|
> 1} we use (11), (10) and (27) to infer:

|1I| = |D* f(A)(Du — A, Dg) + D f(A) Dy — D f(Du) Dy|
< c|Du — AJ? < c|V(Du) — V(A)|?,
where c = c(n, N, p, L, M, Ky).
Estimate for III: Here we see on B, N {|Du — A| < 1}:

i < e
S

A

while on B, N {|Du — A| > 1} there holds, using (26):
o( o(

i1 < ¢ P 1pu— A < ¢ P \viou — via?.
S S

In each case the constant depends only on p and M.

Combining the estimates for /, /1, and /1I, applying Holder’s and Jensen’s
inequalities and recalling the fact that w(p) < 1 (see (F1)), and choosing s =
J(p) we finally arrive at:

][ D f(A)(Du = A, Dg)dx = —c. (Vo@D + 0>+ /()
By

where the constant ¢, depends only onn, N, p, L, M, K15
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The corresponding estimate for pr D? f(A)(Du— A, Dg) dx from above can be
shown completely analogously. This proves the lemma for | Dg| < 1, and rescaling
yields the general result. O

7. A-harmonic approximation

In this section we present the A-harmonic approximation lemma, and refer the
reader to the introduction for further comments and references concerning the
origins of this kind of lemma.

The first result we need is a simple consequence of the a priori estimates for
solutions of linear elliptic sytems of second order with constant coefficients (see
[11, Proposition 2.10] for a similar result). Note that for the proof of the A-harmonic
approximation lemma we require only the result concerning smoothness, but the
a priori estimate (29) will be needed in Section 8.

Lemma 5. Let h € W"!(B,(xo), RY) be such that
/ A(Dh, Dg)dx = 0, (28)
Bp(x())

for any ¢ € C(l)(Bp(xo), RN), where A € Hom(R", R") is elliptic in the sense
of Legendre—Hadamard with ellipticity constant k and upper bound K. Then h €
C°°(Bp(x0), RN) and

o sup |D*h|+ sup |Dh| fca][ |Dh| dx, (29)
By (x0) B2 (x0) By (x0)
where the constant ¢, depends only on n, N, k and K.

Proof. Letv € Wl'z(Bp(xo), RN) be a weak solution of (28). From [11, proof of
Proposition 2.10] we infer that

sup |v| Sc][ |v|dx,
By

Bpa

where the constant ¢ depends only on n, N, k and K.
For 0 < r < pset t = r/p. Then for any ¢ > 0 we can find x,, € B, such that
(noting that B (1-n, (x+) C B,):
2

sup|v| =sup|v] < e+ |v(x)| <e+ sup |y < s—i—c][ |v] dx
B(l—;)p(x*)

By Bzﬂ B(l—r)p (X))
4

2" n
<e+c ][ |v|dx=s+2”c<fr) ][ |v| dx .
(=" Jp, r B,

Since & > 0 was arbitrary, considering & \ 0 yields, for Dv and D?v:

By

n n
sup | D] < (/;) ][ |D?v|dx, sup|Dv| < ¢ (,L) ][ \Duvldx, (30)
By By By
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where the constant ¢ depends only onn, N, k and K. Combining (30) with Cacciop-
poli’s inequality for solutions of linear elliptic systems with constant coefficients
we derive:

1

2
sup |D*v| < ¢ ][ |D*v|dx < ¢ <][ |D2v|2dx)
By B B

3 2
1 1 1

c 2 2 c 2 2
< |[Dv|“dx | < | Dv| dx sup | Dv|

P By P By By

5P 5P 5P

c
< f 1Dviax

p JB,

where the constant ¢ has the same dependencies as above. This estimate together
with (30) yields (29) for v € W'2, and a standard approximation argument (see
[11, proof of Proposition 2.10, Step 2]) yields the desired a priori estimate for
general vin Wh1, O

The next result, the /-harmonic approximation lemma, is, as discussed in the
introduction, the key ingredient in proving our regularity result.

Lemma 6. Let k, K be positive constants. Then for any € > 0 there exist § =
8(n, N, k, K, g) € (0, 1] with the following property: for any bilinear form A on
Hom(R", RY) which is elliptic in the sense of Legendre—Hadamard with ellipticity
constant k and upper bound K, for any v € Wl*l’(Bp (x0), RN) satisfying

][ \W(Dv)|>dx <y*<1 and

By (x0)

][ A(Dv, Dp)dx <y 8 sup |Dg| forall ¢ e C(l)(Bp(xo), ]RN),
By (x0) By (x0)

there exists an A-harmonic function h satisfying
][ |W(Dh)|*dx <1 and ][ (W )P dx < ye.
By (x0) B (x0)

Here a function h is termed A-harmonic if it satisfies pr(xo) A(Dh, Dp) dx = 0,
forall ¢ € C(l)(Bp, IRN).

Proof. We assume that xo = 0 and p = 1. The general case follows by rescaling v
viax — p - v((x —x0)/p).

If the conclusion of the lemma was false, we could find ¢ > 0 and sequences
{+A«} of bilinear forms with uniform ellipticity bound x and uniform upper bound K,
{gx} with g € whr(B, RY) and {yx} with y, € (0, 1] such that

1
][ |W(Dgo)|?dx <y} <1 and ‘][ Ar(Dgy, Dp)dx| < Ve, sup | Dg|, (31)
B B B
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forall g € C}(B,RY), but
][ |W(gr — yih)|?dx > y}e forall h € Hy, (32)
B
where here
Hi={f € WhP(B,R"): fis Ar-harmonic on B and ,|W(D f)[?dx < 1}.
Without loss of generality we can assume that £,¢;dx = 0; otherwise we
replace g by gx — fB g dx. Furthermore, passing to a subsequence we can assume

that {y4} is monotone.
By Lemma 1 (i) we see

1
][ DgilPdy = ( / | DgelPdx + f |ng|de>
B L"(B) \JBn(pg <1} BN{|Dge|>1}

¢(p) (][B \W(Dgy)|Pdx + ][B |W<ng>|2dx>

cp) (W + 7).

IA

IA

Hence, passing to a further subsequence (also labelled with k) we obtain the
existence of g € W'7(B, R") and 4 € Hom(R", R") such that there holds:

f/’; — g weakly in WP (B, RV),

f/’; — g strongly in L?(B,RM),
(33)

8k
— a.e.on B
Yk 8 ’

Ar — A in Hom(R", RV).

Using the lower semicontinuity of u + [ B |W(Du)|?dx with respect to weak
convergence in W'?(B, RV) (which follows from the convexity of & — |W(&)|?,
which in turn follows from the convexity of £ — |W(&)|>/?, and Lemma 1 (i); see
e.g. [12, Chapter 4, Theorem 2.3]) we obtain:

][ |W(Dg)|*dx< lim inf ][ |W(P%) Pdx<lim inf ;2 ][ |W(Dgi)|Pdx<1, (34)
B k— 00 B Yk k— 00 B

where in the second-last inequality we have used Lemma 1 (ii). For¢ € C(‘) (B, RY)
we have

/ A(Dg, Do) dx
B

:/BA(Dg— Dyik,Dgo)dx+/B(<A>—Ak)(Dyik,D(p)dx+/3a%k(l;ik,D<p)dx.

Passing to the limit k — oco we see that the first term on the right-hand side
converges to 0 due to the weak convergence of f/i to g (see (33)); the same holds

for the second term in view of the uniform bound of l;ik in L? and the convergence
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of the Ay’s (see (33)); and the third term vanishes in the limit K — oo via (31).
This shows that the weak limit g is #A-harmonic on B, i.e.

][ A(Dg, Dp)dx =0 forall ¢ € C}(B,R"). (35)
B
Therefore, by Lemma 5, we see that g is smooth on the open ball B.

For fixed ) < p < 1 (to be specified later) let vy € W"2(B,,, RY) denote the
unique solution of the Dirichlet problem

][ Ar(Dvg, Dp)dx =0 forall ¢ € C(l)(Bp, RN), vr = gonodB,. (36)
By

Using the strong Legendre—Hadamard condition with uniform ellipticity bound
k for each Ay, the Ax-harmonicity of vy on B, the #A-harmonicity of g, the
smoothness of g on B, and Holder’s inequality we see that

K][ | Dvy, — Dglzdx < ][ Ar(Dvy — Dg, Dv, — Dg) dx
B By

P

_ ][ Au(Dg, Dvg — Dg) dx
By

=1 (A= AY(Dg, Dy — Dg) dx
By

172
< |A — A| sup | Dg| (f |Dv — Dg|2dx) :
B, B,
Therefore we conclude:

lim ][ |Dvy — Dg|?dx = 0. (37)
By

k=00
Since vy — g € W(}‘2(Bp, RV ) this implies, via Poincaré’s inequality:
v — g strongly in W'(B,, RV). (38)
We now define, for y € B:

U (y) = w(py)

20y = g(py),
1/p
by = max{l, [][ |W(DDk)|2dx] } , and
B
’v\k = Ek/bk .

Note in particular that there holds v; € F.
‘We now show that we can choose p € (1/2, 1) sufficiently close to 1 such that

][ |W(gk — yo)Pdx < Jeyg, (39)
B
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for k sufficiently large. This would contradict (32) and would prove the assertion
of the lemma.
Writing p* for the W-Sobolev—Poincaré conjugate from Theorem 2, i.e.

Pt = nz_"p, we note that there holds p* > 2. Hence we can write ; as a con-

vex combination of 1 and pl: , i.e. there exists € (0, 1) such that
2(1—19

pt
Therefore, we can estimate, via Holder’s inequality:

1 =2t+

][ |W(gk — yiv)|*dx
B

= ][ |W(gk — yio0l ™ IW(gk — vio) PP dx
B

2(1-1)

2%
< (][ [W(gr — Vk’ﬁk)|dx) <][ [W(gr — Vk/v\k)|pndx) i’ . (40)
B B

In the following we estimate both factors on the right-hand side of (40) seperately.
Using Lemma 1 (i) we see that

(f |W<gk—yk’ﬁk>|dx) <yt <f| Idx)
B
2t
<2 (f m-twac f - lax)
B B

= y¥[ I + 1], (41)

with the obvious definition for I; and 1.
To estimate [; in (41) we note that Lemma 1 (i7) and (38), i.e. the strong
convergence of vy to g in WI’Z(B[,, RY ), imply

/ |W(DU) [Pdx < o™ | [W(Dvp)l*dx — p?™" | |W(Dg)|*dx,
B B, By
as k — oo. Hence, in view of (34) we find:

lim sup][ [W(DV)|*dx < p?~"  and hence limsup by < pp;n.
B

k— 00 k— 00

Noting that fB gdx =0, by > 1, and applying Poincaré’s inequality to g on B we
deduce, in view of (38),

I = b"b;l][ |5k|dx§(bk—1)][ [Ueldx = (b = 1) Jug| dx
5 B

By

< (1) |vk—g|dx+c(bk—1>][|Dg|dx
B

By
<o) +cbk— 1)][ |Dg|dx
B

where ¢ = c¢(n, N).
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Distinguishing the cases |Dg| < 1 and |Dg| > 1 and using Lemma 1 (i) as
well as (34) we find

][ |Dg| dx < 2+/2 <][ |W(Dg)|2dx)2 <2V2, (42)
B B

which, combined with the second-last inequality, implies

limsup I; < ¢ (plr;n — 1) , (43)

k— 00

where the constant ¢ depends only on n and N.
The second term 11} on the right-hand side of (41) is estimated as follows:

Ilkg][ [ — 2l dx—i-][ Ifg"—gldx—i-][ |g—§’;’dx
B B B
:0(1)+][ g — gl dx.
B

Here we have used (33) twice (i.e. the strong L2-convergence f/’; — gask — 00).
Elementary calculus yields:

/I?—gIdX=f|g(,OX)—g(X)|dx
B B

-,

1
< (1—,0)/ (z+(1—r)p)‘*”f |Dg(y)|dydt
0 Bir(-np

1
/ Dg(tx + (1 — fH)px) (1 — p)x dt| dx
0

< —p)plf”f |Dg(y)|dy .
B
Hence (42) implies:

limsup Iy <c(n)(1—p).

k— 00

Combining the estimates for I; and I/, we arrive at:

limsup [I + 1] < c(n, N) <p"?’ _ p) . (44)

k— 00

In order to estimate the second factor of the right-hand side of (40) we use
Lemma 1 (iii), the Sobolev—Poincaré-type estimate from Theorem 2, (31), Jensen’s
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and Holder’s inequality to deduce, writing () 3 for 4,y dx,

1
( ][ |W(gi — yﬁk)lf’”dx) "
B

1
¢ [ (f IW(gr — vk + v () p) 7 dx) "y |W<yk@k>3>|}
B

1
¢ [ (f WD (gt — ykﬁk»ﬁdx)z + |w<yk@k>g>|}
B

<c [yk + (][B |W<ykmk>|2dx>2 + (][B |W(y@k>|2dx)2} . @)

with a constant ¢ = ¢(n, N, p). Using Lemma 1 (i) and (ii) (note by > 1, p < 1)
we obtain for the second term of the right-hand side of the previous inequality:

1

(][B |W<ykD’z?k>|2dx)2
c[<][|W(yk(D’v‘k— |dx) <][|w 78 |dx) ]
B
= ,f/z[w)< ][ |ka—Dg|2dx) +p" ( ][ |W(ykDg>|2dx)2}, (46)
by, B, B

with a constant ¢ = ¢(p). For the second term in (46) we now show the bound
][ |W(yiDg)Pdx < 2¢. (47)
B

We first consider the case that yj is non-increasing. Then Z’Z > 1 for £ > k. Using
the fact that y [; ‘z'f converges weakly in L”(B, R"Y) to y;Dg, together with the
lower semicontinuity of the functional w — f B |W(Dw)|?>dx with respect to weak

convergence in W7 (B, RV) (see the derivation of (34)), Lemma 1 (ii) and (31)
we find:

2763|W(Dg5)|2dx )/2

][ |W(yDg)|*dx < hmlnf][ |W (% Dg“)’ dx < 11m1nfy 2
i

In the case that y; is non-decreasing, i.e. Z’Z < 1 for £ > k, we note that we

have limy_, o ¥ = y < 1. Estimating the integral fB|W(ykDg)|2dx similarly to
above (note that in this case we use Lemma 1 (ii) with 0 < ¢ < 1) we infer for &
sufficiently large that there holds

2—p

PR 128
][ W(nDg)lPdx < lim y2 ™, =y, s
B - Vi Vi



Regularity and functionals of subquadratic growth 443

Combining (46) and (47) we deduce:

1 1
_ 2 c 2 -
( ][ |W(yvak)|2dx) < py/ﬁ[p( ][ |ka—Dg|2dx) +p"2 } (48)
B by, B,

with a constant ¢ = c¢(p).

The term (fBlW(yk’ﬁk)de) 2 can be treated analogously; we only have to use
the Poincaré-type inequality for W which follows from Theorem 2 (by Holder’s
inequality we can replace p* by 2). We then obtain

1 1
—~ 2 < 2 o
(][ |W(Vkvk)|2dx> < 1372 [P(][ [vg — g|2dx> +p 2} ,
B by, B,

where now the constant ¢ depends on n, N and p.
Collecting terms we obtain from (45):

1

1 N p

lim sup <][ [W(gr — Vkvk)|pndx) " <em, N, p).
k—oo Vk B

Combining this with (44), (40) and (41) we can finally conclude

. 1 —~ n—p 2t
limsup ][ Wk — vdPdx e (o = p) ",
koo Vi JB

where ¢ has the same dependencies as above. Therefore we can choose p € (1/2, 1)
sufficiently close to 1 such that (39) holds, thus providing the desired contradiction
to (32). This finishes the proof of the lemma. O

8. Proof of Theorem 1

Let M > 0 be fixed. We consider a point xo € U such that [(Du)y, ,| < M.
From (9) and (10) we conclude that A = sz((Du)xO,p) is elliptic in the sense
of Legendre—Hadamard with ellipticity constant k = 2A(1 + M?) "’ and upper
bound K' = Ky = sup 4y |D? f(A)|. Therefore we are in a position to apply
Lemma 4 and Lemma 6 with A = (Du),, , k and K.

For ¥ € (0, 1/4] to be specified later we set & = 9"t With§ = 8(n, N, k, K, 9)
€ (0, 1] we denote the constant from Lemma 6 corresponding to the quantities #,
N, k, K and the particular choice of ¢ = 9t

Throughout the rest of this section we use the abbreviation:

@ (p) = P (xo, p, (Dt)xy,p)s

where @ is given in (25). We also define
w(p)
82’

where c¢; stands for the constant c(p, M) from Lemma 1 (vi). From Lemma 4
we have the constant ¢, = c.(n, N, p, L, M, Kj14>), from Lemma 5 the constant

I'(p) = \/d)z(p) +4 w=u— (Du)y,,(x —x0) and y =cic.I'(p),



444 F. Duzaar et al.

ca = cq4(n, N, k, K), and finally from Lemma 3 the constantc, = c.(n, N, p, L, X,
M, K 41) and the radius pg = po(n, N, p, A, M, o(-)).

We next establish an initial excess-improvement estimate, assuming that the
excess @ (p) is initially sufficiently small. The precise statement is:

Lemma 7 (Excess-improvement). Assume that the following smallness condi-
tions hold for some p € (0, pol:

2V2 ey <1, Vo (@) + @(p) <8/2 and coca®(p) < 1.
Then the following growth condition holds:
*(9p) < TO*D*(p) + Cw(p),
with constants ¢ = ¢(n, N, p, L, A\, M, Ky12) and ¢ = ¢<n, N, p, L, A\, M,
KM+27 l?)
Proof. From the definition of w we find, using (15) and Lemma 1 (vi):
][ |W(Dw)|* dx < ][ IV(Dw) | dx < ¢ *(p) < ¥*.
B, (x0) By (xo)

We infer from Lemma 4 and the smallness condition /vy (®(p)) + ®(p) < §/2:

][ D* f((Du), ,)(Dw, Dy) dx
By (x0)

< . [ Vou (@)@ (o) + ¥*(0) + V(o] sup Dyl

Bp(x())

_, Vu (@(0)P(p) + P*(p) + Ve (p)

sup |Dy|
a1T'(p) B, (x))

<yé sup |[Dgl.
By (x0)

Hence the hypotheses of Lemma 6 are fulfilled. Therefore we can find a function
h e WI*P(Bp(xo), ]RN) which is D2f((Du)xo,p)-harmonic such that

2 w—yh 2 2 2 qn+4
IW(Dh)|>dx <1 and w( py)) dx < yPe = 2o+,
Bp(x()) Bp(x())

(49)
With the help of Lemma 1 (iii) and (v) we deduce
d(Wp) = ][ |V(Du) — V((Du) . 9,)|* dx
Bl?p(x())
<c ][ V(Du — (D) 0p) P dx
Bl?p(x())
<c ][ |V(Du — (Du)y, » — v Dh(x0))|* dx
By (xp)
+¢|V((Du) g, 0p — (Du)xy,p — ¥ Dh(x0))1?, (50)

where the constant ¢ depends only on n, N and p.
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‘We next estimate the right-hand side of (50). Decomposing By, (x) into the set
with | Du—(Du)y, ,—y Dh(xo)| <1 and that with | Du—(Du), ,—y Dh(xo)| > 1,
than using Lemma 1 (7) and Holder’s inequality we obtain:

KDwmmw%Dwmm—yDMthsf |Du — (Du)yy., — y Dh(x0))| dx

Byp(xo)
=2 (I'"?+17),

where we have abbreviated

1= f  VDu— D, -y DRG] ax
By (x0)

Now, since |V(A)| = V(|A|) and t — V() is monotone increasing, we deduce
from (50), also using Lemma 1 (i) and (i), that there holds:
dWp) <c (I+VI'P+1'7)) <c( +177), (51)

where ¢ depends only on n, N and p. Therefore it remains for us to estimate
the quantity /. By considering the cases |Dh| < 1 and |Dh| > 1 seperately and
keeping in mind (49) we have (cf. (42)):

][ |Dh|dx <2+/2. (52)
Bp(xo)
Using the assumption |(Du)y, ,| < M and Lemma 5, this shows:

IwmmA+MDMmN§M+VWMMNSM+y%f | D dx
Bp(x0)
<M+2V2¢ciy <M+1.

Caccioppoli’s inequality (i.e. Lemma 3 applied on By, (xo) with y h(x(), respec-
tively (Du),,, + v Dh(xo), instead of &, respectively A; note that the constant c.
depends only onn, N, p, L, ., M + 1 and K);>) and Lemma 1 (iii) yield:

I <c. ][
Boyp (x0)
w—yh\ |2 h—h(x0)—Dh(x0)(x—x0) | |2
=¢ ‘V( 20p )‘ +‘V(y 20p )’ dx+wlp) |,
Bopp(xo)

where the constant c is given by c(p) - ¢.. To estimate the right-hand side we
use (15), Lemma 1 (ii) (note that 210 > 1), (49) and recall the choice ¢ = 9"+ to

infer:
w—yh 2
][ W( ” )‘ dx
Bapp(x0)

W) a
20p X

()

20p

% (w,y h(xo)*VDh(XO)(X*XO)) ‘2 dx + (20 p)]

w—yh 2
V()| dx < e

Bapp(x0)

=c(p2NH™ ][

Bp (x0)

P

samam””f

By (xp)
<c(p) 27" Py %e = c(n, p)Py7.
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Using Lemma 1 (i), Taylor’s theorem applied to 4 on Bay,(xo), Lemma 5 and (52)
we obtain:

][l;zﬂp (x0)
<y? ][
Bopp(xo)

2

<
= 49202

2
h—h(xp)—Dh(xp)(x—x0)
V(y 29p )) dx

2

h—h(xp)—Dh(xp)(x—x0) dx

29p

sup  |h(x) — h(xo) — Dh(xo)(x — xo)|* < 8 29?y”.

Bayp(x0)

Combining these estimates and keeping in mind the dependencies of the constants
as well as the definitions of y and I" we see:

1 <T9?d*(p) +Cw(p),

where ¢ depends on n, N, p, L, ., M and Ky, and ¢ depends on the same
quantities and additionally on ¢ (the dependency from ¢+ occurs due to the fact
that § depends on #). Inserting this into (51) we easily find (recalling also that
®(p) = land w(p) < D):

d*(9p) < TV*D*(p) +Cw(p),

where the constants ¢, ¢ have the same dependencies as above. This proves the
asserted estimate. O

The assumptions of Lemma 7 are satisfied in points xo € U \ (¥, U X,), and the
resultant excess improvement can be iterated by the use of the Dini condition (F3),
to yield an excess-decay estimate for ®(r), i.e. we have

O (xo, 1, (Du),) < const[(;;)acb(xo, p, (Du),) + \/a)(r)],

forall0 < r < p and o with 8 < @ < 1 (where 8 is the constant from (F2)) (cf.
[15, proof of Theorem 2.2, p. 683 ff.] and [11, proof of Theorem 3.2, p. 163]). The
regularity result then follows from the fact that this excess-decay estimate implies:

][ \V(Du) — (V(Du))y.r|* dx < ][ |V(Du) — (V(Du)y.)|* dx
B (x) By (x)

< const [(;)a¢(x0, p, (Du),) + \/a)(r)],

for any x in a neighbourhood of x¢. From this estimate we conclude (by Campana-
to’s characterization of Holder continuous functions, cf. [7], [8]) that V(Du) has
the modulus of continuity p +— p* + Q(p). By Lemma 1 (iv) this modulus of
continuity carries over to Du.



Regularity and functionals of subquadratic growth 447

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

Acerbi, E., Fusco, N.: A regularity theorem for minimizers of quasiconvex variational
integrals. Arch. Ration. Mech. Anal. 99, 261-281 (1987)

. Allard, W.K.: On the first variation of a varifold. Ann. Math. (2) 95, 225-254 (1972)
. Almgren, F.J.: Existence and regularity almost everywhere of solutions to elliptic vari-

ational problems among surfaces of varying topological type and singularity structure.
Ann. Math. (2) 87, 321-391 (1968)

. Almgren, F.J.: Existence and regularity almost everywhere of solutions to elliptic vari-

ational problems with constraints. Mem. Am. Math. Soc. 165, (1976)

. Anzelotti, G.: On the C!-®-regularity of w-minima of quadratic functionals. Boll. Unione

Mat. Ital. C (6) 2, 195-212 (1983)

. Bombieri, E.: Regularity theory for almost minimal currents. Arch. Ration. Mech. Anal.

7, 99-130 (1982)

. Campanato, S.: Proprieta di una famiglia di spazi funzionali. Ann. Sc. Norm. Super.

Pisa, Cl. Sci., IV. Ser. 18, 137-160 (1964)

. Campanato, S.: Equazioni ellitichi del II° ordine e spazi .£>*. Ann. Mat. Pura Appl.,

IV. Ser. 69, 321-381 (1965)

. Conti, S., Fonseca, I., Leoni, G.: A '-Convergence Result for the Two—Gradient Theory

of Phase Transitions. Commun. Pure Appl. Math. 165, 141-164 (1998)

Carozza, M., Passarelli di Napoli, A.: A regularity theorem for minimisers of quasi-
convex integrals: the case 1 < p < 2*. Proc. R. Soc. Edinb., Sect. A, Math. 126,
1181-1199 (1996)

Carozza, M., Fusco, N., Mingione, G.: Partial Regularity of Minimizers of Quasiconvex
Integrals with Subquadratic Growth. Ann. Mat. Pura Appl., IV. Ser. 175, 141-164 (1998)
Dacorogna, B.: Direct Methods in the Calculus of Variations. Berlin, Heidelberg, New
York: Springer 1989

De Giorgi, E.: Frontiere orientate di misura minima. Seminaro Mat. Scuola Norm. Sup.
Pisa, 1-56 (1961)

Duzaar, F., Gastel, A.: Nonlinear elliptic systems with Dini continuous coefficients.
Arch. Math. 78, 58-73 (2002)

Duzaar, F., Gastel, A., Grotowski, J.F.: Partial regularity for almost minimizers of
quasiconvex functionals. SIAM J. Math. Anal. 32, 665-687 (2000)

Duzaar, F., Grotowski, J.F.: Optimal interior partial regularity for nonlinear elliptic
systems: the method of A-harmonic approximation. Manuscr. Math. 103, 267-298
(2000)

Duzaar, F., Kronz, M.: Regularity of w—minimizers of quasi—convex variational integrals
with polynomial growth. Differ. Geom. Appl. 17, 139-152 (2002)

Duzaar, F., Steffen, K.: Optimal interior and boundary regularity for almost minimizers
to elliptic variational integrals. J. Reine Angew. Math. 546, 73—138 (2002)

Evans, L.C.: Quasiconvexitity and Partial Regularity in the Calculus of Variations. Arch.
Ration. Mech. Anal. 95, 227-252 (1986)

Federer, H.: Geometric Measure Theory. Berlin, Heidelberg, New York: Springer 1969
Giaquinta, M.: Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic
Systems. Princeton: Princeton University Press 1983

Giaquinta, M., Modica, G.: Partial regularity of minimizers of quasiconvex integrals.
Ann. Inst. Henri Poincaré, Anal. Non Linéaire 3, 185-208 (1986)

Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order.
Berlin, Heidelberg, New York: Springer 1983

Giusti, E., Miranda, M.: Sulla regolarita delle soluzioni deboli di una classe di sistemi
ellittici quasi-lineari. Arch. Ration. Mech. Anal. 31, 173-184 (1968)

Grotowski, J.F.: Boundary regularity for nonlinear elliptic systems. Calc. Var. Partial
Differ. Equ. 15, 353-388 (2002)

Grotowski, J.F.: Boundary regularity for quasilinear elliptic systems. Commun. Partial
Differ. Equations 27, 2491-2512 (2002)



448

217.

28.

29.

30.

31.

32.

F. Duzaar et al.

Kronz, M.: Partial Regularity Results for Minimizers of Quasiconvex Functionals of
Higher Order. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 19, 81-112 (2002)
Morrey, C.B.: Quasi-convexity and the lower semicontinuity of multiple integral. Pac.
J. Math. 2, 25-53 (1952)

Morrey, C.B.: Multiple integrals in the calculus of variations. Berlin, Heidelberg, New
York: Springer 1966

Simon, L.: Lectures on Geometric Measure Theory. Canberra: Australian National
University Press 1983

Sverak, V.: Quasiconvex functions with subquadratic growth. Proc. R. Soc. Lond.,
Ser. A, Math. Phys. Eng. Sci. 433, 723-725 (1991)

Ziemer, W.P.: Weakly differentiable functions. Berlin, Heidelberg, New York: Springer
1989




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


