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Abstract. A class of minimal almost complex submanifolds of a Riemannian manifold
M*" with a parallel quaternionic structure Q, in particular of a 4-dimensional oriented
Riemannian manifold, is studied. A notion of Kihler submanifold is defined. Any Kihler
submanifold is plurlmlmmal In the case of a quaternionic Kihler manifold M*" of non
zero scalar curvature, in particular, when M* is an Einstein, non Ricci-flat, anti-self-dual
4-manifold, we give a twistor construction of Kihler submanifolds M?" of maximal | possible
dimension 2n. More precisely, we prove that any such Kihler submanifold M?* of M*" is the
projection of a holomorphic Legendrian submanifold L% C Z of the twistor space (Z, #)
of M*", considered as a complex contact manifold with the natural holomorphic contact
structure # C TZ. Any Legendrian submanifold of the twistor space Z is defined by
a generating holomorphic function. This is a natural generalization of Bryant’s construction
of superminimal surfaces in $* = HP!.
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1. Introduction

1.1. In 1982 R. Bryant [8] gave an explicit construction of superminimal con-
formal immersions of compact Riemann surfaces into the 4-sphere $* which led to
several developments. The key idea of the construction is to use the twistor fibration
7 : CP?® — $* which is a Riemannian submersion with fiber §> = CP!, and whose
horizontal distribution #¢ is a holomorphic contact structure. An oriented surface
M? C $* has a natural lift L = J(M?) into CP? defined by the complex structure
of M?. The surface M? is superminimal if and only if its lift L is a holomorphic
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Legendrian submanifold of CP?, that is a horizontal holomorphic 2-dimensional
submanifold. This reduces a description of superminimal surfaces M> C S* to
a description of holomorphic Legendrian submanifolds L of CP3. R. Bryant con-
structed the holomorphic local coordinates u, p, g such that the contact distribution
F is the kernel of the 1-form 6 = du — pdq. In terms of these coordinates a Legen-
drian submanifold hastheform L = Ly = {u = f(q), p = 90 f/dq} whereu = f(q)
is a holomorphic function. Then the projection M> = w(Ly) is a superminimal
surface of S*.

Bryant’s construction was studied by several authors and generalized to im-
mersions of surfaces into another manifolds for which the twistor construction
still applies. Superminimal immersions of surfaces into 4-dimensional Rieman-
nian manifolds were considered for example in [16]-[19], [22], [28], [12], [33],
[29], [23]. In particular, H.B. Lawson constructed the superminimal immersions
of surfaces into the complex projective plane C P2, which is a quaternionic Kihler
manifold as well as the 4-sphere $* = HP'. Superminimal immersions of sur-
faces into higher dimensional manifolds, and particularly into quaternionic Kihler
manifolds were studied in [12], [9], [11], [23].

We recall that a quaternionic Kihler manifold (M*", g, Q) is an oriented Rie-
mannian (Einstein) manifold (1\714”, g) together with a parallel (skew-symmetric)
quaternionic structure Q C EndTM which is locally generated by an almost hyper-
complex basis (Jy, J2, J3). It has a twistor space Z = {J € Q| J? = —1d} which
is endowed with a natural complex structure and projection 7w : Z — M*". If the
scalar curvature is non zero, Z carries a natural (pseudo) Kéhler metric, such that
the projection 7 is a Riemannian submersion, and a holomorphic contact structure,
defined by S. Salamon [37].

More recently, some generalization of Bryant’s construction to superminimal
higher dimensional submanifolds of some quaternionic Kéhler manifolds were
considered, see [29], [3], [24], [25].

The main aim of this paper is to show that a natural generalization of Bryant’s
construction provides a simple description of Kéhler submanifolds of a quaternionic
Kihler manifold M*" with non zero scalar curvature and, in particular, gives an
explicit description of such submanifolds in Wolf spaces (that is compact symmetric
quaternionic Kéhler manifolds).

A Kihler submanifold (M2m, J1) of aquaternionic Kéhler manifold (A714", g, 0)
is defined as a submanifold M>" together with a section J; of the twistor bundle
Zm which preserves TM and is parallel along M [2]. Such a submanifold M>"
with the induced metric g = gjru and the complex structure J = Ji 7 is a Kéhler
manifold. If M*, n > 1,is a quaternionic Kéhler manifold with non zero scalar
curvature then Kéhler submanifolds are precisely the totally complex submanifolds
studied by many authors, see for example [20], [41], [40], [2]. It is known, [20],
that they are minimal, and even pluriminimal [34] (or (1,1) geodesic [24]), and that
their maximal dimension is 2n.

The generalization of Bryant’s construction works as follows. If the scalar cur-
vature of the quaternionic Kdhler manifold (M*, 2, Q) isnon zero (like in the case
of 4-sphere) there is a correspondence between holomorphic, horizontal submani-
folds N of the twistor space equipped with the holomorphic contact structure, and
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Kihler submanifolds M?" of M*': the natural lift N = J; (M) of a Kiihler subman-
ifold M>" to the twistor space Z is a holomorphic, horizontal submanifold of Z
and conversely the projection M?" = 7(N) to M*" of a holomorphic horizontal
submanifold N C Z is a Kéhler submanifold. In fact, this correspondence was
already indicated by M. Takeuchi [40], who stated it in terms of totally complex
submanifolds. Like in the case of %, the explicit construction of Legendrian sub-
manifolds L C Z (i.e. maximal holomorphic horizontal submanifolds) and hence
maximal Kihler submanifolds M%* C M*' reduces to the construction of Darboux
coordinates u, py, qk such that a (local) contact 1-form 6 with #¢ = Ker 6 has the
form6 =du—y", prdg®. A direct generalization of the Bryant’s formulas provides
such Darboux coordinates for the twistor space Z = CP?*'*! of the quaternionic
projective space M* = HP". This allows to construct Kiihler submanifolds of
HP" hence, due to results by F. Burstall and P. Kobak (see below), of any Wolf
space explicitly.

The above definition of Kihler submanifold makes sense, in fact, for any
Riemannian manifold (M*', g, Q) with a parallel (skew-symmetric) quaternionic
structure Q, in particular for an oriented Riemannian 4-manifold (M*, g, Q) where
Q = g7 ' o A% and A? is the bundle of self-dual 2-forms on M*. In this case it
was proved by T. Friedrich [16], see also [33] Prop.1, that the Kihler submanifolds
M? C M* are precisely the superminimal surfaces. Moreover, if (M*, ) is an
Einstein anti-self-dual manifold with non zero scalar curvature then the twistor
space Z is a complex contact 3-manifold and the proposed construction provides
all superminimal surfaces of M*. In particular if M* = $* or CP2, it reduces to
Bryant’s and, respectively, Lawson’s construction.

The only known examples of compact quaternionic Kihler manifolds with
positive scalar curvature are the Wolf spaces, that is the symmetric compact quater-
nionic Kihler manifolds. Let M 1 Mz be two Wolf spaces of the same dimension.
Their twistor spaces Z, Z, are homogeneous complex contact manifolds. Gener-
alizing the results by Bryant and Lawson in dimension 4, F. Burstall proved that
there exists a birational correspondence ¢ : Z; — Z, which preserves the con-
tact distributions and hence transforms Legendrian submanifolds into Legendrian
submanifolds [9]. This establishes a birational correspondence between maximal
Kihler submanifolds of M, and M. P. Kobak [25] described this correspondance ¢
explicitly. In particular, if M; = HP" we can construct a Kidhler submanifold of
the Wolf space M, as the projection on M of the Legendrian submanifolds ¢(L 7)
where L ; is a Legendrian submanifold of CP>**! defined by a holomorphic func-
tion f.

In fact, we consider a more general class of almost complex submanifolds
(M, J,) of a manifold (M, g, Q) with a parallel quaternionic structure that is
a submanifold M together with a section Jj, le = —id, of the twistor bundle
7w : Z|ly — M which preserves TM. It is well known that any almost complex
submanifold of a Kéhler manifold is complex and minimal. In the case of a Rie-
mannian manifold (M*', 3) with a parallel quaternionic structure Q, in particular
for a quaternionic Kéhler manifold, the situation is different. The almost complex
structure J = Ji|p of an almost complex submanifold may be not integrable, or
it may be integrable, but not parallel, such that (M, g|M, J) is a Hermitian, but
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not a Kihler manifold. The section J; defines a natural lift N = J;(M*") of an
almost complex submanifold into the twistor space Z. Imposing some additional
condition on J; which implies integrability of J;, we define a notion of supercom-
plex submanifold (M?", J;). In fact, in Section 4 we prove that the lift J; (M>™)
of an almost complex submanifold (M>", J;) of a quaternionic Kihler manifold is
a complex submanifold of the twistor space if and only if it is supercomplex. The
result holds also for surfaces of an oriented 4-dimensional Riemannian manifold.
In this case the notion of supercomplex submanifold reduces to Th. Friedrich’s no-
tion [18] of #-holomorphic surface in an oriented Riemannian 4-manifold. A result
from [2] implies that for n > 1 an almost complex submanifold (M?", J;) is su-
percomplex if and only if the complex structure J = Ji |2 is integrable. Remark
that almost complex structures J; on an open submanifold M*" of a quaternionic
Kihler manifold M*" and their integrability were studied in [5].

In Section 3, we give necessary and sufficient conditions for an almost complex
submanifold (M Zm ' J,) of a Riemannian manifold M* with a parallel quaternionic
structure Q to be minimal. A general formula for the mean curvature vector of
(Mz’”, J1) is given in terms of Lee form of the (local) extension of J; to M,
Under the hypothesis that the quaternionic Kédhler manifold has non zero scalar
curvature, a characterization of the supercomplex submanifolds (M, J;) whose
immersion is pluriminimal is given, proving that they are the Kihler submanifolds
or the quaternionic (hence totally geodesic) submanifolds.

Sections 4 and 5 contain the twistor description of supercomplex and, respec-
tively, Kéhler submanifolds of a quaternionic Kihler manifold with non zero scalar
curvature. Some results concerning the global structure of Legendrian submani-
folds of a quaternionic Kéhler manifold are also stated. In Section 6, we construct
a Darboux coordinated for the twistor space CP>**! of HP", which gives an ex-
plicit local construction of Kéhler submanifolds of HP" in terms of holomorphic
functions on CP?"+1,

2. Almost complex, totally complex and Kéhler submanifolds of
a Riemannian manifold with parallel skew-symmetric quaternionic structure

2.1. Recall that a (skew-symmetric) almost quaternionic structure Q on a Rie-
mannian 4n-manifold (M*", g) is a rank-3 subbundle Q of the bundle of endomor-
phisms locally generated by 3 anticommuting skew-symmetric almost complex
structures (Jy, J», J3 = J1J»). The triple (Ji, J2, J3) is called an admissible (local)
basis of Q. An almost quaternionic structure Q is called a quaternionic structure
if it admits a quaternionic connection, that is a torsionless connection V which
preserves Q:

(1) Vxdo = 0,(X)Js — wg(X)J,, X eTM

where «, B, y is a cyclic permutation of 1,2,3 and w,,« = 1,2, 3, are local
1-forms which depend on the choice of an admissible basis (Jy).

A quaternionic structure Q on a Riemannian manifold (M*", g) is called a
parallel (skew-symmetric) quaternionic structure if the Levi—Civita connection
is a quaternionic connection and Q consists of skew-symmetric endomorphisms.
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Any oriented 4-dimensional Riemannian manifold has two parallel (skew-
symmetric) quaternionic structures Q = g~ ! o Ai and Q' = g~! o A% associated
with the decomposition A>(TM) = Ai @ A% of 2-forms into self-dual and anti-
self-dual part. For n > 1, a Riemannian manifold (A714", g) with a parallel (skew-
symmetric) quaternionic structure Q is called a quaternionic Kihler manifold. It
is an Einstein manifold and its curvature has a decomposition

R = vRypn + W

where Rypn is the curvature tensor of the quaternionic projective space HP" with
the standard metric, v is a constant which is called the reduced scalar curvature,
such that K = 4n(n + 2)v is the scalar curvature, and W is the quaternionic Weyl
tensor which verifies the identity [W(X, Y), Q] = 0 and has all contractions equal
to zero.

For n = 1, we call an oriented Riemannian 4-manifold, together with the
parallel quaternionic structure Q = g~ ' o Ai, a quaternionic Kéhler manifold if
its curvature tensor has such a decomposition. Since HP' = $*, the tensor Ry pt
is the curvature tensor of constant curvature equal 1 and W is the anti-selfdual part
of the Weyl tensor. Hence 4-dimensional quaternionic Kdihler manifolds are the
same as Einstein anti-self-dual manifolds.

2.2. We will denote by (M*, g, 0) a Riemannian manifold with a parallel
quaternionic structure Q.

Definition 2.1. A submanifold M*" of (M*", g, Q) together with a section J, =
JM € I(Q,,,) such that

1) Ji=-1,
2) LITM = TM

is called almost complex.

In this case (M2m, & = & J = J11p,) is an almost Hermitian manifold with
the Kdhler form F = go J.

An almost complex submanifold (M*", Jy) is called complex if the restriction
J = Ji|ru is an (integrable) complex structure on M.

3 A local admissible basis (J;, J2, J3) of Q, defined on a neighbourhood U in
M* of a point x € M?" s called an adapted basis for the almost complex
submanifold M?" if Jimnuy = JlM.

Definition 2.2. An almost complex submanifold (M*™, J\) of (M*", &, Q) is called
supercomplex if

Vixh —hVxJi =0, VX eTM
where V is the Levi-Civita connection of g.
By using (1) for an adapted basis we get the identity
VaxJi — IiVxJi = (30 J1 — 02)(X) s + (w3 0 Jy — 02)(JX) J3
VX € TM. This implies



58 D.V. Alekseevsky, S. Marchiafava

Proposition 2.3. The almost complex submanifold (M*", J\) of (M*", g, Q) is
supercomplex if and only if the locally defined 1-form

W = (a)3 o) J] — a)g)‘TM =0.

The above condition does not depend on the adapted basis (J, Ja, J3) with the
associated 1-forms (w;, >, w3).
The following result was proved in [2], see (1) of Theorem 1.1.

Proposition 2.4. Ifm > 1, an almost complex submanifold (M Zm - J1) of a quater-
nionic Kdhler manifold M*" is complex if and only if it is supercomplex.

Remark that any 2-dimensional almost complex submanifold (M?, J;) of (M*,
g, Q) is complex but not necessarily supercomplex.

In Section 4, we characterize supercomplex submanifolds as the projection to
M of complex submanifolds of the twistor space Z (see Corollary 4.6).

Definition 2.5. An almost complex submanifold (M Zm - J1) of a Riemannian mani-
fold (M**, &) with a parallel quaternionic structure Q is called

1) Kaihler if
VxJi=0 VX eTM
or equivalently
®2jgy = D37y, =0

where V is the Levi-Civita connection of g and wy, o = 1,2, 3, are the 1-forms
associated with a local adapted basis (Jy, Ja, J3) of Q and
2) totally complex if

LHTMLTM .

Proposition 2.6. ([2]) Let (M**, g, Q) be a quaternionic Kihler manifold with
non zero scalar curvature. If m > 1, an almost complex submanifold (M*", J) is
Kéihler if and only if the almost Hermitian manifold (M, g = gitms J = Jitm)
is Kdhler.

Proposition 2.7. Let M? be a 2-dimensional oriented submanifold of a Rieman-
nian manifold (M*',3) with a quaternionic structure Q. Assume that
dim(TxQMz) = 4, Vx € M?, where TXQM is the Q-invariant subspace of T.M
generated by T, M. Then M? is totally complex with respect to a uniquely defined
section Jy € I(Q),,) which induces the given orientation of M>.

Remark. Such a submanifold M? was called inclusive in [12] and pseudoquater-
nionic in [32].

Proof. The proof follows from the lemma below. O
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Lemma 2.8. Let V be a 4n-dimensional vector space with a given (constant)
quaternionic structure Q = span(Jy, Jo, J3). For any oriented 2-plane U C 'V
which is included in a quaternionic line Rv + Qu there exists a unique complex
structure J = Jy € Q which preserves U and induces the given orientation.

Proof. Let (u, u’) be an oriented basis of U. The condition that U C Rv+ Qv means
that u’ can be written as u’ = agu + a1 Jiu + ax Jou + a3 Jzu. Let define the complex
structure J € Q by J = %(al.ll +ayJ, +a3J3), b= 1/a% +a§ +a§ > (. Then
u' = aou + bJu and J leaves U invariant and induces on it the given orientation.

The complex structure J € Q is uniquely determined by these propertles assume
that J € Q is acomplex structure which leaves U invariant, that is Ju = du+b'Ju,

and induces the same orientation, that is ' > 0; then the linear independence of
(u, Jyu, Jou, Jzu) implies that ' = 0, ' = 1, thatis J = J. O

Corollary 2.9. Any oriented 2-dimensional submanifold M? of a 4-dimensional
oriented Riemannian manifold (M*, g) with the parallel quaternionic structure
0=35"o Ai is a totally complex submanifold with respect to a uniquely defined
section Jy as in Proposition 2.7.

In general, the totally complex submanifold M> C M* is not Kihler. Forn > 1,
the situation is different, as the following proposition shows.

Proposition 2.10. ([41] [2]). If n > 1 and the scalar curvature of a quaternionic

Kéihler manifold (M*", g, Q) is non zero, then an almost complex submanifold
(M?", J1) of M*" is Kéihler if and only if it is totally complex.

It is evident that the existence at a point p € M>™ of two non proportional
complex structures J;, J, € Z p» both leaving the tangent space TpMz’” invariant
would imply that it is Q-invariant, i.e. Q,T,M*" = T,M>".

Recall that a submanifold M of a quaternionic Kihler manifold (M*, 3, Q) is
called a quaternionic submanifold if Q7M C TM. Then the following corollary
follows immediately.

Corollary 2.11. Let M*" be a submanifold of a quaternionic Kdihler manifold
(M*", g, Q) with non zero scalar curvature. If M*™ is not a quaternionic subman-
ifold then, up to a sign, there exists at most one section J; € I(Zy) such that
(M2, 1)) is an almost complex submanifold of M*".

Corollary 2.12. The maximal (real) dimension of a Kéhler submanifold of a quater-
nionic Kdihler manifold (M**, g, Q) with non zero scalar curvature is 2n.

We call a 2n-dimensional Kihler submanifold of a quaternionic Kéhler mani-
fold (M*", g, Q) with non zero scalar curvature a maximal Kihler submanifold.
In [31] such submanifolds were considered in HP" under the name of complex-
Lagrangian submanifolds; see also [24].
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3. Minimal almost complex submanifolds

In this section we calculate the mean curvature vector of an almost complex sub-
manifold of a Riemannian manifold (M*, g) with a parallel quaternionic struc-
ture Q and prove that any Kiahler submanifold is minimal. We give also some
characterizations of Kihler submanifolds.

Let (M2m, J1) be an almost complex submanifold of a Riemannian manifold
(M*", %) with a parallel quaternionic structure Q. We have the following orthogonal
decomposition of the tangent space of M at a point x € M:

TM=T.M®® D,

where T,M = T.M N J, T, M is the maximal Q-invariant subspace of T, M and
D, is the J;-invariant orthogonal complement to 7, M.

Note that the space D, = J,Dy, does not depend on the adapted basis
(J], Ja, J3) and

T°M=T,M® D, ® D,

is a direct sum decomposition of the minimal Q-invariant subspace T¢M of T, M
which contains 7, M.

Remark that O, is orthogonal to T.M but in general, if dimdD, > 2, not
orthogonal to D,. Let recall also that, in case n > 1, if dimdD, > 2 forany x € M
then the almost complex structure Jyj is integrable, see [2].

The Lee form of an almost Hermitian manifold (M?", g, J) is defined as the
1-form

0=—BF)olJ,

where 8 F is the codifferential of the Kihler form F = g o J.

For a quaternionic Kihler manifold (M**, g, Q) with an admissible basis
(J1, J2, J3) of Q the Lee form 6, of (g, J;) is given by

O =wroJr+ w30 J3

where the 1-forms w, are associated with (J;, J», J3), see [§].
Let (M>", J;) be an almost complex submanifold of (M**, g, Q). We denote
by

tt=23"06, e TM|y
the vector field along M, dual to the 1-form 6;.

Proposition 3.1. Let (M*", §) be a Riemannian manifold with a parallel quater-
nionic structure Q. Then the mean curvature vector H of an almost complex
submanifold (M?", Jy) of M*" is given by

1
) H:—Zﬂﬁgﬂl
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where, for any X € T,M, Prg/(X) is the orthogonal projection of X onto the
subspace D), and X+ means the orthogonal projection of X onto TXJ‘M.
If m =1 the formula can be written as

1
3) H = S[(@3 0 i + 0)(X) 12X = (@3 0 Jy + 02) (11 X) 3 X]
where X is any unit vector of TM.

Proof. Let J = Jyny and (Ji, Jo, J3) be an adapted basis. For any vectors X, Y €
TM one has

0)3(X)J2Y - a)Q(X)J3Y = (@XJI)Y = (Vx.])Y +/’Z(X, JY) - th(X, Y).
Hence
4) h(X,JY) — Th(X,Y) = [w3(X) LY — wz(X)Jﬁ/]L

where | means the projection on TM*. By comparing with the identity where X
is exchanged with Y, one gets the identity

h(X,JY)—=h(, JX) = [a)3(X)J2Y — (X)) Y —w3(Y) X + a)g(Y)J3X]L
that is, by exchanging X with JX,
R(X,Y) +h(JX, JY) = [03(J1 X) LY — (1 X) J3Y + w3(Y)J3X

&)

+ (V) LX]
Let now (Eq, ..., E,, J1EL, ..., J1E,;) be an orthonormal basis of T, M such
that (Ey,..., Ex, J1E1, ..., J1Ey) is an orthonormal basis of {D and, hence,
(Ex+1s s Em, J1Egy1, ..., JIEy) is an orthonormal basis of TM. Using the

previous identity, we find

2mH =Y [h(E;, Ei) + h(JE;, JE))]
i=1

n 1

= Y| (031 E) + 0a(ED] R Ei[02(41 E) = w3(E] 5 Ei

i=1

and hence

2mH =Y (@30 Jy + 02)(E)LE; — (@3 0 Jy — 3)(E) 3 Ei}

i=1

{— (@0l + w30 1) (hE)LE; — (w0 )+ w30 13)(13151')1315;'}l

Il
.MS

i=1

{ = (@20 + w30 B)LE)LE — (@0l +wso J3)(~73]51')J3Ei}l

Il
.M”

i=1

= —[f/)rh:otl]l

since (LE, ..., hE, ZE1, ..., J3E;) is an orthonormal basis of J,D. O
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Corollary 3.2. An almost complex submanifold M*" C M* is minimal if the
1-form

X = (w3 0 J1 + w2)1m
vanishes on D for some adapted basis (J1, J2, J3).

Since for a Kihler submanifold (M?", J;), the 1-forms w,, w3 vanish on M?",
we have the following corollary which was proved for n > 1 in [20], [2] and for
n=1in[17].

Corollary 3.3. A Kdhler submanifold (M*" . J) of a Riemannian manifold
(M*", 3) with a parallel quaternionic structure Q is minimal.

Moreover, as another corollary we get the following result, see also [8],
(171, [33].

Corollary 3.4. Let M? be an oriented 2-dimensional submanifold of a 4-dimen-
sional oriented Riemannian manifold (M*, g) with the parallel quaternionic struc-
ture Q =3 ' o A2+. Let Ji be the uniquely defined section of Q\u which leaves
TM? invariant and induces the given orientation on it (by prop. 2.7). Then the
following conditions are equivalent:

1) (M2, J1) is Kdihler,
2) (M2, Jy) is minimal and supercomplex.

Proof. By Proposition 3.3, (M?, J;) is supercomplex if and only if (w3 o J; —
@)t = 0. By Proposition 3.1 (3) it is minimal if and only if (w3 0 J1+2)7m = 0.
These two conditions imply ws 7y = w3y = 0, i.e. (M2, J;) is Kihler. The
converse statement is clear. O

By the same proof one gets the following corollary.

Corollary 3.5. Let (M?, ) be a supercomplex surface of a quaternionic Kiihler
manifold (M*", g, Q). Then it is minimal if and only if it is a Kihler submanifold.

The following proposition, which was proved in [2] (see Theorem 1.9), gives
a characterization of Kéhler submanifolds between almost complex submanifolds
of a quaternionic Kihler manifold.

Recall that a quaternionic submanifold M of a quaternionic Kéhler manifold
(M*", g, Q) is totally geodesic.

Proposition 3.6. ([20], [2]) Let (M4”, g, Q) be a quaternionic Kdahler manifold
with non zero scalar curvature and (M*™", Ji) an almost complex submanifold of M
which is not a quaternionic submanifold. Then (M, Jy) is a Kéhler submanifold
if and only if the shape operator A% verifies the condition

AT L A =0 VEe TM*
or, equivalently, the second fundamental form h of M satisfies the condition

(6) WX, 1Y) — Th(X,Y) =0  VX,Y e TM.
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Definition 3.7. An almost complex submanifold (M, J,) of a quaternionic Kdih-

ler manifold (M*', g, Q) is called pluriminimal or (1, 1)-geodesic if one of the
following equivalent conditions holds:

i) the second fundamental form h of M satisfies

@) h(X,Y)+h(JX,JY)=0 VX,Y eTM,

ii) for any normal direction &, the shape operator A% anticommutes with J =
Jirm

(8) ASJ+JAS =0 VEeTM*;

iii) the complexification of the second fundamental form h has type (2,0)+(0,2),
ie. hWD = 0;

(For the notion of pluriminimal or (1, 1)-geodesic isometric immersion of an
almost Hermitian, in particular Kihler, manifold into a Riemannian manifold see
[35], Remark 2.9, and the references in [36], [14], [15]).

Since the condition (6) implies (7) and (8) implies that trA* = 0, which shows
that the mean curvature vector vanishes, we have the following proposition.

Proposition 3.8. i) A pluriminimal almost complex submanifold (M*", Jy) is
minimal.

ii) A Kdhler submanifold (M*", J\) of a quaternionic Kéihler manifold (M*", g, Q)
is pluriminimal.

We do not know if (7) and (6) are equivalent in general but the following
proposition shows that it is true for supercomplex submanifolds.

Proposition 3.9. A supercomplex submanifold (M*", Jy) of a quaternionic Kdihler
manifold (M*, g, Q) with non zero scalar curvature is pluriminimal if and only if
it is a Kdhler submanifold or a quaternionic (hence totally geodesic) submanifold,
and these cases cannot happen simultaneously.

Proof. Due to Corollary 3.4 and Proposition 3.6, it remains to prove only the
necessity of the condition for m > 1. Recall that for supercomplex submanifolds
one has (w3 o Ji —w,) ;7 = 0. Hence using (5), the condition (7) can be written as

[02(X) LY — s (LX) LY — on(J1Y) X + an (V)L X] =0

forany X, Y € TM. Assume that M is not a Kéhler submanifold, i.e. there is a point
X € M such that wy s # 0. Then for X = Y € T M such that w2 (X) = 1,
wy(J1X) = 0 we get [LX]+ = 0 and hence also [J3X]+ = 0. Now we take X as
above and Y in the kernel of w, and w o J;. Then we get [LY]+ = [1Y]H = 0.
This shows that J,7,M = T, M. Hence the (non empty) open submanifold M; of
M defined by

My ={xeM| wyru#0}

is a quaternionic submanifold and J,7,M; = T, M, for x € M;. On the other
hand the complementary set M, has no interior point since a neighbourhood U
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of such point would be Kihler and hence, by Proposition 2.10, a totally complex
submanifold, i.e. /LT, U L T, U, x € U. This shows that the closure of M; is M
and M is a (totally geodesic) quaternionic submanifold. O

4. Natural lift of an almost complex submanifold to the twistor space

4.1. The twistor space Z of a Riemannian manifold (M**,g) with a parallel
quaternionic structure ). Recall that the twistor space Z of a Riemannian mani-
fold (M**, g) with a parallel quaternionic structure Q is defined as the manifold
Z = {J € Q| J? = —Id} of all complex structures from Q. The natural projection
72 Z — M* is a S>-bundle over M*". Moreover, Z has a natural almost complex
structure JZ defined as follows. The connection in 7 : Z — M** induced by
Levi—Civita connection defines a decomposition

9) I,Z =7, ® ¥

of the tangent space at a point z = J € Z into vertical and horizontal subspaces.
The complex structure JZZ at z is defined by

JEX) = "X+ 7 o Jom X"

where X = X" + X" is the decomposition of a vector X € T,Z, JV is the natural

complex structure of a fiber $> = CP' and 7, : #, — Ty M is the natural
projection.

The complex structure JZ is integrable if n > 1 or if n = 1 and (M*, g) is
anti-self-dual.

The horizontal distribution # is JZ-invariant. Moreover if (M*", g, 0) is
a quaternionic Kéhler manifold with non zero scalar curvature then the horizontal
distribution # is an holomorphic contact distribution, see [37].

4.2. Natural lift of an almost complex submanifold. Let (M*", J) be an almost
complex submanifold of a Riemannian manifold (M**, g) with a parallel quater-
nionic structure Q. Then the map

J]IMB)CHJHXEZ

is a section of the twistor bundle Z;,, = 7~ !(M) — M. The submanifold
Ji1(M) C Zis called the natural lift of the almost complex submanifold (M 7)),
In general J; (M) is not a complex submanifold of Z. To state the condition when
this is true, we need the following definition.

Definition 4.1. A submanifold N of a manifold Z with an almost complex structure
J is called complex if the tangent bundle TN is J-invariant and the restriction J|TN
is an integrable complex structure on N.
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Theorem 4.2. Let M be a 2m-dimensional submanifold of a quaternionic Kéhler
manifold (M*", g, Q) and

JI:M—-> N=J (M) CZ
MB)CI—)JHX

a section of the twistor bundle over M. Then N = J,(M) is a complex submanifold
of Z if and only if (M, Jy) is a supercomplex submanifold of M*"

Proof. The proof is based on the following lemmas.

Lemma 4.3. Let (M?™, J1) be an almost complex submanifold of the quaternionic
Kiihler manifold (M*", g, Q). Then (M*", J1) is a supercomplex submanifold if
and only if for any point x € M there exists a quaternionic connection VV in
a neighbourhood U of x in M such that

(10) Vih =0, Vih =wX)J;, Vi3 = —o(X)), VX e TM.

Proof. By Proposition2.3, (M, Jy) is a supercomplex submanifold if and only if for
an adapted b~asis (J1, J2, J3) defined in a neighbourhood U C M and Levi-Civita
connection V we have

Vxli = w3(X)Jh —wn(X)J5, XeTM
where
(11) (a)3oJ1 _COQ)‘TM:O.

On the other hand, recall that any quaternionic connection V’ can be obtained by
modifying the connection V as follows

V =V+ 5
where £ is a 1-form on U and the (1,2)-tensor S¢ is defined by

Sy =EX)d+ X @& =Y EUaX) Iy — Y JuX ® (£ 0 Ju).

Then
Vidi = 0y(X)Ja — h(X)J3 VX € TM
where
wy=w, —280Jy, of=w;—2§0Js,
see [1], Prop. 3.6 and p. 51, and also [4]. Moreover
ViJi =0, VX € TM & (wy — 28 0 Jo) iy = (w3 —2E 0 J3) iy =0
that is

V%Jl = 0, VXeTM & w3 O J1|TM = wTtM = 2% o J2|TM
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[1], Prop. 5.3. Hence, the existence of a connection V' = VY satisfying (10)
implies (11). On the other hand let (M, J;) be a supercomplex submanifold. Then
we modify the connection V on the open domain U,

where an adapted basis (J;, J, J3) is defined, as VU = V + S¢ with

1
6= —Z(a)z oJr+ w30 J3).

Then VY verifies (10). |

We need the following known characterization of the covariant derivative of
a tensor field.

Lemma 4.4. Let Z be a manifold with a linear connection V andw : W — Z
a V-invariant tensor bundle on Z. Let y(t) be a curve in Z and A(t) a section of
7 along y. We may consider the vertical component A(f)*" of the tangent vector
A(t) of the curve A(t) C W as a vector of the fiber Wy. Then

VAZ—A.IUEH
7 H=A0"".

Corollary 4.5. Let 3¢ C TW be the horizontal distribution of the connection
V in 1 induced by the linear connection V. Let M be a submanifold of Z and
Ty Wy = 7 (M) — M the restriction of the bundle 7 : W — Z to M.
A section A € I'(Wy) is parallel along M, (VxA = 0, VX € TM), if and only
if the image A(M) = {Ax,x € M} C W is a horizontal submanifold, that is
TA(M) C #.

Proof. The horizontal lift A(¢) of a curve y(f) C M to W with A(0) = w e W
is naturally identified with a parallel section of 7 along y(f) and the horizontal
subspace #, consists of the tangent vectors at w of such lifts. If the section
A € I'(Wyy) is parallel, then the horizontal lift of a curve y(¢) is the restriction of
the section A to y(f). Hence, the tangent space to A(M) at a point A(x), x € M,
is a horizontal subspace, TA(M) C J#. Conversely, if A(M) is a horizontal
submanifold, then for any curve y(f) C M the restriction of the section A to y(¢)
is the parallel section of W along y(¢). Hence, V,/;yA = 0. This shows that the
section A is parallel along M. O

Proof of Theorem 4.2. Let (M, J;) be a supercomplex submanifold of M*'. Then
by Lemma 4.3 there exists a local quaternionic connection VY which preserves J;.
It induces a local connection in the twistor bundle Z. Denote by #Y the local
horizontal distribution of VY in the twistor space Z. By S. Salamon [38] the
horizontal space }fZU C T,Z is a complex subspace with respect to the complex
structure JZ and the map

Ty © ]fo — Tﬂ(z)M

is an isomorphism of complex spaces with respect to the complex structures JZ| J(’ZU
and J;, where J, is the complex structure in T5(;) M associated with z € Z. For any
pointx € U N M one has

T i (M) = T.M C TM
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and 7. M is invariant under the complex structure J, = J;|,. By Lemma 4.4 the lift
Ji(M) C Z is a horizontal submanifold with respect to VY, that is Ty J1(M) C
J(’z )" Since T, M is a Jj,(x-invariant subspace, the tangent space 77, ) J1(M) is
JZ-invariant subspace. Note that if » = 1 then m = 1 and the restriction J‘ZTN is
automatically an integrable complex structure. If n > 1 then JZ is an integrable
complex structure and in both cases J; (M) is a complex submanifold.

Conversely, assume that N = J;(M) is a complex submanifold of (Z, J%).
The tangent space 1. Z, z € J1(M), has the decomposition

TZZ — Tzverf @ J(JZ

into the direct sum of two JZ-invariant subspaces. Hence the projection Hy C
H, of the JZ-invariant subspace T,N onto #, is JZ-invariant. This implies, by
definition of JZ, that the projection m, T, N = m,Hy C T:M, where x = 7(z), is
invariant with respect to the complex structure J, = Ji(x) = Ji|, associated with
z € N = Ji(M). This shows that (M, J;) is an almost complex submanifold, that
is ITyM = T, M, Yx € M. Moreover the almost complex structure J = Jy |z is
integrable since w : N — M is a J-equivariant diffeomorphism of the complex
manifold (N, J#|TN) onto (M, J). O

Corollary 4.6. Let N C Z be a complex submanifold such that the projection
n: N — M = n(N) is a diffeomorphism. Then M is a supercomplex submanifold
of (M*, g, Q) and any supercomplex submanifold of (M*", g, Q) has such form.

Remark. In case of an oriented Riemannian 4-manifold (M*, g) with the parallel
quaternionic structure Q = g~ ! o /\2+ the natural almost complex structure JZ on
the twistor space Z = {J € Q|J? = —Id} defined on (9) is integrable if and only
if (M*, ) is anti-self-dual [7]. Nevertheless the above proof still works and gives
the following result.

Proposition 4.7. Let (M*, g) be an oriented 4-dimensional Riemannian manifold
and Z its twistor space with the projectiont : Z — M*. Then there exists a natural
one to one correspondence between complex surfaces N> C Z (i.e. J*TN = TN)
such that w2 N> — M? = a(N?) is a diffeomorphism and supercomplex
surfaces M> C M*: the natural lift N> = Ji(M?) of a supercomplex surface
M? C M* is a complex surface (called also a pseudo-holomorphic curve) in Z
such that M* = w(N?).

5. Natural lift of Kiihler submanifolds to the twistor space

5.1.  Now we will assume that (M*", g, Q) is a quaternionic Kihler manifold
with non zero scalar curvature and 7w : Z — M*" is its twistor fibration. We will
consider Z as a complex manifold equipped with the natural (pseudo-)Kéhler—
Einstein metric g7, see [7], Th. 14.80, Remark 14.86 b). Then the projection 7
is a (pseudo-)Riemannian submersion with totally geodesic fibers Z,, x € M,
isometric to the standard sphere S?. The horizontal distribution # is a holomor-
phic contact distribution, that is there exists a local holomorphic 1-form 6 such that
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J = Ker6 and 6 A d6" does not vanish. The following theorems give a characteri-
zation of the natural lift of Kidhler submanifolds of a quaternionic Kihler manifold
with non zero scalar curvature.

Theorem 5.1. (see also [40]) Let (M?™, J,) be a Kiihler submanifold of a quater-
nionic Kdhler manifold (M*, 2, Q) with non zero scalar curvature. The natural
lift N = Ji(M*™) C Z is a holomorphic horizontal submanifold of the twistor
space. Conversely, any holomorphic horizontal submanifold N C Z locally defines
a Kdhler submanifold M = w(N): this means that if U C N is an open submani-
fold of N such that the projection m : U — W = n(U) is a diffeomorphism then
(W, 1)), where J is the section t~' : W — U, is a Kéiihler submanifold 0fM4".

Proof. By Theorem 4.2, the natural lift J;(M) of a Kihler submanifold M>" is
a complex submanifold of Z of complex dimension m and by Corollary 4.5 it is
horizontal. Viceversa, let N C Z be a holomorphic horizontal submanifold of Z
such that the projection & : N — M is a diffeomorphism. Then by Theorem 4.2
(M = n(N), J;),where J; = 7' : M — N,isa complex submanifold of M
and by Corollary 4.5 the section J; of Q is parallel along M, that is (M, J;) is
Kiéhler. O

5.2. Maximal Kdhler submanifolds of a quaternionic Kihler manifold and Legen-
drian submanifolds of the twistor space. We use Theorem 5.1 to describe maximal
Kihler submanifolds (M?", J;) of a quaternionic Kihler manifold (M*, g, O) with
non zero scalar curvature. Recall that a holomorphic n-dimensional submanifold
L C Z is called a Legendrian submanifold if it is tangent to the contact distri-
bution # (in other words L is a maximal integral submanifold of the holomorphic
contact structure #€). According to Theorem 5.1, the natural lift L = J;(M) is a
2n-dimensional holomorphic horizontal submanifold of the twistor space that is
a holomorphic Legendrian submanifold. Moreover the projection w : L — M is
a diffeomorphism. We study such Legendrian submanifolds more carefully.

Proposition 5.2. Let L be a Legendrian submanifold of (Z, #). Then the projec-
tionmw : L — M = (L) is a local isometry and the pre-image w~'(x) of any
point x € M consists either from one point J or from two points (J,, —Jy) which
are antipodal points of the fiber Z, = SJZC C QOx.

Proof. The projection |, is a local isometry since T;L, z € L is a horizontal
subspace of Z and m, : H#, — Ty, M is an isometry by the definition of the
metric gZ.

Choose a neighbourhood U of a pointz € L suchthatw : U — W = a(U) is
an isometry. Then U = J; (W) is the natural lift of an almost complex submanifold
(W, J1). Moreover the section J; of Qw is parallel along W by Corollary 4.5
and hence (W, J;) is a Kdhler submanifold. By Corollary 2.11 the section J; is
canonically defined on W up to a sign. This implies that the pre-image 7~ (w) N L
of w € W is contained in (Jqy, —J1}y)- O

Definition 5.3. We say that a Legendrian submanifold L C Z is of type 1
(respectively type 2) if all fibers of the projection w : L — M = n(L) consist of 1
point (respectively, 2 points).
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Proposition 5.4. A Legendrian submanifold L C Z which is complete with respect
to the Kiihler metric induced by g% is either of type 1 or type 2.

Proof. The proof follows from the lemma below.

Lemma 5.5. ([10], Lemma 1.32) Let 7 : L — M = n(L) be a local isometry of
Riemannian manifolds. If L is complete then 7 is a covering. O

The following Proposition gives sufficient conditions for a Legendrian sub-
manifold L of Z to be of type 1.

Proposition 5.6. Let M*', n > 1, be a quaternionic Kihler manifold with non
zero scalar curvature. A complete connected Legendrian submanifold L of the
twistor space Z is of type 1 if the local De Rham decomposition of L has no
hyperKdhler (in particular, locally flat) factor.

Proof. From the Berger list of irreducible holonomy groups of Riemannian mani-
folds, it follows that under the above assumptions the normalizer No,) H of the
restricted holonomy group H of L in the orthogonal group is contained in U(n).
Hence any Riemannian manifold M which is locally isometric to L is also Kéhler.
In particular the locally defined parallel section J; on M = m(L) is globally de-
fined. Since L is connected, it coincides with the natural lift J/1y(M) andzw : L — M
is a diffeomorphism. O

As acorollary of the Theorem 5.1 we have the following description of maximal
Kihler submanifolds of a quaternionic Kéhler manifold.

Theorem 5.7. There exists a natural one to one correspondence between maximal
Kiihler submanifolds (M?", J1) of a quaternionic Kdihler manifold (M*', g, Q)
with non zero scalar curvature and Legendrian submanifolds L of type 1 of the
twistor space Z: the natural lift L = J,(M) of a Kdhler submanifold (M*", J) is
a Legendrian submanifold of type 1 and, conversely, the projection M = m(L)
of a Legendrian submanifold L of type 1 is a Kdhler submanifold such that
Ji(M) = L.

This theorem reduces the construction of Kihler submanifolds of M*" to the
construction of Legendrian submanifolds of Z. To construct Legendrian submani-

foldsitis sufficient to find local holomorphic coordinates u, py, .. ., pn, ql s gt
called Darboux coordinates, such that the holomorphic 1-form
(12) 0 =du—Y)_ pidg'

is a contact form, that is Kerd = #. Such Darboux coordinates exist by the
holomorphic Darboux theorem (see [27]).

In terms of appropriate Darboux coordinates any Legendrian submanifold lo-
cally has the form

L=Lr={u=F4q"), pi=03F/oq'}

where F = F(q') is a holomorphic function called generating function of the
Legendrian submanifold. The projection (L) of a Legendrian submanifold L
gives a maximal Kihler submanifold of the quaternionic Kihler manifold M** and
the projection m(/N) of a complex submanifold N C L is a Kédhler submanifold of
M** and any Kihler submanifold can be obtained by such construction.
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6. Maximal Kéhler submanifolds of H P"

We saw that the description of Kéhler submanifolds of a quaternionic Kihler
manifold of non zero scalar curvature reduces to the construction of Darboux
coordinates.

R. Bryant constructed such Darboux coordinates on the twistor space CP3
of the quaternionic Kihler manifold M = S$* = HP' which led to his famous
construction of superminimal surfaces in $* (see [8]). Remark that superminimal
surfaces M2 in an oriented 4-dimensional Riemannian manifold (M*, g) are the
same as maximal Kihler submanifolds of the manifold (M*, g, Q) with the parallel
quaternionic structure Q = go Ay (see [17], and also [33], Prop. 1). We will show
that Bryant’s construction of Darboux coordinates has a natural generalization to
the case M** = HP".

Recall that the twistor space Z of the (right) quaternionic projective space HP"
is the complex projective space CP?"+! with the natural projection

7 CPM! — HP"
given by
cp¥tl 5 [wo, e w2"+1] — [xo, ... ,x"] cHP"

where x* = w?* + jw**!' k =0,...,n, @°, ..., w"") e C**> — {0} and
1,1, j, k is the standard basis of H.
The Riemannian metric 1 = g% of CP?"*! is the Fubini-Study metric given by

b= (dw - dw)(W - W) — (dw - W)(W - dW)

(W-w)?
where w - t = 212231 wit' is the canonical Hermitian product of vectors w =
@, .. w b= (O, ... ) e C

The complex contact structure of CP?"+! is induced by the complex 1-form

n
v = Z (wzkdw2k+l _ w2k+ldw2k),
k=0

defined on C*'+2 — {0}, through the projection
T C2n+2 _ {O} N (CPZH+1’

see [26]. More precisely, 1-form v induces the local contact form 6 on the co-
ordinate domain W; = {w’ # 0},i = 0,1,...,2n + 1 as follows. Let (z° =
wl(wH=t, L8 2 = w? (w)T!) be the non-homogeneous coordi-
nates in the domain W; ( where the symbol “hat” means that the corresponding
term is omitted ). Substituting w* = wiz* for k # i in ¥, we conclude that the
restriction ¥|y, is conformal to the following contact form

n
o' = (—=1)tldz — Z (Z2k+ldz2k _ Z2de2k+l)‘
k=1,k£[i/2]
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We verify now that the contact distribution # = ker6' is the holomorphic
distribution on CP?"*! orthogonal to the fibre of the twistor fibration CP*"*! —
HP".

On the domain Wy = {w’ # 0} C CP?*! we have the non homogeneous
complex coordinates

Z=w@, i=1,...,2n41,

and on the projection Uy = {x* # 0} C HP" the non-homogeneous quaternionic
coordinates

£ =x*O7Y, a=1,...,n.

With respect to the complex coordinates z = (z', ..., z2”+‘) on Wy the Hermitian
metric of CP?"*! can be written as h = Z dz' h dzf where z/ = z/ and

(1+Z-2)8;— 22/
o (147 2)?

Since two points [1, z!, ..., 22", [1, 2V, 22 e Wy ¢ CP™ ! have
the same projection in HP", if and only if there exists a quaternion ¢ = n + J&,
where 1, £ € C, such that

1+ jz" =(1+j)q =mn-2'¢)+j@'n+§)

2+ jzy = (Z2 + jZS)q = (1217 — 135) + j(z3n + 225)

+Jz2n+1 ( M j2) g = (22 — 2HE) + (20 + 221E)

(and hence, in particular n= Z! &+ 1), the parametric equations of the fiber through

the pOlHt 20 = (Zoy Zoy Zoy T, Z%ny Zgn+l) of W() are
20 =zh+ (1 +z620)A
20 =23+ (3 — )
B0 =+ (3 + D)
2100 =2+ (20 —
2"“()») 2n+l +( 2n+1 (1)+ ))»

where A € C.
Hence the non vanished holomorphic vector field

9 " 9 9
— (] +Z1Z_1)@ 4 Z I:(ZZkZ—I —Z_2k+1)@ +( 2k+1Z1 +Z—2k) 822k+1:|
k=1
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is tangent to the fibers of w and defines a trivialization of the vertical bundle V.
It is easy to check that the (1, 0) form dual to v under the Fubini-Study metric is
0 = 6y = h o v given by

n
ev — |Z . Z—|71 |:dZ1 _ Z (Z2k+1d22k _ Zde22k+1):| .

k=1

where |z -] = 1 +z'z' 4+ -+ 4 2271721 and it is proportional to

n
I I Al g 2k Dk 5 2kt
9=dz—g (P dz* — )
k=1

which is the local holomorphic contact form defining on W, the complex contact
structure of Z = CP?*!,
In the new coordinates

u =7+ Zzzl 2k 2t
P = %12k+1’
gt = 2
0! takes the Darboux form
n
0! = du — Zpkqu.
k=1

Hence any holomorphic functionu = f(q', ..., g") defines a Legendrian subman-
ifold Ly = {u = f("). pe = 3%).
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